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(f(z + 1)f(z) − 1)(f(z)f(z − 1) − 1) =

M(z)

N(z)
,w- M(z) � N(z) %Rp��D`WU^!�%gUw���#�q/-C	wWK� 1 (K��K<M��� � f(z) %�+℄)D���#�q/-�}�q/�. g(z) CM b; 0, 1,∞, l`CB

f(z) ≡ g(z). XG�� ys4U�+℄)> M(z) �FÆ N(z) D�i��B�CvD+\�O-r+DN:0gU8B�Rp+\D2�l�UYJ `[l�b℄)�q/�.�K|l
MR (2020) �iT^ 39A10, 30D35�jPT^ O174.52moE�
 Am}DW 1000-8314(2025)03-0321-12

§1 { v X � w Z b
2001p�GrammaticosE	r3TI�gB�UDC�!k+��H�T

x��,k+WC�!5�����**[B~=P*}&CI� Painlevé \(CGg��$f�qL�-C�EW�Bn6�
C\(Gg�9
	R q-PV \(3

(xn+1xn − 1)(xnxn−1 − 1) =
P (xn)

Q(xn)
(1.1)0jTr3�v, P � Q L U-CT℄ ��A?TW**[�N_ A ($ [1]) 
|�a\( (1.1)

��_
Jp.�-,�k_ degP (xn) 6

4 | deg Q(xn) 6 2.ÆN,�Q
��P�)Tp.�- Nevanlinna 'a�J[C
Æ*[��5��
($ [2–4]). Rp.�- f(z), Q
�� S(f) �"p.�- α(z) C���!KC α(z) ℄> T (r, α) = S(r, f), v, S(r, f) = o(T (r, f)), r → ∞, |Bn,� r C{o
�R-�Q���� S(f) ,C�-&L f(z) C_�-��O 2024 q 1 � 10 �'�� 2025 q 9 � 18 �'�mhm�
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2019 p�$e
�k=�E	'I�\( (1.1) /
,&Lh 
WC�a\(	

(f(z + 1)f(z)− 1)(f(z)f(z − 1)− 1) =
P (z, f(z))

Q(z, f(z))
, (1.2)v, z ∈ C, P (z, f(z)) � Q(z, f(z)) $ f(z) C8

JU-CT℄ �-�|a
uvVJ�9
r3\( (1.2) C_
J�-
��p.,Ck+��A?QoLJ�v,{oLJ
W�N_ B ($ [5]) �� f(z) $�a\(

(f(z + 1)f(z)− 1)(f(z)f(z − 1)− 1) =
M(z)

N(z)
(1.3)C
��"�p.�-,�v,M(z)� N(z)$1-a�L degM(z) = m� degN(z) =

n C�3T℄ �k_
(i) λ

(

1
f

)

= σ(f) > 1;

(ii) 
| M(z) 6≡ N(z), k_ λ(f) = σ(f) | λ
(

1
∆f(z)

)

= λ
(

1
∆f(z)
f(z)

)

= σ(f).� 1.1 �}8V!�N [5] ,LJC$fB&�LJ B ,w�C?% “M(z) �
N(z) $�3T℄ ” ^DL “M(z) � N(z) $Qo��C_VT℄ ”, *[
�'O�p.�-J{kJ[$eaSC{o/wm��v
Æir
W	Y f � g $Qo_ -p.�-� a ∈ C. Q
/ f � g CM a: a )C$ f − a � g − a 
\BCVJ|boVJC/�x\B� f � g CM a: ∞ )C$ f � g 
\BC�J|�JC/�x\B��� 30p{�Ia\(,CJ{k6�yT1Tn�Cf��M
�1989 p Brosch�v�#[N,6$fT
WLJ�N_ C ($ [6]) �� f(z) � g(z) $ CM a: 3 o��e- cj (j = 1, 2, 3) C_ -p.�-� n $#"-��� f $Ia\(

(f ′)n =

2n
∑

j=0

ajf
j = P (z, f) (1.4)C,�U- aj (j = 0, 1, · · · , 2n) $p.�-�|℄>

2n
∑

j=0

T (r, aj) = S(r, f), a2n 6≡ 0.
| P (z, cj) 6≡ 0 (j = 1, 2, 3), k_ f(z) ≡ g(z).

