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§1 R�OD H = {z ∈ C : Im z > 0} �IA�*", 1� D ^T�Gi.g�A�*" H ,#�X1�TI�,℄U. ��a!, 
!��Z,dS D, D̃,
≈

D 	�I D !,�Z
R. D D A,O33�^
ηD(z) =

|π′
D(z)|

ImπD(z)
,�� πD : D → H J1�� D A,Gi�C. 6� D A,~�#xsdRM f , U�0

z �, Schwarzian 'M1�
Ŝf (z) =

(f ′′(z)

f ′(z)

)′
− 1

2

(f ′′(z)

f ′(z)

)2
.D� Cayley FH, �

Sg◦f (z) = Sg(f)f
′(z)2 + Sf (z).
!�*, &0w& f J Möbius 
YE, f , Schwarzian 'M Sf (z) .� 0. Sf (z) �#xRM (j [1–4]) T℄� Teichmüller �h (j [5–7]) ,r|!.$"v,(�.D f : D → D̃ J1��1� D A,Gi�C, U, Schwarzian :M1�^

‖Sf‖D = sup
z∈D

|Sf (z)|η−2
D (z),�A:M�&|eFH (j [8])

‖Sg◦f−1‖D̃ = ‖Sg − Sf‖D, ‖Sf‖D = ‖Sf−1‖D̃. (1.1)D D, D̃ ∈ D , ;N!�yA Möbius 
Y M F+ M(D) = D̃, �� D T D̃ J.g,,d^ D ∼ D̃. ��,
!nU,?�h�I^ Ω = D/ ∼. %�� D T D̃ �h, Lehto�� (j [8]) 1�^
δ(D, D̃) = inf{‖Sf‖D, f : D → D̃ Gi}.�b 2024 ) 7 � 10 9L), 2025 ) 9 � 18 9L)m?�.
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300 N�q�)��� A \ 46 �:}s� δ J1�� Ω A,_3�,%J�a [9–10]!�#�, δ 
�J1�� Ω A,3�. 2? A D, D̃ ∈ D , � σ(D, D̃) = 0 
�'\� D T D̃ J.g,.D D ∈ D , ;N D ,	t ∂D JyWsd3g, �� D ^sd1�. D℄U A �QT�1�� D A,sd1�, 0� ΩA = A / ∼. 
!�yWi#�3g J JlyGi,, ;N!�
max

w∈J(a,b)

|a− w|+ |w − b|
|a− b| → 1, a, b ∈ J, |a− b| → 0,�� J(a, b) �I� J A a T b �ho5,yWW. D℄U A S �QT�1�� D A,0	tJlyGi3g,1�, Zt ΩAS = A S / ∼, :}s� ΩA ⊂ ΩAS . Marković (j

[9]) �#� δ J1�� ΩA A,3�. (^\M, 
!n�# δ wJ ΩAS A,yA3�.2? 1.1 (ΩAS , δ) JyA3��h.�ly Teichmüller �h (j [11–14]) ,r|!, 
!�<� Schwarzian :M,lyiH, �^ly Schwarzian :M, � ‖Sf‖∧D �I. e"C�ly Schwarzian :M,1�
‖Sf‖∧D = inf

E
sup

z∈D\E

|Sf (z)|η−2
D (z),,! E J1�� D A,v%℄. 6�'yL�ly Teichmüller �h,yhr|, 
!���a [15–20]. �1�, :}s�|eFH��

‖Sg◦f−1‖∧
D̃
= ‖Sg − Sf‖∧D, ‖Sf‖∧D = ‖Sf−1‖∧

D̃
. (1.2)e"C�ly.g,1�, ;N!�yAGi�C f : D → D̃ F+ ‖Sf‖∧D = 0, ��1� D, D̃ ∈ D Jly.g,, � D ≈ D̃ �I. �t, �U,?�h�I^ Ω̂ = D/ ≈. 	

Lehto �� δ ,1�
Q, 6� D, D̃ ∈ D , n δ̂(D, D̃) 1�^
δ̂(D, D̃) = inf{‖Sf‖∧D, f : D → D̃ Gi}.D� δ̂ ,1�, :}s�

δ̂(D, D̃) = δ̂(D̃,D), δ̂(D, D̃) 6 δ̂(D,
≈

D) + δ̂(
≈

D, D̃),T| δ̂ JyA1�� Ω̂ A,_3�. 
Q�1
 A, �|XO|e1
�# δ̂ w�J1�� Ω̂ A,3�.2? 1.2 D D, D̃ ∈ D , � δ̂(D, D̃) = 0 
�'\� D T D̃ Jly.g,.

