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#, /�������Æ�0"-, ����1.�$�,-���'�Æ$%.�, %

�&..2'�*/&��Æ((-4��53%0-4�� [1−8].
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<4Æ�)1'. � !�*!2��Æ�,-4��-"- N 1=3#�1>�(�

�'�2�"-", ..14�: 59)445,Æ�,-4�'ÆÆ��#6>�(-
�1�(�.6�.5, ��445,ÆÆ%,�,-4/0, 6'�3��Æ�,-4
��. ��$, �)5)>�(Æ��'�, # N 1=3, �(��ÆÆ%3)?6��,

��7->�(�Æ N 1=32��Æ'��, ��& �7@ÆA&��; �,-4
��-"Æ'B2'ÆÆ81��A&(�C�89(�/(C:�(#�(�) [9−10],

17$42�6/'/�,-4��'�>�(2'Æ,.�( # [1].

A&($C�89('(�4�>�($4��*Æ�()(,-�%;A&(�)

5&5D"� !�*!Æ,:6EÆ<). 84$,� 1990��09Æ'*:; [11−13]

)($, A&����4/FG2'�') 2009 �6< [14], �=781=!"/203
4<�A&>3(H2'�' [15−16],7 1.1" �A&���� (TDA, Topological Data

Analysis) �5I69 (PH, persistent homology) % 20 %�&�'B�*�'Æ�1+

3.

? 1.1 9:;J@ (Google Scholar) :A>9B,?;K:6@L<;4 “Topological Data

Analysis”, “Persistent Homology” <K=C5, 6@ 2002 -> 2025 - (Q1) .-A>AB.

A&�����C�0��ÆA&78� (#6�"�D�7=#), �%"�'"4

�/�Æ�108. �<>&(�', TDA /91)��)*:;�><?#-41-
"�&(@M����9##1=3 [17−20]; � ��(�', TDA -�?<�$ �"
�, �� �ÆCE��, #: (5) :1���7N-"# [21−22]; �-"�(�', TDA

/9OA-�'@$�D -"� �-"�<>-"#��-"ÆA&�� [23−26]; �

���#�'P� TDA ÆE@, �=�����FÆ2�B$��FQ;��G>�A
1%!B-�$��.�� [27−28]; 6� TDA G-�?<>3(H, 1)-$H"��

�B$Æ�-"H� [29−30].

TDA Æ7@IR�))��A&(, �C42�6I�, SC</?3, J2J=F
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�CE��Æ89UV5$/5I8$Æ@*89��. �C�K�+891Æ��A
&78� (#5I69), /��#6>%AÆA&LF; �0��L>M1)#�WG8
9��ÆCE��, /���� !�*!=, "4B�=HÆ���+. A&����

Æ��I? (5I69) �)89N"77WÆ��L�,-4��-", S�0��!
". 42�6I��)0+DM-"L<>-"#��!",@#: �4I-", �J��

4)X&(K4IFÆ1C�',/78>42�6ÆLOP�. 17I�#�2�ÆD
$"� [2]. &A&<3, 17�@*42�6ÆYN, 7M8>@*42�6ÆLOP�,

-Q/ “ER0+�Æ42�6”, J� “989��”. �1Æ4269�)-�9�F
YN817Æ:;69 [31], /-�203YN8S17 (super-hypergraph) Æ69�)
[32]; �+FZ��A&�), O�F#T�A&���� !��'ÆD$�8, U7A

&���GM1)2P@*Æ��, /Q74�"�1ÆOA [33−34].

�,A<AVK? (Laplacian operator) ÆN;U7 TDA #���>�$C�89

IRÆ�8, 6�HI/�J#T���7A<AV (graph Laplacian) Æ���8. A

<AVK?5)>��C�89, �7@@��.5R���D='>?/@BOÆ.
3. �6I'$, �1ÆA<AV1)2'[�=3�AC(�E�F, /�C De Rham-

Hodge �)6S89$A&. �/(�', 7ÆA<AV�2�7)Æ7@ #, �ND

�1)�?[("�K-"�Æ��(�UT��#�'. � TDA �, �CD�6ÆA

&A<AV (#2�A<AVL/( Hodge A<AV), -�&CE���#689UV
�A&LF, �BUV6�& ���Æ6S"�6@L". %�&, P%5IA<AV
ÆGF!", 203Q/� TDA ��0������$/��Æ�8.

7)I�������>3(H���-"#2'�'AH1Æ��, CW6CRF

��"Æ��, -�1PD�3L 37L6.5. �3L 37Æ�,�(��, �$

���-"Æ�,-4�'#�,.Æ0��1UO. 1978 �, László Lovász �X [35]

��CN;EF�6ÆME, � 3472$42�6I�, 81��A&($G�2�
(�Æ Kneser IR, 0G�A&2�(2'�'. #=, � 37Æ��A&(2'0S
5I7N, /78��Æ�1 [36].

Grigor’yan Alexender, HT, Muranov Yury �F'X) 2012 �N;��37ÆO?

69�) [37],Y=4I�203!"��37Æ6I�) [38],/!:�0';#�)X.

1.UB, X [37] Z������A&ÆJH, �2N;Æ�37ÆO?�6 (V�37

ÆO?6'ÆW�), 0J7�42�6L�[#�8961��Æ�61 , /'@F�O
?�6$IK69�), &)N;�37ÆO?69�); �\ 44!�V%(IÆP
22', KL17$S17Æ:;69�) [31−32]; 2022� 11 W, #��'Æ(I;'Q
G, JRFG2'�'�\]4IÆG3]3HIG, L/ GLMY �).