Nevanlinna 1'LJn4Q
�
|Qo_ -p.�- f � g CM a: 4 oe -�k_ f ≡ g �� f $ g C{o Möbius �
�<
/�LJ C n4Q
�\( (1.4)C"�p.,B~� 3 oe-7;L�1pF�66�a\(�e��aCY��{`n�=�x4�a��a\(p.,CJ{k�$ [7–15]. ÆNCiC$r3_Zk�a\( (1.3) p.,CJ{k��A?G2LJ C C*[�
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~ |H`[l�b℄)q/-�q/�.b;(DK|l 323N_ 1.1 �� f(z) $\( (1.3) C
��"�p.,�v,M(z) � N(z) $Qo��C_VT℄ �
|p.�- g(z) � f(z) CM a: 0, 1,∞, k_ g(z) ≡ f(z).� 1.2 W*M9/fLJ 1.1 ,a:'C-S�n#��a 1.1 f(z) = − i
z
eiπz

−1
eiπz+1 $\(

(f(z + 1)f(z)− 1)(f(z)f(z − 1)− 1) =
z4 + z2 + 1

z4 − z2
(1.5)Cp.,�X� f(z) � g(z) := −f(z) CM a: 0,∞, < f(z) 6≡ g(z).\( (1.5) ��$
J�-�Q
BunA? (1.5) ��$T℄ � -CM9�����
|Q
' f(z) = − i

z
eiπz

−1
eiπz+1 9
' f(z) = −iz eiπz

−1
eiπz+1 � f(z) =

√
3 eiπz

−1
eiπz+1 �9Æ

(1.5), k_\( (1.5) C��6BA?{oT℄ � -T�LJ 1.1 ,� M(z) � N(z) $Qo�BC_VT℄ �
$Q
�$fLJ 1.1 C}(,B~���J 2.2 �LJ B (ii) C*[��V�= M(z) ≡ N(z) ��\( (1.3) 6�'
f(z)f(z + 1)f(z − 1)− (f(z + 1) + f(z − 1)) = 0. (1.6)!���J 2.2 �LJ B C*[6RZy?�T��0Q
;��P	�\BC{=?%W�\( (1.6) $d
5�
BuC*['O�!K�Q
r3TfP>��$fTWdC*[�N_ 1.2 Y f(z) $\( (1.6) C
��"�p.,�
|p.�- g(z) � f(z)

CM a: 0, 1,∞, k_ g(z) ≡ f(z).� 1.3 WdCM9/fLJ 1.2 ,a:'C-S�n#��a 1.2 �- f(z) =
√
2 eiπz

−1
eiπz+1

$\(
f(z)f(z + 1)f(z − 1)− (f(z + 1) + f(z − 1)) = 0Cp.,�fXG� f(z) � g(z) := −f(z) CM a: 0,∞, < f(z) 6≡ g(z).

§2 O ` � d g t w M { `z_ 2.1 ($ [16–17]) �� n > 2 | f1(z), · · · , fn(z) $p.�-� g1(z), · · · , gn(z)$"�-|℄>
(i)

n
∑

j=1

fj(z) exp{gj(z)} = 0;

(ii) = 1 6 j < k 6 n �� gj(z)− gk(z) �$ -

(iii) = 1 6 j 6 n, 1 6 h < k 6 n ��

T (r, fj) = o{T (r, exp{gh − gk})} (r → ∞, r 6∈ E),v,�� E ⊂ (1,∞) 9

�Z�Q�R-�Q�



324 .�o�q�>� A � 46 :k_ fj(z) ≡ 0, j = 1, · · · , n.z_ 2.2 �� f(z) $\( (1.3) C
��"�p.�-,�v,M(z)� N(z)$Qo��C_VT℄ �k_ λ(f − 1) = σ(f).~ �\( (1.3) BA
N(z)(f(z + 1)f(z)− 1)(f(z)f(z − 1)− 1)−M(z) = 0. (2.1)� g(z) = f(z)− 1, k_ σ(g) = σ(f). ' f(z) = g(z) + 1 9Æ\( (2.1), B~A?

