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§1 5| =

Rix A BEEI C EWEEMREL M 2 AJGIEL. X FIEEM A B € A 83
Ac A Be M, [AB] = AB— BA. & ZM,A) = {M € M : SFEBEWA
ABMA =AM},

fRi% 6 & A B M LB, RXT TEEM A, Be A, H 6(AB) = §(A)B+A4(B),
NFx 6 ZFF. 7€ [1] 1, Abdullaev 45 T Lie n-SFHMEE. 2 n > 2, AN FEED
Al,Ag,"- ,AnE.A, ﬁ

0(Pp(A1, Ag, -+, A ZP (A1, Ain1, 6(Ai), Aiga, -+, An),

HA Po(A1, Az, -+ Ap) = [Paci1(A1, Ag, -+ Apc), Anl, Pa(Ar, Ag) = [Ay, Ao], IFR 6 2
Lie n-F. M4 E X AT 544 Lie n-FF 0% 2 Lie (n + 1)-F, Lie 2-%- 7l Lie 3-F
F o BIFRAE Lie 71 Lie Z=HSF.

BARFF—E e Lie n-FF, R RZ—BABAL. W Lie n-JF 0 7L EH
d=d+7, HFdE AB MPFTF, 7 & AB| Z(M, A) FLHEIES, [ EXN TEE
B A1, Az, Ap € A B 7(Po(Ar, Ag, - -+, Ay)) = 0, MIFR Lie n-FF 0 ZARHERY.

B H J& Hilbert Z2[8], B(H) f1 P(B(H)) 73 35%m H _ERyER Ry mmatk
POE B A, TR W, A0 H B ESERHX MES S BIAEX S & L & H
LR R R, TR L TR SR

(1) 0,I € L;
(2) X £ PREE—ERE (P}, B AP, fl VP, BJET L,
MIFR L ZEFEHE.

T B(H) BFRE A
Lat A={P € P(B(H)) : M THENAc A H(I - P)AP =0}
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FR A XTI BOER; T H EREERE £, A
AlgL={Aec B(H): MTHEW PcL, HI - P)AP =0}

KR L XRIBSERAEL R L = Lat(Alg L), MR £ hHRBSEHK R A =
Alg(Lat A), WFR A S H KB MR N & H LSRR, WK N 2, X
MH Alg N BREEMREL 4 K,L,M € P(B(H)), R %ﬁ—{OMLKI}YWiE
MCL KANL=0MUKKVM=I N LELARGHE MEH Alg L RIERARE
AR REEEN R AR L REFE O 4 H] EE .
T Lie §F, 7€ [2] H, Miers EB] T von Neumann % E#Y Lie JFHSZARMERT;
TE [3] W, B 5 5 SHERA T 2R3 LM Lie B FHUSRHER. X T Lie ZEST, 76 [4] #,
Miers YEB T B4 iR & 28 #8431 von Neumann fUE B Lie =E 5 FHZ R HER;
e [5) Y, INVEFIEIEH T ER LW Lie ZES PN, XF Lie n-5F, 7€ [6]
EF' Fosner JEH] T M A & 388431 von Neumann 0L A Lie n-J- FHUEARE
TE [7] 1, BREFIEW T BB M Lie -5 FEUEARMER; 72 8] 1, FEFEXMN—KHE
fiﬁ%ﬁltlﬁ@ Lie n-FHIbRHEMEREIT T 2.
BIE 2 FNAT —BIHEIE 5 3 FIE T R4k Hilbert 257 H LA M
FEAEAEE] B(H) B9 Lie n-S- A5 IRHER.

§2 FIEAMA

4 o Ml f 72 Hilbert 258 H P AEF &, 7R L, 2 f(2) = (2, f), & L Fk—
AYzof, WEMNTEEN 2 € H, H (20 f)(2) = f(2)z. XTFHR—HT, BIFaBAOL

el 2.1 fRIX H s Hilbert =[], X THEEW =y, f.geH, Ac BH) M AeC,FH

(i) @ flJA=2x (A" f) M Alz® f) = (Az) @ f;

(i) (z@f)lyeg)=f(z®g);

(iii) Mz f)=M)Qf=2 (\f).

BRIR £ J& Hilbert %57 H LM, Ec L, X E_ =V{FcL:E¢ F}0_=0),
é\

JLY={EecL:E+03H E_+#1I},

B—HT e fcAlglL YAUYHIEEc J(L), HE v EFH feEL

% E € P(B(H)), f1,f2 € H. W3R fL M fo &P, FFEAFHANAFEE [ NE M
s NE BEAGE, WF fL A fo 78 B L3R & D.

5|38 2.1 (WL [9, 573.3]) {Bi% H & Hilbert 25[d], M, N, E € P(B(H)), i ExT4E
B0+ [N, HEC [+ 3H N HERHRHARET LN TE fL M fo £ B _LH
BEMED. A ®: M x N — B(H) ZILOALEMS, RN TEZEN 2 c M Fl f € N,
A

®(z, f)(f+ N E) C Ca,
MIETERYEBL T M — H DI RBS SN - H, RN T BN ce M feN, &
Oz, f)lg=Tz® f+2@Sf)E.
=L, SHREMTEEN 2 E, fi,fc NAl A, 22 cC,H
(SALf1+ A2 f2))(2) = (MSfi + A5 f2)(2).
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§3 AMIRAAENE LR Lie n-T¥

EX 3.1 fRix £ 2 Hilbert 22[0] H EWHEH, £ c L, : AlgL — B(H) 72 Lie

n-SF RN TAEEWN Ac AlgL, &
6(A)|e = (d(A) +7(A))|e,
Hetd: Alg £ — B(H) 2R EB, WEX TAEEMW A, B AlgL, &
d(AB)|g = (d(A)B + Ad(B))|k,
7: Alg L — B(H) ZLRIEBUS, RN THEREM A, Bec AlgL, B
7(A)B|g = B1(A)|E,
IR FALEW A, Ay, -+ (A, € Alg L, B
T(Py(Ay, Ag, -+, An))|E =0,

MIFR 6 75 E L 2hruEm.