GLMY �)�M���A&(ÆIR��, /Z�� “8961X^” ÆJH, �1
/ÆD$�8/5&5D"� !�ÆA&�)#&�-�ÆI?. J'R2'�'/

�N4B#^L):

1. &-"Q<, 0"42�6Æ69����'<'Æ�37ÆO?69, V426

1_`a, MK_NOL, X`?<SObTPYPcMYaUbNQZ<bT ([ [39]).
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9��37O?69Æ0 Ld+3; &I�Q<, 17Æ:;69�4269Æ0"9
�YN, &) GLMY �)HI��Æ4269�). 203, �)A&I���'Æ5I
"=3QTDA SC</?3R<Æ5I",�)7����, -�81$�.Z7�44
[32], &) GLMY ����HI/1H�R$Æ5I69 (PH).

2. �,A<AVK?S�M1) GLMY �), / GLMY ����#&�>�$8

9Æ[SC.

3. GLMY�)$7)�:e�Æ#O", -Q/7)Æ4�$�,TU, M1)$�

7����Æ6S"�9896@L", HI/�J#T���7)Æ���8.

4. GLMY �)Æ>\#�A"". GLMY �)��,-4��-"/2'�3, S

<��A&ÆIR$��, &2�$��ÆS,Q<, �7����2$'�.5. J',

)) GLMY �)JH, /�!"B% 6�Æ69�) [40−44], 7NFV4 GLMY �)

Æ>\, /$��,-4��-"#&H&H%ÆA& #.

5. GLMY �)#W4$5&)(�(Æ�8. J�37L]7Q/PR��8KÆ

VX, O?�6�VXÆ��6ÆYN, &) GLMY �)�M/Z��VXÆ��6�
); �37L]7Æ�,6I)$�,VX�)#�TQÆ��"; GLMY �)6�#B
��37Æ6IR#O#"-"Æ�(�3.

6. GLMY �)#�1/Æ(� Y". GLMY �)$'B��(�>3(H��6

7��Æ'@�1 [45−49], �$'B��(1-�)Æ��, ���'��,-4Æ��
����67Z�"2" [50].

1.UB, GLMY �)S��7N!"R�, �37Æ6I)&�)Z^,W, P%

)U�(=3S�5$G, #U��(�)Æ>;!"JM[&2%Æ4�"�1. �S

^&Æ\6, X\J&426909, � GLMY �)ÆIR��$!"I?L6�fÆ

Ug.

§2 BCDEFGHIDE

#6�[�(2'�', ��A&(Æ7@=3�2'891�6I68 (6I) ^

Æ�9; \VF^, L(0"��891, c�-�81��A&���\DP]K^2
$6I�9, 2)8189A&$C�89��2W?Æ�9$��.

X!891Æ6I�9=375Q7$G, XA&(_�/�!"B0';�(�
), /'@F81)0+Ld891Æ�9, ��(�[2'�'$�)>�(�P6

7NDÆ�1, ���1S#�Y`-�K"Æ #�4269�); �)UI?�2$
“T�”, 5$/2�=3, M81����N;4269L$69, �891Y6���
(4��R�D��#), �+����6I^#�78Æ"?, &)-�4/ “891�6

I^ÆA&LF”, 1)891Æ6I�92'. ^�c�aZ42�6$T�Æ�(M
E.

JK 2.1 (46) L(2J=F Rm �Æ n + 1 "C A0, A1, · · · , An, #+& A0

B!�>8 A1, · · · , An Æ3�2 A1 − A0, A2 − A0, · · · , An − A0 D" �, ^LCW
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{A0, A1, · · · , An} [h �, \^L[h#�. 0" n � (89) 46 σ �U2J=F�K
b n+1"[h �ÆCÆW� {A0 , A1, · · · , An}6'ÆiK,cd/ σ = [A0, A1, · · · , An].

CW {A0, A1, · · · , An} Æ0"5=?W2_'ÆiK9L/ σ Æ0"�.

0"8946 σ = [A0, A1, · · · , An] Æ]CW {A0, A1, · · · , An} �^(Æ. L(U]

x ∈ Rm, &(KO`ZB, x ∈ σ _S[_0�4� t0, t1, · · · , tn 8>#^P�:

x =
n∑

i=0

tiAi,
n∑

i=0

ti = 1, 0 � t0, t1, · · · , tn � 1. (2.1)

]CW[h �ÆP�-�]A, �) x ∈ σ, 8>$WP�Æ4� t0, t1, · · · , tn #�
d0$, L ti / x �)]C Ai Æ,@L^, d/ tAi(x). ,@L^ tAi(x) -$H/C x

'/]C Ai ÆM\, �#Q<^, 0"8946��]CWÆM\�_=F.

\VF^, 891ÆV<T��J��$/0246, ��W"46B�A)UÆ8
940. /���0C.2$e`Æ�(.5, 1.S<42�6�6XÆME. ]fa

a^, ("A&=F X $ Y 6X�U0�4S8Æ6Ibh f : X → Y , U7�Ybh

f−1 : Y → X P6I.