A(z, g) := N(z)[(g(z + 1) + 1)(g(z) + 1)− 1][(g(z) + 1)(g(z − 1) + 1)− 1]−M(z) = 0,2V A(z, 0) = −M(z) 6≡ 0. 
$��N [18–19] , Mohon’ko �JC�aho�BA
m
(

r,
1

g

)

= O(rσ(g)−1+ε) + S(r, g),*T,�{o
�R-�QMF���N [3] ,C�J 1.1.2, BA λ(g) = σ(g), 2V
λ(f − 1) = σ(f).

§3 O ` 1.1 M � d�L f(z) � g(z) $ CM a: 0, 1,∞ CQop.�-�R g(z) �� Nevanlinna HW
ÆLJ�BA
T (r, g) 6 N(r, g) +N

(

r,
1

g

)

+N
(

r,
1

g − 1

)

+ S(r, g)

6 N(r, f) +N
(

r,
1

f

)

+N
(

r,
1

f − 1

)

+ S(r, g)

6 3T (r, f) + S(r, g),!�f σ(g) 6 σ(f), 
$ g(z) x$
��p.�-��LJ 1.1 C��B& f(z) � g(z) CM a: 0, 1,∞, w

g(z)

f(z)
= eP (z) (3.1)�

g(z)− 1

f(z)− 1
= eQ(z) (3.2)'O�v, P (z), Q(z) $1-a�L degP (z) = p � degQ(z) = q CQoT℄ �= eP (z) ≡ eQ(z) � eP (z) ≡ 1 � eQ(z) ≡ 1 ��� (3.1)–(3.2) B& f(z) ≡ g(z) 'O�Y�� eP (z) 6≡ eQ(z), eP (z) 6≡ 1 | eQ(z) 6≡ 1, k_� (3.1)–(3.2), BA

f(z) =
1− eQ(z)

eP (z) − eQ(z)
(3.3)�

f(z)− 1 =
1− eP (z)

eP (z) − eQ(z)
. (3.4)
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N
(

r,
1

f

)

6 N
(

r,
1

1− eQ(z)

)

6 T (r, eQ(z)) + O(1)�
N
(

r,
1

f − 1

)

6 N
(

r,
1

1− eP (z)

)

6 T (r, eP (z)) +O(1).�0
λ(f) 6 σ(eQ(z)) = q, λ(f − 1) 6 σ(eP (z)) = p. (3.5)
| p < q, k_


N
(

r,
1

1− eP (z)

)

6 T (r, eP (z)) +O(1) = S(r, eQ(z)). (3.6)R eQ(z) �� Nevanlinna HW
ÆLJ�B~A?
N
(

r,
1

1− eQ(z)

)

= T (r, eQ(z)) + S(r, eQ(z)). (3.7)
| z0 B�℄> 1− eQ(z0) = 0 � eP (z0) − eQ(z0) = 0, k_
 1− eP (z0) = 0. 
$�� (3.3) � (3.6)–(3.7), BA
N
(

r,
1

f

)

= N
(

r,
eP (z) − eQ(z)

1− eQ(z)

)

> N
(

r,
1

1− eQ(z)

)

−N
(

r,
1

1− eP (z)

)

= T (r, eQ(z)) + S(r, eQ(z)),�0& λ(f) > σ(eQ) = q. 
$���J 2.2�LJ B (ii) C*[�BA λ(f − 1) = σ(f) =

λ(f) > q > p, !� (3.5) ,CHWo�E ^S�
| q < p, k_

N
(

r,
1

1− eQ(z)