EI 3.1 fRiX £ J& Hilbert 220 H LHHREWE, i, c LR FLVEF, =1 il

FiANFp=0. % 6:AlgL — B(H) /& Lie n-7, 2R 0 16 1 M1 F EXEARuER, T 6
SRR HER.

W Bl 6 76 Fi ERVRUER, BrUAFETE Alg £ 5| B(H) BB di F 7, T2 e
3.1 RS, Hdri=1,2.

HT FIVFE =1 FAF,=0 I\NXTFEER « e H, FEME—ITE ©1 € I fl
zo € Fo, (1% © = 1 + 2. M TEEW A € Alg L, i@t

d(A)z = d1(A)zr + d2(A)xe F 7(A)z = 11 (A)x1 + T2(A)22
EXFAMG d: AlgL — B(H) Ml 7: AlgL — B(H). 58 d Ml 7 J&E XTCE i
SNBSS, FFEWMEXNTEEN AcAlgL MaecH, B

0(A)x = §(A)xr + 0(A)xs = (d1(A) + 11(A))z1 + (d2(A) + 72(A))ze = (d(A) + 7(A))z,

R d=d+ 7.
Rk A, Be AlgLl, v =x1 + a2 € H, HH 21 € 1, 2y € Fy, B BTN 2 X
A4l Bx; € F;. H5EH

d(AB)x = dy(AB)z, + do(AB)»

= (d1(A)B + Adi(B))z1 + (d2(A)B + Ada(B)) x>

— (dy(A)Bxy + do(A)Bas) + (Ady (B)1 + Ads(B)s)

— (d(A)B + Ad(B))z
A d 29T HIRkh

T(Pn(Ar, - An))z = 11 (Po(Ar, -+ An))2r + 72(Po(Ar, -+ Ap))a2 =0
RN 7(Po(Ar, -+, An)) = 0; BRJFH

T(Pp(A1, -+, Ap))Bx = 7(Py(Aq,- -+ , Ap))(Bxy + Bxs)

=7 (Pp(A1, -+, An))Bxy + 12(Py (A1, -+, Ay)) Bz

= B11(Pn(A1, -+ Ap))xr + Bra(Pr (A1, -+, Ap)) o
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= B71(P,(A1, -+ ,Ap))x
A T(P(Ar, -, An)) € Z(B(H), Alg£). 25 BA[15 6 RARHER] Lie n-S7-

WEMCLKANL=0R KVM=1I. %?:Algl — B(H) J& Lie n-5F, M 6 S5
HJ.
W R, X AR Ay, Ay € Alg L, 30
g(Pn(AlaAQa"' aAn))J = P’n,(A17 7Aj—175(Aj)7Aj+la"' 7An)7

Hri=12-,n

HMT MCL KANL=0,FlL KAM=0. 454 KvM=1VKEM 3.1, LEHHA
O S ANAE K Al M 35 ZAnERI BN AT, B2 T oRAOGIER 6 76 K L2 AnuEry, SR FIAH [ A 7 1%
WATPAGRAE 6 78 M L JRbrvER.

MEZE ¢ K x KX - C, M T EER e KM fe KL B

1
/0@ flz), flx)#0,
Wz, f) = {f@)
0, flx)=0.

=1 (0@ f)—@ NH)(f-NK)CCa.
W 1.1 f(z) £0. B fla) =2 #0. ¥ TFEEW € fANK, A

5(Pn(2’®f,$®f,,$®f))zpn(5(2®f),£®f,,13®f)

+Y g(Puz® fa® f, 2@ f));.
j=2

S A=0ef), B=05>z®f), Y n Harkinl, o LIAFE]
NTAIB=X"1Bz@ f—2\"3f(Bx)(z @ f) + \" 22 @ B f + \"" 2z @ A*f
N T2Az @ f+ (n—2) (NP f(An) (2 @ f) — A2 (Az @ f)
+ A" f(Az)(x @ f)); (3.1)
4 n RREET, W LIGE]
NTAB=N"1Br@ f - A"20 @B f+ \" 22 @ A*f —\"2Az® f
+(n=2)AN" P f(Ar)(z @ f) = N2 Az @ [) + A" f(A2)(z @ f). (3.2)

KR (3.1) A1 (3.2) ZAPHARBEMT o, WJLAGE]
(A f(AZ))Z _ ((n—2)f(A2) f(Bz) )x

(n—1)A (n—1)A

A

1 _((n—=2)f(Az)  f(Bz)
(5(x®f)—mf(5($®f)x))z_( (n— 1)\ _(n—lp\)%

AR (o, ) B TSI, JREH
0z @ f) = (@, HD(f+ NK) C Ca.
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B 1.2 f(z) =0, Wi HFBRAEN TAEEN 2 € f-NK, F 6(z® f)z C Cx BIF]. 24
f=082=00f RV 4 f#£0 Ha#0, FETE 2y € K, f#i18 f(zy) =1
JRSL. L, IR TER 2 € K, 50 f(2) =0, MERE fe K- Bk

fE(RK*ANKY) =(K* ALY =(KVvL)r=1t=0
HI£0FE Dz =z2p4+2, A=6@®f), B=06zf) FH C=06z,®f). ¥n
yﬁﬁﬁ(lﬁ‘, %'ﬂ;{ﬂ:‘ﬁ%% 1.1 B/‘Ji/[’:j£7 X‘j‘ 5(Pn(x®f7 Zf ®f7 Ty Rf ®f)) ﬂ:ﬂ 6(Pn($®f7 2f1 ®
fooeezn @ ) IS, A4
A=Az, Qf+2; QA f = 2f(Azp)zy @ f+2@B*f—(n—1)Bx® f

