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§1 g�a
Calderón-Zygmundy|
Z00 T 
 BMOy, b��<&�05�� Coifman>� [1] �wA)fe6)9&, ��d�?GzG

[T, b](f)(x) =

∫

RN

(b(x)− b(y))K(x, y)f(y)dy,w) K(x, y) "00 T <Z�|, )��.< Calderón-Zygmund |. I)�i[5 1 <

p < ∞ �, ℄&�0� Lp(RN , dx) �,5}15 b ∈ BMO(RN ). 2�, Janson[2] }
Paluszyński[3] $℄*uAp' Lipschitz H�, �i[5 1 < p < ∞, 0 < β < 1 �, wQ 3 a=!>�: (i) b ∈ Λ̇β(RN ); (ii) 5 1 < p < q < ∞ } 1

p − 1
q = β

N �, [T, b] ", Lp(RN , dx) 8 Lq(RN , dx) �<�,00; (iii) [T, b] ", Lp(RN , dx) 8{+ Triebel-

Lizorkin H� Ḟ β,∞
p (RN ) �<�,00. 2001 p, m-Wf&�0� Pérez } Torres �I [4] )9&. �*	'�, Wang } Xu[5] Db[MWf00<pz&�0, �
&[w
 Lipschitz y,Ym<�,fG�. 5pK, MWf&�0<l93t���, F��I [6–9], ��$,~dQ<3�Z�I [10–12].

Dunkl P
|��I [13–15], w)>v��
S��Ym< Dunkl 00, $7D<sFZ�0Ap'xS�L�<~d. <;Om, � R ⊂ RN \ {0} G��dP, w3��<�VS�� (Coxeter �) G �
QS�g�:

σα(x) = x− 〈x, α〉α, x ∈ R
N , α ∈ R,w) R d4 R ∩ αR = {±α}, σα(R) = R, }L�y α ∈ R � ‖α‖ =

√
2, �R ‖ · ‖ ���
J 2025 q 3 � 18 �%9, 2025 q 9 � 19 �%9h^`.
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‖x‖2 = 〈x, x〉 =
N
∑

i=1

|xi|2, x ∈ R
N .2�, I [16–19] >3t�AI[℄P
<��
B�. 	� Dunkl ��<E}ZN�

Thangavelu } Xu[20−21] Q�|K, w|`��+?Xa	�K:: (i) Bochner-Riesz t�<��(($Wf; (ii) Riesz ��
 Riesz H!< Lp �,f. $ Dunkl ~d#G�.
Euclidean H��tM8(<��~d, Guliyev >� [22−23] �;[1� BMO y,<�/&�0}Z,+�/&�0� Orlicz H�)�,<$r=!. 5pK, I [24–25] �i,� Dunkl ~dQ, H� BMO Fw>v BMO y,
y|
Z00��<&�0< Lp �,f�wG�. 2�, Han >� [26] $℄*uAp' Lipschitz H�, � Dunkl ~dQL
Riesz ��} Riesz H!;8[M/*
. 
*��, Mukherjee } Parui �I [27–28] )��[ Dunkl ~dQ<MWfy|
Z..�I [26, 28] )<*u, �I:%�l9MWf Dunkl-Calderón-Zygmund y|
Z&�0<�,f. DbH� (RN , dµκ), w)�JG dµκ(x) = µκ(x)dx, }

µκ(x) =
∏

α∈R

|〈x, α〉|κ(α),w) κ : R → C " G-��y,, �IlGG κ(x) > 0 L3� x ∈ R �U. &S, �I;8
 Lipschitz y,<MWf&�0�wF2MWf&�0,
Lp1(RN , dµκ)× · · · × Lpm(RN , dµκ)8 Ḟ β,∞

p,D <�,f, w) Ḟ β,∞
p,D "I [26] )Gz< Dunkl ~dQ< Triebel-Lizorkin H�.3t�?, >v�� sharp �/y,i�
 Kolmogorov�>�, ;8�XM&�0,
Lp1(RN , dµκ)× · · · × Lpm(RN , dµκ)8 Lq(RN , dµκ) <�,f, w) p1, · · · , pm 
 q d4tG=!.&S/��I)��<t^\{. N = {0, 1, 2, · · · }. � C ��ta�,, w�#Fn2�QIO��, 4
+r�,Mm. p 
 p′ Gf8$,, �d4 1

p + 1
p′

= 1. f . g ��.��, C > 0, �; f 6 Cg, O f ≈ g ��.��, C > 0, �;
C−1g 6 f 6 Cg.L� 1 6 p < ∞, Gz

Lp(RN , dµκ) := {f G� R
N �<F�y, : ‖f‖Lp(RN ) < ∞},w)

‖f‖Lp(RN ) :=
(

∫

RN

|f(x)|pdµκ(x)
)1/p

.Æ Lp H�GzG
Lp,∞(RN , dµκ) := {f G� R

N �<F�y, : ‖f‖Lp,∞(RN ) < ∞},w)
‖f‖Lp,∞(RN ) := sup

λ>0
λµκ({x ∈ R

N : |f(x)| > λ})1/p.



3 v E�o `3o ��R NXg Dunkl z}�['�1=�-g 249G�Æ|�, �I� Lp(RN ) } Lp,∞(RN ) Z��� Lp(RN , dµκ) 
 Lp,∞(RN , dµκ). *C, S(RN ) ��3� Schwartz y,g�<H�, S ′(RN ) ��3���Z�g�<H�,

C∞
c (RN ) ��3�MVFF}� RN �<�0 �<y,g�<H�.

§2 j9nVirbMG�(�r_* Dunkl 00P
<t^	�_r}�P. H� (RN , ‖ · ‖, dµκ) F#G
Coifman-Weiss[29−30] yzQ<{bH�. Gz B := B(x, r) = {y ∈ RN : ‖x− y‖ < r}. _
N = N +

∑

α∈R

κ(α), L�3� x ∈ RN } t, r > 0, �
µκ(B(tx, tr)) = tNµκ(B(x, r)).	xC&.��, C > 1, �;L�y x ∈ RN � r2 > r1 > 0, �

C−1
(r2
r1

)N

6
µκ(B(x, r2))

µκ(B(x, r1))
6 C

(r2
r1

)N

.� d(x, y) GC x, y < G-r:"�<=O, � d(x, y) = min
σ∈G

‖σ(x) − y‖. Gz� B <r: O(B) G
O(B) = {y ∈ R

N : d(x, y) 6 r} =
⋃

σ∈G

σ(B).�"�
µκ(B) 6 µκ(O(B)) 6 |G|µκ(B).y, K ��G m-Wf�. Dunkl-Calderón-Zygmund |, �6 DCZK(m, ε), 
wGz� (RN )m+1\O(△m+1) �, w)

O(△m+1) := {(y0, y1, · · · , ym) ∈ (RN )m+1 : y0 = σi(yi), σi ∈ G, i = 1, · · · ,m},}.� 0 < ε 6 1, �;L�3�< (y0, y1, · · · , ym) ∈ (RN )m+1\O(△m+1), �
|K(y0, y1, · · · , ym)| .