)

6 T (r, eQ(z)) +O(1) = S(r, eP (z)). (3.8)R eP (z) �� Nevanlinna HW
ÆLJ�B~A?
N
(

r,
1

1− eP (z)

)

= T (r, eP (z)) + S(r, eP (z)). (3.9)
| z0 B�℄> 1− eP (z0) = 0 � eP (z0) − eQ(z0) = 0, k_
 1− eQ(z0) = 0. 
$�� (3.4) � (3.8)–(3.9), BA
N
(

r,
1

f − 1

)

= N
(

r,
eP (z) − eQ(z)

1− eP (z)

)

> N
(

r,
1

1− eP (z)

)

−N
(

r,
1

1− eQ(z)

)

= T (r, eP (z)) + S(r, eP (z)),�0& λ(f − 1) > σ(eP ) = p. 
$���J 2.2�LJ B (ii) C*[�BA λ(f) = σ(f) =

λ(f − 1) > p > q, !� (3.5) ,CH{o�E ^S��0�Q
$fT q = p.� n := q = p, �
 n > 1. d��
| n = 0, k_� (3.3), B& f(z) ${ -�^S�
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' Q(z+1), Q(z−1), P (z+1), P (z−1)a��? Q,Q, P , P .' (3.3) 9Æ (1.3), BA
N [(1 − eQ)2(1 − eQ)(1 − eQ)− (1− eQ)(1 − eQ)(eP − eQ)(eP − eQ)

− (1− eQ)(1− eQ)(eP − eQ)(eP − eQ)]

+ (N −M)(eP − eQ)2(eP − eQ)(eP − eQ) = 0. (3.10)� Di(z) (i = 1, 2, 3, 4) 
W7*	
D1(z) : = N(1− eQ)2(1− eQ)(1− eQ)

= d00 + d11e
Q + d12e

2Q + d13e
3Q + d14e

4Q, (3.11)v,


















d00 = N, d11 = −N(eQ−Q + eQ−Q + 2),

d12 = N(eQ+Q−2Q + 2eQ−Q + 2eQ−Q + 1),

d13 = −N(2eQ+Q−2Q + eQ−Q + eQ−Q), d14 = NeQ+Q−2Q,

(3.12)

D2(z) := −N(1− eQ)(1 − eQ)(eP − eQ)(eP − eQ)

= d21e
2P + d22e

P+Q + d23e
2P+Q + d24e

2Q + d25e
3Q + d26e

2P+2Q

+ d27e
2Q+P + d28e

4Q + d29e
P+3Q, (3.13)v,































d21 = −NeP−P , d22 = N(eQ−Q + eP−P ), d23 = N(eP−P + eP−P+Q−Q),

d24 = −NeQ−Q, d25 = N(eQ−Q + eQ+Q−2Q), d26 = −NeP−P+Q−Q,

d27 = −N(eQ−Q + eP−P + eQ−Q+P−P + eQ+Q−2Q), d28 = −NeQ+Q−2Q,

d29 = N(eQ+Q−2Q + eP+Q−P−Q),

(3.14)

D3(z) := −N(1− eQ)(1 − eQ)(eP − eQ)(eP − eQ)

= d31e
2P + d32e

P+Q + d33e
2P+Q + d34e

2Q + d35e
3Q

+ d36e
2P+2Q + d37e

2Q+P + d38e
4Q + d39e

P+3Q, (3.15)v,






























d31 = −NeP−P , d32 = N(eQ−Q + eP−P ), d33 = N(eP−P + eP−P+Q−Q),

d34 = −NeQ−Q, d35 = N(eQ−Q + eQ+Q−2Q), d36 = −NeP−P+Q−Q,

d37 = −N(eQ−Q + eP−P + eP−P+Q−Q + eQ+Q−2Q), d38 = −NeQ+Q−2Q,

d39 = N(eQ+Q−2Q + eQ+P−Q−P ),

(3.16)

