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334 ��X�a�.� A ~ 46 )�~�Y"3z�~, �6"^Y"D Clifford N<��r��	i�3 Cauchy-

Pompeiu [��Cauchy |N[�e� Cauchy N|N�*3	�R�.

§2 w;~_� {e1, e2, · · · , en}
 n 3b�2� R
n 3a1�%��z, An(R) 
 2n 3� Clif-

ford )�2�, �3z2 β = {eN | N ∈ Γn}, g� Γn = {0, 1, · · · , n, 12, 13, · · · , 123 · · ·n},

An(R) �3z��a�1eH2 eN = eN1
eN2

· · · eNr
, g� N = {N1, · · · , Nr} ⊆

{1, 2, · · · , n}, l 1 6 N1 < · · · < Nr 6 n. , N = ∅ �, eN = e0 = 1. Bl�{wf�� a ∈ An(R), >1
	2 a =
∑
N

aNeN , g� aN ∈ R. Clifford )���G��uy?G	:




e2i = −1, i = 1, 2, · · · , n,

eiej = −ejei, i, j = 1, 2, · · · , n, i < j,

a · b = b̄ · ā, a, b ∈ An(R).

An(R) �wa�� a 3Z�℄9NÆ<h2
|a| =

√
[a, a]0 =

(∑

N

|aN |2
) 1

2

, a =
∑

N

aNeN ,g� eN = (−1)#N(#N+1)/2eN , #N �2 N 3��.� Ω1 ⊂ R
n (Ω2 ⊂ R

m) 
aL2�&-�, 	<h� Ω1 �q�{ An(R) 3i� f1
	2 f(x) =
∑
N

fN(x)eN , g� fN(x) 2��i�. F
(r)
Ω1


	 Ω1 � Cr i�3t$,�
F

(r)
Ω1

= {f | f : Ω1 → An(R), f(x) =
∑

N

fN (x)eN , fN(x) ∈ Cr, x ∈ Ω1}. : Dirac �*<hy?
D : F

(r)
Ω1

→ F
(r−1)
Ω1

,

Df =

n∑

i=1

ei
∂f

∂xi
=

∑

i,N

eieN
∂fN

∂xi
,

fD =
n∑

i=1

∂f

∂xi
ei =

∑

i,N

∂fN

∂xi
eNei.�r Dirac �* Dω �℄9 Dω NÆ<h2

Dω =

n∑

i=1

ψi∂i, Dω =

n∑

i=1

ψi∂i, (2.1)g� ψi (i = 1, 2, · · · , n) 
aW Clifford ��. ψi 3^�JGy6 [16] ��.D�+�/N�* ∆̃n 3<h2
∆̃n =

n∑

i=1

B1ii∂
2
i + 2

∑

16i<j6n

B1ij∂i∂j , (2.2)
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$� B1 3��. t{$� B1 
��3�<$�, $B�3_$� A1 =

B−1
1 k�3eJZ B

1

2

1 `
��3�<$�, lQ/ A
1

2

1 = B
− 1

2

1 . ",, $� B1 vQ/
Cholesky N� B1 = L1L

T
1 (L1 
��B~��>&{ 0 3?|�$�).D�+�/N�* ∆̃m 3<h2
∆̃m =

m∑

i=1

B2ii∂
2
i + 2

∑

16i<j6m

B2ij∂i∂j , (2.3)g� B2ij 
$� B2 3��. $� B2 |$� B1 u6�3R�.Dt 2.1 q F
(r)
Ω 
	 Ω = Ω1 × Ω2 ⊂ R

n × R
m � Cr (r > 1) i�3t$:

F
(r)
Ω =

{
f | f : Ω → An(R), f(x, y) =

∑

N

fN (x, y)eN ,

fN(x, y) ∈ Cr(Ω), x ∈ Ω1, y ∈ Ω2

}
.Dt 2.2 � f ∈ F

(r)
Ω , r > 1. z






Dωx
f(x, y) =

n∑

i=1

ψi
∂f

∂xi
=

∑

i,N

ψieN
∂fN

∂xi
= 0,

f(x, y)Dωy
=

m∑

j=1

∂f

∂yj
ψj =

∑

j,N

∂fN

∂yj
eNψj = 0,	� f(x, y) 2�r��	i�.Dt 2.3 �{ R

n ^wfB9 ξ = (ξ1, ξ2, · · · , ξn) k x = (x1, x2, · · · , xn), <h x k
ξ ��3Lb�(8 ρ1 2