[

m
∑

i=1

µκ(B(y0, d(y0, yi)))
]−m[

m
∑

i=1

d(y0, yi)

m
∑

i=1

‖y0 − yi‖

]ε

, (2.1)w�L�3� j ∈ {0, 1, · · · ,m}, 5 ‖yj − y′j‖ 6 max
16i6m

d(y0,yi)
2 �, �

|K(y0, y1, · · · , yj, · · · , ym)−K(y0, y1, · · · , y′j , · · · , ym)|

.
[

m
∑

i=1

µκ(B(y0, d(y0, yi)))
]−m[ ‖yn − y′n‖

max
16i6m

‖y0 − yi‖
]ε

. (2.2)Ad 2.1 (� [28]) � T ", S(RN ) × · · · × S(RN ) 8 S ′(RN ) <ta m-Wf00.L��y fi ∈ C∞
c (RN ) w� σ ∈ G d4 σ(x) /∈

m
⋂

i=1

supp fi, 00 T F��G
T (~f)(x) =

∫

(RN )m
K(x, ~y)

m
∏

i=1

fi(yi)dµκ(yi),



250 -�j�q�B� A Æ 46 >w) K(x, ~y) ∈ DCZK(m, ε) "00 T <Z�|. L�ka 1 6 qi < ∞ } 1
q =

m
∑

i=1

1
qi
, 
00 T nhB�G, Lq1(RN )× · · · ×Lqm(RN ) 8 Lq,∞(RN ) <�,00, ��wG m-Wf

Dunkl-Calderón-Zygmund 00.L� β ∈ (0, 1), I [26] ��[tM Lipschitz H� Λβ
d(R

N ), wGzG3�� RN �<y, f <�~, �d4
‖f‖Λβ

d (R
N ) := sup

d(x,y) 6=0

|f(x)− f(y)|
d(x, y)β

< ∞.� Dunkl JZGz<H� Λβ
d (R

N ) "�. Lipschitz H� Λβ(RN ) <ta�0H�, w)��<T,"$ Dunkl JZ<�G Euclidean =O;8<, �}L� b ∈ Λβ
d (R

N ), �
‖b‖Λβ

d(R
N ) . ‖b‖Λβ(RN ). 5 b ∈ Λβ(RN ) " G-��y,�, � b ∈ Λβ

d (R
N ) } ‖b‖Λβ(RN ) ≈

‖b‖Λβ
d(R

N ).fQ 2.1 (� [26]) L� β ∈ (0, 1) } q ∈ [1,∞). 
 f ∈ Λβ
d (R

N ), �
‖f‖Λβ

d(R
N ) ≈ sup

B⊆RN

1

ℓ(B)β

( 1

µκ(O(B))

∫

O(B)

|f(x)− fO(B)|qdµκ(x)
)1/q

,w) fO(B) :=
1

µκ(O(B))

∫

O(B)
f(y)dµκ(y).fQ 2.2 (� [26]) _ b ∈ L1

loc(R
N ), j ∈ N\{0}, 1 6 s < ∞ � r1 > r > 0. L�3�< x ∈ RN , �

|bO(B(x,r)) − bO(B(x,r1))| . ℓ(B(x, r1))
β log

(r1
r

)

‖b‖Λβ
d(R

N )�
( 1

µκ(O(B(x, 2jr)))

∫

O(B(x,2jr))

|b(y)− bO(B(x,r))|sdµκ(y)
)1/s

. ℓ(B(x, 2jr))βj‖b‖Λβ
d(R

N ).L��y bi ∈ Λβi

d (RN ), i = 1, · · · ,m, � ~b = (b1, · · · , bm), �_ T GGz� (RN , ‖ ·
‖, dµκ) �< m-Wf Dunkl-Calderón-Zygmundy|
Z00, �� ~b } T ��< m-Wf&�0GzG

TΣ
~b
(~f) =

m
∑

i=1

biT (~f)− T (f1, · · · , bifi, · · · , fm) =:
m
∑

i=1

T i
bi(f1, · · · , fm).� [bi, T ]i(~f) = biT (~f)− T (f1, · · · , bifi, · · · , fm), �F2 m-Wf&�0 TΠ

~b
GzG

TΠ
~b
(~f) = [b1, [b2, · · · [bm, T ]m · · · ]2]1(~f).d���

TΠ
~b
(~f)(x) =

∫

(RN )m

m
∏

i=1

(bi(x)− bi(yi))K(x, ~y)fi(yi)dµκm(~y),w) dµκm(~y) = dµκ(y1) · · · dµκ(ym).U�Lf�*Q℄+r*u. �wQGP), ��00 T "Gz 2.1 )< m-Wf
Dunkl-Calderón-Zygmund 00.
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 0 < βi < 1, bi ∈ Λβi

d (RN ) } fi ∈ Lpi(RN ), w)
1 < pi < ∞ d4 1

p =
m
∑

i=1

1
pi
, �

‖TΣ
~b
(~f)‖Ḟβ,∞

p,D (RN ) .

m
∑

i=1

‖bi‖Λβi
d

(RN )

m
∏

j=1

‖fj‖Lpj (RN ),�R Ḟ β,∞
p,D (RN ) "I [26] )��<{+ Triebel-Lizorkin H�, wT,>��
‖f‖Ḟβ,∞

p,D (RN ) ≈
∥

∥

∥
sup
r>0

1

µκ(B(·, r))ℓ(B(·, r))β
∫

B(·,r)

|f(y)− fB(·,r)|dµκ(y)
∥

∥

∥

Lp(RN )
.AQ 2.2 L� i = 1, · · · ,m, 
 0 < β < 1, bi ∈ Λβ

d(R
N ) } fi ∈ Lpi(RN ), w)

