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§1 h�
G p : (X , ω) → B �[Y Kähler A6z, � p �<�=YQIM X p B 2^�2r��S. |92 ω �QIM X }=_2�2�gw2�d-�2 (1, 1) M�, �ivT[\A6 Xt := p−1(t) ?�}2. zl ω O�4� ωn+1 = 0 (n 4T\A626�), x
ω �=_4 Monge-Ampère M� (� [1, =_1.8]). v|�k/?, p : (X , ω) → B  �4
Monge-Ampère A6z.v/Upp1�29y [1] �, g ωWP 

h_ Weil-Petersson �>, ���IM B}2[Y Kähler �>, �U�[�+-��T�>2�oL_�. �U|
N92�Y�l℄�	9
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312 ��V�_�'� A � 46 %*> 1.1 � p : (X , ω) → B �[Y�2 Monge-Ampère A6z. Blx^=YhJ> ξ, η ∈ TtB, h_ Weil-Petersson �> ωWP 2�oLW ξ, η 4C, � R(ξ, ξ, η, η) = 0, +i�+vA6 Xt }, i
κηκξ ≡ 0, H⊥(LVηκξ) ≡ 0,|92 κη �n η Fe2 ω-Kodaira-Spencer{>, � (2.1)�, H⊥ 

" A0,1(Xt, TXt).

Span{κi}
⊥ 2}�*d.=U})K�[4 Monge-Ampère M�2%vO, 1.�f%vO2[L4	Y�.��.
 X ��2 Kähler IM, Bl=Y�2 (1, 1)-4, [α], [β] ∈ H

1,1
dR (X ,R). zlv

[α− β] 4�%v�}=2FB2 Kähler M� ω, x�4 [α] >r [β].*> 1.2 � p : X → B �[Yr�A6z, T[\A6p�IM?��26QoW,i1X?'l4l 2, zl
c1(KX/B) >r

3τ(X )

2χ(X )
c1(p

∗KB),x p : X → B 4 Monge-Ampère A6z. |9 τ(X ) 

 X 2 signature, χ(X ) 

 X 2a2
O�.l�, =U+℄1.℄?+N.UD 1.1 v}�=72��?, zl τ(X ) = 0, x p : X → B � Monge-Ampère A6z.Bl�d#A6z,=UZ1.�Monge-AmpèreM�%v24	Y�. � π : E → B��2 Kähler IM B }2r�J>#, g X = P (E) 

f�d#, x+℄1.℄?=7. *> 1.3 �d#A6z p : X = P (E) → B 4 Monge-Ampère A6z+i�+
c1(K

−1
X/B) >r 0. "Æ6, K−1

P (E)/B ��}=2E#.	92�`V�z?: v7 2��,~
� Monge-AmpèreA6z2�	V`p=_�h_Weil-Petersson�>�fFe2oL_�. �u, v7 3��,rW6,x�r���WoL4C2&�, �[��=7 1.1 2�Z. �u, v7 4 ��, [�� Monge-AmpèreM�%vO24	Y�, �[��=7 1.2�+N 1.1 p=7 1.3 2�Z.

§2 2g Weil-Petersson +�(KCT�MÆ~
FB Kähler A6z�Monge-Ampère A6zph_ Weil-Petersson �>�foL2�	V`p=_. ℄DHk�)9 [1].� p : (X , ω) → B 4FB Kähler A6z, � p �=YQIM X p B �
2^�r��S, ω � X }2�2�gw2�d-�2 (1, 1)-M�, �vA6 Xt := p−1(t) }�}2. "!�(, =U+℄��
ω = i∂∂φ.