JK 2.2 (8942�6�%�1$-T=F) 0"8942�6 K �2J=F�

Æ0M46, 8>#^P�: L( K �ÆU]("46 σ $ τ , .Z7# , .Z# )

aQ�. 0"42�6 K Æ%�1, d/ |K|, (K/ |K| = ⋃
σ∈K

σ, V K $2�46Æ/,

6�Y6[A&, |K| Æ?W A �0"`W_S[_ A $ K �W"46 σ Æ A∩ σ �
σ Æ0"`?W. L(0"A&=F X , X#0�0"42�6 K, U7 X 6X) |K|,
^L X �0"-T=F, �� K / X Æ0"T�.

1.UB, %�1 |K| $-�J�% 9�ÆA&=F��, a�(K�Æ[A&,

%�1 |K| 4/2J=FÆ?W, -��M?=FA&; 6�, W"46Æ,@L^-�
'�$FgA8%�1 |K|, &)-�� |K| $N; lp - 3�, IK3�=F. �V 7
6ÆA&=F��, _ K � !"46�, MR<b�"; X_ K c��!"46� (V

K ��!42�6), �$V A&=F��0�.

891�CV<T�788942�6, &)Q70246��RFÆaQ�, �+

UV-�1&,�d9891. 8942�6G-�203@*$�$.

JK 2.3 (@*42�6) 0"@*42�6 K �0M8>?W8Kb`Æ5=�
!W, P]�^, X# A ∈ K, ^ A ÆU05=?WPN) K.

@*42�6$8942�6�^�Æ]K^N400���', #�'/A&�
���#&�[SC, V “81@*42�6I�, c-Q78961��”:

1. L(0"8942�6 K, c�-�d#^���e0"@*42�6 K, L K
/ K Æ@*$��%�1 K / K Æ8944, K Æ]CW {A0, A1, · · · , An} ∈ K _S
[_j-�_' K �Æ0"46.

2. U90"@*42�6 K B0�8944, S K ÆU]("8944��DD"
6XÆ.
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�0��/A&����#&��))(: �CJCE: /@*42�6,�G,

I0�89�*Æ89��.

42�6MEÆ0"YN� Δ-WL Δ-�6, \VF^, -�e42�64/W�8
'%,W; *!$, c��C�K?&(K Δ-W.

JK 2.4 (Δ-W) Δ-W, Pef42W, �0"�!L !ÆW�Q; S = {S0,

S1, · · · } �0Mbh
di : Sn → Sn−1 (0 � i � n),

L/�K?, 8> Δ-#�

didj = djdi+1 (i � j).

^�k) Δ-WÆ8944, d

Δn =
{
(t0, t1, · · · , tn) ∈ Rn+1 | 0 � t0, t1, · · · , tn � 1,

n∑
i=0

ti = 1
}

/ n+ 1 �2J=FÆ^N n 46, ��f�K?

di : Δn−1 → Δn, (t0, t1, · · · , tn−1) �→ (t0, · · · , ti−1, 0, ti, · · · , tn−1),

�� 0 � i � n. ^N n 46Æ>CWd/ Int(Δn), V

Int(Δn) =
{
(t0, t1, · · · , tn) ∈ Rn+1 | 0 < t0, t1, · · · , tn < 1,

n∑
i=0

ti = 1
}
.

JK 2.5 (Δ-�6 [51]) 0"A&=F X Æ Δ-�6���0Mbh

Cn(X) = {σα : Δ
n → X | α ∈ Jn}, n � 0,

�^ Jn � n �U^W, 8>^�P�:

1. W"bh σα !Z�>CW σα| : Int(Δn)→ X �4h, S�) X �ÆW0"C x,

0�d0ÆU^ α, U7 x ∈ σα(Int(Δ
n)).

2. Cn(X) ��8K^b`, V�)W0" σα ∈ Cn(X), �'bh σα ◦ di (0 � i � n)

N) Cn−1(X), α ∈ Jn.

3. [A&, V A ⊆ X �0"0?W_S[_,�)W0" σα ∈ Cn(X), σ−1
α (A) � Δn

Æ0"0?W, α ∈ Jn.

Δ-�6���g\�6ÆIR$42�6Æ2�N".&�(KO`ZB,W" Δ-�

6ÆU^W�0" Δ-W; �CY3h4, c�-�Q7@* Δ-WÆ8944.

L(0" Δ-W S, J�Q/i(Æ Δ-�6ÆU^W; �) Sn �ÆW0"0� x �

]0"^N n 46 Δn, 47 /��N;#U�'4gS; ^�F^, 4/W�

|S| =
( ⋃

x∈Sn, n�0

(Δn, x)
)
/∼ =

( ⋃
n�0

Δn × Sn

)
/∼,

�^Æ#U�'(^�Æ�'<', �)U0 x ∈ Sn ��U0 z ∈ Δn−1,

(dix, z) ∼ (x, diz) (0 � i � n).
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SEF^, J dix ∈ Sn−1 2h[Æ^N n− 1 �46, Sf�K? di : Δn−1 → Δn g8 x

2h[Æ^N n 46, �=�W� |S| Y6[A&, O`fO2Q7ÆA&=F |S| �0
" Δ-�6.

Δ-W-�9Q/0 9l)'_Æ�-" (feed-forward neural network) Æ��, 1

&.5891, (IÆ#l"-�j;7 2.1.

? 2.1 Δ-gAc (O) hid_`mai` (h) <nb.

42�6Y6(3R=-�L/ Δ-W. 0"42�6Æ(3UÆ��]CWÆ0"
?Q, U7�$W"46Æ]CW�aQ?W [52]. W"42�6-��% (3,6(0

"(3Æ42�69L/(342�6.