1 < pi < ∞ d4 1
p =

m
∑

i=1

1
pi
w� 1

p − 1
q = β

N
, �

‖TΣ
~b
(~f)‖Lq(RN ) .

m
∑

i=1

‖bi‖Λβ
d (R

N )

m
∏

j=1

‖fj‖Lpj (RN ).AQ 2.3 L� j = 1, · · · ,m, 
 0 < βj < 1, bj ∈ Λ
βj

d (RN ) } fj ∈ Lpj (RN ), w)
β =

m
∑

j=1

βj } 1 < pj < ∞ d4 1
p =

m
∑

j=1

1
pj
, �

‖TΠ
~b
(~f)‖Ḟβ,∞

p,D (RN ) .

m
∏

j=1

‖bj‖
Λ

βj
d (RN )

‖fj‖Lpj (RN ).AQ 2.4 L� j = 1, · · · ,m, 
 0 < βj < 1, bj ∈ Λ
βj

d (RN ) } fj ∈ Lpj (RN ), w)
β =

m
∑

j=1

βj } 1 < pj < qj < ∞ d4 1
p =

m
∑

j=1

1
pj
, 1

q =
m
∑

j=1

1
qj
w� 1

pj
− 1

qj
=

βj

N
, �

‖TΠ
~b
(~f)‖Lq(RN ) .

m
∏

j=1

‖bj‖
Λ

βj
d (RN )

‖fj‖Lpj (RN ).�*GP<�i+rvL��/y,<�,f. G*, Lf��t^�{. �H�
(RN , ‖ · ‖, dµκ) �, L� fj ∈ L1

loc(R
N ), GzY)`�/y,

Mκ
p,βf(x) = sup

B⊂R
N

x∋B

m
∏

j=1

1

ℓ(B)β

( 1

µκ(B)

∫

B

|fj(y)|pdµκ(y)
)1/p

.5 p = 1 �, 
 β = 0, ℄00L�� Hardy-Littlewood �/00; 
 0 < β < N, �L��Z,+�/00. L� f ∈ L1
loc(R

N ), Gz sharp �/y,
Mκ,#f(x) = sup

B⊂R
N

x∋B

1

µκ(B)

∫

B

|f(y)− fB|dµκ(y).L� δ > 0, Gz
Mκ

δ
~f(x) := sup

B⊂R
N

x∋B

m
∏

j=1

( 1

µκ(B)

∫

B

|fj(y)|δdµκ(y)
)1/δ
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Mκ,#

δ f(x) := (Mκ,#(|f |δ)(x))1/δ ≈ sup
B⊂R

N

x∋B

inf
c∈C

[ 1

µκ(B)

∫

B

||f(y)|δ − |c|δ|dµκ(y)
]1/δ

.Q℄�P"I [31] )<ta8T.fQ 2.3 (� [31]) _ 0 < p0 6 p < ∞ } f ∈ L1
loc(R

N ). 
 Mκf ∈ Lp0,∞(RN ), �
(i) 5 p0 < p �, �

‖Mκf‖Lp(RN ) . ‖Mκ,#f‖Lp(RN );

(ii) 5 p0 6 p �, �
‖Mκf‖Lp,∞(RN ) . ‖Mκ,#f‖Lp,∞(RN ).

§3 rbMG�mT�(>v sharp �/y,i�"UGP 2.1–2.4 )&�0<�,f. wQÆGL�y� B, � B∗ G
w�`��8X/' 5 
<�.

§3.1 AQ 2.1 >lSAQ 2.1 >lS ��Wff(, %i� b ∈ Λβ
d(R

N ) <8(~dQD��i. ��
x ∈ R

N , _ B := B(x, r), �� 0 < t < p, 0 < t1s < p1 w� 1 < tj < pj (j = 1, · · · ,m). %i�iL� fj ∈ L∞
c (RN ), j = 1, · · · ,m, �

1

µκ(B)ℓ(B)β

∫

B

|TΣ
b (~f)(z)− (TΣ

b (~f))B |dµκ(z)

. ‖b‖Λβ
d

(

Mκ
t (T (

~f))(x) +
∑

(n1,··· ,nm)

σns∈G

m
∏

j=1

Mκ
tj(fj ◦ σnj )(x)

+
∑

(n1,··· ,nm)

σns∈G

Mκ
t1s(f1 ◦ σn1)(x)

m
∏

j=2

Mκ
tj (fj ◦ σnj )(x)

)

, (3.1)5 p > 1�, S� Hardy-Littlewood00Mκ }00 T < Lp �,f,w��J µκ < G-��f,�F;83i*u. 2�>v%gf,℄*uFwAp' fj ∈ Lpj(RN ), j = 1, · · · ,m<~d.Qhp� (3.1). 
G z ∈ RN } b ∈ Λβ
d(R

N ), �
TΣ
b (~f)(z) = b(z)T (~f)(z)− T (bf1, · · · , fm)(z)._ λ = bO(B), �PF;

TΣ
b (~f)(z) = (b(z)− λ)T (~f)(z)− T ((b− λ)f1, · · · , fm)(z) =: I1(z) + I2(z),��

1

µκ(B)ℓ(B)β

∫

B

|TΣ
b (~f)(z)− (TΣ

b (~f))B|dµκ(z)
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6
2

µκ(B)ℓ(B)β

∫

B

|I1(z)|dµκ(z) +
1

µκ(B)ℓ(B)β

∫

B

|I2(z)− (I2(·))B |dµκ(z)

=: II1 + II2.>v�P 2.1 } Hölder �>�, F;
II1 .