3 e HtE fm Monge-Ampère N	3pMq&wP3Æ� 313� {tj, ζα} 

 X }2r�!���>, �1 p(t, ζ) = t, x
ω = i(φαβdζ

α ∧ dζ
β
+ φjβdt

j ∧ dζ
β
+ φαkdζ

α ∧ dt
k
+ φjkdt

j ∧ dt
k
),|9 φAB := ∂A∂Bφ, v	��, =UÆ�g�a� nps=. ∂

∂tj 2�d#�4
Vj :=

∂

∂tj
− φjβφ

βα ∂

∂ζα
,�iA6 Xt }2 ω-Kodaira-Spencer {>4

κj := (∂Vj)|Xt . (2.1)h_ Weil-Petersson �> 〈·, ·〉
WP
=_4

〈 ∂

∂tj
,
∂

∂tk

〉

WP

(t) :=

∫

Xt

〈κj , κk〉ωt

ωn
t

n!
, ωt = ω|Xt ,|9 n 4A626�, l�

ωWP = iGjkdt
j ∧ dt

k
, Gjk :=

〈 ∂

∂tj
,
∂

∂tk

〉

WP

.el ω, f�6oLM�4
c(ω) = icjkdt

j ∧ dt
k
, cjk := 〈Vj , Vk〉ω = φjk − φjβφ

αβφαk.l�, Monge-Ampère A6z=_z?.*f 2.1 (�[1, =_1.8]) zl ωn+1 = 0, x p : (X , ω) → B ��4 Monge-AmpèreA6z,4	l c(ω) = 0,f� ω �4Monge-AmpèreM�. zl X }%v Monge-AmpèreM� ω, x p : X → B �4 Monge-Ampère A6z.Dv�� Kodaira-Spencer f��*�, x Weil-Petersson �>[=�K,z2, l� ωWP ��IM B }2 Kähler �>. Bl#i�2A62 Monge-Ampère A6z p :

(X , ω) → B, h_�> ωWP 2�oLh?�[� (� [1, =72.4])

Rjklm = −
∂2Gjk

∂tl∂t
m +Gpq ∂Gjq

∂tl

∂Gpk

∂t
m

= −〈κmκj , κlκk〉 − 〈κjκm, κkκl〉 − 〈H⊥(LVl
κj),H

⊥(LVmκk)〉. (2.2)|9 H⊥ 

" A0,1(Xt, TXt) . Span{κi}
⊥ 2}�*d.

§3 L"O:GKCVA(bpv	��, =UÆ!N�oL4C2kM.Blv TtB �2x^=YJ> ξ = ξj ∂
∂tj , η = ηj ∂

∂tj , i
κξ = κjξ

j , κη = κjη
j , Vξ = Vjξ

j , Vη = Vjη
j .h�oL_� (2.2) +�, r���WoLO�

R(ξ, ξ, η, η) + ‖H⊥(LVηκξ)‖
2

= (Rjklm + 〈H⊥(LVl
κj),H

⊥(LVmκk)〉)ξ
jξ

k
ηlηm

= −〈κηκξ, κηκξ〉 − 〈κξκη, κξκη〉
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= −2〈κηκξ, κηκξ〉. (3.1)
^.
〈κηκξ, κηκξ〉 >

1

n

∣

∣

∣

n
∑

β=1

(κηκξ)
β
β

∣

∣

∣

2

=
1

n
|Tr(κηκξ)|

2. (3.2)��}, (m[Yd=9
3q[YF��>, +℄��vT9i φαβ = δαβ , xi
〈κηκξ, κηκξ〉 = (κηκξ)

γ

β
(κηκξ)

τ
αφ

αβφτγ

=
n
∑

β,γ=1

(κηκξ)
γ

β
(κηκξ)

γ
β >

n
∑

β=1

|(κηκξ)
β
β |

2

>
1

n

(

n
∑

β=1

|(κηκξ)
β
β |
)2

>
1

n

∣

∣

∣

n
∑

β=1

(κηκξ)
β
β

∣

∣

∣

2

=
1

n
|Tr(κηκξ)|

2.h}�b�+�, (3.2) �24n�:+i�+
(κηκξ)

τ
α = Tr(κηκξ)

1

n
δατ . (3.3)(m (3.2), i

〈κηκξ, κηκξ〉 =

∫

Xt

〈κηκξ, κηκξ〉
ωn
t

n!

>

∫

Xt

1

n
|Tr(κηκξ)|

2ω
n
t

n!

>
1

n

(

∫

Xt

|Tr(κηκξ)|
ωn
t

n!

)2(
∫

Xt

ωn
t

n!

)−1

>
1

n
|〈η, ξ〉WP |

2|Xt|
−1, (3.4)|9 |Xt| :=

∫

Xt

ωn
t

n! )
T\A62%�. (m (3.3), v (3.4) ��i4�?�:, +i�+
(κηκξ)

τ
α = Tr(κηκξ)

1

n
δατ , Tr(κηκξ) ≡ constant. (3.5)" (3.1) p (3.4), +℄1.