§2 3� 1.1 1VD��q!, 
!n Marković (j [9]) ,�
<8xkyh>
, C�1
 1.1 ,�#.U D D, D̃ ∈ A S . �� δ JyA_3�, T|�nv�#!� Möbius 
Y M , F+ δ(D, D̃) = 0, �|\� D̃ = M(D) ��. =�� f T f̃ �I H ( D T D̃ ,Gi�C. � [21, 1
11.1] �� ‖Sf‖∧H = 0 T ‖Sf̃‖∧H = 0.e7 σ(D, D̃) = 0, %�}!�y�Gi�C gn : D → D̃, F+& n → ∞ E, �
‖Sgn‖D → 0 ��. 6� yA gn, � An = f−1 ◦ g−1

n ◦ f̃ : H → H JyA Möbius 
Y,



3 + ��u ;uX $�Y2�B-mz Schwarzian �� 301T|� gn = f̃ ◦A−1
n ◦ f−1 = f̃ ◦ (f ◦An)

−1, K+(
‖Sf̃ − Sf◦An

‖H = ‖Sgn‖D → 0, n → ∞. (2.1)D�vlÆ
, �|fD An � H !~�K� yA Möbius 
Y A : H → H, Z�yA�M c ∈ R = ∂H.;N An � H !~�K� yA Möbius 
Y A, D� (2.1), +(
‖Sf̃ − Sf◦A‖H = 0, (2.2)0 gn = f̃ ◦ (f ◦An)

−1 � H !~�K� f̃ ◦ (f ◦A)−1. � (2.2) ��, f̃ ◦ (f ◦A)−1 JyA Möbius 
Y M . � gn = f̃ ◦ (f ◦An)
−1 � H !~�K� M , `� D̃ = M(D). ;N

An � H !~�K� yA�M c ∈ R = ∂H, 68~, z ∈ H, �Wk ‖Sf‖∧H = 0 T (2.1),+(
Sf̃ (z)η

−2
H

(z) = lim
n→∞

Sf◦An
(z)η−2

H
(z) = 0. (2.3)K (2.3) +�, f̃(z) JyA Möbius 
Y B(z). �� f̃(z) = B(z), ‖Sf‖H = ‖Sf◦An

‖H T
(2.1), +( ‖Sf‖H = 0 |_ f(z) JyA Möbius 
Y C(z). D M(z) JyA Möbius 
Y,1�^ C ◦B−1(z), �� D̃ = M(D).

§3 3� 1.2 1VD��q!, 
!nI�yA9�	�# δ̂ �J Ω̂ A,3�. ��V�#�/, 
!f�<aA�
.Q? 3.1 (j [8]) ;N ϕ J1�� H A,6�RM, 0� ‖ϕ‖H < 1
2 ��, �!�yA1�� H A,Gi�C f , F+ Sf = ϕ.Q? 3.2 D D, D̃ ∈ D , f T f̃ =�J H ( D T D̃ ,Gi�C. %� δ̂(D, D̃) = 0&0w&!�y� Möbius 
Y An : H → H, F+& n → ∞ E, � ‖Sf̃ − Sfn‖∧H → 0 ��, ,! fn = f ◦An.U ;N δ̂(D, D̃) = 0, �1�, !�y�Gi�C gn : D → D̃, F+& n → ∞ E, �

‖Sgn‖∧D → 0 ��. 6 yA gn, � An = f−1 ◦ g−1
n ◦ f̃ : H → H JyA Möbius 
Y, 0

gn = f̃ ◦A−1
n ◦f−1 = f̃ ◦(f ◦An)

−1. � (1.2)�,& n → ∞E,� ‖Sf̃−Sfn‖∧H = ‖Sgn‖∧D → 0��.�y<", ;N!�y� Möbius 
Y An : H → H, F+& n → ∞ E, � ‖Sf̃ −
Sfn‖∧H → 0��. � (1.2)�, ‖Sf̃−Sfn‖∧H = ‖Sf̃◦f−1

n

‖∧D → 0. �� f̃ ◦f−1
n = f̃ ◦(f ◦An)

−1 =

f̃ ◦A−1
n ◦ f−1 Jy� D ( D̃ ,Gi�C, K δ̂(D, D̃) = 0. `�.���
 3.2 ,�#O�Tly.g,1�, 
!+(�|e�
.Q? 3.3 D D, D̃ ∈ D , f T f̃ =�J H ( D T D̃ Gi�C. %� D T D̃ Jly.g,&0w&!�yA Möbius 
Y A : H → H, F+ ‖Sf̃ − Sf◦A‖∧H = 0.U ;N DT D̃Jly.g,,�1�,!�yAGi�C g : D → D̃,F+ ‖Sg‖∧D =

0. �� A−1 = f̃−1◦g◦f : H → HJyAMöbius
Y,�� g = f̃◦A−1◦f−1 = f̃◦(f◦A)−1.� (1.2) �, ‖Sf̃ − Sf◦A‖∧H = ‖Sg‖∧D = 0.