D4(z) := (N −M)(eP − eQ)2(eP − eQ)(eP − eQ)

= d41e
4P + d42e

3P+Q + d43e
2P+2Q + d44e

3Q+P + d45e
4Q, (3.17)
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













































d41 = (N −M)eP+P−2P ,

d42 = −(N −M)(eQ+P−Q−P + eP+Q−P−Q + 2eP+P−2P ),

d43 = (N −M)(eQ+Q−2Q + 2eQ+P−Q−P + 2eP+Q−P−Q + eP+P−2P ),

d44 = −(N −M)(2eQ+Q−2Q + eQ+P−Q−P + eP+Q−P−Q),

d45 = (N −M)eQ+Q−2Q.

(3.18)L� (3.12), (3.14), (3.16) � (3.18), B~' (3.10) ga'
d00 + d11e

Q + (d12 + d24 + d34)e
2Q + (d21 + d31)e

2P + (d22 + d32)e
P+Q

+ (d13 + d25 + d35)e
3Q + (d23 + d33)e

2P+Q + (d27 + d37)e
P+2Q

+ (d14 + d28 + d38 + d45)e
4Q + (d29 + d39 + d44)e

P+3Q

+ (d26 + d36 + d43)e
2P+2Q + d42e

3P+Q + d41e
4P = 0. (3.19)�Z Q± P , Q± 2P , 2Q± P , 3Q± P , Q± 3P , 2Q− 3P , 3Q− 2P , Q− 4P , 3Q− 4P C1-�Q
B~'$faL~W�.�EF:[�er 1 �� deg(Q ± P ) = deg(Q ± 2P ) = deg(2Q ± P ) = deg(3Q ± P ) = deg(Q ±

3P ) = deg(2Q − 3P ) = deg(3Q − 2P ) = deg(Q − 4P ) = deg(3Q − 4P ) = n. k_�
eQ±P , eQ±2P , e2Q±P , e3Q±P , eQ±3P , e2Q−3P , e3Q−2P , eQ−4P , e3Q−4P O9
#��!� n.��A? deg(Q − Q) = deg(Q − Q) = deg(Q + Q − 2Q) = deg(P − P ) = deg(P − P ) =

deg(P + P − 2P ) = n − 1 � max{deg(Q − Q + P − P ), deg(Q − Q + P − P )} 6 n − 1.�0� (3.12), (3.14), (3.16) � (3.18) ,C7
 dij O℄> T (r, dij) = S(r, h), v, h ∈
{eQ±P , eQ±2P , e2Q±P , e3Q±P , eQ±3P , e2Q−3P , e3Q−2P , eQ−4P , e3Q−4P }. R (3.19) ���J
2.1, BA (3.19) C7
U-O�E
 0, w N = d00 ≡ 0, ^S�R deg(Q−P ) < n, deg(Q−2P ) < n, deg(2Q−P ) < n, deg(3Q−P ) < n, deg(Q−3P ) <

n, deg(2Q − 3P ) < n, deg(3Q − 2P ) < n, deg(Q − 4P ) < n � deg(3Q − 4P ) < n !`�h���G2
�dC$fBuB~A? N = d00 ≡ 0, ^S�er 2 �� deg(Q+ P ) < n. k_ (3.19) B~ga'
[d00 + (d22 + d32)e

P+Q + (d26 + d36 + d43)e
2P+2Q]

+ [d11e
Q + (d27 + d37)e

P+2Q]

+ [(d12 + d24 + d34)e
2Q + (d29 + d39 + d44)e

P+3Q]

+ [(d21 + d31)e
2P + d42e

3P+Q] + (d13 + d25 + d35)e
3Q + (d23 + d33)e

2P+Q

+ (d14 + d28 + d38 + d45)e
4Q + d41e

4P = 0. (3.20)G2�h 1 ,CaS�B~?* (3.20) ℄>�J 2.1 C?%��0�B~A? (3.20) C7
U-O�E
 0, �0�
 d41 ≡ 0, � (3.18) BA N ≡ M , ^S�R deg(Q+ 2P ) < n, deg(2Q+ P ) < n, deg(3Q+ P ) < n � deg(Q+ 3P ) < n !�.�h���G2
�dC$fA? N ≡ M , ^S�
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$�Q
$fTLJ 1.1.