L(0"(389L@*42�6 K, c Kn / K � n 462�'ÆW�. d^�
Æ(^N;�K? di : Kn → Kn−1, L( Kn �Æ0"46 σ = [A0, A1, · · · , An], e�(

3, -�X� A0 < A1 < · · · < An, (K

di[A0, A1, · · · , An] = [A0, A1, · · · , Ai−1, Ai+1, · · · , An],

Vbf]C Ai 2_'Æ n− 1 �46. O`fO, KΔ = (K0,K1, · · · ) �$WÆ�K?^
'/ Δ-W.

&$�Æ�eO`ZB, Δ-W�G��FJ42�6MEYN8%,WÆ+3. 0"

c4@?#^, X��(PDW e1 $ e2 ��(gC v $ w �>gS, 8961M6'0
"6#7 2.2 Æic.

? 2.2 Δ-gnb.

&42�6<3, L(("C v $ w, �2_'Æ 1 46�( v $ w d0G(ÆD

W ((CÆiK),  �SS.5,���ÆC e1 $ e2; & Δ-W<3, -�6 S0 = {v, w}
�� S1 = {e1, e2}, ((�K? d0e1 = d0e2 = w $ d1e1 = d1e2 = v, 6' Δ-W, �894
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4�0"ic.

�1Æ%�o [52−53] �C42�6&N;4269, =&Æ%�o [51] U1 Δ-�6

MEN;4269. c�k1 Hatcher Æl�1 Δ-WN;4269, /�c$��3, c

�X�'�R�0"' F; ��1�', �HU1'�' F = Z/2Z = {0, 1} L4�' R,

�)$, 69-��U90" jR4/'�R.

L(0" Δ-W S, c Cn(S) /� Sn /)_'Æ3�=F, �)W" x ∈ Sn, (KC
jK?/

∂n(x) =

n∑
i=0

(−1)idi(x),

/J�D"_'/bh ∂n : Cn(S)→ Cn−1(S). (#Q70"D"8jQ;

· · · −→ Cn(S)
∂n−→ Cn−1(S)

∂n−1−→ Cn−2(S) −→ · · · −→ C0(S)

8> ∂n−1 ◦ ∂n = 0 (( Δ-#�Y�B), L/ Δ-W S � F /'�ÆD�6.

�)0"D"8j T : V → W , �dLF=Fd/ Ker(T ), V Ker(T ) = {x ∈
V | T (x) = 0}; �M=Fd/ Im(T ), V Im(T ) = {y ∈ W | y = T (x) �$}. (#�
∂n ◦ ∂n+1 = 0 -��B Im(∂n+1) ⊆ Ker(∂n).

JK 2.6 (4269, Betti �$2A�) L(0" Δ-W S, S$W���I� F /'

�ÆD�6 C∗(S), j� F /'�Æ n �69R(K/

Hn(S;F) = Ker(∂n : Cn(S)→ Cn−1(S))/Im(∂n+1 : Cn+1(S)→ Cn(S)).

0" Δ-W S Æ Hn(S;F) Æ��9L/ S Æ� F /'�Æ n � Betti �, d4 βn(S;F),

V βn(S;F) = dim(Hn(S;F)), �Hcd/ βn; 2A� χ(S) ^(K/ Betti �Æ m�:

χ(S) = β0 − β1 + β2 − · · · (X##�kCÆW" Betti ��!, Sc��!"5d Betti

�).

��A&Æ(�^]�69R H∗(S;F), Betti �$2A�B� |S| Æ6I78�, 7
Se)891 |S| Æ6I68.

�)0"42�6 K, �4269RÆ(KSe)(3Æj6 (J42�65$/
Δ-W),X278Æ69R (�� Betti�$2A�)7Se)(3Æj6�%�1 |K|ÆT
����� |K| Æ6I68. �)�!�6, 2A�P�-�(K, S$'�'Æj6 

�; Betti �$'�'ÆC_ �X$'�'Æj6Q�#�,@#: 2 �4h@@� RP2,

jÆ��'� Q Æ Betti ��

β0(RP
2;Q) = 1; βi(RP

2;Q) = 0, i > 0,

M�K� Z/2Z '�Æ Betti �

βi(RP
2;Z/2Z) = 1, i = 0, 1, 2; βi(RP

2;Z/2Z) = 0, i > 2.

9lF, -�N;42$69. c Cn(S) / Sn $2� F-OR��'Æ3�=F, �

)U]Æ φ : Sn−1 → F ∈ Cn−1(S), (K$Cj6�

δn : Cn−1(S)→ Cn(S), φ �→ δn(φ),
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�^

δn(φ) : Sn → F, x �→
n∑

i=0

(−1)iφ(di(x)),

LB$D�6

· · · ←− Cn(S)
δn←− Cn−1(S)

δn−1

←− Cn−2(S)←− · · · ←− C0(S).

$69$69ÆQ<76, -/�d; #+'�R/0"D, $69M#�D�� (Cup

:), �R6ÆA&#���,.�1, # Poincaré �d(�.

