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M (z)
(fe+Df(x) -D)(f()f(z = 1) = 1) = N’
Hf M(2) #l N(2) BAAMERNEFLZHX, W T HAFRBBIART T L, 1 EAFRE
yerE. B, Bk f(2) B LR BRAEFRERILME, HE5WARE g(2) CM 434 0,1, co, IATH
f(z) = g(2). Ash, EHEORRET LdTEE M(z) HET N(z) WIHE, HBIFRRNER. XPH
AU T BTSSR R A .
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XHERIRHE A
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§1 5| EMERLE®R

2001 4, Grammaticos FAMR T EHAETRAGHEKER, HEETETHR
R T RIS HEN]. W BR8] AR AR H BRI EL Painlevé FERIRAL, FF
UERAAESS & S B LT A AT BB FETEFT I FR AL, M TERT ¢- Py e
P(z,)

Q)
AT TSR, Hd P AT Q AW RBM 2T, HEET FiR4e.

EIEA (W) WRESTE (L) GEFRIAF VLA REM, B4 deg P(x,) <
4 H deg Q(x,) < 2.

A3, AR I HE IR T4E K E Nevanlinna B0 A7 B 1 HAS 558 MR HE LS
(W [2-4]). XWAEREL f(2), BAMEN S(f) RARMLEREL (2) WES, XHEI a(z) W
& T(r,a) = S(r, ), Hrt S(r, f) = o(T(r, f)), r — oo, HFREERZ:  B— 7 75 X H0OM B2
. 85 S(f) THEREFRA f(2) B/NEEL
A3 2024 4 1 A 10 HYeE], 2025 49 A 18 HUE & .
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(Tpt12n — D (zpzp_1 —1) =
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2019 4, BR8N, @ISR EROMRE (1.1) EREREm T 2L 7R

(e + DF) - DU G- 1) = 1) = GEFE, (1.2

Hit 2 € C, Pz, f(2) M1 Q(z, f(2)) & f(2) WA RHERBW ST KL, HEAAIL
. MBI (1.2) WA R BOR 7 SOLSRiHEIR, SRR e, Hf—
A BB

R B (0L G) B ) REHTR
(e + DF () = D~ 1) = 1) =

IR ST R T AE B, o M (2) FT N (2) JERELS K deg M (2) = m il deg N(z) =
n WEELZTR. W4

O A(F) =o(f) = 1;

(i) 4R M(2) £ N(2), B4 Af) = o(f) B Mz7m) = Magz) = o)

(=)
F 11 s A (5] e BRI A, EH B RERIEML M (2) M
N(2) RERZI" HKIEA “M(2) Ml N(z) WA EREAEF LI, R VIROL.

W40 R S — B R R AT — BB N A, HEAMSWT: & f A g BHA
FHBWLLRE, acC AT f A g CM S34H o F8HRZ f—a Fl g — o AHFAKE R
HEATRWERBMFA, R g CM 73HH oo 1589 f Al g A MR HR A HAR R E
FABLAAH.

FLTE 30 4FRT, M IR E— O S T AR Z B WM. BN, 1989 4F Brosch
TEHAE AR SCHUEN] T 40 F 2 2.

EIE C (W [6]) R f(2) Al g(2) & CM 234H 3 M EHFRER ¢; (7 = 1,2,3) BARH
ROLERE, n BIERER. B f 2 TTRE

2n
(f)" = a;f’ = Plzf) (1.4)
j=0

(1.3)

2n
ZT(r, aj) =S(r, f), ay #0.
7=0

W P(z,¢j) #0 (7 =1,2,3), B4 f(2) = g(2).

Nevanlinna PU{E B HIFHAT, MR AEHBOLLEREL f A1 g CM 734H 4 R H
B, M2 f=g8F fR g #—4 Mobius . {Hin4, B3 CHIFERN, T (1.4)
RO A T DAy 3 R BT P E .