ρ21(x, ξ) =

n∑

i,j=1

A1ij (xi − ξi)(xj − ξj) = 〈(x− ξ), A1(x− ξ)〉, (2.4)g� A1ij 
$� A1 3��. , x 6= ξ �, ��S��3b�(82 r1, � r1 = |x − ξ|,	u x − ξ = r1x
∗(|x∗| = 1), �"9 x∗ k (0, · · · , 0) ��3Lb�(8�5 ρ0, 	u

ρ0 > c1 > 0. v1�V
ρ1 = r1ρ0, ρ1 > c1r1.Dt 2.4 �{ R

m ^wfB9 τ = (τ1, τ2, · · · , τm) k y = (y1, y2, · · · , ym), <h yk τ ��3Lb�(8 ρ2 2
ρ22(y, τ) =

m∑

i,j=1

A2ij (yi − τi)(yj − τj) = 〈(y − τ), A2(y − τ)〉, (2.5)g� A2ij 
$� A2 3��. 6�6u ρ2 = r2ρ
∗
0 k ρ2 > c2r2.q6�{6 [19–20] �3JG1�1D�+�/N�* ∆̃n, ∆̃m 3z��NÆ2

K̃(x, ξ) =
1

det(B1)
1

2ωn





ln ρ1, n = 2,

−1

n− 2

1

ρn−2
1

, n > 3,
x 6= ξ, (2.6)
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	 R
n �*5n3
T|, det(B1) 
	$� B1 3QF�,

K̃(y, τ) =
1

det(B2)
1

2ωm





ln ρ2, m = 2,

−1

m− 2

1

ρm−2
2

, m > 3,
y 6= τ, (2.7)g� ωm 
	 R

m �*5n3
T|, det(B2) 
	$� B2 3QF�.� Dω 5q/ K̃(x, ξ) ~, 1/
Eω(x, ξ) = DωK̃(x, ξ) =

1

det(B1)
1

2ωn

1

ρn1

n∑

i,j=1

ψiA1ij (xj − ξj). (2.8)t{ ∆̃n = DωDω, $B DωEω(x, ξ) = DωDωK̃(x, ξ) = ∆̃nK̃(x, ξ) = 0. ` Eω(x, ξ) 
�r4�	i�. (℄1� Eω(x, ξ) 
�rw�	i�.(9� Dω 5q/ K̃(y, τ) ~, 1/
Eω(y, τ) = DωK̃(y, τ) =

1

det(B2)
1

2ωm

1

ρm2

m∑

i,j=1

ψiA2ij (yj − τj). (2.9)t{ ∆̃m = DωDω , $B DωEω(y, τ) = DωDωK̃(y, τ) = ∆̃mK̃(y, τ) = 0. ` Eω(y, τ) 
�r4�	i�. (℄1� Eω(y, τ) 
�rw�	i�.uY 2.1 (
 [16], Stokes [�) � Ω1 y~��, ∂Ω1 /_at, u, v : Ω1 → An(R)
 Ω1 ~3�V1/i�, 	�{�r Dirac �* Dω, uy?[��>∫

Ω1

(vDω · u+ v · Dωu)dx =

∫

∂Ω1

vdσxu, (2.10)g� dσx =
n∑

i=1

ψiN1idµ1
�7�> {ψ1 , · · · , ψn}?An(R)�3T|/�, N1 = (N11 , · · · ,

N1n) 2*5,GDC, dµ1 2�CT|/�, 	u dσx = N1dµ1. dxn 2$|/�, l
dxn = dx1 ∧ · · · ∧ dxn.jZ 2.1 �m9 2.1 3%Æ?, yfQ/ v 
�rw�	i�l u 
�r4�	i�, 	u ∫

∂Ω1

vdσxu = 0.uY 2.2 (
 [16], �r�	i�3 Cauchy-Pompeiu [�) � Ω1, ∂Ω1 y~��,

u : Ω1 → An(R), l u � Ω1 ~�V1/, 	u
∫

∂Ω1

Eω(x, ξ)dσxu−

∫

Ω1

Eω(x, ξ) · Dωx
udx =




u(ξ), ξ ∈ Ω1,

0, ξ ∈ Ω
c

1.
(2.11)jZ 2.2 � Ω2, ∂Ω2 y~��, v : Ω2 → Am(R), l v � Ω2 ~�V1/, 	u

∫

∂Ω2

vdσyEω(y, τ)−

∫

Ω2

vDωy
· Eω(y, τ)dy =





v(τ), τ ∈ Ω2,

0, τ ∈ Ω
c

2,g� dσy =
m∑
j=1

ψjN2jdµ2 
�7�> {ψ1, · · · , ψm} ? Am(R) �3T|/�, N2 =

(N21 , · · · ,N2m) 2*5,GDC, dµ2 2�CT|/�, 	u dσy = N2dµ2. dym 2$|/�, l dym = dy1 ∧ · · · ∧ dym.
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n 
aWu�~l	� ∂Ω1 �Nat, �{wf ξ ∈ Ω1, e ξ 2�K, ε > 02�!, 5 n 3Lb�(8�n U1ε(ξ) = {x ∈ Ω1 : ρ(ξ, x) < ε}, ∂U1ε(ξ) 3GDCq,GDC, 	pT ∂U1ε(ξ) 3��J�1
	2