1

ℓ(B)β

( 1

µκ(B)

∫

B

|b(z)− λ|t′dµκ(z)
)1/t′( 1

µκ(B)

∫

B

|T (~f)(z)|tdµκ(z)
)1/t

. ‖b‖Λβ
d(R

N )M
κ
t (T (

~f))(x).Gi� II2 [,$eay, fj Z+G fj = f0
j +f∞

j ,w) f0
j := fjχO(B∗), j = 1, · · · ,m,�

m
∏

j=1

fj(yj) =
∑

α1,··· ,αm∈{0,∞}

fα1
1 (y1) · · · fαm

m (ym) =

m
∏

j=1

f0
j (yj) +

∑(1)
fα1
1 (y1) · · · fαm

m (ym),w) ∑(1) <et['��xta αj 6= 0. �*FwA&
II2 6

2

µκ(B)ℓ(B)β

∫

B

|T ((b− λ)f
(1)
1 , · · · , f (1)

m )(z)|dµκ(z)

+
∑(1) 2

µκ(B)ℓ(B)β

×
∫

B

|T ((b− λ)fα1
1 , · · · , fαm

m )(z)− T ((b− λ)fα1
1 , · · · , fαm

m )(x)|dµκ(z)

=: II
(1)
2 +

∑(1)
IIα1···αm

2 .�I [28] )GP 5.3 �i<00�,f,�P 2.1w� Hölder �>�, L II
(1)
2 3ei�, F;

II
(1)
2 .

1

µκ(B)1−1/tℓ(B)β
‖T ((b− λ)f

(1)
1 , · · · , f (1)

m )(z)‖Lt(B)

.
1

ℓ(B)β

( 1

µκ(B)

∫

O(B∗)

|(b(z)− λ)f1(z)|t1dµκ(z)
)1/t1

×
m
∏

j=2

( 1

µκ(B)

∫

O(B∗)

|fj(z)|tjdµκ(z)
)1/tj

. ‖b‖Λβ
d(R

N )

∑

(n1,··· ,nm)

σns∈G

Mκ
t1s(f1 ◦ σn1)(x)

m
∏

j=2

Mκ
tj(fj ◦ σnj )(x),w) 1

t = 1
t1

+ · · ·+ 1
tm

, 1 < t1s < p1, }L�3�< i = 2, · · · ,m, � 1 < ti < pi.G[i�AP[ ∑(1)
IIα1···αm

2 , &SL8G[ II∞···∞
2 3ei�. *�, 5 z ∈ B }

~y ∈ (RN\O(B∗))m �, |y,d4 (2.2). ,O
II∞···∞

2 =
1

µκ(B)ℓ(B)β

∫

B

|T ((b− λ)f∞
1 , · · · , f∞

m )(z)− T ((b− λ)f∞
1 , · · · , f∞

m )(x)|dµκ(z)

.
1

µκ(B)ℓ(B)β

∫

B

∫

(RN\O(B∗))m

[

m
∑

n=1

µ(B(z, d(z, yn)))
]−m[ ‖z − x‖

max
16n6m

‖z − yn‖
]ε

× |(b(y1)− λ)f1(y1)|
m
∏

i=2

|fi(yi)|dµκm(~y)dµκ(z)
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.

∞
∑

j=1

1

µκ(B)ℓ(B)β

∫

B

∫

(O(2jB∗))m\(O(2j−1B∗))m

[

m
∑

n=1

µ(B(z, d(z, yn)))
]−m

×
[ ‖z − x‖

max
16n6m

‖z − yn‖
]ε

|(b(y1)− λ)f1(y1)|
m
∏

i=2

|fi(yi)|dµκm(~y)dµκ(z),w) 2jB∗ := B(x, 2j · 5r). ,y8 z ∈ B } yn ∈ O(2jB∗)\O(2j−1B∗), n = 1, · · · ,m, ��
max

16n6m
‖z − yn‖ > max

16n6m
d(z, yn) & 2jr } B(z, d(z, yn)) ≈ B(x, d(z, yn)). >v�J µκ <o
�J=!, � m

∑

n=1
µκ(B(z, d(z, yn))) & µκ(2

jB). ~*, F;
II∞···∞

2 .

∞
∑

j=1

2−jε 1

µκ(B)ℓ(B)β

∫

B

∫

(O(2jB∗))m\(O(2j−1B∗))m
(µ(2jB))−m|(b(y1)− λ)f1(y1)|

×
m
∏

i=2

|fi(yi)|dµκm(~y)dµκ(z)

.

∞
∑

j=1

2−jε 1

(µκ(2jB))mℓ(B)β

∫

(O(2jB∗))m
|(b(y1)− λ)f1(y1)|

m
∏

i=2

|fi(yi)|dµκm(~y)

. ‖b‖Λβ
d(R

N )

∑

(n1,··· ,nm)

σns∈G

m
∏

j=1

Mκ
tj (fj ◦ σnj )(x).�iD�d4 αj1 = · · · = αjl = 0 < IIα1···αm

2 [, w) {j1, · · · , jl} ⊂ {1, · · · ,m} }
1 6 l < m. �V� 1 ∈ {j1, · · · , jl}, w	~dFMA. 5 z ∈ B } j /∈ {j1, · · · , jl} �, �
‖z − x‖ 6

d(x, yj)

2
. �"*~ (2.2), �P 2.2 w�L II∞···∞

2 <M/i�, F;
IIα1···αm

2 .
1

µκ(B)ℓ(B)β

×
∫

B

|T ((b− λ)fα1
1 , · · · , fαm

m )(z)− T ((b− λ)fα1
1 , · · · , fαm

m )(x)|dµκ(z)

.

∫

B∗

|(b(y1)− λ)f1(y1)|dµκ(y1)
∏

j∈{j1,··· ,jl}\{1}

∫

B∗

|fj(yj)|dµκ(yj)

× 1

µκ(B)ℓ(B)β

∫

B

∫

(RN\O(B∗))m−l

[

m
∑

n=1

µκ(B(z, d(z, yn)))
]−m

×
[ ‖z − x‖

max
16n6m

‖z − yn‖
]ε ∏

j /∈{j1,··· ,jl}

|fj(yj)|dµκ(yj)dµκ(z)

.

∞
∑

j=1

2−jε 1

(µκ(2jB))mℓ(B)β

∫

B∗

|(b(y1)− λ)f1(y1)|dµκ(y1)

×
∏

j∈{j1,··· ,jl}\{1}

∫

B∗

|fj(yj)|dµκ(yj)
∏

j /∈{j1,··· ,jl}

∫

(O(2jB∗))m−l

|fj(yj)|dµκ(yj)

.

∞
∑

j=1

2−jε 1

(µκ(2jB))mℓ(B)β

∫

(O(2jB∗))m
|(b(y1)− λ)f1(y1)|

m
∏

i=2

|fi(yi)|dµκm(~y)
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. ‖b‖Λβ
d(R

N )

∑

(n1,··· ,nm)

σns∈G

m
∏

j=1

Mκ
tj(fj ◦ σnj )(x).*~�* II1 } II2 <i�, ,O;8l��>�.