R, MEEDSTEMERENRE, —WEFEIFHRERN LE TR
A ME—E, W [7-15]. ASCHY HRTRAFFRAELEE D IR (1.3) WEALMRHIE—1E, FH15
FIRMUEHE C M4hie.
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TIE 11 B (o) B (1.3) WH TR LR, i M(2) fl N () ZFA
ERHIEELTR. MBETLLREE 9(2) 55 F(2) OM 5 0,1,00, B4 g(2) = f(2).

L2 FARGITUIREEE 1.1 diih B R

Bl11 f(z) =it Brf

24 2
(Fle+ DJGE) - DS -1) - 1) = 2222

W SlifE. AR F(z) F g(2) == —f(z) CM 43+ 0,00, {H f(2) # g(2).

iR (15) AR A TS, RAFRERETE] (1.5) ARSI MBI T, %
bR L, HURRITE f(2) = —Lommt MR f(2) = —ieSamt 3 f(2) = VBEmt HFRA
(1.5), A4 T78 (15) AT TS 8 — A 2T s 3T

I LA, M(z) fl N(2) BFEARRGERLZR, FRRIEEYEE 1.1 1
LR AT DU 310 2.2 ML B (i) f9%5I8. AT, %4 M(2) = N(=) B, #7 (13) %
A

(1.5)

fEfE+Df(z-1) - (fz+ 1)+ f(z-1)) =0. (1.6)

XEF, GIH 2.2 MEM B MEHRHMIIEEIEN 7. HILENTE R0 EAR R %
T, 7R (1.6) BREIHSARIFBENERML? X B, WOTPFR T IZME, FIEATT
T B 4518

EE 1.2 4 f(z) B (1.6) WAEFRERILEM. WMRWLERE g(z) F f(2)
CM 4340 0,1, 00, BR4 g(2) = f(2).

1.3 TEAPITUM R 1.2 sRAMEE R SRR R
Bl 1.2 BH f(2) = V2ert BRI
FEFE+D)fz=1) = (fe+1)+f(z=1) =0
WOZhff. B, f(z) M g(2) = —f(2) CM 4} 0,00, {1 f(2) % g(2).

§2 EEIULHFFENGE

5138 2.1 (W [16-17)) R n>2 H fi(2), -, fu(z) RELEREL, g1(2), - ,gn(2)
%%@ﬁnﬁﬁi/@

(i) Zl fi(z) exp{g;(2)} = 0;

j=
(i) B1<j<k<niBl, gi(2) —gr(z) NEHE
(i) ¥ 1<j<n1<h<k<nh,
T(Tv fJ) = O{T(Tv exp{gh - gk})} (T —o00, ¢ E)v

HASEE B C (1, 00) BAHTF LM BB RON .
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M2 fi(z)=0,j=1,---,n.

5138 2.2 fRIX f(2) 2R (1.3) WA REBIWAT KL, Hr M(2) Ml N(2) &
PN EFHIEFZTA. Ba Nf -1) =a(f).

i R (1.3) WS

N@E)(f(z+1)f(2) =1)(f(2)f(z = 1) = 1) = M(z) = 0. (2.1)
Bog(z) = f(2) = 1, #A o(g) = o(f) ¥ f(2) =g(2) + L AT (2.1), WJLAFFE]
A(z,9) = N(2)[(g(z + 1) + 1)(9(2) +1) = 1][(9(z) + 1)(g(z = 1) + 1) = 1] = M(z) =0,
M A(2,0) = =M (2) # 0. Fi&, B3¢ [18-19] #t Mohon’ko 5B 22483, W15
m(r, ;) — O(r°@~14%) 1 §(r,g),

BEZERE A I BMEGISNE. i3 [3] PRSI 112, 715 Ag) = o(g), A
Af =1) =a(f).