§4 O ` 1.2 M � ds7LJ 1.2 C���B& (3.1)–(3.3) 
5'O�' (3.3) 9Æ (1.6), L"�y$�Q

' Q(z + 1), Q(z − 1), P (z + 1), P (z − 1) a��? Q,Q, P , P , �

(1− eQ)(1− eQ)(1 − eQ)− (1− eQ)(eP − eQ)(eP − eQ)

− (1 − eQ)(eP − eQ)(eP − eQ) = 0. (4.1)� Ai(z) (i = 1, 2, 3) 
W7*	
A1(z) : = (1 − eQ)(1 − eQ)(1− eQ)

= a00 + a11e
Q + a12e

2Q + a13e
3Q, (4.2)v,



















a00 = 1, a11 = −(eQ−Q + eQ−Q + 1),

a12 = (eQ+Q−2Q + eQ−Q + eQ−Q),

a13 = −eQ+Q−2Q,

(4.3)

A2(z) := −(1− eQ)(eP − eQ)(eP − eQ)

= a21e
2P + a22e

P+Q + a23e
2P+Q + a24e

2Q

+ a25e
2Q+P + a26e

3Q, (4.4)v,






a21 = −eP−P , a22 = eQ−Q + eP−P , a23 = eP−P+Q−Q,

a24 = −eQ−Q, a25 = −(eQ−Q+P−P + eQ+Q−2Q), a26 = eQ+Q−2Q,
(4.5)

A3(z) := −(1− eQ)(eP − eQ)(eP − eQ)

= a31e
2P + a32e

P+Q + a33e
2P+Q + a34e

2Q

+ a35e
2Q+P + a36e

3Q, (4.6)v,






a31 = −eP−P , a32 = eQ−Q + eP−P , a33 = eP−P+Q−Q,

a34 = −eQ−Q, a35 = −(eP−P+Q−Q + eQ+Q−2Q), a36 = eQ+Q−2Q.
(4.7)L� (4.3), (4.5) � (4.7), (4.1) B~ga'

a00 + a11e
Q + (a12 + a24 + a34)e

2Q + (a21 + a31)e
2P + (a22 + a32)e

P+Q

+ (a23 + a33)e
2P+Q + (a25 + a35)e

P+2Q + (a13 + a26 + a36)e
3Q = 0. (4.8)
| Q(z) ≡ P (z), k_�� (3.1)–(3.2) O�BA f(z) ≡ g(z).
| Q(z) 6≡ P (z) | degQ = degP = 0, k_�� (3.3) B& f(z) $ -�^S�
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| Q(z) 6≡ P (z) | degQ = degP = n > 1, k_Q
:[Wd�.�h�er 1 ��
deg(Q± P ) = deg(Q ± 2P ) = deg(2Q± P ) = deg(3Q− 2P ) = n.k_R (4.8) ���J 2.1, B~A? (4.8) C7
U-O�E
 0, �0 a00 ≡ 0, ^S�G2G�R�h deg(Q−P ) < n, deg(Q−2P ) < n, deg(2Q−P ) < n� deg(3Q−2P ) <

n, Q
BuB~EA a00 ≡ 0, ^S�er 2 ��
deg(Q+ P ) < n.k_ (4.8) B~ga'