§3.2 AQ 2.2 >lS�k Kolmogorov�>�: L� 0 < p < q < ∞ }�yF�y, f , �
‖f‖Lp(B, dµκ

µκ(B)
) 6 C‖f‖Lq,∞(B, dµκ

µκ(B)
).℄�>��m� δ <(P)|/m 6�.AQ 2.2 >lS L� 0 < δ < min{ε, 1

m} } bj ∈ Λβ
d(R

N ). 5 0 < δ < 1 �, S��>� ||a|δ − |b|δ| 6 |a− b|δ, W�GP 2.1 <�iv", �*~ Kolmogorov�>�, F!L�3� ~f ∈ (L∞
c (RN ))m, �

Mκ,#
δ (TΣ

~b
(~f))(x) .

m
∑

i=1

‖bi‖Λβ
d (R

N )

(

∑

(n1,··· ,nm)

σns∈G

Mκ
ti,β(fi ◦ σni)(x)

m
∏

j 6=i

Mκ
tj (fj ◦ σnj )(x)

+Mκ
ε,β(T (

~f))(x)
)

.d;I [32] )GP 3.19 (^�I [33] )GP 3.5.6) <M/6
F!�L� q < q0 < ∞, �
‖Mκ

δ (T
Σ
~b
(~f))‖Lq0 (RN ) < ∞, �*~�P 2.3, ;8

‖TΣ
~b
(~f)‖Lq(RN ) . ‖Mκ,#

δ (TΣ
~b
(~f))‖Lq(RN )

.

m
∑

i=1

‖bi‖Λβ
d (R

N )

(

‖Mκ
ti,β(fi ◦ σni)‖Lr(RN )

m
∏

j 6=i

‖Mκ
tj(fj ◦ σnj )‖Lpj (RN )

+ ‖Mκ
ε,β(T (

~f))‖Lq(RN )

)

.

m
∑

i=1

‖bi‖Λβ
d
(RN )

m
∏

j=1

‖fj‖Lpj (RN ),w) ti(
1
pi

− 1
r ) =

β
N
, 1

q =
∑

j 6=i

1
pj

+ 1
r w�5 i 6= j �, � tj < pj .��5 1 < p < ∞ �, L∞

c (RN ) � Lp(RN ) )%g, ~*℄*
F2�Ap' fj ∈
Lpj(RN ), j = 1, · · · ,m <~d. '*, GP 2.2 ;�.

§3.3 AQ 2.3 >lSG�)|�, �℄(1L m = 2 <~d�w
�, w	~dF6M/Ap.AQ 2.3 >lS lG i = 1, 2, � bi ∈ Λβi

d , �L�y x0 ∈ RN , �� B := B(x0, r).� Ḟ β,∞
p,D (R) <Gz, %i�i

1

µκ(B)ℓ(B)β

∫

B

|TΠ
b (f1, f2)(z)− (TΠ

b (f1, f2))B|dµκ(z)

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

(

Mκ
r (T (f1, f2))(x)
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+

∑

σn1 ,σn2∈G

Mκ
q1(f1 ◦ σn1)(x)M

κ
q2 (f2 ◦ σn2)(x)

+
∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1)(x)M
κ(f2 ◦ σn2)(x)

)

. (3.2)G*, � λi = (bi)O(B), i = 1, 2. �
TΠ
~b
(~f)(z) = (b1(z)− λ1)(b2(z)− λ2)T (f1, f2)(z)− (b1(z)− λ1)T (f1, (b2 − λ2)f2)(z)

− (b2(z)− λ2)T
(

(b1 − λ1)f1, f2

)

(z) + T ((b1 − λ1)f1, (b2 − λ2)f2)(z)

=: H1(z) +H2(z) +H3(z) +H4(z).L�ta
G<�, c, �
1

µκ(B)ℓ(B)β

∫

B

|TΠ
b (f1, f2)(z)− (TΠ

b (f1, f2))B |dµκ(z)

.
2

µκ(B)ℓ(B)β

∫

B

|TΠ
b (f1, f2)(z)− c|dµκ(z)

.
1

µκ(B)ℓ(B)β

∫

B

|H1|dµκ(z) +
1

µκ(B)ℓ(B)β

∫

B

|H2 − c1|dµκ(z)

+
1

µκ(B)ℓ(B)β

∫

B

|H3 − c2|dµκ(z) +
1

µκ(B)ℓ(B)β

∫

B

|H4 − c3|dµκ(z)

=: I + II + III + IV.&Si� I [. � 1 < r < p, ��� Hölder �>�, F;
I 6

1

ℓ(B)β1

( 1

µκ(B)

∫

B

|b1(z)− λ1|r1dµκ(z)
)1/r1

× 1

ℓ(B)β2

( 1

µκ(B)

∫

B

|b2(z)− λ2|r2dµκ(z)
)1/r2

×
( 1

µκ(B)

∫

B

|T (f1, f2)(z)|rdµκ(z)
)1/r

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

Mκ
r (T (f1, f2))(x),w) r1, r2 > 1 d4 1

r + 1
r1

+ 1
r2

= 1.QhLf(P II [. � fi = fiχO(B∗) + fiχ(O(B∗))c =: f0
i + f∞

i }
c1 = ‖b1‖Λβ1

d (RN )
ℓ(B)β1(T (f0

1 , f
∞
2 )(x0) + T (f∞

1 , f0
2 )(x0) + T (f∞

1 , f∞
2 )(x0)).,y8L��y y ∈ B, � |b1(y)− λ1| . ‖b1‖Λβ1

d (RN )
ℓ(B)β1 , �

II .
1

ℓ(B)β
1

µκ(B)

∫

B

|‖b1‖Λβ1
d (RN )

ℓ(B)β1T (f1, (b2 − λ2)f2)(z)− c1|dµκ(z)

. ‖b1‖Λβ1
d (RN )

1

ℓ(B)β2

1

µκ(B)

(

∫

B

|T (f0
1 , (b2 − λ2)f

0
2 )(z)|dµκ(z)

+

∫

B

|T (f0
1 , (b2 − λ2)f

∞
2 )(z)− T (f0

1 , (b2 − λ2)f
∞
2 )(x0)|dµκ(z)