x(t) = εB
1

2

1 r1(t) + ξ, t ∈ R
n−1, (2.12)g� r1(t) 
 R

n �b�(8?*5n3��J�. t6 [16] 1�?��>
Eω(x, ξ) · dσx =

1

ωn
dµr1 . (2.13)� Ω2 ⊂ R

m 
aWu�~l	� ∂Ω2 �Nat, �{wf τ ∈ Ω2,e τ 2�K, ε > 02�!, 5 m 3Lb�(8�n U2ε(τ) = {y ∈ Ω2 : ρ(τ, y) < ε}, ∂U2ε(τ) 3GDCq,GDC, 	pT ∂U2ε(τ) 3��J�1
	2
y(t) = εB

1

2

2 r2(t) + τ, t ∈ R
m−1, (2.14)g� r2(t) 
 R

m �b�(8?*5n3��J�. t6 [16] 1�?��>
dσy · Eω(y, τ) =

1

ωm
dµr2 . (2.15)

§3 S^e|yM
C Cauchy PGJauY 3.1 (
 [16]) � Ω1, ∂Ω1 y~��, u : Ω1 → An(R), l u � Ω1 ~�V1/,

U1ε(ξ) = {x ∈ Ω1 : ρ(x, ξ) < ε}, 	u
lim
ε→0

∫

∂U1ε(ξ)

Eω(x, ξ)dσxu = u(ξ). (3.1)jZ 3.1 � Ω2, ∂Ω2 y~��, v : Ω2 → Am(R), l v � Ω2 ~�V1/, U2ε(τ) =

{y ∈ Ω2 : ρ(y, τ) < ε}, 	u
lim
ε→0

∫

∂U2ε(τ)

vdσyEω(y, τ) = v(τ).uY 3.2 � Ω = Ω1 × Ω2, K1 ⊂ Ω1 ⊂ Rn, Ω1 2L2�&-�, K1 2 n 31/�3<DLP, n > 2, K2 ⊂ Ω2 ⊂ Rm, Ω2 2L2�&-�, K2 2 m 31/�3<DLP,

m > 2, f(x, y) ∈ F r
Ω, g(x) ∈ F r

Ω1
, h(y) ∈ F r

Ω2
, r > 2, ∂K1, ∂K2 &uY<3x-<D, 	

∫

∂K1

g(x)dσx

[ ∫

∂K2

f(x, y)dσyh(y)
]
=

∫

∂K2

[ ∫

∂K1

g(x)dσxf(x, y)
]
dσyh(y). (3.2)} I g(x) =

∑
C

gC(x)eC , f(x, y) =
∑
H

fH(x, y)eH , h(y) =
∑
G

hG(y)eG, 	
∫

∂K1

g(x)dσx

[ ∫

∂K2

f(x, y)dσyh(y)
]

=

∫

∂K1

∑

C

gC(x)eC

n∑

i=1

ψiN1idµ1

[ ∫

∂K2

∑

H

fH(x, y)eH

m∑

j=1

ψjN2jdµ2

∑

G

hG(y)eG

]

=
∑

C

n∑

i=1

∑

H

m∑

j=1

∑

G

eCψieHψjeG

∫

∂K1

gC(x)N1idµ1

[ ∫

∂K2

fH(x, y)N2jdµ2hG(y)
]
.
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SC,i,H,j,G =

∑

C

n∑

i=1

∑

H

m∑

j=1

∑

G

eCψieHψjeG,t� Stokes [�11∫

∂K1

g(x)dσx

[ ∫

∂K2

f(x, y)dσyh(y)
]

= SC,i,H,j,G

{∫

∂K1

gC(x)N1idµ1

∫

K2

[∂fH
∂yj

(x, y)hG(y) + fH(x, y)
∂hG

∂yj
(y)

]
dy

}

= SC,i,H,j,G

{∫

K1

∂gC

∂xi
(x)dx

∫

K2

[∂fH
∂yj

(x, y)hG(y) + fH(x, y)
∂hG(y)

∂yj
(y)