302 N�q�)��� A \ 46 ��y<", ;N!�yA Möbius 
Y A : H → H, F+ ‖Sf̃ − Sf◦A‖∧H = 0. � (1.2)�, ‖Sf̃ − Sf◦A‖∧H = ‖Sf̃◦(f◦A)−1‖∧D = 0. �� f̃ ◦ (f ◦A)−1 = f̃ ◦A−1 ◦ f−1 : D → D̃ JyAGi�C, T| D T D̃ Jly.g,. `�.e"�G�#1
 1.2.2?1.2 /UC p5y��^ 0 ,M {λk}, ,! k ∈ N, F+
∞∑

k=1

|λk|32ke−2π−2 <
1

2π2
(3.1)T

|λ1| >
2√
3

∞∑

k=2

|λk|, (3.2)1��A� H A,6�RM
ϕ(z) =

eiπz

(1 − eiπz)2
+

∞∑

k=1

λke
2iπz/3k

(1− eiπz)2
,

ϕ̃(z) =
−eiπz

(1 + eiπz)2
+

∞∑

k=1

λke
2iπz/3k

(1 + eiπz)2
.XOyh�pbS, +(

‖e2iπz/3k‖H =
32k

e2π2
. (3.3)
!XO|e>A�#	�#1
.+Y 1 ‖ϕ(z)‖H < 1

2 , ‖ϕ̃(z)‖H < 1
2 .� ϕ ,1�|_a [9] !,r� ∥∥ eiπz

(1−eiπz)2

∥∥
H
= 1

π2 , 
!+(
‖ϕ(z)‖H 6

∥∥∥ eiπz

(1− eiπz)2

∥∥∥
H

+

∥∥∥∥∥

∞∑

k=1

λke
2iπz/3k

(1− eiπz)2

∥∥∥∥∥
H

=
1

π2
+ sup

z=x+iy∈H

∣∣∣∣∣

∞∑

k=1

λke
2iπz/3k

(1− eiπz)2

∣∣∣∣∣y
2. (3.4)D z = x+ iy ∈ H, � (3.1) T (3.3) +�

sup
y>1

∣∣∣∣∣

∞∑

k=1

λke
2iπz/3k

(1− eiπz)2

∣∣∣∣∣y
2
6 sup

y>1
y2
∣∣∣

∞∑

k=1

λke
2iπz/3k

∣∣∣ · sup
y>1

1

|1− eiπz|2

6

∞∑

k=1

|λk|‖e2iπz/3
k‖H · sup

y>1

1

|1− eiπz|2
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6
1

2π2

1

(1− e−π)2
6

1

2π2

( eπ

eπ − 1

)2
<

1

2
, (3.5)

sup
0<y61

∣∣∣∣∣

∞∑
k=1

λke
2iπz/3k

(1− eiπz)2

∣∣∣∣∣y
2
6 sup

0<y61

y2

|1− eiπz|2 · sup
0<y61

∣∣∣
∞∑

k=1

λke
2iπz/3k

∣∣∣

6 sup
0<y61

y2

(1− e−πy)2
·

∞∑

k=1

|λk| sup
0<y61

|e2iπz/3k |

6
1

(1− e−π)2

∞∑

k=1

|λk| 6
( eπ

eπ − 1

)2 e2
18

<
1

2
. (3.6)rU (3.4)–(3.6), 
!+( ‖ϕ(z)‖H < 1

2 . Z
�� ‖ϕ̃(z)‖H < 1
2 .��
 3.1, !��AGi�C f : H → D, f̃ : H → D̃, F+ Sf = ϕ T Sf̃ = ϕ̃ ��.+Y 2 δ̂(D, D̃) = 0.D z = x+ iy ∈ H, 68~C1, k ∈ N, � (3.3), �

sup
y>1

∣∣∣ e2iπz/3
k

(1 + eiπz)2

∣∣∣η−2
H

(z) 6 sup
y>1

1

|1 + eiπz|2 · sup
y>1

|e2iπz/3k |η−2
H

(z)