§3 I 1.1 #YiEBH

HA f(2) fl g(z) & CM 434H 0,1, 00 BIPEAE K%L, X g(2) M Nevanlinna 5
“HEAEE, A%

1
T(r,g) < N(r,g) + N(n

)+N(r,

1)+ 50r9)
1
f—1

1

g
gN(r,f)—l—N(r,%)—i—N(r, )+S(r,g)
<3T(r, f) + S(r,9),

XKW 0(g) < o(f), TR g(z) WRATTHLLLREL.
MR 1.1 BRI ATH f(2) A1 g(z) CM 4340 0,1, 00, K

9(z) — P
8 (3.1)
Al
9(2) =1 _ o
=1~ e (3.2)

L, HA P(2), Q(2) BREII AN deg P(z) = p M deg Q(2) = ¢ WP HZ T,
M oP() = Q) 5 P () =1 8 Q) = 1 B, H (3.1)-(3.2) 5[4 f(2) = g(z) BT
TG P £ eQ() eP() £1 H e £ 1, IF4H (3.1)~(3.2), A%
1 —e@Q(2)

f(Z) = ep(z) _ eQ(Z) (33)
Al
1—eP
f(Z) —-1= ep(z) — GQ(Z) . (34)
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 (3.3)-(3.4), 1%

( %) ( aﬁ) < T(r,e®®) +0(1)

Zil
N(r, ; i 1) < N(r, ﬁ) < T(r,e"®) +0(1).
[ 1
M) <o) =g, Mf 1) <o(e"?) =p. (3.5)
mEp <q WK
N (r ﬁ) <T(r,e"@) + 0(1) = S(r, ). (3.6)
Xt Q=) ] Nevanlinna 8 " 3eAEH, W] LIEH]
N(r. j) — T(r, @) 4 S(r, Q). (3.7)

ME 2 FEHEE 1 — eQ(0) = 0 Rl eP(20) — eQ(=0) = 0, JFLH 1 — P (=0) = 0. T,
i (3.3) 1 (3.6)-(3.7), A[1%

P(z) _ oQ(2)
N(%) =N(n S —gam)

1 1
_ T Q) Q)
>N(7‘,1_6Q(z)) N(r,l_ep(z)) = T(r,e?®) + S(r,e?),

HILATA(f) = 0(eQ) = ¢. T/, M5 2.2 AIEH B (i) &R, Al ANf-1) =0o(f) =
Af) =2 q>p, X5 (3.5) PHE - MIAEXTE.
wmi g <p, W2rHEH

1
N(r, m) < T(r,e?®) + 0(1) = S(r,eP@), (3.8)
%t ef(*) ] Nevanlinna &5 ARG, A LI5F]

1
N(r ) = T(r.e") + S(r, ") (3.9)
BT 20 FIRHIER 1 — ePC0) — 0 il P — o@en) — 0, BAHF 1 — 0 — 0. F12,

1 (3.4) A1 (3. ) (3.9), 74
2) _ 4@
( ) ( eP z) )
( P(z)) ( ﬁ) T(r,eP®) + S(r,eP?)),
YA 1) > o(e”) =p. Tk, I 22 RIEH B () W1, 7T (/) = o(f) =
=12 p> 0,5 (. ) AR EAT .
B, RATEST g

Bn=qg=p WAHn>1 BN, WHn=0HBam (3.3), 7TH f() B—HE T
J&.

€
=)
=
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TR, #FRENH Q(z+1),Q(2 1), P(+1), P( - 1) 4liLtE Q,Q, P, P.
e (3.3) fRA (1.3), A%
N[(1=e?)’(1 = e?)(1 —e2) — (1 = e?)(1 = e?)(e” —e?)(eF — )
— (1=l = e)(e” — (" ~e?)]
+ (N = M)(e” —e@)2(el — @) (el — e?) = 0. (3.10)
it Di(2) (i = 1,2,3,4) W FFk:
Di(2) 1= N(1—e2)(1 — e?)(1 — e2)
= doo + d11e9 + d12*? + d136? + d14e??, (3.11)
Hrp
doo =N, diy =—N(9 @429 12)
diy = N(eQT272Q 4 26Q-Q 4 2629 4 1), (3.12)
dyg = —N(2e91Q72Q L (0-Q 4 (@@ g, = Ne@t22Q,
Do(z) := —N(1 — e@)(1 — e@)(eF — eQ)(ek — Q)
= do16*" + daoe"T? + dp3e T 4 dp4e®@ + do5e? + doge®” T
+ da7e®@ T 4 dyge? 4 dygel T3, (3.13)
Hrp
dyy = —NeP™ P dyy = N(e279 4 e27F) dyg = N(e£™F 4 L~ PHQ-Q),
doy = —NeQ ™9 dys = N(eQ9 4279729 (fpg = —NeL-PHQ-Q
dy7 = —N(e2 @ 4 eP=F 4 (Q-QFP-P 4 (Q+Q-2Q) g, — _ NeQ+Q-2Q (314
dag = N(eQJr@_QQ + e2TQ-P-Q),
Dy(2) = =N(1—e?)(1 - e)(e” —e?)(e” —e?)
= dg167 + d30eT 9 4 dg3e? 79 4 dg4e?@ + d35e3?
+ daee®T 29 4 d37e29TF 1 d3gel? 4 dggel T3¢, (3.15)
Hrp
dgy = —NeP=P| dgy = N(€@=Q 4 eP=P),  dgg = N(eP~F 4 P~ P+2-Q)
dgy = —NeQ Q9 dgs = N(eQ Q4 QTQ72Q) (g — —NeP~F+Q-Q 5.16)