42 ($)69-�YN8e� ($)69,/R<�[81L#�Æ ($)69�),#

C�89�Æ De Rham$69�L2-$69 [54−55]��,$69�) [56] #. Allen Shepard

�� 1985 �Ænp)X�N;Æg\%$69 (cellular sheaf cohomology)[57], � Justin

M. Curry Ænp)X [58] �78O�Æ!k, U7g\%)#�Y`Æ-�K", /Q
74l�1 [59−60], '/�1A&Æ,. #R0. ��^, c�& Δ-WÆ<3qQg\
%69, *c�Æ.5$ Curry ÆkW�2b�, 6G/ Δ-%69 (Δ-sheaf homology);

Δ-%YN�42�6Æg\%ME, -f20JÆg\%, Δ-%]f�K?Æ2�L",

c)�KÆ-h4".

L(0" Δ-W S, c�J�VX$, c C(S) /0"VX, ��*/ S �Æ0�, �

h( S �0�FÆ�K?<'. d Vect /'�' F $Æ3�=FVX. 0" Δ-f%
(Δ-cosheaf) �0"&VX C(S) 83�=FVXÆ0"R? F : C(S) → Vect. SEF

Z, �) S �ÆW"46 σ Y60"3�=F F (σ), �) τ = di(σ), Y60"D"8j
F (di) : F (σ)→ F (τ); ( F ÆR?"?, Δ-#� F (di) ◦ F (dj) = F (dj) ◦ F (di+1) (i � j) '
K. c

CF
n (S) =

⊕
σ∈Sn

F (σ), n � 0.

�)3�=F F (σ) (σ ∈ Sn), (KD"8j

∂n|F (σ) =

n∑
i=0

(−1)iF (di) : F (σ) −→ F (d0σ) − F (d1σ) + · · ·+ (−1)nF (dnσ) ⊆ CF
n−1(S),

/D"_'/bh ∂n : C
F
n (S) → CF

n−1(S), Q7D�6 CF
∗ (S), LBR? F Æ Δ-%69

HF
∗ (S).

Δ-%69Æ0"Br�� Δ-W4/U^W-�cmglFN;69, ��(%�,3

�=FVX Vect -�j'20JÆVX, /$=F7 (diagram of spaces) Æ��A&(
Q���; �4l�1�, R? F Æj6�l�,.Æ.

5I69��1�'s8O�Æ�Q, ..�jJg�ÆA&78� (69), �CN

;5I" (persistence), 8'��,$ÆA&LF, &)hh69R7Se)893�Æ
[C, �4l�1�67Y`Æ4�". ��(%�, ..J�IÆ�6�Z2$i?$
��8':t�6Q;LSe)j8� t ∈ R Æ6IZ:t�6Q;, (#R<5I".

��)%�, U90"6IL/(Æ=FL�6ÆQ;7

· · · −→ Xa −→ · · · −→ Xb −→ · · ·
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B-�R<5I69, �^Æ]u: 0�6Ibh ( 1X��?�6). i?$ (VJ

=FCi8'=FQ;) �A&(H1S�1Æ,.IR��, �1) Morse �)�BQ
;#�(�'; Ji?$�1)��Æ69 (5I69) 8� 1990��oNf�1�'Æ
,Q [11], �d*Pm��(2'ÆÆ2%?,)("��, )�1�#�4�"Æ(�

�� #M�2�Æ1h.

A&�)$5I"Æ��-��J#TA&��Æ�8, 48�5I"P-�i/
%8�5I" (multi-persistence), 6��ei?$Æ��P% %E,�jmÆ��"$

1hÆÆ$�1=j��; %8�5I"1.��($VX)Æ[5, Pp'�(2'�
'RF2%Æ(� Y.

§3 GLMY RF

GLMY �)Æ0")UI?��4l�1/�3, 81��A&��#��(2'
�'ÆIR��, �7���(�*$!"��A&(, /����$��'�#&V%

ÆA& #. ^�c��>&����$��'�<3,UgR2'�'Æ0+FZ�(

�).

§3.1 STUVWXYZ[\]^_`ab

&����<3&Z, ��A&���142�6I�, ��4269�5I", &
)LBA&LF; �)4l��ÆÆ[�D,, �7BnÆ'�, ��(%�, Robert J.

Dawson � 1990 �N;�PD42�6$PD4269 [61], �\ 4�nM7Ænp)
X [62] �78O�Æ!k, '�FIK�PDA&�����), /�1A&vP�FÆ

,. # [63−65]. /�c)�$, c���^ck)4�4/D,ÆPD42�6��4
'�PD69R. L(0"42�6 K, K $Æ0"D,'��U�W"46 σ, Y60

"4� w(σ) ∈ Z S8>_ τ � σ Æ0"��, w(τ) 4a w(σ), /L (K,w) /PD42
�6. L(0"PD42�6 (K,w), 6 K Æ0"(3, � n �DW Cw

n (K;Z) $�HÆ
n �DW Cn(K;Z) 0�, V� n �46W Kn /)_'Æ9( jR (4'�D"2�),

MJ�HÆCj6�94/PD m�. #1F, �) σ ∈ Kn, (KPDCj6�

∂w
n (σ) =

n∑
i=0

(−1)i w(σ)

w(di(σ))
di(σ), (3.1)

(#Q7PDD�6 Cw∗ (K;Z), �69L/ (K,w) ÆPD4269 H∗(K,w;Z).

O7^Æ�, PD69�-�MQ7$�HA&=F69R70EÆ69. ;@ 3.1.

c 3.1 L(42�6 K = {a, b, ab}, Y6D, w(a) = w(b) = 1 � w(ab) = 2, 6(

3 a < b, e�(K-n

Cw
0 (K) = Z〈a〉 ⊕ Z〈b〉, Cw

1 (K;Z) = Z〈ab〉, Cw
n (K) = 0 n > 1.

