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§2 :{A%H
l`, pq4 a, A w A Q��8�_, ?Qw%-�\-9L_. fd, ai, Aijw Ai1i2···ip Q��8�_ a, ?Q A wL_ A 9�L. A(:, :, i) �8 A 9> i ^Tt��, !�h A(i). $i�%-L_9^^Z�, JJ*86k. x -3 |i% hk, �xh
A(i, j, :). pq�- a 9L_ A 9k, �J*W4 a = vec(a) ''^k2_�.

§2.1 C- ���4 2.1 [25] , A ∈ Cn1×n2×n3 w B ∈ Cn2×l×n3 , J A△B �-h
(A△B)(i) = A(i)B(i), i = 1, 2, · · · , n3.�4 2.2 [25] , A ∈ Cn1×n2×n3 , A(1),A(2), · · · ,A(n3) �8 A 9Tt��, JxtW4 mat(A) ��-M Toeplitz+Hankel ?Q

mat(A) =




A(1) A(2) · · · A(n3−1) A(n3)

A(2) A(1) · · · A(n3−2) A(n3−1)

...
...

...
...

A(n3−1) A(n3−2) · · · A(1) A(2)

A(n3) A(n3−1) · · · A(2) A(1)



+




A(2) A(3) · · · A(n3) O

A(3) A(4) · · · O A(n3)

...
...

...
...

A(n3) O · · · A(4) A(3)

O A(n3) · · · A(3) A(2)



, (2.1)�` O 9 n1 × n2 9d?Q.�4 2.3 [25] , ten(·) 9 mat(·) 9~FM, �

ten(mat(A)) = A.�4 2.4 [25] , A ∈ Cn1×n2×n3 w B ∈ Cn2×l×n3 , J^^L_9;}��" (! 
C- ") 9�-h

A ∗c B = ten[mat(A) ·mat(B)].g y 9'^ 1× 1 × n3 9L_, J mat(y) 9 (2.1) Q�-91�h 1 · n3 × 1 · n3 9M Toeplitz+Hankel ?Q, �`p'^M9 1 × 1. g Cn3
9l [2] `Q�-9 n3 × n3 9T) DCT ?Q, JW46o Cn3

= dct(eye(n3)) H Matlab (�M. *d
Cn3

mat(y)CT
n3

= D = diag(d),�` d = W−1(Cn3
mat(y)e1), W = diag(Cn3

(:, 1)), e1 = [1, 0, · · · , 0]T.h, mat(y)e1 = (I + Z)vec(y), �` vec(y) �8 y 92_�, Z 9 n3 × n3 9/��(-?Q, JH Matlab `℄r6o Z = diag(ones(n3 − 1, 1), 1) 7��M. 0*
d = W−1Cn3

(I+ Z)vec(y) = Mvec(y). (2.2)



440 G�����F�A � 45 C�4 2.5 [25] g L : C1×1×n3 → C1×1×n3 9'^J~9����. �-
vec(L(y)) = My,�` y = vec(y), M = W−1Cn3

(I+ Z).h,6'^ n1 × n2 × n3 9L_J*Gx9'^ n1 × n2 9?Q, �`> (i, j) ^�L aij = (A)ij 9 C1×1×n3 `9kk|i.�4 2.6 [25] , A ∈ C
n1×n2×n3 , J L(A) = Â ∈ C

n1×n2×n3 �9kk|i
âij = (Â)ij = L(aij), i = 1, 2, · · · , n1, j = 1, 2, · · · , n2,�` aij 9 A 9kk|i.�4 2.7 [24] ,L_ A ∈ C

n1×n2×n3 w?Q U ∈ C
J×n3 , J A w U 9" hx -3", �x A×3 U. m�<, pq9

(A×3 U)i1i2j =

n3∑

i3=1

Ai1i2i3Uji3 , i1 = 1, · · · , n1, i2 = 1, · · · , n2, j = 1, · · · , J., A ∈ Cn1×n2×n3 9Tt��9
A(1) =




A111 A121 · · · A1n21

A211 A221 · · · A2n21

...
...

...

An111 An121 · · · An1n21



, · · · , A(n3) =




A11n3
A12n3

· · · A1n2n3

A21n3
A22n3

· · · A2n2n3

...
...

...

An11n3
An12n3

· · · An1n2n3



,J A 9x -3 KE A(3) 9

A(3)

=




A111 A211 · · · An111 A121 A221 · · · An121 · · · A1n21 A2n21 · · · An1n21

A112 A212 · · · An112 A122 A222 · · · An122 · · · A1n22 A2n22 · · · An1n22

...
...

...
...

...
...

...
...

...

A11n3
A21n3

· · · An11n3
A12n3

A22n3
· · · An12n3

· · · A1n2n3
A2n2n3

· · · An1n2n3



. (2.3)h,6 A×3 U J*34xt9?Q - ?Q"7��M, �"l [24].

Y = A×3 U ⇔ Y(3) = UA(3). (2.4)~�9
L(A) = A×3 M (2.5)w

L−1(A) = A×3 M
−1. (2.6)
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(Cn3

⊗ In1
)mat(A)(C−1

n3
⊗ In2

) =




L(A)(1)

L(A)(2)

. . .

L(A)(n3)



,�` Cn3

9 n3 × n3 9T)9S&;}��?Q.6� 2.2 [25] , A ∈ Cn1×n2×n3 w B ∈ Cn2×l×n3 , J
(1) mat(A ∗c B) = mat(A)mat(B).

(2) A ∗c B = L−1(L(A)△L(B)).xt`'a'^�ML_ A ∈ Cn1×n2×n3 w B ∈ Cn2×l×n3 9 C- "9MJ [25].MJ 1 �M^^L_9 C- "B#: '^ n1 × n2 × n3 9L_ A w'^ n2 × l × n3 9L_ BB': '^ n1 × l × n3 9L_ C

1: Â = L(A), B̂ = L(B)

2: for i = 1, · · · , n3

Ĉ(i) = Â(i)B̂(i)

end

3: C = L−1(Ĉ)6� 2.3 [25] , A,B, C 9:51�9%-L_, Jx�E!Y:

(1) A ∗c (B + C) = A ∗c B +A ∗c C;

(1) (A+ B) ∗c C = A ∗c C + B ∗c C;

(1) (A ∗c B) ∗c C = A ∗c (B ∗c C).�4 2.8 [25] , L(I) = Î ∈ Cn×n×n3 �nr Î(i) = In, i = 1, 2, · · · , n3, J I =

L−1(Î) 93kL_.6� 2.4 [25] , A ∈ Cn1×n1×n3 w3kL_ I ∈ Cn1×n1×n3 , J9
I ∗c A = A ∗c I = A.� ~�<,

L(I ∗c A) = L(I)△L(A) = L(A) = L(A)△L(I) = L(A ∗c I).0* I ∗c A = A ∗c I = A.�4 2.9 , A ∈ Cn1×n1×n3 w B ∈ Cn1×n1×n3 , $
A ∗c B = I � B ∗c A = I,



442 G�����F�A � 45 CJ A 9J~9,  B 9 A 9~, �x A−1.~�<, '^L_9~$.H, J�9g'9. xt`'L_9gzj℄9�-.�4 2.10 [25] , A ∈ Cn1×n2×n3 , ℄r L(AH)(i) =
(
L(A)(i)

)H
(i = 1, 2, · · · , n3) J*86'^ n2 × n1 × n3 9L_, '� h A 9gzj℄, �x AH .6� 2.5 [25] , A ∈ Cn1×n2×n3 w B ∈ Cn2×l×n3 , J

(A ∗c B)
H = BH ∗c A

H .�4 2.11 , A ∈ Cn1×n1×n3 , $ AH = A, J A 9�GrXL_.�4 2.12 [25] , Q ∈ Cn1×n1×n3 , $ QH ∗c Q = Q ∗c QH = I, J Q 98L_.�4 2.13 , A ∈ Cn1×n2×n3 , $ A 9Tt�� A(i), i = 1, 2, · · · , n3 C9D* / (%* / x%*?Q, J A 9 F- D* /F- (%* /F- x%*L_.6� 2.6 , A ∈ Cn1×n2×n3 , J L(A) 9'^ F- D* /F- (%* /F- x%*L_5�65 A 9'^ F- D* /F- (%* /F- x%*L_.� pq[Uw F- x%*L_9�N, 0h F- D*L_9 F- x%*L_9'^XX, F- (%*L_%J*RK9Uw., B = L(A), JW4 (2.4) w (2.6), 9 A = L−1(B) = B ×3 M
−1 w A(3) = M−1B(3),�` M 9 (2.2) Q�-9. 0h B 9'^ F- x%*L_, b� (2.3), J9

B(3) =




B111 B211 · · · Bn111 0 B221 · · · Bn121 0 0 B331 · · · Bn131 · · ·

B112 B212 · · · Bn112 0 B222 · · · Bn122 0 0 B332 · · · Bn132 · · ·
...