ds7 = —N(GQ_Q + eﬁ_P + GF_PJ'_Q_Q + €Q+§_2Q), dsg = —N6Q+5_2Q,
d3g = N(eg+§—2Q + eQJr?_Q_P),
Dy(2) == (N — M)(eF — e9)%(ef — e?)(eE — )

= d41e4P + d42€3P+Q + d4ge2p+2Q + d44€3Q+P + d45e4Q,

(3.17)
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o

dgyy = (N — ]\/[)e£+ﬁ—2p7
dip = —(N — M)(eQtP=Q=P 4 oP+Q-P=Q | 9oP+P—2P)
dig = (N — M)(GQ+§_2Q +26QtP=Q=P 4 9,P+Q-P-Q | e£+?—2p)’ (3.18)

dys = —(N — M)(26Q+5—2Q 4 e@tP-Q-P eEJr@_p_Q)’

dys = (N — M)eQ’L@_QQ.
FUF (3.12), (3.14), (3.16) 1 (3.18), WTLIKE (3.10) BB
doo + d11€? + (dia + dag + dsa)e®@ + (doy + ds1)e®” + (dao + dgz)e" 19
+ (d13 + dos + d35)e®@ + (doz + ds3)e®T T + (doy + dzr)el 29
+ (d14 + dog + dsg + das)e*@ + (dag + dag + das)e" 39
+ (dag + dag + daz)e* 729 + dyee3TTC 1 dye*l = 0. (3.19)
R Q+P, Q+2P,2Q0+P,3Q+P,Q+3P,2Q — 3P, 3Q — 2P, Q — 4P, 3Q — 4P IR
X, BATATLORAERA 23 2 LR JLRE BRI 2.
&7 1 B deg(Q + P) = deg(Q +2P) = deg(2Q + P) = deg(3Q + P) = deg(Q +
3P) = deg(2Q — 3P) = deg(3Q — 2P) = deg(Q — 4P) = deg(3Q — 4P) = n. 4,
cQEP Q2P (2QEP BQEP Q3P (2Q-3P (3Q-2P (Q—4AP 3Q—4P g HAE NG KL% n.
A HTHE] deg(Q — Q) = deg(Q — Q) = deg(Q + Q — 2Q) = deg(P — P) = deg(P — P) =
deg(P + P —2P) = n— 1 fil max{deg(Q —Q + P — P),deg(Q —Q+P—P)} <n—1.
HiE, (3.12), (3.14), (3.16) F1 (3.18) HEIPFrAE di; #WERE T(r,d;j) = S(r,h), Heit h €
(cQEP (QE2P (20EP QP Q3P (2Q-3P (3Q-2P (Q—4P (3Q-4PY 3¢ (3.19) Ry 5|3
2.1, W15 (3.19) WBrA RBCERESET 0, 8 N = doo =0, FJE.
Xt deg(Q—P) < n, deg(Q—2P) < n, deg(2Q—P) < n, deg(3Q—P) < n, deg(Q—3P) <
n, deg(2Q — 3P) < n, deg(3Q — 2P) < n, deg(Q — 4P) < n 1 deg(3Q — 4P) < n X 4H
B, EREMT EEIES AT ISE N =dp =0, TE.
&7 2 R deg(Q + P) < n. A4 (3.19) ATLAEKE K
[doo + (daz + d32)e” @ + (dag + dsg + daz)e®” 2]
+ [d11e9 + (do7 + dgr)e’ 29
+ [(d12 + dos + d34)e®? + (dog + dzo + das)e” 39
+ [(do1 + ds1)e*” + da2e® T + (dis + dos + ds5)e®@ + (dos + dsz)e®T 9
+ (d1a + dos + dss + dus)e*® + dye*” = 0. (3.20)
FUUEIE 1 Ay rtr, TTRAEH (3.20) MR TR 2.1 py2&fF. I, FTLIEE] (3.20) /Y
FFA RECEESET 0, I, H du =0, i1 (3.18) H[§ N = M, FJ§.
Xt deg(Q + 2P) < n, deg(2Q + P) < n, deg(3Q + P) < n M1 deg(Q + 3P) < n X JLFf
HIE, HHRMUT LHFIEHBE N =M, F)E.
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TR, BIBEHAT EH 1.1.