+

∫

B

|T (f∞
1 , (b2 − λ2)f

0
2 )(z)− T (f∞

1 , (b2 − λ2)f
0
2 )(x0)|dµκ(z)
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+

∫

B

|T (f∞
1 , (b2 − λ2)f

∞
2 )(z)− T (f∞

1 , (b2 − λ2)f
∞
2 )(x0)|dµκ(z)

)

=: II1 + II2 + II3 + II4.>v�� Hölder �>�, �P 2.1 }I [28] )GP 5.3, �
II1 . ‖b1‖Λβ1

d (RN )

1

ℓ(B)β2

1

µκ(B)1/p

(

∫

B

|T (f0
1 , (b2(·)− λ2)f

0
2 )(z)|qdµκ(z)

)1/q

. ‖b1‖Λβ1
d (RN )

1

ℓ(B)β2

1

µκ(B)1/q

(

∫

O(B∗)

|f1(z)|q1dµκ(z)
)1/q1

×
(

∫

O(B∗)

|(b2(z)− λ2)f2(z)|q2dµκ(z)
)1/q2

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

∑

σn1 ,σn2∈G

Mκ
q1(f1 ◦ σn1)(x)M

κ
q2 (f2 ◦ σn2)(x),w)L� i = 1, 2, � 1 < qi < pi w� 1 < q < ∞ d4 1

q = 1
q1

+ 1
q2
.,y8 z ∈ B }L�y k ∈ N, y1 ∈ O(2k+1B∗) \ O(2kB∗), ~*� ‖z − y1‖ & 2kr w� B(z, d(z, y1)) ≈ B(x0, d(z, y1)). >v�J µκ <o
�J=!, Fw;8

II2 . ‖b1‖Λβ1
d (RN )

1

ℓ(B)β2

1

µκ(B)

∫

B

∫

(O(B∗))c

∫

O(B∗)

|K(z, y1, y2)−K(x0, y1, y2)|

× |f1(y1)||(b2(y2)− λ2)f2(y2)|dµκ(y1)dµκ(y2)dµκ(z)

. ‖b1‖Λβ1
d

(RN )

1

µκ(B)

1

ℓ(B)β2

∫

B

∫

(O(B∗))c

∫

O(B∗)

µκ(B(x0, d(x0, y2)))
−2

( ‖z − x0‖
‖y2 − x0‖

)ε

× |f1(y1)||(b2(y2)− λ2)f2(y2)|dµκ(y1)dµκ(y2)dµκ(z)

. ‖b1‖Λβ1
d (RN )

1

ℓ(B)β2

∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1)(x)

×
∞
∑

k=0

∫

B

∫

2k·5r6‖σn2(x)−y2‖62k+1·5r

|(b2(y2)− b2,k + b2,k − λ2)f2(y2)|
µκ(B(σn2 (z), d(z, y2)))

2
dµκ(y2)dµκ(z)

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1)(x)M
κ(f2 ◦ σn2)(x)

∞
∑

k=0

2−k(N−β2)

. ‖b1‖Λβ1
d

(RN )
‖b2‖Λβ2

d
(RN )

∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1)(x)M
κ(f2 ◦ σn2)(x),w)

b2,k =
1

µκ(B(σn2 (x), 2
k+1 · 5r))

∫

B(σn2(x),2
k+1·5r)

b2(x)dµκ(x), k ∈ N, (3.3)�}�6,APa�>�<A7), L�3� y2 ∈ O(2k+1B∗) \ O(2kB∗), v;wQ �:

|b2(y2)− λ2| 6 |b(y2)− b2,k|+ |b2,k − λ2| . ‖b2‖Λβ2
d (RN )

d(y2, x0)
β2 . (3.4)M/?, �

II3 . ‖b1‖Λβ1
d

(RN )
‖b2‖Λβ2

d
(RN )

∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1)(x)M
κ(f2 ◦ σn2)(x).
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�y k ∈ N, 5 yi ∈ O(2k+1B∗) \ O(2kB∗) �, �
‖z − yi‖ & 2kr w� B(z, d(z, yi)) ≈ B(x0, d(z, yi)). � (3.4) F;

II4 . ‖b1‖Λβ1
d (RN )

1

ℓ(B)β2

1

µκ(B)

×
∫

B

∫

RN\O(B∗)

∫

RN\O(B∗)

|K(z, y1, y2)−K(x, y1, y2)||f1(y1)|

× |(b2(y2)− λ2)f2(y2)|dµκ(y2)dµκ(y1)dµκ(z)

. ‖b1‖Λβ1
d (RN )

1

ℓ(B)β2

1

µκ(B)

×
∫

B

∫

RN\O(B∗)

( ‖z − x0‖
‖x0 − y1‖

)ε1 1

µκ(B(z, d(z, y1)))
|f1(y1)|dµκ(y1)

×
∫

RN\O(B∗)

( ‖z − x0‖
‖x0 − y2‖

)ε2 1

µκ(B(z, d(z, y2)))
|(b2(y2)− λ2)f2(y2)|dµκ(y2)dµκ(z)

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

1

µκ(B)

×
∫

B

∞
∑

k=0

2−kε1

µκ(B(x0, 2k · 5r))

∫

O(2k+1B∗)\O(2kB∗)

|f1(y1)|dµκ(y1)

×
∞
∑

k=0

2−k(ε2−β2)

µκ(B(x0, 2k · 5r))

∫

O(2k+1B∗)\O(2kB∗)

|f2(y2)|dµκ(y2)dµκ(z)

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1 )(x)M
κ(f2 ◦ σn2)(x),w) ε = ε1 + ε2 } β2 < ε2.*~ II1–II4 <i�, F!

II . ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

×
(

Mκ
r (T (f1, f2))(x) +

∑

σn1 ,σn2∈G

Mκ
q1(f1 ◦ σn1)(x)M

κ
q2(f2 ◦ σn2)(x)

+
∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1)(x)M
κ(f2 ◦ σn2)(x)

)

.M/?, L� III, ;8
 II Y�<i�.L� IV, M/ II4 )<6
, F;
IV . ‖b1‖Λβ1

d (RN )
‖b2‖Λβ2

d (RN )

(

Mκ
r (T (f1, f2))(x)

+
∑

σn1 ,σn2∈G

Mκ
q1(f1 ◦ σn1)(x)M

κ
q2 (f2 ◦ σn2)(x)

+
∑

σn1 ,σn2∈G

Mκ(f1 ◦ σn1)(x)M
κ(f2 ◦ σn2)(x)

)

.