...
...

...
...

...
...

...
...

...

B11n3
B21n3

· · · Bn11n3
0 B22n3

· · · Bn12n3
0 0 B33n3

· · · Bn13n3
· · ·



.℄rW4?Q", J9

A(3) =




A111 A211 · · · An111 0 A221 · · · An121 0 0 A331 · · · An131 · · ·

A112 A212 · · · An112 0 A222 · · · An122 0 0 A332 · · · An132 · · ·
...

...
...

...
...

...
...
...

...
...

A11n3
A21n3

· · · An11n3
0 A22n3

· · · An12n3
0 0 A33n3

· · · An13n3
· · ·



.0*, pqJ*86 A 9Q99Tt��C9x%*?Q, hJb' A 9'^ F- x%*L_.�L<, $ A 9'^ F- x%*L_, J A(3) A9(E�6. *d, b� (2.4)w (2.5),9

L(A) = A×3 M ⇔ L(A)(3) = MA(3),
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L(A)(3) =




L111 L211 · · · Ln111 0 L221 · · · Ln121 0 0 L331 · · · Ln131 · · ·

L112 L212 · · · Ln112 0 L222 · · · Ln122 0 0 L332 · · · Ln132 · · ·
...

...
...

...
...

...
...

...
...

...

L11n3
L21n3

· · · Ln11n3
0 L22n3

· · · Ln12n3
0 0 L33n3

· · · Ln13n3
· · ·



,Jb' L(A) 9'^ F- x%*L_.

§3 C- ��->�� Moore-Penrose $HP'�Q`, pq'W4 C-SVD, C-QR Q1, C-Schur Q1, C- n^Q1, C-QDRQ1w C-HS Q1`' Moore-Penrose ~9'
�/6. ��, 	:L_ A 9 C-SVD Q1%Y'^�M Moore-Penrose~9MJ.

§3.1 <�� Moore-Penrose "�~?�4 3.1 , A ∈ Cn1×n2×n3 , $.Hg'9L_ X ∈ Cn2×n1×n3 nr;6
A ∗c X ∗c A = A, X ∗c A ∗c X = X , (A ∗c X )H = A ∗c X , (X ∗c A)H = X ∗c A, (3.1)J X  h A 9 Moore-Penrose~, �x A†.D:�,L_ A ∈ C

n1×n2×n3 , �- A{i, j, · · · , k} �8Q9nr (3.1) `> (i), (j),

· · · , (k) ^O$9L_ X ∈ Cn2×n1×n3 9�z, $ X ∈ Cn2×n1×n3 nr (i), (j), · · · , (k), J X h A 9 {i, j, · · · , k}- ~.�� 3.1 [25] , A ∈ Cn1×n2×n3 , J.H8L_ U ∈ Cn1×n1×n3 w V ∈ Cn2×n2×n3 , 38
A = U ∗c S ∗c V

H ,�` S 9'^ n1 × n2 × n3 9 F- D*L_. PbQ1 hL_ A 9 C-SVD Q1.�� 3.2 �,L_ A ∈ Cn1×n2×n3 9 Moore-Penrose~.H�g'.� b�1T 2.1, 9
(Cn3

⊗ In1
)mat(A)(C−1

n3
⊗ In2

) =




L(A)(1)

L(A)(2)

. . .

L(A)(n3)



.g L(A)(i) = UiΣiV

H
i 9 L(A)(i), i = 1, · · · , n3 9/YQ1. 0*

(Cn3
⊗ In1

)mat(A)(C−1
n3

⊗ In2
) =




L(A)(1)

L(A)(2)

. . .

L(A)(n3)
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=




U1Σ1V
H
1

U2Σ2V
H
2

. . .

Un3
Σn3

VH
n3



.D:p'^

Σi =




σi
1

. . .

σi
ri

0

. . .

0




,

σi
j , j = 1, 2, · · · , ri, ri = rank(L(A)(i)) 9 L(A)(i) 9/Y. �-?Q Ri, i = 1, · · · , n3,"x

Ri =




1
σi
1

. . .

1
σi
ri

0

. . .

0




.

w~9 Ri = Σ
†
i , i = 1, · · · , n3. g Xi = ViRiU

H
i , i = 1, · · · , n3. J9




X1

. . .

Xn3


 =




V1

. . .

Vn3







R1

. . .

Rn3







UH
1

. . .

UH
n3


 .0*

ten

(
(C−1

n3
⊗ In2

)




X1

. . .

Xn3


 (Cn3

⊗ In1
)

)

= ten

(
(C−1

n3
⊗ In2

)




V1

. . .

Vn3


 (Cn3

⊗ In1
)

)

× ten

(
(C−1

n3
⊗ In2

)




R1

. . .

Rn3


 (Cn3

⊗ In1
)

)
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× ten

(
(C−1

n3
⊗ In2

)




UH
1

. . .

UH
n3


 (Cn3

⊗ In1
)

)
,� X = V ∗c R ∗c U

H . : ! X nr (3.1), h A 9 Moore-Penrose~.H. xUg'�.�, X1 w X2 C9 (3.1) 91, J9
X1 = X1 ∗c A ∗c X1 = X1 ∗c (A ∗c X2 ∗c A) ∗c X1 = X1 ∗c (A ∗c X2)

H ∗c (A ∗c X1)
H

= X1 ∗c (A ∗c X1 ∗c A ∗c X2)
H = X1 ∗c (A ∗c X2)

H

= X1 ∗c A ∗c X2

= X1 ∗c (A ∗c X2 ∗c A) ∗c X2 = (X1 ∗c A)H ∗c (X2 ∗c A)H ∗c X2

= (X2 ∗c A ∗c X1 ∗c A)H ∗c X2 = (X2 ∗c A)H ∗c X2

= X2 ∗c A ∗c X2 = X2.0*, L_ A 9 Moore-Penrose ~9g'9.�� 3.3 , A ∈ Cn1×n2×n3 �9 C-SVDQ1 A = U∗cS∗cVH ,J A† = V∗cS†∗cUH .� |~� V ∗c S† ∗c UH nr (3.1) `9 4 ^;6.�� 3.4 , A ∈ Cn1×n2×n3 , $.H'^8L_ Q ∈ Cn1×n1×n3 w'^ F- (%*L_ R ∈ Cn1×n2×n3 , 38
A = Q ∗c R,J *Q19L_ A 9 C-QR Q1.� g Â = L(A), Q̂ = L(Q) w R̂ = L(R). �, Â(i) = QiRi = Q̂(i)R̂(i), i =

1, 2, · · · , n3, 9 Â(i) 9 QR Q1. 0*, A = Q∗c R. 7: L(Q∗c Q
H) = L(Q)△L(QH), h

L(Q)(i)L(QH)(i) = Q̂(i)(Q̂(i))H = In1
= L(I)(i), i = 1, 2, · · · , n3.hJb' Q ∗c QH = I, 0* Q 9'^8L_. f'Ot, Ri C9(%*?Q�0* R̂(i)C9(%*?Q, hJ8 R 9'^ F- (%*L_.�� 3.5 , A ∈ Cn1×n2×n3 �9Q1 A = Q ∗c R, J A† = R† ∗c QH .� : !, R† ∗c QH nr (3.1) `9 4 ^;6.�� 3.6 , A ∈ C

n×n×n3 , $.H'^8L_ Q ∈ C
n×n×n3 w'^ F- (%*L_

T ∈ Cn×n×n3 , 38
A = QH ∗c T ∗c Q,J *Q19L_ A 9 C-Schur Q1.� g Â = L(A), Q̂ = L(Q) w T̂ = L(T ). �, Â(i) = QH

i TiQi = (Q̂(i))H T̂ (i)Q̂(i),

i = 1, 2, · · · , n3, 9 Â(i) 9 Schur Q1. 0*, A = QH ∗c T ∗c Q. b��T 3.4 9Uw, Q9'^8L_. f'Ot, Ti w T̂ (i) C9(%*?Q, JJb' T 9'^ F- (%*L_.