+(n—=2)f(Bzf)r® f+ (n—2)f(Bx)zy @ f (3.3)

Al

A=Az @ f+ 25 @A f — 2f(Azp)2p, @ f+ 2@ C f — (n—1)Cz @ f
+(n—=2)f(Czp)r® f+ (n—2)f(Cx)zp, @ f, (3.4)
WX (3.3) Ml (3.4) MAAFBFEEEAT 2 € f- N K, ATLIGH]

Az = f(Az)z5 + f(Bz)x (3.5)

Al
Az = f(Az)zp, + f(C2)x = f(A2)zf + 2f(Az)x + f(Bz). (3.6)

HER (3.5) M (3.6) A48 f(A2)z = 0. XK = # 0, FFLh f(A2) = f(5(z ® f)z) = 0.
254 (3.5) WMl Az = f(B2)z, Bl 6(z ® f)z C Cx. 24 n AEEET, X 6(Pu(z ® f, 27 ®
froezp @ f)) RIFHE, AR

A=Az @ f—2p QA f —2f(Az)zy @ f+2 @ B*f

—(n=1)Bx® f+ (n—2)f(Bzf)z® f + (n—2)f(Bx)zf @ f, (3.7)
WERX 3.7 WAEHBRERT 2 € fA N K, 774
Az = —f(Az)z5 + f(B2)z. (3.8)

¥ f FIBHERAESR (3.8) WARMD, W15 f(A2) = —f(A2) = 0. 4G (3.8) A[A
Az = f(Bz)z, Bl 6(z ® f)z C Cu.
B 2 ¢ BIPEARER. Ed ¢ E XESHRIE ¢ R TH—DERRFIRW,
KT AR JEILHIFTRN, Brh HREU ] o #a] btk AT
1B 2.1 21,20 € [ LA

(a1 + o, ) = P(a1, f) + P(22, f) = 0.
187 2.2 21 € [, 20 ¢ fH. RGBRE f(22) = 1, WH @z, f) = 0 Fl (ze, f) =
oy f (62 @ f)zs), HETT AT 1S

V(w1 + a2, f) = F(6((z1 +22) @ f)(21 + 22))

b
f(zz)
_ @(f(sm ® Pan) + F(6(x1 @ fea)

+ f(0(w2 @ fo1) + f(0(z2 @ f)z2)).
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i 6(z1 @ flzy © Cay AHN f(0(z1 ® flaa) =0. 1 f(a2) =1, AIFF

z1 @ f) =0(Pu(z1®@ fiza @ f,-- ,x2® [)) Zg (21 ® fiae @ f, - 22 ® f));

4 n FEEN, A
6(z1® f) =0(x1® f)(22 ® f) + (22 @ [)o(x1 ® f) = 2(z2 ® [)0(21 ® f)(22 ® f)
+(n=2)((x1® f)o(22 @ f)(z2 ® f) — 6(z2 ® f)(21 @ f)
+ (22 ® [)o(z2 @ f)(21® f)) + (21 ® [)o(22 @ f) = 0(22 @ f)(T1 ® f); (3.9)
2 on REEE, A
S(x1 @ f) =0(z1 @ f)(22 ® f) — (22 @ f)d(21 ® f)
+(n=2)((x1® [)é(2 @ f)(22® f) = 0(z2 ® f)(21 ® f)
+ (22 ® f)o(z2 @ (21 ® f)) + (21 @ [)o(22 @ f) = d(z2 @ f)(21 ® f). (3.10)
¥ (3.9) M (3.10) AR PAFEER T o, ATLUEH]
(f(6(z1® flaz) = (n=2)f(0(z2 ® flz1))we = (n— 1) f(6(22 @ f)az)wr — (n—1)d(22 @ f)as,
¥ f FEHERE Lk 2 Wk v 15
f0(z1 @ flaz) = —f(6(z2 @ fz).
HIY e fHMay ¢ fH 0 H
V(z1 + 22, f) = ¥(z1, f) +¥(22, f).
B 2.3 w100 ¢ fH 38 f(21) = M # 0 F f(22) = Ao # 0, WA § — 52 € [+, HoAt
RIEETE 2.2, AT LIFEH]

w(i—i—i—z,f)ﬂtw( +—,f) w(i ,f)

X1 T
(- G) ()
B LR A XA, FE BRI A, A5
Y1 + 22, f) = (21, f) + (22, f).
A AHFE AT TR © T HE AR EWE .
THUH KL FREZERANEZTCE fH M L 78 K L¥HEAM D, XM PR
B O0#feK: #AKE . B fAAfLEKS PREMEIEEHW. @it KVL=TH
KAL=0WHAUEREN v € fi- BTUME—HFERN v =y1 +vo, A 1 €K, yo € L, 5
B K_ =LA fi(ys) = foly2) =0. MR fitNK C fFNK, MF y=z—y2 € KN fi- C
KN fs, 3k

Al

f2(x) = fa(y1 +y2) = fa(y1) + faly2) =0,
Lk we f35, B fi- C fh 5 f i fo BMETERAFE. BHIL fENE M fNE ERERS.
BZOAfeKEWR K< fH T flk=0 4G K- =LMKVL=IT%f=045
BT IE.
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B SLHENAAEBS @ - K x KX — B(H), RN TERW e K, fe K=,

YRR IR I1F @(2, /)(f N K) C Ca, BEMHIFIHE 2.1 FJRFFERIERGT T: K - H

RIS S K- — 1, W2
6@ fllk =Tz f+20Sf+ P )k

(3.11)