]
dy

+

∫

K1

gC(x)dx

∫

K2

[ ∂2fH

∂xi∂yj
(x, y)hG(y) +

∂fH

∂xi
(x, y)

∂hG

∂yj
(y)

]
dy

}

= SC,i,H,j,G

{∫

K1×K2

∂gC

∂xi
(x)

[∂fH
∂yj

(x, y)hG(y) + fH(x, y)
∂hG

∂yj
(y)

]

+ gC(x)
[ ∂2fH

∂xi∂yj
(x, y)hG(y) +

∂fH

∂xi
(x, y)

∂hG

∂yj
(y)

]
dxdy

}

= SC,i,H,j,G

∫

K1×K2

∂2(gCfHhG)

∂xi∂yj
(x, y)dxdy.(911 ∫

∂K2

[ ∫

∂K1

g(x)dσxf(x, y)
]
dσyh(y)

= SC,i,H,j,G

∫

K2×K1

∂2(gCfHhG)

∂yj∂xi
(x, y)dydx

= SC,i,H,j,G

∫

K1×K2

∂2(gCfHhG)

∂xi∂yj
(x, y)dxdy..~, (3.2) �>, �∫

∂K1

g(x)dσx

[ ∫

∂K2

f(x, y)dσyh(y)
]
=

∫

∂K2

[ ∫

∂K1

g(x)dσxf(x, y)
]
dσyh(y).DY 3.1 (�r��	i�3 Cauchy-Pompeiu[�) � Ω, ∂Ωy~��, Ω = Ω1×Ω2,

f : Ω → An(R), l f ∈ F
(r)
Ω , r > 2, 	

∫

∂Ω1×∂Ω2

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ )−

∫

Ω1×Ω2

Eω(x, ξ) · Dωxf(x, y)Dωy ·Eω(y, τ )dxdy

=















∫

Ω1

Eω(x, ξ) · Dωxf(x, τ )dx+

∫

Ω2

f(ξ, y)Dωy ·Eω(y, τ )dy + f(ξ, τ ), (ξ, τ ) ∈ Ω,

0, (ξ, τ ) ∈ Ω
c
.

(3.3)} , (ξ, τ) ∈ Ω
c �, tm9 3.2 km9 2.1, 1∫

∂Ω1×∂Ω2

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

=

∫

∂Ω1

Eω(x, ξ)dσx

[ ∫

∂Ω2

f(x, y)dσyEω(y, τ)
]
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=

∫

∂Ω1

Eω(x, ξ)dσx

[ ∫

Ω2

f(x, y)Dωy
· Eω(y, τ)dy

]

=

∫

Ω1

Eω(x, ξ) · Dωx

[ ∫

Ω2

f(x, y)Dωy
·Eω(y, τ)dy

]
dx

=

∫

Ω1×Ω2

Eω(x, ξ) · Dωx
f(x, y)Dωy

· Eω(y, τ)dxdy. (3.4), (ξ, τ) ∈ Ω �, e ξ 2�K, ε 2�!, 5n U1ε = {x ∈ Ω1 : ρ(x, ξ) < ε}, e τ 2�K, ε 2�!, 5n U2ε = {y ∈ Ω2 : ρ(y, τ) < ε}, I Ω1ε = Ω1\U1ε, Ω2ε = Ω2\U2ε, "�,

(ξ, τ) ∈ Ω1ε × Ω2ε
c
, l", t (3.4), 11

∫

Ω1ε×Ω2ε

Eω(x, ξ) · Dωx
f(x, y)Dωy

·Eω(y, τ)dxdy

=

∫

∂Ω1ε×∂Ω2ε

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

=

∫

∂(Ω1\U1ε)×∂(Ω2\U2ε)

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

=

∫

∂Ω1×∂Ω2

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

−

∫

∂Ω1×∂U2ε

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

−

∫

∂U1ε×∂Ω2

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

+

∫

∂U1ε×∂U2ε

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

= I1 − I2 − I3 + I4. (3.5)���� I2, tm9 3.2�)O 3.1 km9 2.2, 1
lim
ε→0

I2 = lim
ε→0

∫

∂Ω1×∂U2ε

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

= lim
ε→0

∫

∂Ω1

Eω(x, ξ)dσx

[ ∫

∂U2ε

f(x, y)dσyEω(y, τ)
]

=

∫

∂Ω1

Eω(x, ξ)dσx

[
lim
ε→0

∫

∂U2ε

f(x, y)dσyEω(y, τ)
]

=

∫

∂Ω1

Eω(x, ξ)dσxf(x, τ)