446 G�����F�A � 45 C�� 3.7 , A ∈ Cn×n×n3 �9Q1 A = QH ∗c T ∗c Q, J9
A† = QH ∗c T

† ∗c Q.� xtUw QH ∗c T † ∗c Q nr (3.1) `9 4 ^;6. g X = QH ∗c T † ∗c Q, J9
A ∗c X ∗c A = QH ∗c T ∗c Q ∗c Q

H ∗c T
† ∗c Q ∗c Q

H ∗c T ∗c Q

= QH ∗c T ∗c T
† ∗c T ∗c Q = QH ∗c T ∗c Q = A,

X ∗c A ∗c X = QH ∗c T
† ∗c Q ∗c Q

H ∗c T ∗c Q ∗c Q
H ∗c T

† ∗c Q

= QH ∗c T
† ∗c T ∗c T

† ∗c Q = QH ∗c T
† ∗c Q = X ,

(A ∗c X )H = (QH ∗c T ∗c Q ∗c Q
H ∗c T

† ∗c Q)H = (QH ∗c T ∗c T
† ∗c Q)H

= QH ∗c T ∗c T
† ∗c Q = QH ∗c T ∗c Q ∗c Q

H ∗c T
† ∗c Q = A ∗c Xw

(X ∗c A)H = (QH ∗c T
† ∗c Q ∗c Q

H ∗c T ∗c Q)H = (QH ∗c T
† ∗c T ∗c Q)H

= QH ∗c T
† ∗c T ∗c Q = QH ∗c T

† ∗c Q ∗c Q
H ∗c T ∗c Q = X ∗c A.0*, b��- 3.1, J8 A† = QH ∗c T

† ∗c Q.-�HE5, �-
DCT(mat(A))=(Cn3

⊗ In1
)mat(A)(C−1

n3
⊗ In2

)=




L(A)(1)

L(A)(2)

. . .

L(A)(n3)


w

ten

(
IDCT

(



L(A)(1)

L(A)(2)

. . .

L(A)(n3)




))
= A.xt'`'L_9n^Q1, h,�PQ99L_CA9n^Q1.�4 3.2 , A ∈ Cn1×n2×n3 , "q A J*Q1!

A = M∗c N ,�
M̀ = ten

(
IDCT

(



M1

. . .

Mn3




))
∈ C

n1×r×n3 , Mi ∈ C
n1×r
r , i = 1, 2, · · · , n3
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N = ten

(
IDCT

(



N1

. . .

Nn3




))
∈ C

r×n2×n3 , Ni ∈ C
r×n2

r , i = 1, 2, · · · , n3,PbQ1 hL_ A 9 C- n^Q1.E 3.1 g Â = L(A), M̂ = L(M) w N̂ = L(N ). �, Â(i) = MiNi = M̂(i)N̂ (i),

Mi ∈ Cn1×r
r , Ni ∈ Cr×n2

r , i = 1, 2, · · · , n3,9 Â(i) 9n^Q1. pqJb'5 rank(Â(i)) =

r, i = 1, 2, · · · , n3 /, (lQ�-9L_ A 9n^Q1!Y.�� 3.8 , A ∈ C
n1×n2×n3 �9Q1 A = M∗c N , J9
A† = NH ∗c (M

H ∗c A ∗c N
H)−1 ∗c M

H .� g X = NH ∗c (M
H ∗c A ∗c N

H)−1 ∗c M
H , J9

A ∗c X ∗c A = M∗c N ∗c N
H ∗c (M

H ∗c A ∗c N
H)−1 ∗c M

H ∗c M∗c N

= M∗c N ∗c N
H ∗c (M

H ∗c M∗c N ∗c N
H)−1 ∗c M

H ∗c M∗c N

= M∗c N ∗c N
H ∗c (N ∗c N

H)−1 ∗c (M
H ∗c M)−1 ∗c M

H ∗c M∗c N

= M∗c N = A,

X ∗c A ∗c X = NH ∗c (M
H ∗c A ∗c N

H)−1 ∗c M
H ∗c A

∗c N
H ∗c (M

H ∗c A ∗c N
H)−1 ∗c M

H

= NH ∗c (M
H ∗c A ∗c N

H)−1MH = X ,

(A ∗c X )H = [M∗c N ∗c N
H ∗c (M

H ∗c A ∗c N
H)−1 ∗c M

H ]H

= [M∗c N ∗c N
H ∗c (N ∗c N

H)−1 ∗c (M
H ∗c M)−1 ∗c M

H ]H

= M∗c (M
H ∗c M)−1 ∗c M

H

= M∗c N ∗c N
H ∗c (N ∗c N

H)−1 ∗c (M
H ∗c M)−1 ∗c M

H

= M∗c N ∗c N
H ∗c (M

H ∗c A ∗c N
H)−1 ∗c M

H = A ∗c Xw
(X ∗c A)H = [NH ∗c (M

H ∗c A ∗c N
H)−1 ∗c M

H ∗c M∗c N ]H

= [NH ∗c (N ∗c N
H)−1 ∗c (M

H ∗c M)−1 ∗c M
H ∗c M∗c N ]H

= NH ∗c (N ∗c N
H)−1 ∗c N

= NH ∗c (N ∗c N
H)−1 ∗c (M

H ∗c M)−1 ∗c M
H ∗c M∗c N

= NH ∗c (M
H ∗c A ∗c N

H)−1 ∗c M
H ∗c M∗c N = X ∗c A.b��- 3.1, J8 A† = NH ∗c (MH ∗c A ∗c NH)−1 ∗c MH .



448 G�����F�A � 45 C�4 3.3 , A ∈ Cn1×n2×n3 , $L_ A J*Q1!
A = Q ∗c D ∗c R,�

Q̀ = ten

(
IDCT

(



Q1

. . .

Qn3




))
∈ C

n1×r×n3 , Qi ∈ C
n1×r
r , i = 1, 2, · · · , n3,

D ∈ Cr×r×n3 9'^J~ F- D*L_w
R = ten

(
IDCT

(



R1

. . .