§4 EIE 1.2 fYEHEA

ARAEET 1.2 MM, ATH (3.1)-(3.3) MIIHAAL. ¥ (3.3) RN (1.6), HFERL,
HAPHE Q(z+1),Q(z — 1), P(z+1), P(z — 1) S HHEME Q,Q, P, P, A
(1-e?)(1—e?)(1 —e?) = (1 —e?)(e” —e?)(eF —e?)
— (1 —e@)(e” —e?)(ef —e?) =0. (4.1)
it Ai(z) (i =1,2,3) W FRrik:
Ai(z) = (1—e)(1—e)(1 —e2)

= ago + a11e% + a12¢29 + a13¢39, (4.2)
Hrp
ago =1, an = —(e9 @ +e279 4 1),
a1y = (e@1TR2Q 4 ¢Q-Q 4 Q-9 (4.3)
a1z = —e@TQ2Q
As(z):=—(1— ea)(ep —e9)(ef —e9)
= a21e2P + aQQeP+Q + a23e2P+Q + a24e2Q
+ a95e?@T 4 (96639, (4.4)
Hrp
as1 = —eP7F | a9y =279 4 PP g,5 = P PTQ-Q,
{a24 = Q7@ apy = —(eQTQTEP 4 (QFQ72Q) gy — (QFR-2Q )
As(z) == —(1 — eQ)(e? — eQ)(eF - ea)
= a31e2p + a326P+Q + a33e2P+Q + a34e2Q
+ a35e* T 4 a36e3?, (4.6)
Hrp
azr = PP, agy = Q@ 4 PP gy =ePPHOQ
{a34 — 6PQ, g5 = —(ePPTR-Q 4 (@+Q-2Q) . (Q+Q-2Q, 4.7
FIA (4.3), (4.5) Fl (4.7), (4.1) ATARE 1,
aoo + a11e? + (a12 + agq + az34)e®? + (az1 + az1)e?” + (ags + az)e’ ™9
+ (az3 + 033)62P+Q + (a5 + 035)8P+2Q + (@13 + az + a36)e3Q = 0. (4.8)

MR Q(z) = P(2), M2, i (3.1)=(3.2) SLEIAMG f(2) = g(2).
WE Q(z) # P(z) H degQ =deg P =0, i4, m (3.3) A4 f(z) BRFEE, FE.
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S Q(2) £ P(2) H deg @ = deg P = n > 1, ARATHIR FH LR,
&7 1 fRix
deg(Q £ P) = deg(Q £ 2P) = deg(2Q + P) = deg(3Q — 2P) = n.
AR 2%F (4.8) WHIGIRE 2.1, AT LAIGE] (4.8) BIFFA REEESET 0, BHI ago =0, FJE.
el H, FHFE deg(Q— P) < n, deg(Q—2P) < n, deg(2Q — P) < n fil deg(3Q —2P) <
n, BATFEAEAT LAHEDS: a0 = 0, T)E.
5 2 fRix