203, �PDCj6� ∂w
1 (ab) = 2b− 2a, �C�K-n,

H0(K,w;Z) = Z〈a〉 ⊕ Z/2Z〈b〉, Hi(K,w;Z) = 0, i � 1.

�), �)�HÆ69, U9A&=FÆ 0 �4'�69R7MB4i*? Z/2Z, j

0�j+42�6ÆPD697�891 (A&=F) Æ�H69. k0��, #+'�
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R/', SW"46ÆD,5d, ^PD69$42696�, o;X [62].

0"9�cmÆPD����42�6 K $W"]CPD (D,O-�690" 
jD), 6W"46ÆD,/�]CD,Æq:; #+ σ = [a0, a1, · · · , an] (a0 < a1 < · · · <
an) / K �0"46, ^PDCj6� (3.1) �ÆPD'� w(σ)

w(di(σ))
= w(ai), #�PDC

j6�/F'Xf<���4IN;Æ δ-69 [66] ÆCj6�.

PD4269-��("76ÆQ<^78YN, kJPDCj6� (3.1) ÆD,'

� w(σ)
w(di(σ))

Q/ Z → Z ÆD"8j a �→ a w(σ)
w(di(σ))

, ^PD4269-5$/ Δ-%69,

V'/ Δ-%69Æ0 ,.Ld+3; k0"Q<�, X [67]2JPD4269YN/ Δ-

twisted 69, � ��-�glFJ 1950��IKÆ�142p�r�) [69]�Carlsson
Æ42R�e [70]�twisted 42R$VXÆ twisted 69 [71]�PD69�)�δ-$69
�) [66] �0)0"JHR^, /LB$ Brown twisted _� [72] ��#�>�(sjÆ
twisted de Rham $69 [73−74] Æ��", 6�� Δ-twisted �)VX$, -n�$ Δ-%
�)�0.

$WUgo�^7, �������, J'R$Æ Vietoris-Rips �6��5I69/
5d0ÆA&��, &����i2030!Æ�1A&�). k0��, �1A&�)

Æ!"�R�����Æ$%=3/�3, $���(#3)$, 6'%(� Y-4Æ
��.

§3.2 defgWXYZ[\]^_`ab

�,-4��'��A#�"-"Æ�(�3, J'&5�'$Æ�(�)-��
�$��,-4Æ.�. �C-"I�&CW��'��0 9�ÆR$I? [4−5,7], %

8��&, �,-4��-"Æ>�(s8O�Æ�Q [1−3,49]. aZlw, >�($�(

9pN4Bm<!"Æ�'. 0"%5o�&, A&(Ælt!"$4�>�(Q7-�;

kC&, A&($89(Æ>p)(P/4�>�(ÆIK$23#&�/�8Æ[S.

76)��>�(, �,-4��-"Æ>�(&56''$Æ�)1', �$%.��
�()(�77l, ��q&%"Q<5I:;. ��EÆsj^, A&�)Æ�1!"

-&("�3"0: 0��, S<�,-4��-"Æ'B2',ku�(U1, Y�A&

(�ÆGF$I�; k0��, �ClKIn$'r_�, .�0vFÆ2'?o, Y�A

&�)9EÆ5I!".

42�6$17��,-4�I��-">�(�ZÆA,.Æ)U # [1−2,8]. �

)�42�6I�Æ��-", m 3.1 62UgÆ�1A&�)#�noÆ�1'j. �

)@*42�6(K� “?W8Kb`” ÆP�, �0+4l�1�M��!". 17Æ
�((K� “0M�!?W”, m�42�6ÆP�!ZLO, 9(,n/�AD$ÆI�
�� [2]. X [31]3 J4269�)YN817Æ:;69�), �##TA&��ÆD$
�8, //��4l�1�67Y`�+ [33−34]. 17Æ:;69-�203YN/S1
7Æ:;69 [32], ^�c�Ug17$S17:;69�)Æ)UIR��.

&A&<3, 17-Q/0"ER�0+�Æ7<442�6. J Δ-WQ/%,W

TUÆ42�6, c�-�npER�0+�UVÆ7<4 Δ-W, /#c�N;S17
ÆME, \VF^, S17�%,WTUÆ17.

2pK=csoowxqK [68] <axq.
3pK=cMypwxqK [75] <axq.
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JK 3.1 (S17 (super-hypergraph)[32]) 0"S17�0"W�� (H, S), �� S

�0" Δ-W, H � S Æ0"�A?W.

c�P-�&Æ�-"Q<&�$S17ÆME. #m 262W, Δ-W-�1Æ�-

"&.5, 0 #�Ld�� (Δ-��) ÆÆ�-", 2�U90"-:;8 Δ-WÆÆ�

-"B�S17.

/�N;17$S17:;69(K, c�]faZX [32] �ÆI3 2.3, RI3M

1)0JÆD�6, KL5 jRÆD�6. /�c)�$, c�ck)3�=FÆD�

6+3. 0"D�6 C∗ UÆ�0"3�=FQ;��Cj6�

· · · −→ Cn+1
∂n+1−→ Cn

∂n−→ Cn−1 −→ · · ·
8> ∂n ◦ ∂n+1 = 0, n � −1, �� ∂−1 �d6�. 203(K n �69R/ Hn(C∗) =

Ker(∂n)/Im(∂n+1); jÆ0"?�6 D∗ ��Cj6�^b`Æ�A?=F, ]�^, Dn

� Cn Æ0"?=F, S ∂n(Dn) ⊆ Dn−1; �)0"?�6 D∗, JCj6� ∂n !Z) Dn,

LB� D∗ ÆD�6�� (& C∗ �MÆD�6��).