3 v E�o `3o ��R NXg Dunkl z}�['�1=�-g 259~*, >v (3.2), Hölder �>�w�I [28] )GP 5.3, F;
‖TΠ

~b
(~f)‖Ḟβ,∞

p,D (RN ) ≈

∥

∥

∥
sup
r>0

1

µκ(B(·, r))ℓ(B(·, r))β
∫

B(·,r)

|f(y)− fB(·,r)|dµκ(y)
∥

∥

∥

Lp(RN )

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

(

‖Mκ
r (T (f1, f2))‖Lp(RN )

+
∑

σn1 ,σn2∈G

‖Mκ
q1(f1 ◦ σn1 )M

κ
q2(f2 ◦ σn2)‖Lp(RN )

+
∑

σn1 ,σn2∈G

‖Mκ(f1 ◦ σn1)M
κ(f2 ◦ σn2)‖Lp(RN )

)

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

‖f1‖Lp1(RN )‖f2‖Lp2(RN ).,OD�[GP 2.3 <�i.

§3.4 AQ 2.4 >lS��t�f, wQ1ZN m = 2 <~d, t�~dF>vd�qm�BqAP�;,w
�.a
GP 2.3 YW.AQ 2.4 >lS lG i = 1, 2, � bi ∈ Λβi

d , L�y x ∈ RN , �� B := B(x, r) w�
 B Ym<
G�, c. L� fj ∈ L∞
c (RN ), j = 1, 2, Km

( 1

µκ(B)

∫

B

||TΠ
~b
(~f)(z)|δ − |c|δ|dµκ(z)

)1/δ

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

(

∑

σn1 ,σn2∈G

Mκ
ε,β1

(f1 ◦ σn1)(x)M
κ
ε,β2

(f2 ◦ σn2)(x)
)

+ ‖b1‖Λβ1
d (RN )

Mκ
ε,β1

◦ T 2
b2(f1, f2)(x) + ‖b2‖Λβ2

d (RN )
Mκ

ε,β2
◦ T 1

b1(f1, f2)(x). (3.5)t3;8 (3.5), S�Z,+�/y, Mκ
β , Ls 8 Lt <�,f, w) 1

s − 1
t = β

N
, F;Q℄3i*
:

‖TΠ
~b
(~f)‖Lq(RN )

. ‖Mκ,#
δ (TΠ

~b
(~f))‖Lq(RN )

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

×
(

∑

σn1 ,σn2∈G

‖Mκ
ε,β1

(f1 ◦ σn1)‖Lq1 (RN )‖Mκ
ε,β2

(f2 ◦ σn2)‖Lq2(RN ) + ‖Mκ
ε,β(T (

~f))‖Lq(RN )

)

+ ‖b1‖Λβ1
d (RN )

‖Mκ
ε,β1

◦ T 2
b2(f1, f2)‖Lq(RN ) + ‖b2‖Λβ2

d

‖Mκ
ε,β2

◦ T 1
b1(f1, f2)‖Lq(RN )

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

‖f1‖Lp1(RN )‖f2‖Lp2(RN ) + ‖b1‖Λβ1
d (RN )

‖T 2
b2(f1, f2)‖Lr1(RN )

+ ‖b2‖Λβ2
d (RN )

‖T 1
b1(f1, f2)‖Lr2(RN )

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

‖f1‖Lp1(RN )‖f2‖Lp2(RN ),w)5�ta�>��GP 2.2 � 1
r1

= 1
p − β2

N
} 1

r2
= 1

p − β1

N
;8. 2�, GP 2.4 F>vF2v"�%gfAp'3� fj ∈ Lpj (RN ), j = 1, · · · ,m.
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G z ∈ RN }�, λi = (bi)O(B), i = 1, 2, �
TΠ
~b
(~f)(z) =: H1(z) +H2(z) +H3(z) +H4(z),w) Hi (i = 1, 2, 3, 4) n�GP 2.3 �i)<Gz. �
G�, c ($��IGz), �Fn�8

( 1

µκ(B)

∫

B

||TΠ
~b
(~f)(z)|δ − |c|δ|dµκ(z)

)1/δ

.
( 1

µκ(B)

∫

B

|H1(z)|δdµκ(z)
)1/δ

+
( 1

µκ(B)

∫

B

|H2(z)|δdµκ(z)
)1/δ

+
( 1

µκ(B)

∫

B

|H3(z)|δdµκ(z)
)1/δ

+
( 1

µκ(B)

∫

B

|H4(z)− c|δdµκ(z)
)1/δ

=: I + II + III + IV.L� I, � Hölder �>���P 2.1, F;
I 6

1

ℓ(B)β1

( 1

µκ(B)

∫

B

|b1(z)− λ1|ε1dµκ(z)
)1/ε1

× 1

ℓ(B)β2

( 1

µκ(B)

∫

B

|b2(z)− λ2|ε2dµκ(z)
)1/ε2

× ℓ(B)β
( 1

µκ(B)

∫

B

|T (f1, f2)(z)|εdµκ(z)
)1/ε

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

Mκ
ε,β(T (f1, f2))(x),w) ε1, ε2 > 1 d4 1

ε + 1
ε1

+ 1
ε2

= 1
δ .Qhi� II. �� Hölder �>�w�I [28] )GP 5.3, F;

II =
( 1

µκ(B)

∫

B

|(b1(z)− λ1)T (f1, (b2 − λ2)f2)(z)|δdµκ(z)
)1/δ

6
( 1

µκ(B)

∫

B

|b1(z)− λ1|sdµκ(z)
)1/s( 1

µκ(B)

∫

B

|T (f1, (b2 − λ2)f2)(z)|εdµκ(z)
)1/ε

6 ‖b1‖Λβ1
d (RN )

Mκ
ε,β1

◦ T 2
b2(f1, f2)(x),w) 1

s + 1
ε = 1

δ } s > 1.�� II } III "L�<, � III ;8
 II Y�<i�.5�, L� IV, Z+ fi = f0
i + f∞

i , i = 1, 2, w) f0
i := fiχO(B∗). L��y z ∈ RN ,_

U(f, g)(z) := T ((b1 − λ1)f, (b2 − λ2)g)(z),�� c = U(f∞
1 , f∞

2 )(x), �
IV 6

( 1

µκ(B)