WrE 3 75 K PR v URTE KX fIERTR f, HE fiy) =1, % a =
(n=2)(f(Ty)+ (Sf)y), BIi5 e Alg £ ERIIZER B, WX THERM v € K M A€ Alg L,

A
5(A)z = (TA— AT) + oA + B(A)])z.
&% 3.1 f(z) =0. i1 f(y) =1 %0
Ay f -y A*f, n & fBEL,
Ay f-2f(Ay)y@ f+yo A*f, n BT
187 3.1.1 n &E% Eid% (3.11)-(3.12), A[f%
S(Po(Ay® fly® f,y® f))lk
=(TAy® f+ Ay Sf—TyR A*f —y®@ SA*f + (Y(Ay, ) — ¥y, A" )I)|;
Fefolsth, @k 55 (3.12) W1R
P(6(A),y@ fy® f, - y@ flg = (6(A)y @ f —y®@6(A)" f)lK;
WA (3.11) A7
9(Pu(Ay@ [,y @ f))2lx
=PATy® f+y@Sfiy® f,-,y® flk
JATye f+Ay@ Sf-Ty® A" f —y® A*Sf)|k, n=2,
B {(V1y® f+(Wif)y) = fVy)ye f—y@Wif)lk, n>2,

(3.12)

(3.13)

(3.14)

(3.15)

Hvi = AT+ (Sf)(y)A—f(Ay)T M1 Wy = A*S+ f(Ty)A*— f(Ay)S; FIEFY4 3 < j <n-—1

I, A4
I9(Pu(Ay @ froy @ f))ili
=P(Ay®f,ye [Ty f+y@Sfiy®f,,y® flk
=((fTy) +(SHW)(Ay® f—y @A™ f))k
A X

9(Pn(Ay@ fr -y @ fnlx
=P (Ayef, -y f,Ty® f+y@Sf)lk
=((fTyA+ f(AY)T)ye f+Ay@ Sf-Ty® A™f
—y®@ (f(AY) S+ (SHWA)f + ny @ flk,
Het = (Wf)y) — fViy). &4 Lie n-FFHIE X KEFR (3.13)-(3.17), A%
(0(A) =TA+ AT + (n = 2)(f(Ty) + (SH ) Ay ® flk

(3.16)

(3.17)
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—y®(6(A)" +A"S = SA" + (n = 2)(f(Ty) + (SF) ) A") flx
= (V(Ay, ) —¥(y, A )|k
HA K ZFCR4EZE0], BTk XA o (Ay, ) — ¢y, A*f) = 0, ATiTAH
(0(A) =TA+ AT + (n = 2)(f(Ty) + (SH)() Ay @ flx
=y®(6(A)" + A"S = SA™ + (n = 2)(f(Ty) + (Sf) ) A") f1x- (3.18)

EREE f(x) =0, f(y) =1, UM TERER N eR, A fOx +y) = 1. BETHEX (3.18),
A

(6(A) = TA + AT + (n— 2)(F(T(\x + 1)) + (SH Oz + 1)) A) Az + 1) © flx
= Az + 1) ® (§(A)* + A™S — SA" + (n — 2)(f(T(Ax +y) + (SH) Az +9)A") i
KRR, 115
0= (A2(n - 2)(f(Tx) + (S/)(@))(Az ® f — 2z ® A*f)
+M(B(A) ~ TA+ AT)z® f + (n— 2)(f(Ty) + (S ) Az ® f
+ (0 —2)(f(Tw) + (SF)(@) Ay & f — 2 @ (3(A)" + A*S — SA")
— (n—2)(f(Ty) + (SH)(y)z ® A"f — (n — 2)(f(Tx) + (S1)(@))y ® A"f))|x.
A B AR, T4
(f(T2) + (S))@))(Az ® f — 2 ® A" f)|x =0 (3.19)

il

0=((6(A) =TA+ AT)z @ [+ (n = 2)(f(Ty) + (S)(¥) Az © f)lx
(n=2)(f(Tz) + (Sf)(2)Ay © f —x @ (6(A)" + A™S — SA")f
—(n=2)(f(Ty) + (SHY))x @ A*f — (n = 2)(f(Tx) + (Sf)(2))y ® A" f)|x. (3.20)

gie Ae Alg L WERMWMU LK K ETRYE=E], maE (3.19) W[4 f(Tz) + (Sf)(z) = 0.
B RF K (3.20) HIERT N

((6(A) =TA+ AT)z @ [ + (n = 2)(f(Ty) + (Sf)(y)) Az @ f)|x
= (2@ (0(A)" + 475 = SA")f = (n = 2)(f(Ty) + (Sf)(y)x ® A" )|k,

b LA BFEREAE y b, "THITFAE Alg £ LHGIZ 66 B, Tl EXT TERER A € Alg L,
H

§(A)z = (TA — AT) + aA + B(A)])z.
8% 3.1.2 n BHEH BLHFX (3.11)-(3.12), 715
S(Po(Ay® [ y® f))lk
=TAy f+AySf—2f(Ay) Ty f —2f(Ay)y @ SfF+ Ty A" f + y® SA*f
+ (V(Ay, ) + oy, A°f) = 2f (Ay)d(y, )] k; (3.21)
Fefolsh, WL (3.12), W15
Po(6(A),y@ f,-y@ flx = (0(A)y @ f = 2f0(A)y)y @ f +y@(A) flx;  (3.22)
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WA (3.11) AT
9(Pn(Ay@ fro Yy @ f))e|k
=P(ATy® f+y®Sfy® f,- y® f)lk
_ {(vly®f+y®wlf — ((SH(Ay) + F(ATY)y @ f)lic, n=3,
Ve f+yeWif —(Wif)y) + fViy))y® fllk, n>3,