4�X��W" Cn �Y.j60"?=F Vn, 78 C∗ Æ�A?=F V∗, � +3
^, ∂n(Vn) 5yKb) Vn−1, &) V∗ -� ��'0"?D�6. c sup∗(V∗) / C∗ �
Kb V∗ ÆAq?D�6, LR/ V∗ Æ$^,D�6; c inf∗(V∗) / C∗ �Kb) V∗ ÆA
�?D�6, LR/ V∗ Æ^^,D�6. 203, ( [32, I32.3] -n, 0�^^,D�
6$$^,D�6, /S&^^,D�68$^,D�6Æ>h inf∗(V∗) ↪→ sup∗(V∗) -
�t�B69RÆ6�

H∗(inf∗(V∗)) ∼= H∗(sup∗(V∗)). (3.2)

*#, c�-�J V∗ Æ69R9�F(K/ H∗(V∗) := H∗(inf∗(V∗)) ∼= H∗(sup∗(V∗)), L
R/ V∗ Æ:;69. #+ V∗ /�� C∗ Æ?D�6, ^ inf∗(V∗) = V∗ = sup∗(V∗), &)�
:;69]��9E4/?D�6Æ69.

L(0"S17 (H, S), ]f( Δ-W S 78D�6 C∗ = C∗(S), �=� H �Æ0
�4D"C_78 V∗, &)LB�:;69. L(0"17 G, ]fc�z$�PRÆ�
6'42�6 Δ(G) (G Æ42`K), L42�6 Δ(G) 6(35$/ Δ-W, 78D�6

C∗ = C∗(Δ(G)), M� G �Æ0�4D"C_78 V∗, Q7 G Æ:;69.

c 3.2 L(17 G = {{0, 1}, {0}},�'�R/ R. ^ Δ(G) = {{0, 1}, {0}, {1}},
sup
i
(G) = Ci(Δ(G)), i � 0; inf

0
(G) = R〈0〉, inf

j
(G) = 0, j > 0.

203, �K-n

H0(inf∗(G)) ∼= H0(sup∗(G)) = R, Hi(inf∗(G)) ∼= Hi(sup∗(G)) = 0, i > 0.

ML( G′ = {{0, 1}}, c�� Δ(G′) = Δ(G) = {{0, 1}, {0}, {1}},^
inf∗(G′) = 0,

sup
0
(G′) = R〈{1} − {0}〉, sup

1
(G′) = C1(Δ(G′)) = R〈01〉, sup

i
(G′) = 0, i > 1;

�K-n

Hi(inf∗(G′)) ∼= Hi(sup∗(G′)) = 0, i � 0.
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��1%�, a� (3.2) Æ0",.]K�): �)@*Æ�*, �CD�6: , -

�Q7A&LF (69R), () V∗ Æj67#LO", U7A&��J�2/ÆD$�

8.

$��(Æ>3�4�G{<�1A&Æ-V!", |r- (IdopNetwork)[76] �h
q�[�rs��4I) 2019 �N;ÆFZ���), ����>�(ÆIR, J4l

�1=3��5$/��I�=3, "4BNrÆ2''j$�108.

&�(%�, �C81i%nG�'�(�., J4l=35$/0"%%AÆ��
�Æ�PDÆ��qtTÆ�""$Æ�37, #7 3.1. �#���Z^, 1.�G$�

�MuÆ�37A&��Æ�( #, F'Xf<[���4I) 2012 �N;Æ�37

O?69�) [37] /�#&�-�Æ�( #, (I���1)�����s>Æ#-4
1��, -�'@=�qs@����@�, L>F, �C�K69Æ<'0, -�:!B
tvzu�vw"}��Æ,.41, !4tw"�}v�huu��tvzuÆ6S
UV�7WÆ=>; R\'+ [49] Nf&(,ND�Q, �s>-4Æ-"$��&vq
s�',.ÆFZI?. J|r-$�37O?69�)���1)�[�(=3,6E

67Y`Æ4�" [45, 47−48, 50].

? 3.1 p?xyjrwr{ 2024 - 3 z 4 s<J@~v.

^�Ug�37O?69ÆIR��. L(0"�37 G, c�-�npB:�3C
$k78ÆO?a1, LR/O?�6 (path complex). &�1<3, -��$/�s-4
�'Æ�? (pathway) L-4�w�'ÆUVR (information flow). ��(%�, J�3

7L]7Q/ “PR�h�'8K” ÆVX, O?�6�VXÆÆ��6 (nerve complex

of category) ÆYN. �(�'V2{n, Æ��6�JqVX (small category) 5$/8
91 (42W) Æ0"R?, ��81)�,VX).

�37ÆO?�6, ()PR]u (�3C) Æ�'8K, �VXÆ��6ÆI?^,

0J&^,  ��'42�6. 0"c4@?, X� A 8 B �0P�3C�� B 8 C �

0P�3C, c�-�78O? A→ B → C. SVXÆ��6Æ�eI?,RO?-@*
FQ/V"]CÆ 2 46 (VV<6), �C�>bf]C, Q7V"�. _c�bf]C

A L C �, �>78 B → C $ A→ B, S��O?; �)_c�bf B �, ]C A 8 C,

0J+3^, -�70��3C, &)!< “�PR” Æ+3.
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�37ÆO?69(K/�O?�6Æ17:;69. 1.^70^, F'Xf<]
fN;�37ÆO?69 [37], =&Æ2'!4�(K-�YN80JÆ17 [31]. /�c
)kW, c�'�fUg�17Æ:;69, S^&c.Ug�37ÆO?69.