[a00 + (a22 + a32)e
P+Q] + [a11 + (a25 + a35)e

P+Q]eQ + (a12 + a24 + a34)e
2Q

+ (a23 + a33)e
2P+Q + (a21 + a31)e

2P + (a13 + a26 + a36)e
3Q = 0. (4.9)G2�h 1 ,CaS�B& (4.9) ℄>�J 2.1 C?%��0�B~A? (4.9) C7
U-O�E
 0, 
$�


a13 + a26 + a36 ≡ 0,� eQ+Q−2Q ≡ 0, ^S�G2G�R deg(Q + 2P ) < n � deg(2Q + P ) < n !Q.�h�Q
BuB~EA
eQ+Q−2Q ≡ 0, ^S�
| degQ 6= degP , k_Q
B~'$faL~W�.�EF:[�er A ��

degQ > degP > 0.k_� (4.8) B~ga'
[a00 + (a21 + a31)e

2P ] + [a11 + (a22 + a32)e
P + (a23 + a33)e

2P ]eQ

+ [(a12 + a24 + a34) + (a25 + a35)e
P ]e2Q + (a13 + a26 + a36)e

3Q = 0. (4.10)
$�R (4.10) ���J 2.1, B~A? (4.10) C7
U-O�E
 0, 2V

a13 + a26 + a36 = eQ+Q−2Q ≡ 0,^S�er B ��

degP > degQ > 0.k_� (4.8) B~ga'
[a00 + a11e

Q + (a12 + a24 + a34)e
2Q + (a13 + a26 + a36)e

3Q]

+ [(a22 + a32)e
Q + (a25 + a35)e

2Q]eP

+ [(a21 + a31) + (a23 + a33)e
Q]e2P = 0. (4.11)
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$�R (4.11) ���J 2.1, B~A? (4.11) C7
U-O�E
 0, �

a00 + a11e

Q + (a12 + a24 + a34)e
2Q + (a13 + a26 + a36)e

3Q ≡ 0, (4.12)

(a22 + a32) + (a25 + a35)e
Q ≡ 0 (4.13)|

(a21 + a31) + (a23 + a33)e
Q ≡ 0. (4.14)er B.1 
| degQ = 0, k_� eQ = c1. � c1 = 1, �� c1 = 1 � (3.2) BA

f(z) ≡ g(z). 
| c1 6= 1, k_� (4.5) � (4.7), (4.14) B~ga'
(c1 − 1)(eP−P + 1) = 0,2V


eP + eP = 0. (4.15)� (4.5) � (4.7), (4.13) B~ga'
(c1 − 1)(eP−P + eP−P + 2) = 0,
$


eP−P + eP−P + 2 = 0.*�{ � (4.15), BA eP ≡ 0, ^S�er B.2 
| degQ > 1, k_� (4.3), (4.5) � (4.7), (4.12) B~ga'
1− (eQ−Q + eQ−Q + 1)eQ + eQ+Q−2Qe2Q + eQ+Q−2Qe3Q ≡ 0. (4.16)
$�R (4.16) ���J 2.1, B~A? (4.16) C7
U-O�E
 0, 2V

eQ+Q−2Q ≡ 0,^S��q jb�l	=*C�z�$�&��F � \ � l � n
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Abstract In this paper, the authors discuss a class of nonlinear difference equations, which

originated from the q-PV equation family, whose form is

(f(z + 1)f(z)− 1)(f(z)f(z − 1)− 1) =
M(z)

N(z)
,

where M(z) and N(z) are two distinct non-zero polynomials. The authors prove that its

transcendental meromorphic solutions with finite order can be determined by their zeros, 1

value points, and poles. That is, if f(z) is a transcendental meromorphic solution with finite

order of the above equation and sharing 0, 1,∞ CM with a meromorphic function g(z), then

f(z) ≡ g(z). In addition, the authors also study the case of the above equation where M(z)

is identical to N(z), which leads to the same conclusion. Examples for the sharpness of the

two conclusions obtained are given in the paper.

Keywords Non-linear difference equations, Meromorphic function, Uniqueness

2020 MR Subject Classification 39A10, 30D35

The English translation of this paper will be published in

Chinese Journal of Contemporary Mathematics, Vol. 46 No. 3, 2025

by ALLERTON PRESS, INC., USA