R(ξ, ξ, η, η) + ‖H⊥(LVηκξ)‖
2
6 −

2

n
|Xt|

−1|〈η, ξ〉WP |
2. (3.6)h (3.6), 1.h_ Weil-Petersson �>2r���WoL�K}2, zl ξ p η �}���S2. "Æ6, (3.6) �24n�:+i�+ (3.5) �:.?W=UÆ[��oL4C2k/.*> 3.1 �=YhJ> ξ, η ∈ TtB, x R(ξ, ξ, η, η) = 0 +i�+v Xt A6}

κηκξ ≡ 0, H⊥(LVηκξ) ≡ 0.m h (3.6), R(ξ, ξ, η, η) = 0 +i�+ H⊥(LVηκξ) ≡ 0 p
〈η, ξ〉WP =

∫

Xt

Tr(κηκξ)
ωn
t

n!
= 0.



3 e HtE fm Monge-Ampère N	3pMq&wP3Æ� 315v|�k/?, (3.6) �24n�:, h (3.5), vA6 Xt } i
κηκξ ≡ 0.

§4 Monge-Ampère `N%k()7bS9	�Æ!Nel�QoW��2�;oWp[�FB Kähler A6z}2 Monge-

Ampère A6z2[L�N.

§4.1 ;/IF� p : X → B �=Y�QIM X p B �
2^�r��S, i dimX = 2 p
dimB = 1. =U��T\A6�1X g > 2 26QoW, �i�IM B Z�1X g0 > 226QoW, x\" Gauss-Bonnet =7, i

∫

B

c1(KB) = 2g0 − 2,

∫

X/B

c1(KX/B) = 2g − 2. (4.1)hl N �a'�, KX/B ⊗ p∗KN
B
�}2, �℄|92 X ��dIM.s 4.1 Bl4 [α] ∈ H

1,1
dR (X ,R), zl%vFB Kähler M� ω ∈ [α], �1 ω ��}2, x�� [α] >r 0.℄R, �?3=UÆ[�ie Monge-Ampère A6z2Fe=7.*> 4.1 p : X → B � Monge-Ampère A6z+i�+%v4 [ω0] ∈ H

1,1
dR (X ,R),�1

[ω0] >r p
∗[α], (4.2)f�4 [α] � H

1,1
dR (B,R) �2��oi [α](B) = 1, [ω0] O�j[z&� ∫

X/B
[ω0] =

∫

X

[ω0]
2

2 .m zl (4.2) �:, x%vFB Kähler M� ω, �1
[ω] = [ω0]− p∗[α]p ω > 0. x

∫

X

ω2
> 0, (4.3)�i4n�:+i�+ ω2 = 0. (m��X�, +℄1. ∫

X
ω2 = 0. a , ω � Monge-

Ampère M�.H�, {v X %v Monge-Ampère M� ω, x ω > 0 p ω2 = 0. |


ω0 = ω + α,f� α� B}2 Kähler�>i ∫

B
α = 1,x ω0 > 0p [ω0] >r p

∗[α].  -,
∫

X
([ω0]−[α])2 =

0 1.�j[z&�4 ∫

X/B
[ω0] =

∫

X

[ω0]
2

2 .HQ 4.1 zl?��:
c1(KX/B) >r

∫

X

c1(KX/B)2

2

(2g − 2)(2g0 − 2)
c1(p

∗KB), (4.4)



316 ��V�_�'� A � 46 %x p : X → B � Monge-Ampère A6z.m zl (4.4) �:, x%vFB Kähler M� ω, �1
[ω] = c1(KX/B)−

∫

X

c1(KX/B)2

2

(2g − 2)(2g0 − 2)
c1(p

∗KB)p ω > 0, x
∫

X

ω2
> 0, (4.5)�i4n�:+i�+ ω2 = 0. (m��X�, +℄1. ∫

X
ω2 = 0. a , ω � Monge-

Ampère M�.
^
∫

X

c2(X ) = χ(X ) = χ(X)χ(B) = (2g − 2)(2g0 − 2),�)K℄? X }2}rTB:

0 → TX/B → TX → p∗TB → 0,r.
2r�h# TX 27[�4h?�[�
c1(X ) = c1(TX ) = −c1(KX/B)− p∗c1(KB).l�

∫

X

c1(X )2 =

∫

X

(c1(KX/B) + p∗c1(KB))
2

= 2
(

∫

X

c1(KX/B)
2

2
+ (2g − 2)(2g0 − 2)

)

.xf signature h?�[�
τ(X ) =

1

3

(

∫

X

c1(X )2 − 2

∫

X

c2(X )
)

=
1

3

∫

X

c1(KX/B)
2
> 0,f�7[Y4nh Hirzebruch Pn=7 (�9 [6]) 1.. a , +℄1.?W�N.UD 4.1 zl?��:

c1(KX/B) >r
3τ(X )

2χ(X )
c1(p

∗KB),x p : X → B � Monge-Ampère A6z.? 4.1 =U)KdGA6z p : X = Σg × Σg0 → Σg0 , x τ(X ) = 0 p
c1(KX/B) = π∗c1(KΣg ) >r 0,f� π : Σg × Σg0 → Σg1 . \"+N 4.1, p : X → B � Monge-Ampère A6z.\" [7, =71], i

c1(KX/B) >r 0.a , +℄1.℄?+N.UD 4.2 zl τ(X ) = 0, x p : X → B � Monge-Ampère A6z.



3 e HtE fm Monge-Ampère N	3pMq&wP3Æ� 317s 4.2 {���	t π1(B) dG6�gl X }2})<| H∗(X), (m [8, =7],x
τ(X ) = τ(X)τ(B) = 0.v|�k/?, p : X → B � Monge-Ampère A6z.

§4.2 ;&nZIF�?3, =U)K�26QoW}2�d#A6z. �� π : E → B ��26QoW
B }�4 2 2r�J>#. � X = P (E), �4�;oW. ℄RTY�2 (1, 1) M�2 ω iz?M�

[ω] = k1c1(OP (E)(1)) + k2[α] = k1x+ k2[α], (4.6)f� x := c1(OP (E)(1)), [α] � H
1,1
dR (B,R) �2��o. (m [ω] 2z?��z

0 =
1

2

∫

X

(k1x+ k2α)
2 −

∫

X/B

(k1x+ k2α)

= k1

(

−
1

2
k1 degE + k2

)

− k1,l�i
k2 =

1

2
k1 degE + 1.�℄

[ω − α] = k1

(

c1(OP (E)(1)) +
1

2
degE · p∗[α]

)

. (4.7)h=7 4.1 +�, p : X → B � Monge-Ampère A6z+i�+
c1(OP (E)(1)) +

1

2
degE · p∗[α] >r 0.
^ degE · [α] = c1(E), �℄i℄?�N.*> 4.2 �2�;oW p : X = P (E) → B � Monge-Ampère A6z+i�+

c1(OP (E)(1)) +
1

2
p∗c1(E) >r 0.v|�k/?, i

KX/B = p∗ detE∗ ⊗OP (E)(−2),f signature �
τ(X ) =

1

3

∫

X

c1(KX/B)
2 = 0.UD 4.3 �2�;oW p : X = P (E) → B � Monge-Ampère A6z+i�+

c1(K
−1
X/B) >r 0."Æ6, K−1

X/B ��}E#.

§4.3 e�^, Kähler [W5v	��, �� p : X → B �=Y�2 Kähler IM X p B �
2[�FB KählerA6z, f� dimB = m, dimX = n+m, xi℄?�N.



318 ��V�_�'� A � 46 %*> 4.3 p : X → B � Monge-Ampère A6z+i�+%v [ω0] ∈ H
1,1
dR (X ,R), �1















[ω0] >r 0,

∫

X/B

[ω0]
n+1 = 0.

(4.8)m zl%v4 [ω0] O� (4.8), x%v[YFB2 Kähler M� ω, �1
[ω] = [ω0]p ω > 0. a 

∫

X/B

ωn+1
> 0, (4.9)�i+i�+ c(ω) = 0 �4n�:. " (4.8) 27EY4�+℄1.