Rn3




))
∈ C

r×n2×n3 , Ri ∈ C
r×n2

r , i = 1, 2, · · · , n39'^ F- (%*L_, PbQ1 h A 9 C-QDR Q1.E 3.2 g Â = L(A), Q̂ = L(Q), D̂ = L(D), R̂ = L(R). �, Â(i) = QiDiRi =

Q̂(i)D̂(i)R̂(i), Qi ∈ Cn1×r
r , Di ∈ Cr×r

r , Ri ∈ Cr×n2

r , i = 1, 2, · · · , n3, 9 Â(i) 9 QDR Q1 [28]. pqJb'5 rank(Â(i)) = r, i = 1, 2, · · · , n3 /, (lQ�-9 A 9 C-QDR Q1!Y. 7: Di 9J~D*?Q, Q* D̂(i) %9J~D*?Q. *d, Ri w R̂(i) C9(%*?Q, hJb' D 9'^J~ F- D*L_w R 9'^ F- (%*L_.�� 3.9 , A ∈ Cn1×n2×n3 �9Q1 AH = Q ∗c D ∗c R, J9
A† = Q ∗c (R ∗c A ∗c Q)−1 ∗c R.� g X = Q ∗c (R ∗c A ∗c Q)−1 ∗c R, J*86

A ∗c X ∗c A = RH ∗c D
H ∗c Q

H ∗c Q ∗c (R ∗c A ∗c Q)−1 ∗c R ∗c R
H ∗c D

H ∗c Q
H

= RH ∗c D
H ∗c Q

H ∗c Q ∗c (R ∗c R
H ∗c D

H ∗c Q
H ∗c Q)−1 ∗c R ∗c R

H ∗c D
H ∗c Q

H

= RH ∗c D
H ∗c Q

H = A,

X ∗c A ∗c X = Q ∗c (R ∗c A ∗c Q)−1 ∗c R ∗c A ∗c Q ∗c (R ∗c A ∗c Q)−1 ∗c R

= Q ∗c (R ∗c A ∗c Q)−1 ∗c R = X ,

(A ∗c X )H = [RH ∗c D
H ∗c Q

H ∗c Q ∗c (R ∗c A ∗c Q)−1 ∗c R]H

= [RH ∗c D
H ∗c Q

H ∗c Q ∗c (Q
H ∗c Q)−1 ∗c (D

H)−1 ∗c (R ∗c R
H)−1 ∗c R]H

= RH ∗c (R ∗c R
H)−1 ∗c R

= RH ∗c D
H ∗c Q

H ∗c Q ∗c (Q
H ∗c Q)−1 ∗c (D

H)−1 ∗c (R ∗c R
H)−1 ∗c R

= RH ∗c D
H ∗c Q

H ∗c Q ∗c (R ∗c A ∗c Q)−1 ∗c R = A ∗c Xw
(X ∗c A)H = [Q ∗c (R ∗c A ∗c Q)−1 ∗c R ∗c R

H ∗c D
H ∗c Q

H ]H
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= [Q ∗c (Q
H ∗c Q)−1 ∗c (D

H)−1 ∗c (R ∗c R
H)−1 ∗c R ∗c R

H ∗c D
H ∗c Q

H ]H

= Q ∗c (Q
H ∗c Q)−1 ∗c Q

H

= Q ∗c (Q
H ∗c Q)−1 ∗c (D

H)−1 ∗c (R ∗c R
H)−1 ∗c R ∗c R

H ∗c D
H ∗c Q

H

= Q ∗c (R ∗c A ∗c Q)−1 ∗c R ∗c R
H ∗c D

H ∗c Q
H = X ∗c A.0* X = A†.D:'^L_ A ∈ Cn1×n2×n3 , �M�69

A =

[
A1 A2

A3 A4

]
,�` A1 ∈ Cs×t×n3 , A2 ∈ Cs×(n2−t)×n3 , A3 ∈ C(n1−s)×t×n3 , A4 ∈ C(n1−s)×(n2−t)×n3 . g

B =

[
B1 B2

B3 B4

]
∈ C

n2×n4×n3 ,�` B1 ∈ C
t×k×n3 ,B2 ∈ C

t×(n4−k)×n3 ,B3 ∈ C
(n2−t)×k×n3 ,B4 ∈ C

(n2−t)×(n4−k)×n3 . J*86
A ∗c B =

[
A1 A2

A3 A4

]
∗c

[
B1 B2

B3 B4

]
=

[
A1 ∗c B1 +A2 ∗c B3 A1 ∗c B2 +A2 ∗c B4

A3 ∗c B1 +A4 ∗c B3 A3 ∗c B2 +A4 ∗c B4

]
.�, A ∈ Cn×n×n3 �9Q1 A = U ∗c S ∗c VH . 5 rank(S(1)) = rank(S(2)) = · · · =

rank(S(n3)) = r /, A 9Q1J*�!
A = U ∗c

[
Sr O

O O

]
∗c V

H ,�` Sr ∈ Cr×r×n3 , U ∈ Cn1×n1×n3 , V ∈ Cn1×n1×n3 . g
VH ∗c U =

[
K L

M N

]
, �` K ∈ C

r×r×n3.0*
A = U ∗c

[
Sr O

O O

]
∗c V

H = U ∗c

[
Sr O

O O

]
∗c

[
K L

M N

]
∗c U

H

= U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H .7: VH ∗c U 989, J*86 K ∗c K
H + L ∗c L

H = Ir, �` Ir ∈ C
r×r×n3. pq PbQ1hL_ A 9 C-HS Q1.�� 3.10 , A ∈ Cn×n×n3 , �, A 9 C-HS Q1, J

A† = U ∗c

[
KH ∗c S−1

r O

LH ∗c S
−1
r O

]
∗c U

H . (3.2)



450 G�����F�A � 45 C� g A = U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c UH w X = U ∗c

[
KH ∗c S−1

r O

LH ∗c S
−1
r O

]
∗c UH , J

A ∗c X ∗c A = U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H ∗c U ∗c

[
KH ∗c S

−1
r O

LH ∗c S−1
r O

]
∗c U

H

∗c U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H

= U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H = A,

X ∗c A ∗c X = U ∗c

[
KH ∗c S−1

r O

LH ∗c S−1
r O

]
∗c U

H ∗c U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H

∗c U ∗c

[
KH ∗c S

−1
r O

LH ∗c S−1
r O

]
∗c U

H

= U ∗c

[
KH ∗c S−1

r O

LH ∗c S−1
r O

]
∗c U

H = X ,

A ∗c X = U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H ∗c U ∗c

[
KH ∗c S−1

r O

LH ∗c S
−1
r O

]
∗c U

H

= U ∗c

[
Ir O

O O

]
∗c U

H = (A ∗c X )H ,

X ∗c A = U ∗c

[
KH ∗c S−1

r O

LH ∗c S−1
r O

]
∗c U

H ∗c U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H

= U ∗c

[
KH ∗c K KH ∗c L

LH ∗c K LH ∗c L

]
∗c U

H = (X ∗c A)H .0* A† = U ∗c

[
KH ∗c S−1

r O

LH ∗c S−1
r O

]
∗c UH .

§3.2 �&<�� Moore-Penrose "�&	MJ 2 �M'^L_ A 9 Moore-Penrose~B#: '^ n1 × n2 × n3 9L_ AB': '^ n2 × n1 × n3 9L_ X

1: Â = L(A) = A×3 M; �` M 9 DCT ?Q
2: for i = 1, · · · , n3

X̂ (i) = pinv(Â(i)), �` pinv(Â(i)) 9 Â(i) 9 Moore-Penrose~
end

3: X = L−1(X̂ ) = X̂ ×3 M
−1



4 
 8�j �Cv (~/ h�� C- #Æy:M`n.� 451� 3.1 , A ∈ C3×3×4, �9
A(1) =



1 0 0

0 1 0

0 0 3


 , A(2) =



2 3 0

2 0 0

1 0 5


 , A(3) =



3 1 0

0 2 3

4 0 0


 , A(4) =



3 1 4

0 2 2

1 0 2


 .℄rW4MJ 2, J*86

(A†)(1) =



1.6666 1.3333 9.7778

1.3333 1 7.5556

0 0 −0.3333


 , (A†)(2) =



−1.2722 −1.0482 −8.2780

−1.2295 −0.7384 −6.2015

0.1057 −0.0651 0.2724


 ,

(A†)(3) =




0.7451 0.7255 5.0065

1.1372 0.3529 3.4837

−0.2353 0.1568 −0.0196


 , (A†)(4) =



−0.2723 −0.3815 −1.6113

−0.5629 −0.0718 −1.0905

0.1057 −0.0651 −0.0610


 .

§4 C- ��->�� Drazin $HP'.`,pq'`'L_ Drazin~9'
�/6, ��%Y'^�ML_ Drazin~9MJ.