∫

B

|U(f0
1 , f

0
2 )(z)|δdµκ(z)

)1/δ

+
( 1

µκ(B)

∫

B

|U(f0
1 , f

∞
2 )(z)|δdµκ(z)

)1/δ

+
( 1

µκ(B)

∫

B

|U(f∞
1 , f0

2 )(z)|δdµκ(z)
)1/δ

+
( 1

µκ(B)

∫

B

|U(f∞
1 , f∞

2 )(z)− U(f∞
1 , f∞

2 )(x)|δdµκ(z)
)1/δ

=: IV1 + IV2 + IV3 + IV4.
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IV1 . ‖T ((b1(·)− λ1)f

0
1 , (b2(·)− λ2)f

0
2 )‖L1/2,∞(B,dµκ(x)

µκ(B)
)

.
1

µκ(B)

∫

O(B∗)

|(b1(z)− λ1)f1(z)|dµκ(z)
1

µκ(B)

∫

O(B∗)

|(b2(z)− λ2)f2(z)|dµκ(z)

. ‖b1‖Λβ1
d

(RN )
‖b2‖Λβ2

d
(RN )

∑

σn1 ,σn2∈G

Mκ
ε,β1

(f1 ◦ σn1)(x)M
κ
ε,β2

(f2 ◦ σn2)(x).L� IV2 } IV3, ��M/<UR. S� (2.1) } (3.4), F;
IV2 .

1

µκ(B)

∫

B

∫

O(B∗)

∫

RN\O(B∗)

( d(z, y1) + d(z, y2)

‖z − y1‖+ ‖z − y2‖
)ε

× |(b1(y1)− λ1)f1(y1)||(b2(y2)− λ2)f2(y2)|
(µκ(B(z, d(z, y1))) + µκ(B(z, d(z, y2))))2

dµκ(y2)dµκ(y1)dµκ(z)

.

∞
∑

k=0

1

µκ(B)

∫

B

∫

O(B∗)

∫

2k·5r6d(x,y2)62k+1·5r

|(b1(y1)− λ1)f1(y1)|
µκ(B(z, d(z, y2)))2

× |(b2(y2)− λ2)f2(y2)|dµκ(y2)dµκ(y1)dµκ(z)

.

∞
∑

k=0

∑

σn1 ,σn2∈G

‖b1‖Λβ1
d (RN )

Mκ
ε,β1

(f1 ◦ σn1)(x)

×
∫

B

∫

2k·5r6‖σn2(x)−y2‖62k+1·5r

|(b2(y2)− b2,k + b2,k − λ2)f2(y2)|
µκ(B(σn2(z), d(z, y2)))

2
dµκ(y2)dµκ(z)

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

∑

σn1 ,σn2∈G

Mκ
ε,β1

(f1 ◦ σn1)(x)M
κ
ε,β2

(f2 ◦ σn2)(x)

∞
∑

k=0

2−kNk

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

∑

σn1 ,σn2∈G

Mκ
ε,β1

(f1 ◦ σn1)(x)M
κ
ε,β2

(f2 ◦ σn2)(x),w) b2,k "Gz
 (3.3) <�,.�q?, �
IV3 . ‖b1‖Λβ1

d (RN )
‖b2‖Λβ2

d (RN )

∑

σn1 ,σn2∈G

Mκ
ε,β1

(f1 ◦ σn1)(x)M
κ
ε,β2

(f2 ◦ σn2)(x).L� IV4, �
IV4 .

1

µκ(B)

∫

B

∫

RN\O(B∗)

∫

RN\O(B∗)

|K(z, y1, y2)−K(x, y1, y2)||(b1(y1)− λ1)f1(y1)|

× |(b2(y2)− λ2)f2(y2)|dµκ(y2)dµκ(y1)dµκ(z)

.
1

µκ(B)

∫

B

∫

RN\O(B∗)

( ‖z − x‖
‖x− y1‖

)ε1 1

µκ(B(z, d(z, y1)))
|(b1(y1)− λ1)f1(y1)|dµκ(y1)

×
∫

RN\O(B∗)

( ‖z − x‖
‖x− y2‖

)ε2 1

µκ(B(z, d(z, y2)))
|(b2(y2)− λ2)f2(y2)|dµκ(y2)dµκ(z)

.
1

µκ(B)

∫

B

∞
∑

k=0

2−kε2

µκ(B(x, 2k · 5r))

∫

O(2k+1B∗)\O(2kB∗)

|(b1(y1)− λ1)f1(y1)|dµκ(y1)
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×

∞
∑

k=0

2−kε2

µκ(B(x, 2k · 5r))

∫

O(2k+1B∗)\O(2kB∗)

|(b2(y2)− λ2)f2(y2)|dµκ(y2)dµκ(z)

. ‖b1‖Λβ1
d (RN )

‖b2‖Λβ2
d (RN )

∑

σn1 ,σn2∈G

Mκ
ε,β1

(f1 ◦ σn1)(x)M
κ
ε,β2

(f2 ◦ σn2)(x).'*, GP 2.4 <�iD�.p_ 6�2\bHu�-�9&<�sy�}"{��#&<_y.< � O � Z � \
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homogènes [M]. Berlin, New York: Springer-Verlag, 1971.



264 -�j�q�B� A Æ 46 >
[30] Coifman R R, Weiss G. Extensions of Hardy spaces and their use in analysis [J]. Bull

Amer Math Soc, 1977, 83(4):569–645.

[31] Grafakos L, Liu L, Maldonado D, Yang D. Multilinear analysis on metric spaces [J].

Dissertationes Math, 2014, 497:121 pp.
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Abstract In this paper, the authors study the boundedness of two classes of multilinear

commutators generated by Lipschitz functions and singular integral operators in the Dun-

kl setting. First, the authors prove the boundedness of the commutators from the product

weighted Lebesgue space Lp1(RN , dµκ)×· · ·×Lpm(RN , dµκ) to Dunkl-type Triebel-Lizorkin

space Ḟ β,∞
p,D (RN ). Furthermore, by introducing sharp maximal function estimates, the au-

thors establish the boundedness of the commutators from the same product space to weighted

Lebesgue spaces Lq(RN , dµκ).
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