Hrf Vi = AT+(S1)(y)A— f(Ay)T Fil Wy = A" S+ f(Ty)A*— f(Ay)S; [FIBF% 3 < j < n—1
B, 7%

(3.23)

9(Pu(Ay @ froy®@ f))ili
=P Ay f, -y [Ty f+y@Sfiy®f,,y® flk
=({f(Ty) + (SHW)( Ay f = 2f(Ay)y @ f +y © A" f)|k (3.24)
D9S3
9(Pu(Ay@ fr oy @ fnlx
=P Ay f - ye f,Ty® f+y®Sf)lk
=((fTy)A-fAy) Dy f+ Ay Sf+Ty® A" f
—y @ (f(Ay)S — (SHWA")f — (f(ATy) + (SF)(Ay))y @ f)|k- (3.25)
£ 4 Lie n- 37y &E AR SER (3.21)-(3.25), A[15
(0(A) =TA+ AT + (n = 2)(f(Ty) + (SHY) Ay & flx
+y®@(6(A)" + A5 = SA" + (n = 2)(f(Ty) + (Sf)(y) A"
=2(f(Ay) f(Ty) + f(AY)(SF) () + F(6(A)y)I) f |k
= (W(Ay, f) + ¥y, A f) = 2f (Ay)v(y, )| k.

By K REFRR4EA ], Breht XA o(Ay, f) + ¢y, A*f) = 2f (Ay)v(y, ) = 0, N A
0=(0(A) —=TA+ AT + (n = 2)(f(Ty) + (S/)(¥)A)y © [l

+y®@(0(A)" + 475 = SA™ + (n = 2)(f(Ty) + (Sf)(y) A"
—2(f(Ay)f(Ty) + f(Ay)(S)(y) + F(6(A)w)) D) [k (3.26)

EREE f(2) =0, fy) =1, FUMTERER A eR, A fOx +y) = 1. BETEX (3.26),
H

0=(0(A) = TA+ AT + (n = 2)(f(T(\x +y)) + (SH) Oz +y)A) Az +y) © flx
+ Az +y) @ (8(A)" +A*S —SA + (n—2)(f(TA\x+y)) + (Sf)( Az +y)) A"
—2(f(AQAz +y) f(T(Az+y)) + fF(AAz +9)(Sf)Ax +y) + f(O(A) Az + ) I) fxk-

B RS, W1

0 =2X*(f(Az) f(Tx) + f(Az)(Sf)(@))z @ flx + N (2(f(Az) f(Tz) + f(Az)(Sf)(2))y @ f
+2(f(Az) f(Ty) + f(Az)(Sf)(y) + f(Ay) f(Tz) + f(Ay)(Sf)(y) + f(6(A)z))z @ f
—(n=2)(f(Tz)Az® [+ f(Tz)zr © A" f + (Sf)(2)Az @ [ + (Sf)(z)x ® A" f))|k
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+ AR(f(A2) f(Ty) + F(A2)(SP)() + F(Ay)F(Tx) + F(Ay)(SF)(x) + F(6(A)a))y &
+2(f (A F(Ty) + F(AY(SF)(y) + FEA)z © f — (n—2)(f(Ta) Ay © f
+ [(Te)y @ A f + [(Ty) Az @ [ + [(Ty)e © A" + (S)(@) Ay @ [ + (Sf)(a)y © A" f
+(SHW) AT ® [+ (S)y)x ® A f) = (5(A) — TA+ AT)z @ f
— 2 ® (5(A)* + A*S — SA*) )| .
th A HFERTEE, T
J(A)((T2) + (SF)(@))|x = 0, (3.27)
(2 (Ax) f(Tx) + F(Ax)(SF)(x))y +2(f(Az) f(Ty)
+ F(AD)(SH)() + F(Ay) () + F(AY)(SF)() + F3(A)2)a) @ fli

=((n=2)(f(T2)Az @ f + f(Tz)z @ A"f + (Sf)(x)Az ® f + (Sf)(z)z @ A" f))|x
(3.28)

A X
2f (Az)(f(Ty) + (SH W)y @ [ +2f(Ay)(f(Tz) + (Sf)(@)y @ f +2f(6(A)z)y @ f
+2(f(Ay) f(Ty) + fF(Ay)(SF)(y) + FO(Ay))z @ [k
=((n=2)(f(Tz)Ay @ [ + f(Tz)y @ A" f + f(Ty)Az @ f + f(Ty)r @ A™ f
+(SH@)Ay @ [+ (S(x)y @ A" f + (Sf)(y)Az @ f + (Sf)(y)z ® A™f)
+(6(A) —TA+ AT)z @ f + 2 @ (6(A)* + A*S — SA") f)| k. (3.29)
G4 Ae Alg L BRI X K ZICRRAEZN], % (3.27) A4 f(Tx) + (Sf)(x) =0
H =R (3.28) AL H
f(Az)(f(Ty) + (Sf)(y) + f(6(A)z))|x =0,
4haaEC (3.29), W] LARH
(0(A) —TA+ AT + (n = 2)(f(Ty) + (S () A)z @ flk
=—2® (0(A)" + A"S — SA" — (n = 2)(f(Ty) + (Sf)(y) A"
+2(f(Ay) f(Ty) + (SHy) + fFOA) W) [k

B LAXZEAPBRERTE y L, "TAFTE Alg £ LHIZ R B, i EXT TAERER A € Alg £,
H

)
(

5(A)z = (TA— AT) + oA + B(A)])z.