§4.1 <�� Drazin "�~?'^?Q A 9Z�9Znr rank(Ak) = rank(Ak+1) 9u�9PXSF k, �x
Ind(A). �H, pq`''^L_ A 9Z�9�-.�4 4.1 , A ∈ Cn1×n1×n3 , �-L_ A 9Z�h Ind(A) = Ind(mat(A)).6� 4.1 , A ∈ C

n1×n1×n3 , �, A J*�8h
DCT(mat(A)) =




L(A)(1)

L(A)(2)

. . .

L(A)(n3)



,J Ind(A) = max

16i6n3

{Ind(L(A)(i))}.� 7:
mat(A) = (C−1

n3
⊗ In1

)




L(A)(1)

L(A)(2)

. . .

L(A)(n3)



(Cn3

⊗ In1
).



452 G�����F�A � 45 C0*
(mat(A))k = (C−1

n3
⊗ In1

)




L(A)(1)

L(A)(2)

. . .

L(A)(n3)




k

(Cn3
⊗ In1

)

= (C−1
n3

⊗ In1
)




(L(A)(1))k

(L(A)(2))k

. . .

(L(A)(n3))k



(Cn3

⊗ In1
),

J*b' L(A)(1)

L(A)(2)

. . .

L(A)(n3)



9Z�9 max

16i6n3

{Ind(L(A)(i))}. 0*
Ind(mat(A)) = Ind(A) = max

16i6n3

{Ind(L(A)(i))}.xtpq'`'L_ Drazin ~9�-. H*W�, � Ak = A ∗c · · · ∗c A︸ ︷︷ ︸
k

.�4 4.2 , A ∈ C
n1×n1×n3 � Ind(A) = k. $.HL_ X ∈ C

n1×n1×n3 , nr
Ak+1 ∗c X = Ak, X ∗c A ∗c X = X , A ∗c X = X ∗c A, (4.1)J X 9L_ A 9 Drazin ~, �x AD. X�<, 5 k = 1 /, J X 9 A 9�~, �x

A#. 6� 4.2 , A ∈ Cn1×n1×n3 �
DCT(mat(A)) =




L(A)(1)

L(A)(2)

. . .

L(A)(n3)



."q Ind(A) = k, J A 9 Drazin ~.H�g'.� 0h Ind(A) = k, Q*?Q L(A)(i), i = 1, 2, · · · , n3, C9 Drazin ~. g Xi =

(L(A)(i))D, i = 1, 2, · · · , n3, J
X = ten

(
IDCT

(



X1

. . .

Xn3




))nr (4.1) `9 3 ^;6, ~� X 9 A 9 Drazin ~. xUg'�.
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DCT(mat(X )) =




L(X )(1)

L(X )(2)

. . .

L(X )(n3)


w

DCT(mat(A)) =




L(Y)(1)

L(Y)(2)

. . .

L(Y)(n3)



.Rq9nr L(X )(i) = (L(A)(i))D w L(Y)(i) = (L(A)(i))D, i = 1, 2, · · · , n3 9,Q* L(X )(i)w L(Y)(i) 9'"9, 7*J8 X = Y.xt`'L_9 Drazin ~9'
L�.�� 4.1 , A ∈ Cn1×n1×n3 w Ind(A) = k, J

AD = Ak ∗c (A
2k+1)(1) ∗c A

k.X�<,

AD = Ak ∗c (A
2k+1)† ∗c A

k.� b��- 4.2, 9
Ak = Ak+1 ∗c A

D = Ak+2 ∗c (A
D)2 = · · · = A2k ∗c (A

D)k = A2k+1 ∗c (A
D)k+1.g X = Ak ∗c (A

2k+1)(1) ∗c A
k, J9

Ak+1 ∗c X = Ak+1 ∗c A
k ∗c (A

2k+1)(1) ∗c A
k = A2k+1 ∗c (A

2k+1)(1) ∗c A
2k+1 ∗c (A

D)k+1

= A2k+1 ∗c (A
D)k+1 = Ak,

X ∗c A ∗c X = Ak ∗c (A
2k+1)(1) ∗c A

k ∗c A ∗c A
k ∗c (A

2k+1)(1) ∗c A
k

= Ak ∗c (A
2k+1)(1) ∗c A

k = X ,

A ∗c X = A ∗c A
k ∗c (A

2k+1)(1) ∗c A
k = A ∗c A

2k ∗c (A
D)k ∗c (A

2k+1)(1)

∗c A
2k+1 ∗c (A

D)k+1

= (AD)k ∗c A
2k+1 ∗c (A

2k+1)(1) ∗c A
2k+1 ∗c (A

D)k+1

= (AD)k ∗c A
2k+1 ∗c (A

D)k+1w
X ∗c A = Ak ∗c (A

2k+1)(1) ∗c A
k+1 = A2k+1 ∗c (A

D)k+1 ∗c (A
2k+1)(1) ∗c A ∗c A

2k ∗c (A
D)k

= (AD)k+1 ∗c A
2k+1 ∗c (A

2k+1)(1) ∗c A
2k+1 ∗c (A

D)k = (AD)k+1 ∗c A
2k+1 ∗c (A

D)k

= (AD)k ∗c A
2k+1 ∗c (A

D)k+1,



454 G�����F�A � 45 ChJ86 A ∗c X = X ∗c A. 0* AD = Ak ∗c (A2k+1)(1) ∗c Ak. $* (A2k+1)† [�
(A2k+1)(1), ÆJ86 AD = Ak ∗c (A

2k+1)† ∗c A
k.�� 4.2 ,A ∈ Cn1×n1×n3 w Ind(A) = k. �,Ak 9 C-QDRQ1Ak = Q∗cD∗cR,J

AD = Q ∗c (R ∗c A ∗c Q)−1 ∗c R.� g
DCT(mat(A)) =




L(A)(1)

. . .

L(A)(n3)


 .0h Ak 9 C-QDR Q1 Ak = Q ∗c D ∗c R, -FJb' (L(A)(i))k = QiDiRi, Qi ∈

Cn1×r
r , Di ∈ Cr×r

r , Ri ∈ Cr×n2

r (i = 1, 2, · · · , n3) 9 (L(A)(i))k 9 QDR Q1. h,6
(L(A)(i))k = (QiDi)Ri = Qi(DiRi) 9 (L(A)(i))k 9n^Q1. b�l [29, �T2.1], JV RiL(A)(i)QiDi w DiRiL(A)(i)Qi, i = 1, 2, · · · , n3 9J~9, Q* R ∗c A ∗c Q ∗c D w
D ∗c R ∗c A ∗c Q 9J~9. 0*, R ∗c A ∗c Q 9J~9.f'Ot, b�l [30] Jb'

(QiDiRiL(A)(i)QiDiRi)
† = (DiRi)

†(RiL(A)(i)Qi)
−1(QiDi)

†, i = 1, 2, · · · , n3,7: RiL(A)(i)Qi 9J~9, DiRi �n^9� QiDi 9n^9. 0*
(Q ∗c D ∗c R ∗c A ∗c Q ∗c D ∗c R)† = (D ∗c R)† ∗c (R ∗c A ∗c Q)−1 ∗c (Q ∗c D)†.b��T 4.1, pq9
AD = Ak ∗c (A

2k+1)† ∗c A
k = Ak ∗c (A

k ∗c A ∗c A
k)† ∗c A

k

= Q ∗c D ∗c R ∗c (Q ∗c D ∗c R ∗c A ∗c Q ∗c D ∗c R)† ∗c Q ∗c D ∗c R

= Q ∗c D ∗c R ∗c (D ∗c R)† ∗c (R ∗c A ∗c Q)−1 ∗c (Q ∗c D)† ∗c Q ∗c D ∗c R

= Q ∗c (R ∗c A ∗c Q)−1 ∗c R.h8U.,xP, pq'W4L_9v - sdQ1%Y Drazin ~9fd'^�/6.�4 4.3 , A ∈ Cn1×n1×n3 , J CA = A2 ∗c AD 9L_ A 9v.6� 4.3 , A ∈ Cn1×n1×n3 � Ind(A) = k. CA ∈ Cn1×n1×n3 9L_ A 9v�Q. �- NA = A− CA, J N k
A = O � Ind(NA) = k.� 5 Ind(A) = 0/, L_ A9J~9, J8 NA = O w Ind(NA) = 0. 5 Ind(A) > 1/, N k