�37O?69Æ]K�)A"���A&ÆD$�8, UA&��7�&��Æ
8961g|l989��Æ$�, ��4l�Æ'@�1ku��(2', 4< GLMY

�)�0FG2'�3, /Y��lt!". 6�, R�)Y��7)3�,���(Æ

>;!". _�, GLMY �)7M|3)�37O?69, �37�[69�)P�:O

!"R� [42−44]. _����ZP7M|3)|r-, ^�Ug��$ GLMY �)h}

Q2Æ'@V@.

1-�hq�e��%�<>(�'2'#BÆ���Z, �)UIR�761C
RFS�M0�-4�',*)17�7>�.5��-"Æ�,-4. 0"c4Æ@?
�, �0"x�H�s?ÆAqDMR1^�, V"6CRF0�((-4�', xHÆ�

'`t (�3C) �s?Æ'�MR<u�@x. 7 3.2 " �0)U�Z.

? 3.2 p?xyjrwr{ 2024 - 3 z 4 s<J@~v.

e�hq�ÆR�, c���(%�2$I�: 1Lv (a, b) &: ]u a→ b, �=

((a, b), c) ]y:
b
↑
a
−→ c �� ((b, a), c) U

b
↓
a
−→ c. ,�RR.,d^(~Q, 4 "6C

a, b, c, d MR< 5  -�ÆLv (((a, b), c), d), ((a, (b, c)), d), (a, ((b, c), d)), (a, (b, (c, d))),

((a, b), (c, d)).

��(�', Magnus���1Æ2�R%�o [77]�N;Lv�Z (bracket arrange-

ment) Æ�(ME, 1�2'2�RÆj]?=3.

JK 3.2 (Lv�Z) �)3HÆLv�Z, S�Lv�3, wt(K#^:

1. c�0"�3/ 1 ÆLv: β1 = (∗).
2. 0"�3/ n (n > 1) ÆLv βn �(�3�>/ k $ l ÆLv βk $ βl 2', �

� k + l = n, d4 βn = (βk, βl).

Lv�ZNDF81)2�R�5�����Lie ��#�(2'�'. O`fO, L

v�ZÆ0"#U.5�7)�ÆyY� (binary tree). x1Lv�Z, c�-�N;-

4�6 (interaction complex) ÆME.

L(0"]CW (3HW) V , c Intn(V ) / V �2��3/ n + 1 Lv�Z�'Æ
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W�, /(K0M�K?
di : Intn(V )→ Intn−1(V ), ((βi, vi), β

n−i) L (βi, (vi, β
n−i)) �→ (βi, βn−i).

((K-nLv�ZWQ;

Int(V ) = (Int0(V ), Int1(V ), · · · )
6'0" Δ-W. �)�4l=3�, -�cB4D��,-4. ��(%�, -�j6

Int(V ) Æj"�A?WP�I�, &)6'#^S17 IntComplex ÆME.

JK 3.3 (-4�6 [78]) � V /0"]CW, -4�6 IntComplex �S17 (H,
Int(V )), �� H � Int(V ) Æ0"�A?W.

S17Æ:;69�)-��1)$�hq�Æ1-���Z, yI��, ���'

��,-4Æ������67Z�"2" [50].

§3.3 GLMY _`Zlmbn

9 2012��37O?69�)#B�&, GLMY �)�Cb%f��67�WG2

". �x>zV%(Iu8^, R�)}y<v, //���#�2''+. R�)Z��

����A&(�7)�VX)ÆJH, �J#T���A&�)ÆD$�8, Ay�A

&��Æ�1�'.

"{5&, GLMY �)#Wz�Æ!"08. Y:=I2'Æ7N>;��2%4
l=3Æ#B, *ij�G�A&()(�)ÆI���� !�#�'Æ5D"��
2'�!k2P:OÆ41. ^�&8"��&"{ GLMY �)Æ5&!".

1. $��(�}QIA&��(2'�3. Y:DMw;� !���,z(�Æ>

3��/'/�2!"Æ.Rxr. �/�Y`�4)(R$, A&($��(Æ��J
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Abstract Topology is a research subject that provides a strategic and global framework

for analyzing geometric shapes and complex systems. By introducing algebraic invariants, it

aims to detect the core topological structures underlying these systems. The area of Topo-

logical Data Analysis (TDA for short) was born in 2009, following decades of exploration

into the application of topological methods to data science since the 1990s. With contin-

uous theoretical and methodological advances, TDA has become a widely used nonlinear

mathematical tool in data analytics. In recent years, it has been further applied to machine
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learning, deep learning, and complex network analysis, serving as an effective mathemat-

ical framework for capturing higher-order interaction structures in complex systems. In

this article, the authors introduce the fundamental topological theories relevant to artificial

intelligence, including simplicial homology, sheaf homology, and newly developed applied

topology theories. The goal is to provide a conceptual and methodological guide for mathe-

maticians and students interested in applied topology, as well as for researchers in artificial

intelligence seeking nonlinear mathematical tools.
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