187 3.2 f(x) # 0. RR—MhE, & flo) =1, EE?KE%FEQ’E STA], B LA ] AR EL
z€ K2 f(2)=0,3H » T xﬂy%ﬁ%d‘ MFi=1,2,%3n=y y2=y1+2
187 3.2.1 n Z2#FE HLFR (3.11) /[HUT 6 MEX

6(Pn(A7x®f7yz®f7 7yi®f))|K
=((TA- f(Ay)T)z® [+ (A — f(Ay) D)z @ Sf — f(A2)Ty; @ f — f(Az)y; ® Sf
+ Ty @ A" f +y; @ SA™ )|k + (Y(Az, f) — f(Ayi)Y(z, f)
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g(Pn(A7x®fayz®fa 7yl®f))1|K
= (0(A)z @ f = f0(A)y)z @ f — f(6(A)z)y: © f +y:i ® 67 (A) f)|x, (3.31)

9P Az @ [y ® [ 4 @ f))2lk
= (ATz @ [+ (S)() Az © f — f(Ay)Te @ f — (Sf)(Ay)z © [ — f(ATz)y: @ f
— f(Az)y; @ Sf + f(T)y; @ A" f +y; © A"Sf) |k (3.32)
ol
9(P(A,x® fyi @ f,- 4 @ f))3lk
= (f(Ty)A — f(ATy)I + (Sf) (i) A — (SHyi) f(Ayi) Dz ® flx + (Sf)(2)y: ® A" flx
+ (f(Ay)T — f(Az)T + f(ATy:)I — f(Ay)(SF)(x)] — 2(Sf)(y:) f(Az)I
+2(S1) (i) f(Ayi) T — 2f(Ayi) f(Tyi) Dy @ flx + (f(Ax)
— f(Ay:))yi @ Sflkx + f(Tyi)yi @ A" flk; (3.33)
MY 4 <j<n—18, 7775
9(Pr(Az @ fyi @ froo -y @ )1k
= —([(Ty) [(Az) + (Sf)(y) [(Az))yi @ [l + f(Tyi)y: @ A" flie + (Sf)(yi)x @ A" flx
+ (f(Ty)A = f(Tyi) f(Ayi) I + (SF)(wi) A = (SF) (i) f(Ayi) Dz @ flx (3.34)
A X
9(Pn(A,x @ fyi @ f, -,y @ f))nlk
= (f(Tyi)A — f(Ty:) f(Ay) Dz @ flx + (A — f(Ay:) )z @ Sf|k
+(T+ (SHwi) Dy @ A" flic + 2f(Ty) f(Ayi) I — f(Tyi) f(Ax)I — f(ATy;)I
— f(Ay)T — (Sf)(Ax)] + (Sf) (@) f(Ay) L — 2(Sf)(yi) f(Ayi)]
+ (SHWi) f(Ax))y; ® flx + (f(Ayi) — f(Az))yi @ Sflxk. (3.35)
4E4 Lie n- ST E XA % (3.30)-(3.35), A[78
((6(A) + AT = TA+ (n—2)((Sf)(wi) + f(Ty:)) Az @ f — Wa(yi)z @ f — Va(yi)yi @ f
+ (f(T2) + (Sf)(@) + (n = 3)(f(Tyi) + (S)Wi))y: @ A" f +y; @ A"Sf —y; @ SA™f
+ 4 ®0"(A)f)lx
= (Y(Az, f) — f(Ay)Y(, f) — f(A2)Y(yis f) + (yi, A" )|k

He
Wa(yi) = f(6(A)yi) + (S)(Ayi) + fF(ATy:) + (n = 3)((SF)(wi) f(Ayi) + f(Tyi) f(Ayi))
LKz
Va(yi) = f(6(A)z) + f(ATx) + (Sf)(Az) + (n = 3)((Sf)(y:) f(Az) + f(Ty:) f(Az)).



276 Bo® % Fl AH 46

BN K R ICRRARZE 8], B AR A% (A, f) = f(Ayi)d(x, £) = f(Ax)p(yi, ) +d(yi, A" f) = 0,
NIEE]

(6(A) + AT = TA+ (n = 2)((Sf) (i) + f(Ty:)A)z @ flk
=Wa(y)r @ f+Va(yi)yi @ f —yi @ A"Sf +y; @ SA*f —y; @ 6" (A) f)| e
= (f(Tz) + (S)(@) + (n = 3)(f(Ty:) + (SF) i)y © A" f|k-
¥ LR AA P LR AR RTE v b, °TRAS
(0(A) + AT —TA+ (n = 2)((Sf) (i) + f(Tya))A)x = Wa(yi)z + Q1(y:)¥s, (3.36)
Hr
Qu(yi) = Valyi) — f(Ayi) [ (Tx) — f(6(A)yi) — f(Ay:)(Sf) ()
= (n = 3)(f(Ay:) f(Ty:) + f(Ays)(Sf)(wi)) + (SA*f)(yi) — (Sf)(Aya).
EEE g — 1 = 2, HEHFRX (3.36), ATLAGH
(n=2)((Sf)(2) + f(T'2)) Az = (Wa(y2) — Wa(y1))z + Q1(y2)z + (Q1(y2) — Q1(y1))y1-
BT f(z) = 0, AUETE 3.1.2 Ry SE (3.27) A (Sf)(2) + f(T2) = 0, H It B 2]
0= (Wa(y2) — Wa(y1))z + Q1(y2)z + (Q1(y2) — Q1(y1))y1.
BT 2 ol = My REFRR, NS Q1(y2) = 0. FHE Qi(y1) = 0, 7EF= (3.36) H
A i=1, WAL Alg £ LRIZ R 6, RN TAEEM Ac AlgL, B
§(A)z = (TA— AT) + aA + B(A)])z.
1B 3.2.2 n Z2MHEL Y n=28 MTEEH AcAlgL ke K &
5([A,z0f]) =6(Az @ f—2x @ A" f) = [6(A),z ® f] + [A, d(z @ f)].
WA (3.11), IR
(0(A) + AT —TA)z ® flk = (z® (6(A)" + A™S — SA™) f)|k
+ ((V(Az, f) = Y(2, A" )]k
WA K EFTR4e=m, Bril i X1 (A, f) — ¢z, A" f) = 0, NTiIH
(6(A) + AT —TA)z ® flx =2 @ (6(A)* + A*S — SA") k.