A = (A−A2 ∗c AD)k = Ak ∗c (I −A ∗c AD)k = Ak ∗c (I −A ∗c AD) = Ak −Ak = O.f'Ot, N l
A = Al −Al+1 ∗c AD 6= O, l < k. 0*, pq9 Ind(NA) = k.pq'(E1T`�-9 NA  hL_ A 9sd�Q.�4 4.4 , A ∈ C

n1×n1×n3 , CA 9 A 9v�Q�9 NA = A− CA, J
A = CA +NA



4 
 8�j �Cv (~/ h�� C- #Æy:M`n.� 455	 hL_ A 9vsdQ1.�� 4.3 [31] , A ∈ Cn1×n1 , Ind(A) = k, �9vsdQ1 A = CA +NA, J.H'^J~?Q P ∈ Cn1×n1 , 38
A = P

[
C O

O N

]
P−1,�` CA = P

[
C O

O O

]
P−1, NA = P

[
O O

O N

]
P−1, C ∈ C

r×r, N ∈ C
(n1−r)×(n1−r). *d,

AD = P

[
C−1 O

O O

]
P−1.�� 4.4 , A ∈ Cn1×n1×n3 � Ind(A) = k, J

A = P ∗c Φ ∗c P
−1, (4.2)�` P ∈ C

n1×n1×n3 9'^J~L_,

Φ = ten

(
IDCT

(




[
C1 O

O N1

]

. . . [
Cn3

O

O Nn3

]




))
,

[
Ci O

O Ni

]
= P−1

i (CAi
+NAi

)Pi,

CAi
w NAi

Q�9 L(A)(i), i = 1, 2, · · · , n3, 9v�Qwsd�Q. 7'�<, "q
rank(Ci) = r, i = 1, 2, · · · , n3, J

A = P ∗c

[
C O

O N

]
∗c P

−1.*d
AD = P ∗c

[
C−1 O

O O

]
∗c P

−1.� �,
DCT(mat(A)) =




L(A)(1)

. . .

L(A)(n3)


 .b��T 4.3, 9




L(A)(1)

. . .

L(A)(n3)


 =




P1

[
C1 O

O N1

]
P−1

1

. . .

Pn3

[
Cn3

O

O Nn3

]
P−1

n3
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=




P1

. . .

Pn3







[
C1 O

O N1

]

. . . [
Cn3

O

O Nn3

]







P−1
1

. . .

P−1
n3


 .D;6^9L_7� ten(IDCT)(·) FM, J*86

A = P ∗c Φ ∗c P
−1,�`

Φ = ten

(
IDCT

(




[
C1 O

O N1

]

. . . [
Cn3

O

O Nn3

]




))
.GW4�T 4.3, 9




(L(A)(1))D

. . .

(L(A)(n3))D




=




(
P1

[
C1 O

O N1

]
P−1

1

)D

. . .

(
Pn3

[
Cn3

O

O Nn3

]
P−1

n3

)D




=




P1

. . .

Pn3







[
C1 O

O N1

]D

. . .
[
Cn3

O

O Nn3

]D







P−1
1

. . .

P−1
n3




=




P1

. . .

Pn3







[
C−1

1 O

O O

]

. . . [
C−1

n3
O

O O

]







P−1
1

. . .

P−1
n3


 .D;6^9L_7� ten(IDCT)(·) FM, ÆJ8

AD = P ∗c Φ
D ∗c P

−1,
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ΦD = ten

(
IDCT

(




[
C−1

1 O

O O

]

. . . [
C−1

n3
O

O O

]




))
.5 rank(C1) = rank(C2) = · · · = rank(Cn3

) = r, 9
[

C O

O N

]
= ten

(
IDCT

(




[
C1 O

O N1

]

. . . [
Cn3

O

O Nn3

]




))
,�` C ∈ Cr×r×n3, N ∈ C(n1−r)×(n1−r)×n3 . h9

A = P ∗c

[
C O

O N

]
∗c P

−1.7:
AD = P ∗ ten

(
IDCT

(




[
C−1

1 O

O O

]

. . . [
C−1

n3
O

O O

]




))
∗ P−1,|w~J*86

AD = P ∗c

[
C−1 O

O O

]
∗c P

−1.�� 4.5 , A ∈ Cn1×n2×n3 �9 C-HS Q1, J
AD = U ∗c

[
(Sr ∗c K)D ((Sr ∗c K)D)2 ∗c Sr ∗c L

O O

]
∗c U

H .� g
A = U ∗c

[
Sr ∗c K Sr ∗c L

O O

]
∗c U

H ,�` Sr,K ∈ Cr×r×n3 , L ∈ Cr×(n1−r)×n3 . �, A 9 Drazin ~9
X = U ∗c

[
X1 X2

X3 X4

]
∗c U

H ,



458 G�����F�A � 45 C�` X1 ∈ Cr×r×n3,X2 ∈ Cr×(n1−r)×n3 ,X3 ∈ C(n1−r)×r×n3,X4 ∈ C(n1−r)×(n1−r)×n3 . 0*,

X nr (4.1) `9 3 ^O$. b�O$ X ∗c A ∗c X = X , 9
X1 ∗c Sr ∗cK∗cX1+X1 ∗c Sr ∗cL∗cX3 = X1, X1 ∗c Sr ∗cK∗cX2+X1 ∗c Sr ∗cL∗cX4 = X2,

X3 ∗c Sr ∗cK∗cX1+X3 ∗c Sr ∗cL∗cX3 = X3, X3 ∗c Sr ∗cK∗cX2+X3 ∗c Sr ∗cL∗cX4 = X4.b� A ∗c X = X ∗c A, 9
X1 ∗c Sr ∗c K = Sr ∗c K ∗c X1 + Sr ∗c L ∗c X3, X3 ∗c Sr ∗c K = O,

X1 ∗c Sr ∗c L = Sr ∗c K ∗c X2 + Sr ∗c L ∗c X4, X3 ∗c Sr ∗c L = O.b� Ak+1 ∗c X = Ak, 9
(Sr ∗c K)k+1 ∗c X1 + (Sr ∗c K)k ∗c Sr ∗c L ∗c X3 = (Sr ∗c K)k,

(Sr ∗c K)k+1 ∗c X2 + (Sr ∗c K)k ∗c Sr ∗c L ∗c X4 = (Sr ∗c K)k−1 ∗c Sr ∗c L.7*J8 X3 = O w X4 = O. fd,

X1 ∗c Sr ∗c K ∗c X1 = X1, X1 ∗c Sr ∗c K = Sr ∗c K ∗c X1, (Sr ∗c K)k+1 ∗c X1 = (Sr ∗c K)kJ*b' X1 = (Sr ∗c K)D.

X1 ∗c Sr ∗c K ∗c X2 = X2, X1 ∗c Sr ∗c L = Sr ∗c K ∗c X2J*b' X2 = ((Sr ∗c K)D)2 ∗c Sr ∗c L. 0*
AD = U ∗c

[
(Sr ∗c K)D ((Sr ∗c K)D)2 ∗c Sr ∗c L

O O

]
∗c U

H .