6
1

(1 − e−π)2
‖e2iπz/3k‖H =

( eπ

eπ − 1

)2 32k

e2π2
,

sup
0<y61

∣∣∣ e2iπz/3
k

(1 + eiπz)2

∣∣∣η−2
H

(z) 6 sup
0<y61

1

|1 + eiπz|2 η
−2
H

(z) · sup
0<y61

|e2iπz/3k |

6 sup
0<y61

y2

(1− e−πy)2
6

( eπ

eπ − 1

)2
.7V, 6� k 6 2 E,

∥∥∥ e2iπz/3
k

(1 − eiπz)2

∥∥∥
∧

H

6

∥∥∥ e2iπz/3
k

(1− eiπz)2

∥∥∥
H

6

( eπ

eπ − 1

)2 32k

e2π2
. (3.7)D An(z) = z + 3n, � (3.1) T (3.7), 
!+(

‖Sf̃ − Sf◦An
‖∧
H
=

∥∥∥∥∥

∞∑

k=1

λke
2iπz/3k(1− e2iπ3

n/3k)

(1− eiπz)2

∥∥∥∥∥

∧

H

6

∞∑

k=n+1

(|λk||1− e2iπ3
n/3k |) ·

∥∥∥∥∥
e2iπz/3

k

(1− eiπz)2

∥∥∥∥∥

∧

H

6 2
( eπ

eπ − 1

)2 ∞∑

k=n+1

|λk|
32k

e2π2
→ 0 (n → ∞).��
 3.2, δ̂(D, D̃) = 0.+Y 3 D T D̃ �Jly.g,.D z = x+ iy, 68~, l ∈ Z T r ∈ R, XOyhbS, +(

lim
z→r 6=2l

|ϕ(z)|η−2
H

(z) = 0, (3.8)
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lim

2l+iy→2l
|ϕ(z)|η−2

H
(z) > lim

2l+iy→2l

(
e−πy

(1− e−πy)2
y2 −

∞∑

k=1

λke
−2πy/3k

(1 − e−πy)2
y2

)

>
1

π2

(
1−

∞∑

k=1

|λk|
)
>

1

π2

(
1− e2

18

)
. (3.9)Zt/, 6� ϕ̃, +(

lim
z→r 6=2l

|ϕ̃(z)|η−2
H

(z) = 0, lim
2l+1+iy→2l+1

|ϕ̃(z)|η−2
H

(z) >
1

π2

(
1− e2

18

)
. (3.10) (3.8)–(3.10) +�, 6�T�, r ∈ R\2Z (r ∈ R\2Z+ 1), �

|ϕ(z)|η−2
H

(z)(|ϕ̃(z)|η−2
H

(z)) = 0
06�T�, r ∈ R\2Z+ 1 (r ∈ R\2Z),
|ϕ(z)|η−2

H
(z)(|ϕ̃(z)|η−2

H
(z)) 6= 0.�� Möbius 
Y A : H → H �&

‖Sf̃ − Sf◦A‖∧H = ‖ϕ̃− ϕ ◦A ·A′2‖∧
H
= 0, (3.11)7U�oJ-�M,*{. & A = z + 2l+1, l ∈ Z E, � (3.2) |_ ϕ T ϕ̃ ,1��|+(

‖Sf̃ − Sf◦A‖∧H =

∥∥∥∥∥

∞∑

k=1

λke
2iπz/3k(1 − e2iπ(2l+1)/3k)

(1 − eiπz)2

∥∥∥∥∥

∧

H

> lim
z=1+iy→1

y2

(1− e−πy)2

∣∣∣
∞∑

k=1

λke
2iπz/3k(1− e2iπ(2l+1)/3k)

∣∣∣

> lim
z=1+iy→1

y2

(1− e−πy)2
|λ1e

2iπz/3(1− e2iπ(2l+1)/3)|

− lim
z=1+iy→1

y2

(1− e−πy)2

∣∣∣
∞∑

k=2

λke
2iπz/3k(1− e2iπ(2l+1)/3k)

∣∣∣

>

√
3

π2
|λ1| −

1

π2

∞∑

k=2

2|λk| > 0. (3.12), � < � K � M
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[9] Božin V, Marković V. Distance between domains in the sense of Lehto is not a metric

[J]. Ann Acad Sci Fenn Math, 1999, 24(1):3–10.

[10] Osgood B, Stowe D. The Schwarzian distance between domains: A question of O. Lehto

[J]. Ann Acad Sci Fenn Math, 1987, 12(2):313–318.

[11] Earle C J, Gardiner F P, Lakic N. Asymptotic Teichmüller space. I. The complex struc-

ture [M]// In the tradition of Ahlfors and Bers, 17–38, Contemp Math, 256, Providence,

RI: Amer Math Soc, 2000.

[12] Earle C J, Gardiner F P, Lakic N. Asymptotic Teichmüller space. II. The metric struc-

ture [M]// In the tradition of Ahlfors and Bers, III, 187–219, Contemp Math, 355,

Providence, RI: Amer Math Soc, 2004.
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