b LA BFEREAE y b, "THITFEAE Alg £ LHGIZ 66 B, TR X TERER A € Alg £,
A

§(A)x = ((TA — AT) + aA + B(A)])z,
Hera=(n-2)(f(Ty)+ (Sf)y) =0. 24 n > 2 B, B (3.11), ATBUT 6 %R,
S(Pp(Az@ fyi®f, i ® )|k
=((TA- f(Ay)T)z @ f + (A= f(Ay) e @ Sf + 2f (Ay:)T — f(Az)T)y; @ f
+ (2f(Ayi) — f(Az))y; © Sf = Tyi © A" f =y @ SA" f)| i + ((Aw, f)
— f(Ay)Y(z, f) + 2f (Aya) (i, f) — fAD) (i, f) — P(yi, A ) |k, (3.37)
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9(P(Az@ fyi @ f, 0y @ f)lk
=0z f— fO(Ay)re f+2f0(A)y)yi ® f— fO(A)z)y: @ f
+1y: @0 (A)f)Ik, (3.38)

9(Pu(A 2z @ fyi @ fr oy ® f))2lk
= ((AT + (Sf)(wi)A = f(Ay))T — (Sf)(Ay) Dz @ f — f(Ta)y; @ A*f —y; @ A*Sf
+ (2f(Ayi) f(Tx) = 2f (Az)(Sf)(yi) + 2(Sf)(Ays) — [(AT2))y; ® f
+ f(Ax)y; @ Sf) Kk (3.39)

9(Pa(Ax @ fyi @ f, 4 @ f))alk
= ((f(Ty)A = f(ATy) I + (SF)(yi) A — (S i) f(Ayi) Dz @ f + (f(Ay))T — f(Ax)T
+ F(ATy)I + f(Ay:) (S (@) D)ys @ f+ (f(Ays) — f(Az)y; @ Sf — f(Ty)y: @ A" f
— (SH(@)yi @ A" f)| ks (3.40)
FETY 4 <j<n-— 10, 775G
9P Az @ fLyi® f, -,y @ f))jlx
= ((f(Tyi) A = f(Tya) f(Ay) I + (S) (i) A = (Sf) (i) f(Ayi) Dz @ f + (205 f) (i) f (Ayi)
+2f (Tyi) f(Ays) — f(Tyi) f(Az) = (SF)(ya) [ (Az))yi @ f = (f (T'yi)
+ (S (yi)yi © A" f) (3.41)
LK
9(Pa(Az@ [y @ f, 4 @ [)nlk
= ((f(Ty:) A= f(Tyi) f(Ayi) Dz @ |+ (A= f(Ay) Dz @ Sf + (f(ATy:)1
= [(Tys) f(Az)I + f(Ay:)T — (Sf)(Ax)] + (Sf) (@) f(Ayi) I + (Sf)(yi) f(Ax)D)y; @ f

+ (f(Ays) — f(Az))y; @ Sf =Ty @ A" f = (Sf)(wi)yi @ A" f)| k. (3.42)
44y Lie n-SFHyE LA KA (3.37)-(3.42), W15
((6(A) + AT = TA+ (n=2)(SF)(:) + f(Tyi)A)z © f = (Wa(yi))x @ f —yi © SA"f

=y @0 (A)f = (Valyi) + (n = 4)(2((SF)(4:) f(Ayi) = F(Tya) f(Ayi))) = 2(f((A)ys)
+ f(Ay) f(Tx) + (S)(Ay:) + [(ATy:) + f(Aya) (SF)(@)))y: © f —yi © A™Sf
— (f(Ta) + (S£)(@) + (n = 3)(f (Tys) + (SF)(Y:))yi © A )|k
= (V(Az, f) = f(Ay)d(x, ) + 2f (Aya) P (yi, £) — F(A2)P (i, f) = d(yi A" )|k,
Hr
Wa(yi) = f(0(A)yi) + (SF)(Ayi) + f(ATys) + (n = 3)((SF) (i) f(Aya) + f(Tyi) f(Ayi))
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Y93
Va(yi) = f(0(A)z) + f(AT2) + (Sf)(Az) + (n — 3)((Sf)(vi) f(Az) + f(Ty:) f (Ax)).
E o K J& Tk 4k =5[], Brbh A ig
Y(Az, f) = f(Ay)d(, f) + 2f (Ay) (i, £) — f(A2) (i, f) — b(yi, A f) =0,
PN
(0(A) + AT = TA+ (n = 2)((Sf) (i) + f(Ty:)A)z @ flk
= ((W2(yi)z @ f + (Va(yi) + (n — ) (2((SF)(wi) f(Ayi) — f(Tyi) f(Ay:))) — 2(f(ATy:)
+ f(0(A)y:) + f(Ayi) f(T) + (Sf)(Ays) + f(Ay) (Sf)(2)))yi @ f +yi @ A*Sf
+ 4 @ SA"f +y; @ 6 (A) f + (f(Tz) + (Sf)(2) + (n = 3)(f(Ty:)
+ (SHW)))y: ® A" f)| k-
¥ ERAG WL REAERAE v b, WS H
(0(A) + AT = TA+ (n = 2)((Sf)(yi) + f(Ty:)) Az = (Walyi))z + (Q2(yi))yi,  (3.43)
Hep
Q2(yi) = Va(yi) + (n — ) (2((SF)(y) f(Ayi) — f(Tyi) f(Ayi)))
= 2(f(ATy;) + f(6(A)ys) + f(Ay:) f(Tx) + (Sf)(Ays) + f(Ay:)(Sf)(x))
+ (SH(Ay:) + (SA™ ) (i) + f(0(A)ya) + f(Ay) (f (Tz) + (Sf)()
+ (n = 3)(f(Tyi) + (Sf)(wi))-
TEE g2 —y1 = 2, FHEHE (3.43), ATLAGH
(n = 2)((Sf)(2) + f(T2) Az = (Wa(y2) — Wa(y1))z + Q2(y2)z + (Q2(y2) — Q2(y1))y1-