§4.2 �&<�� Drazin "�&	Hxl`, pq'b��T 4.1 %Y'^�ML_9 Drazin ~9MJ.MJ 3 �M'^L_ A 9 Drazin ~B#: '^ n1 × n1 × n3 9L_ AB': '^ n1 × n1 × n3 9L_ X

1: Â = L(A) = A×3 M; �` M 9 DCT ?Q
2: k = max

16i6n3

{Ind(Â(i))}

3: B̂ = L(Ak) = Ak ×3 M, Ĉ = L(A2k+1) = A2k+1 ×3 M

4: for i = 1, · · · , n3

Ĥ(i) = pinv(Ĉ(i)); �` pinv(Ĉ(i)) 9 Ĉ(i) 9 Moore-Penrose~
end

5: for i = 1, · · · , n3

X̂ (i) = B̂(i)Ĥ(i)B̂(i)

end

6: X = L−1(X̂ ) = X̂ ×3 M
−1
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 8�j �Cv (~/ h�� C- #Æy:M`n.� 459� 4.1 , A ∈ C3×3×3 �9
A(1) =



2 0 0

1 3 0

0 0 0


 , A(2) =



1 3 3

0 4 5

3 0 0


 , A(3) =



3 2 0

0 1 3

2 0 1


 .b�MJ 3, J*86

(AD)(1) =




0.0007 0.0123 −0.1008

−0.1030 0.0358 0.0223

−0.0036 −0.0617 0.0042


 , (AD)(2) =



0.2056 −0.0473 0.6283

0.0145 0.0637 −0.1531

0.1721 0.0365 0.0585


 ,

(AD)(3) =



−0.1937 0.0317 −0.5392

0.1115 −0.1005 0.0693

−0.2316 0.0415 −0.0040


 .

§5 C- ��->��2>�$H
.`, >z	: C- "`'�L_~9�-, 4+Y~9'
�/6. *d, �%Ya'^�M�L_~9MJ.

§5.1 1<�"�4 5.1 , A ∈ Cn1×n2×n3 w G ∈ Cn2×n1×n3 , $.HL_ X ∈ Cn2×n1×n3 ,

U ∈ Cn1×n1×n3 w V ∈ Cn2×n2×n3 , 38
X ∗c A ∗c G = G, G ∗c A ∗c X = G, X = G ∗c U , XH = GH ∗c V , (5.1)J X  h A � G 9~, �x A‖G .�� 5.1 , A ∈ Cn1×n2×n3 w G ∈ Cn2×n1×n3 , "q A � G 9J~9, zo A � G9~9g'9.� �, X1,X2 ∈ Cn2×n1×n3 9 A �L_ G 9^^~, J.H:51�9L_

U1,U2,V1,V2, 38
Xi ∗c A ∗c G = G, G ∗c A ∗c Xi = G, Xi = G ∗c Ui, XH

i = GH ∗c Vi, i = 1, 2,J8
X1 = G ∗c U1 = X2 ∗c A ∗c G ∗c U1 = X2 ∗c A ∗c X1 = VH

2 ∗c G ∗c A ∗c X1 = VH
2 ∗c G = X2.�� 5.2 , A ∈ Cn1×n2×n3 , G ∈ Cn2×n1×n3 , $ A � G 9J~9, J

A‖G = G ∗c (G ∗c A ∗c G)
† ∗c G.� �,

DCT(mat(A)) =




L(A)(1)

. . .

L(A)(n3)


 w DCT(mat(G)) =




L(G)(1)

. . .

L(G)(n3)


 .



460 G�����F�A � 45 Cg Ai = L(A)(i) w Gi = L(G)(i). b�l [23], 9 Ai
‖Gi

= Gi(GiAiGi)
†Gi, i =

1, 2, · · · , n3, J
DCT(mat(A‖G)) =




A1
‖G1

. . .

An3

‖Gn3




=




G1(G1A1G1)
†G1

. . .

Gn3
(Gn3

An3
Gn3

)†Gn3




=




G1

. . .

Gn3







(G1A1G1)
†

. . .

(Gn3
An3

Gn3
)†







G1

. . .

Gn3


 .DO$^9L_7� ten(IDCT)(·) FM, J*86 A‖G = G ∗c (G ∗c A ∗c G)† ∗c G.�� 5.3 , A ∈ Cn1×n2×n3 , G ∈ Cn2×n1×n3 , �L_ G 9 C- n^Q1 G = M∗cN .$ A � G 9J~9, J

A‖G = M∗c (N ∗c A ∗c M)−1 ∗c N .� ,
DCT(mat(A)) =




L(A)(1)

. . .

L(A)(n3)


 w DCT(mat(G)) =




L(G)(1)

. . .

L(G)(n3)


 ,J9

DCT(mat(M∗c N )) =




L(M)(1)L(N )(1)

. . .

L(M)(n3)L(N )(n3)


 .g Ai = L(A)(i), Gi = L(G)(i), Mi = L(M)(i), Ni = L(N )(i), i = 1, 2, · · · , n3. 0*, J*86 Gi 9n^Q19 Gi = MiNi, i = 1, 2, · · · , n3. b�l [23], 9

Ai
‖Gi

= Mi(NiAiMi)
−1Ni, i = 1, 2, · · · , n3.0*

DCT(mat(A‖G)

=




A1
‖G1

. . .

An3

‖Gn3
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=




M1(N1A1M1)
−1N1

. . .

Mn3
(Nn3

An3
Mn3

)−1Nn3




=




M1

. . .

Mn3







(N1A1M1)
−1

. . .

(Nn3
An3

Mn3
)−1







N1

. . .

Nn3


 .D(E;67� ten(IDCT)(·) FM, J8 A‖G = M∗c (N ∗c A ∗c M)−1 ∗c N .�� 5.4 , A ∈ Cn1×n2×n3 , G ∈ Cn2×n1×n3 , �L_ G 9 C-SVD Q1

G = U ∗c S ∗c V
H . (5.2)�, rank(L(S)(i)) = ri, i = 1, 2, · · · , n3. "q A �8h

A = V ∗c ten

(
IDCT

(




[
X1 ⋆

⋆ ⋆

]

. . . [
Xn3

⋆

⋆ ⋆

]




))
∗c U

H , (5.3)�` Xi ∈ Cri×ri , i = 1, 2, · · · , n3, J A‖G .H5�65 Xi(i = 1, 2, · · · , n3) 9P/9.X�<, $ rank(L(S)(i)) = r, i = 1, 2, · · · , n3, J
A‖G = U ∗c

[
X−1 O

O O

]
∗c V

H .� g
DCT(mat(A)) =




L(A)(1)

. . .

L(A)(n3)


 w DCT(mat(G)) =




L(G)(1)

. . .

L(G)(n3)


 .�- Ai = L(A)(i) w Gi = L(G)(i), J9

DCT(mat(A‖G) =




A1
‖G1

. . .

An3

‖Gn3


 .0*, A‖G .H5�65 Ai

‖Gi .H, i = 1, 2, · · · , n3. 7: G = U ∗c S ∗c V
H , pq9

DCT(mat(G))

=




L(G)(1)

. . .

L(G)(n3)


 =




G1

. . .

Gn3




= DCT(mat(U))DCT(mat(S))DCT(mat(VH))
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=




L(U)(1)

. . .

L(U)(n3)







L(S)(1)

. . .

L(S)(n3)







L(V)(1)

. . .

L(V)(n3)




H

.g Ui = L(U)(i), Si = L(S)(i) w Vi = L(V)(i). 0*
Gi = Ui

[
Si O

O O

]
V

H

i9 Gi 9 SVD, �` Si ∈ Cri×ri
ri

, i = 1, 2, · · · , n3. �,
Ai = Vi

[
Xi ⋆

⋆ ⋆

]
U

H

i ,�` Xi ∈ C
ri×ri , i = 1, 2, · · · , n3.b�l [23], Ai

‖Gi .H5�65 Xi(i = 1, 2, · · · , n3) 9P/9. HPb�Nx,

Ai
‖Gi

= Ui

[
X−1

i O

O O

]
V

H

i , i = 1, 2, · · · , n3.0*, A‖G .H5�65 Xi(i = 1, 2, · · · , n3) 9P/9. *d, pq9
DCT(mat(A‖G)) =




A1
‖G1

. . .

An3

‖Gn3




=




U1

[
X−1

1 O

O O

]
V

H

1

. . .