∂∂ϕ =

∫

X/B

ωn+1
> 0, (4.10)|^8� ϕ = constant, �℄ c(ω) = 0. a , ω � Monge-Ampère M�.H�, { X }%v Monge-Ampère M� ω, x ω > 0 i ωn+1 = 0, �O� (4.8).UD 4.4 � X 4 τ(X ) = 0 2�QoW, iT\A64 g > 2 26QoW, x

p : X → B 4 Monge-Ampère A6z.m hl τ(X) = 1
3

∫

X
c1(KX/B)

2 p c1(KX/B) >r 0, zl τ(X ) = 0, x
∫

X/B

c1(KX/B)
2 = 0.s 4.3 F�l+N 4.2, }��lSi�g B 21X > 2 2��.{� π : E → B ��4 r 2r�J>#, G X = P (E), xi℄?\$.HQ 4.2 �d#A6z p : X → B4Monge-AmpèreA6z,+i�+ c1(K

−1
X/B) >r

0. m "
c1(K

−1
X/B) = rc1(OP (E)(1)) + p∗ detE, (4.11)i

∫

X/B

c1(K
−1
X/B)

r = rr
∫

X/B

c1(OP (E)(1))
r + r · rr−1

∫

X/B

c1(OP (E)(1))
r−1p∗c1(E)

= rr(−c1(E)) + rrc1(E) = 0. (4.12)h=7 4.3, { c1(K
−1
X/B) >r 0, x p : X → B 4 Monge-Ampère A6z.H�, zl p : X → B � Monge-Ampère A6z, x [ω0] O� (4.8). a4Bl[L

[β] ∈ H
1,1
dR (B,R), {G

[ω0] = k1(c1(K
−1
X/B) + p∗[β]), k1 > 0. (4.13)(m (4.8) p (4.12), +℄1.
[β] = 0.
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c1(K

−1
X/B) =

1

k
[ω0] >r 0.�}, \" [1, =70.3], i?W+N.UD 4.5 � π : E → B ��2 Kähler IM B }2r�J>#, x℄?|&�4	2:

(1) E i[Y�dd 2 Hermitian �>;

(2) p : P (E) → B � Monge-Ampère A6z;

(3) c1(K
−1
P (E)/B) >r 0."Æ6, K−1

P (E)/B ��}2E#.UD 4.6 zl E �Nb2 (ample) i p : P (E) → B � Monge-Ampère A6z, x
E � Nakano }2.m hl

E = p∗(OP (E∗)(1)) = p∗(OP (E∗)(1)⊗K−1
P (E∗)/B ⊗KP (E∗)/B),�+i�+ OP (E∗)(1) 4}�, E �Nb2. ka4 p : P (E) → B � Monge-AmpèreA6z,a E O�i[Y�dd 2 Hermitian�>,�℄ E∗ Zi�dd 2 Hermitian�>, � p : P (E∗) → B Z� Monge-Ampère A6z. a K−1

P (E∗)/B �[Y�}2E#, x
OP (E∗)(1) ⊗K−1

P (E∗)/B �[YNb2E#. \" Berndtsson [9–10] 2�l, v E } L2-�>2oL4 Nakano }2.UD 4.7 zl p : P (E) → B �[Y Monge-Ampère A6z, ℄Rv K−1
P (E)/B }%v�> e−φ, �1

i∂∂ log

∫

P (E)/B

e−φ
6 0.m (m��, �0 K−1

P (E)/B �[Y�}2E#, u)K�IE#
p∗(K

−1
P (E)/B ⊗KP (E)/B),+�|YE#��}2, � [10, =71.2].! � < � X � \
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Abstract In their paper, Wan and Wang established the non-positivity of the holomorphic

bisectional curvature of a generalizedWeil-Petersson metric on the base manifold of a Monge-

Ampère fibration. This paper presents a precise characterization of the vanishing of the

holomorphic bisectional curvature. On the other hand, for a compact complex surface

admitting a relative Kähler fibration, the author demonstrates the existence of a Monge-

Ampère form whenever its signature vanishes. Furthermore, in the context of a projective

bundle fibration, the author establishes that it is a Monge-Ampère fibration if and only

if there exists a semi-positive relative Kähler form in the first Chern class of the relative

anti-canonical bundle.
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