HT f(z) = 0, &UUHEH 3.1.1 FEYSE (3.19) IHI (Sf)(2) + f(T'2) = 0, K EARZE AT

0= (Wa(y2) — Wal(y1))x + Q2(y2)z + (Q2(y2) — Q2(y1))1-

BT 2 Tkl o Ml y ZHERR, NTTAT1E Q2(y2) = 0. FH Qa(y1) = 0. 7EF (3.43)
Ai=1, \JHIFFETE Alg L FHZ R B, WX TN Ac AlgL, &
5(A)z = (TA — AT) + aA + B(A)I)z.

LT, EE 3.1 FIEIE 3.2 WA, FA1E Alg £ ERERIEZ R 6, T EMN THEE
W AcAlgl,
5(A)x = ((TA— AT) + 0 A + B(A))| k. (3.44)

=0, FAXMTERE A1, Ay € AlgL, B B(Pa(A1, -+, An)) =0. 1%

(Pu(A1,- - An)) |k = ([T, Pu(Ax, -+ An)] + aPr(Ar, -, Ag)
+ B(Pn(Ar, -+ s A )|k,
[l Lie n-3F%E X, 715
6(Pn(A1, - An))lk
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= Pu(Ar,- - Ay, 8(A)), Ay, An)lk

= Z—Pn(Ah : 7Aj—17 [TaAj] +aAj7Aj+17" : 7An)|K

j=1
= Pa(Ar, - A [T AL Ajpr - Al + D aPa(Ay, -+ Ak
j=1 j=1

= [T, Pu(Ar, -+ Ap)llk + Y aPo(Ar, -+, Ak

i=1
g B A, Wig
(n—1DaP,(A1,-, Ak = B(Po(A1, -+, An)) | k.
BT 1| e ARARALT, Brbhd EXATH
a=p(Py(A1,---,An)) =0.

W 0 7 K _FJEAruER.

TE=AEL BRI von Neumann QA AL 1, 55 7 BIMR AT 2010 424
[10-11] 3N T —2HFra93k B AU Kadison-Singer UL

ENX 3.2 % H 2 Hilbert 2500, A 2 B(H) HHA% MR A FXFHX A%
AN A FEFIEES A B A RAEFEAWAE, B E T A&

(1) A RHAE

(2) & B2 AR B(H) P HKMABE BNB* = AN A", | A=B,
R4 A #A Kadison-Singer fL%].

Sie R 3.2 A (12, EH2.2], WfLAREILA T4
Mt 3.1 WL ={0,M L K, I} & Hilbert 25/ H LA HABHHK, Hb 20 BT
K HRET K+ M §{Es, L = M v {Cxo}, W Alg £ ¥4y Kadison-Singer 0% #7
§: Alg L — B(H) f2& Lie n-5F, 4 & ZhriERY.
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2 F X W
[1] Abdullaev I. n-Lie derivations on von Neumann algebras [J|. Uzbek Mat Zh, 1992, (5—
6):3-9 (in Russian).
[2] Miers C. Lie derivations of von Neumann algebras [J]. Duke Math J, 1973, 40:403-409.

[3] LuF, Liu B. Lie derivations of reflexive algebras [J]. Integral Equation Operartor Theory,
2009, 64(2):261-271.

[4] Miers C. Lie triple derivations of von Neumann algebras [J]. Proc Amer Math Soc, 1978,
71:57-61.

[6] Sun S, Ma X. Lie triple derivations of nest algebras on Banach spaces [J]. Linear Algebra
Appl, 2012, 436:3443-3462.



Bo® % Fl AH 46 %

[11]

[12]

Fosner A. Nonlinear Lie-type derivations of von Neumann algebras and related
topics [J]. Collog Math, 2013, 132:53-71.

Wei F, Zhang Y. Lie-type derivations of nest algebras on Banach spaces and related
topics [J]. J Aust Math Soc, 2022, 112:391-430.

Qi X. Characterizing Lie n-derivations for reflexive algebras [J]. Linear Multilinear
Algebra, 2015, 63:1693—-1706.

An G, Zhang R, He J, Cheng X. Characterizations of Lie derivations on Kadison-Singer
algebras [J]. Banach J Math Anal, 2023, 17, 22 pp.

Ge L, Yuan W. Kadison-Singer algebras: Hyperfinite case [J]. Proc Natl Acad Sci USA,
2010, 107:1838-1843.

Ge L, Yuan W. Kadison-Singer algebras. II. General case [J]. Proc Natl Acad Sci USA,
2010, 107:4840-4844.

T, Z2E#%. — Kadison-Singer fUEHIH] T [J]. 4ERE L RFZW (HREE
JR), 2018, 44(6):945-949.

Standard Form of Lie n-Derivations on Pentagon
Projection Lattice Algebras

AN Guangyu! SU Dong? QIN Feilang?

!Corresponding author. Department of Mathematics, Shaanxi University of
Science and Technology, Xi’an 710021, China.

E-mail: anguangyu310@163.com

2Department of Mathematics, Shaanxi University of Science and Technology,
Xi’an 710021, China. E-mail: 1461638919@qq.com;

231711043@sust.edu.cn

Abstract Let H be an infinite dimensional Hilbert space, £ be a pentagon projection lattice

on H, and Alg L be the pentagon projection lattice algebra. In this paper, the authors prove
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