Un3

[
X−1

n3
O

O O

]
V

H

n3




=




U1

. . .

Un3







[
X−1

1 O

O O

]

. . . [
X−1

n3
O

O O

]







V
H

1

. . .

V
H

n3


 .$ rank(S(i)) = r, i = 1, 2, · · · , n3, J9 rank(X1) = rank(X2) = · · · = rank(Xn3

) = r. D(E;67� ten(IDCT)(·) FM, J8
A‖G = U ∗c

[
X−1 O

O O

]
∗c V

H .

§5.2 �&1<�"�&	xtpqb��T 5.4 %Ya'^�M�L_~9MJ.
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 8�j �Cv (~/ h�� C- #Æy:M`n.� 463MJ 4 �ML_ A 9�L_~B#: '^ n1 × n2 × n3 9L_ A w'^ n2 × n1 × n3 9L_ GB': '^ n2 × n1 × n3 9L_ X

1: Â = L(A) = A×3 M; �` M 9 DCT ?Q
2: for i = 1, · · · , n3

svd(Ĝ(i)) = UiΣiV
H
i ;

rank(Σi) = ri;

VH
i Â(i)Ui =

[
Xi ⋆

⋆ ⋆

]
, �` Xi ∈ Cri×ri ;$ Xi 9P/9, Ŵ(i) =

[
X−1

i O

O O

]
;

Ẑ(i) = UiŴ(i)VH
i ;

i = i+ 1;SJB': A � G 9�J~9.

end

3: X = L−1(Ẑ) = Ẑ ×3 M
−1� 5.1 , A,G ∈ C3×3×3 �9

A(1) =




1 0 0

0 −1 0

3 0 0


 , A(2) =




0 0 3

5 2 0

0 0 1


 , A(3) =




0 2 0

0 0 2

0 4 3


 ,

G(1) =




3 0 0

1 0 0

0 0 2


 , G(2) =




1 0 5

2 0 0

2 0 1


 , G(3) =




0 3 4

1 0 3

1 0 0


 .b�MJ 4, J*86 A‖G ∈ C

3×3×3 9Tt��9
(A‖G)(1) =




−0.1043 −0.0495 0.1030

0.4039 −0.1304 −0.2377

−0.4616 0.0521 0.1951


 , (A‖G)(2) =




0.1220 0.1565 −0.0864

−0.4423 0.1439 0.1765

0.5999 −0.0208 −0.2729


 ,

(A‖G)(3) =




−0.0972 −0.0769 0.0281

0.0075 −0.1129 0.1342

−0.1260 0.0084 0.0486


 .
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§6 �!�����89, P ∈ Rn×n×n �9

DCT(mat(P)) =




L(P)(1)

. . .

L(P)(n)


 .'^\-lGJT\9'^9�lGJT\9bm, �`Yh {1, 2, · · · , n}9O�r$ X0, X1, · · · A9j)[j

0 6 Pi1i2i3 = Prob(Xt = i1 | Xt−1 = i2, Xt−2 = i3) 6 1,�` n∑
j=1

L(P)
(i)
jk = 1, i = 1, · · · , n, 1 6 k 6 n. pq P 9'^j)L_., F 9 R 9o�, {Xt : t ∈ F} 9'tO��_. "q F 9JF9, ��p'^ Xt9Y>9�_99��z, JY\	 h9�lGJT\. pq�- {G1, · · · , Gm} 9�, Xt 9Y>.

Xk 9\H> k ^�d90q. "q Xk−1 ): Gi kT, J Xk ): Gj kT9[j9 L(P)
(i)
jk (s) = Prob(Xs = Gk|Xs−1 = Gj), i = 1, · · · , n. P
[j	 h3�j)[j. "qp^3�j)[jC�(Q s(�(Q/�), � L(P)

(i)
jk (s) = Pjki, s = 1, 2, · · · ,

i = 1, · · · , n, zopq P^\9Æ,9.H�l`, pqe#�<9�Æ,lGJT\, �4lGJT\�N\P�89�Æ,lGJT\.�V� Ω 9'tkT9�z, Ω `9p'^kTCJ*- Ω 9�y�;kT7#,*d, Ω d9kTC�}7#6 Ω U9�y'^kT.HT� Ω 9Z�LC9kT9�z,�` Ω U9p'^kTCJ*- Ω 9Q9�;kT7#, �� Ω d9'
kTJ*- Ω 9p'^kT7#."q'^\9j)L_9�JC9,JP^lGJT\99�V9.;�<,Y\9kT�!'^�V�z. $D:'^�V\9j)L_ P , .H'^p�F k, 38 Pk > 0,J P^�V\9TJ9."q\7#'bkT�qJSE, J PbkT9v<9. "q\A9\*'^v<kT, J *\9v<\. *d, -Y\9p^kTCJ}7#v<kT (4�'�9'�). �"l [32].�� 6.1 $ P ∈ Rn×n×n 9'^�,9j)L_�9 A = I − P , J A# .H.� ,
DCT(mat(P)) =




L(P)(1)

. . .

L(P)(n)


 .
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 8�j �Cv (~/ h�� C- #Æy:M`n.� 4657: A = I − P , J
DCT(mat(A)) =




L(A)(1)

. . .

L(A)(n)


 =




L(I)(1) − L(P)(1)

. . .

L(I)(n) − L(P)(n)


 .0*, pq9 L(A)(i) = L(I)(i) − L(P)(i), i = 1, 2, · · · , n. ℄rW4l [32, �T8.2.1], 9

Ind(L(A)(i)) = 1, Jb' L(A)(i) 9�~9.H9, Q* A 9�~9.H9.�� 6.2 , P ∈ Rn×n×n 9'^\9j)L_, ��9 A = I − P , J
I − A ∗c A

# =





lim
n→∞

I+P+P2+···+Pn−1

n
, D:�,9j)L_ P

lim
n→∞

(αI + (1− α)P), D:�,9j)L_ P � 0 < α < 1

lim
n→∞

Pn, D:�,9TJ\
lim
n→∞

Pn, D:�,9v<\.� ,
DCT(mat(A)) =




L(A)(1)

. . .

L(A)(n)


 .7: A = I − P , b��T 6.1, L_ A 9�~.H. 0*

DCT(mat(A#)) =




(L(A)(1))#

. . .

(L(A)(n))#


 .�H, |!+J*G6

DCT(mat(I − A ∗c A
#))

=




L(I)(1) − L(A)(1)(L(A)(1))#

. . .

L(I)(n) − L(A)(n)(L(A)(n))#


 .�- L(I)(i) = Ii, L(A)(i) = Ai w L(P)(i) = Pi. b�l [32, �T8.2.2], J*86

Ii −AiA
#

i =





lim
n→∞

Ii+Pi+P
2

i+···+P
n−1

i

n
, D:�,9j)?Q Pi

lim
n→∞

(αIi + (1− α)Pi), D:�,9j)?Q Pi � 0 < α < 1

lim
n→∞

Pi
n
, D:�,9TJ\

lim
n→∞

Pi
n
, D:�,9v<\, i = 1, · · · , n,
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I − A ∗c A

# =





lim
n→∞

I+P+P2+···+Pn−1

n
, D:�,9j)L_ P

lim
n→∞

(αI + (1 − α)P), D:�,9j)L_ P � 0 < α < 1

lim
n→∞

Pn, D:�,9TJ\
lim
n→∞

Pn, D:�,9v<\.����*�.
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Abstract This paper studies the issues about the generalized inverses of tensors under the

C-product. The aim of this paper is fourfold. Firstly, this paper presents the definition of

the Moore-Penrose inverse, Drazin inverse of tensors under the C-product. Moreover, the

inverse along a tensor is also introduced. Secondly, this paper gives some other expressions

of the generalized inverses of tensors by using several decomposition forms of tensors. In

addition, the algorithms for computing the Moore-Penrose inverse, Drazin inverse of tensors

and the inverse along a tensor are established. Finally, the application of group inverse of

tensor to Markov chains is given.
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