deg(Q + P) < n.
A2 (4.8) ATLABE KL
[ago + (a22 + az2)e™™ @) + [a11 + (azs + azs)e” ™9 + (a1 + a2 + azs)e®@
+ (ag3 + as3)e*T TP + (a1 + as1)e®” + (a13 + ags + ase)e? = 0. (4.9)
RKAMEIE 1 s, FIAD (4.9) WERETIEE 2.1 fykE. I, FTLAEE] (4.9) 8987
AREEEET 0, TR, &
a13 + age + azs = 0,
Bl 21929 =0, FJF.
RfhHh, Xt deg(Q +2P) < n MMl deg(2Q + P) < n XPIFER, BAIFEFEA] LIRS
eQ+t0Q—2Q _ 0, FJ&.
AR deg Q # deg P, AR AFNTAT LLRFIERT 20 4 AT ILFHE DL .
B A fRix
deg @ > deg P > 0.
2, (4.8) ATLAECG AL
[ago + (a1 + a31)e®’] + [a11 + (azz + as2)e’ + (azs + ass)e?’]e?
+ [(a12 + aga + asa) + (azs + azs)e’’]e®@ 4 (a13 + aze + aze)e®? = 0. (4.10)
T, X (4.10) AT 2.1, ATLAARE] (4.10) M ETA R BCERESE T 0, NTTA
Qte-2Q — ),

a13 + ag6 + aze = €=

TIE.
&% B Rk

deg P > deg @ > 0.
A2, (4.8) ATASCE
[ago + a11€% + (a12 + azq + az1)e®? + (a13 + aze + asg)e®@]
+ [(a22 + az2)e® + (azs + ass)e’?e”
+ [(az1 + az1) + (a3 + azz)e®e*’ = 0. (4.11)
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T, A (4.11) BATIE 2.1, FTLAASE] (4.11) BFTA RBRESET 0, WA

ago + a11€? + (a12 + aoq + a34)e?? + (a13 + ags + ase)e>? = 0, (4.12)
(a2 + az2) + (azs + azs)e? =0 (4.13)

H
(a1 + az1) + (a3 + azz)e® = 0. (4.14)

15 B.1 1R degQ = 0, AL ¥ = 1. #FF 1 =1, M 1 =1 & (3.2) W[5
f(z)=g(2). W er #1, A (4.5) F (4.7), (4.14) FRACE AL

(cr — )P +1)=0,
PNIIEE]
e 4ef =0. (4.15)
B (4.5) f1 (4.7), (4.13) A RARKE &,
(e1 —1)(e2 P +eP~P 4 2) =0,
TEE
P PPy 2.

HEWMAK (4.15), 7[5 " =0, FJF.
1€ B.2 W4 degQ > 1, FR4H (4.3), (4.5) f1 (4.7), (4.12) BT AR B A
1— (€979 46279 4 1)e@ 4 Q1R72Q2Q | (Q+Q2Q63Q = ), (4.16)

TR, Xt (4.16) BHSIHE 2.1, ATRAGE] (4.16) R BFA RECAMESET 0, AT
eQ+Q-2Q —

TIE.

Bris RAH AR AR ERE AR

2 £ X ®W

0\
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Abstract In this paper, the authors discuss a class of nonlinear difference equations, which

originated from the ¢-Py equation family, whose form is

(Fe+ DFE) = D= 1) = 1) = 1,

where M (z) and N(z) are two distinct non-zero polynomials. The authors prove that its
transcendental meromorphic solutions with finite order can be determined by their zeros, 1
value points, and poles. That is, if f(2) is a transcendental meromorphic solution with finite
order of the above equation and sharing 0, 1,00 CM with a meromorphic function g(z), then
f(2) = g(2). In addition, the authors also study the case of the above equation where M (z)
is identical to N(z), which leads to the same conclusion. Examples for the sharpness of the

two conclusions obtained are given in the paper.
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