=

∫

Ω1

Eω(x, ξ) · Dωx
f(x, τ)dx + f(ξ, τ).(9�� I3, tm9 3.2�m9 3.1 k)O 2.2, 1

lim
ε→0

I3 = lim
ε→0

∫

∂U1ε×∂Ω2

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

= lim
ε→0

∫

∂Ω2

[ ∫

∂U1ε

Eω(x, ξ)dσxf(x, y)
]
dσyEω(y, τ)

=

∫

∂Ω2

[
lim
ε→0

∫

∂U1ε

Eω(x, ξ)dσxf(x, y)
]
dσyEω(y, τ)
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=

∫

∂Ω2

f(ξ, y)dσyEω(y, τ)

=

∫

Ω2

f(ξ, y)Dωy
·Eω(y, τ)dy + f(ξ, τ).2q�� I4, tm9 3.2 e� (2.12)–(2.15), 1

I4 =

∫

∂U1ε×∂U2ε

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ)

=

∫

∂U1ε

Eω(x, ξ)dσx

[ ∫

∂U2ε

f(x, y)dσyEω(y, τ)
]

=

∫

|r1|=1

1

ωn
dµr1

[ ∫

|r2|=1

[f(εB
1

2

1 r1(t) + ξ, εB
1

2

2 r2(t) + τ) − f(ξ, τ)]
1

ωm
dµr2

]

+

∫

|r1|=1

1

ωn
dµr1

[ ∫

|r2|=1

1

ωm
f(ξ, τ)dµr2

]

= J1 + J2.��!O J1,

|J1| =
∣∣∣
∫

|r1|=1

1

ωn
dµr1

[ ∫

|r2|=1

[f(εB
1

2

1 r1(t) + ξ, εB
1

2

2 r2(t) + τ)− f(ξ, τ)]
1

ωm
dµr2

]∣∣∣

6
1

ωnωm

∫

|r1|=1

dµr1

[ ∫

|r2|=1

|f(εB
1

2

1 r1(t) + ξ, εB
1

2

2 r2(t) + τ)− f(ξ, τ)|dµr2

]

6
1

ωnωm

∫

|r1|=1

dµr1

[ ∫

|r2|=1

sup
|r1|=1,|r2|=1

|f(εB
1

2

1 r1(t) + ξ, εB
1

2

2 r2(t) + τ)− f(ξ, τ)|dµr2

]

=
c

ωnωm
sup

|r1|=1,|r2|=1

|f(εB
1

2

1 r1(t) + ξ, εB
1

2

2 r2(t) + τ) − f(ξ, τ)|

·

∫

|r1|=1

dµr1 ·

∫

|r2|=1

dµr2 .l2 f : Ω → An(R), l f ∈ F
(r)
Ω , r > 2, �e

lim
ε→0

sup
|r1|=1,|r2|=1

|f(εB
1

2

1 r1(t) + ξ, εB
1

2

2 r2(t) + τ) − f(ξ, τ)| = 0.`
lim
ε→0

J1 = 0.�'!O J2,

J2 =

∫

|r1|=1

1

ωn
dµr1

[ ∫

|r2|=1

1

ωm
dµr2f(ξ, τ)

]

=
1

ωnωm

∫

|r1|=1

dµr1

[ ∫

|r2|=1

dµr2

]
· f(ξ, τ)

= f(ξ, τ).`
lim
ε→0

J2 = f(ξ, τ).
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lim
ε→0

I4 = f(ξ, τ).l2 Eω(x, ξ), Eω(y, τ) NÆ� ξ, τ �&u{ijR, `1e1/ (3.5) 4�
lim
ε→0

∫

Ω1ε×Ω2ε

Eω(x, ξ) · Dωx
f(x, y)Dωy

·Eω(y, τ)dxdy

=

∫

Ω1×Ω2

Eω(x, ξ) · Dωx
f(x, y)Dωy

·Eω(y, τ)dxdy.� (3.5) B	q ε→ 0, �n~�!O11/�r��	i�3 Cauchy-Pompeiu [�.DY 3.2 (Cauchy |N[�) z f 
 Ω �3�r��	i�, \R~��O�2
∫

∂Ω1×∂Ω2

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ) =





f(ξ, τ), (ξ, τ) ∈ Ω,

0, (ξ, τ) ∈ Ω
c
.

(3.6)

§4 S^e|yM
C Cauchy oPGf�C=Vq�Dt 4.1 z� Ω, ∂Ω y~��, �wf3 ξ0 ∈ ∂Ω1, τ0 ∈ ∂Ω2, ^�aWe ξ0 2�K, δ > 0 2�!3n G1, e τ0 2�K, δ > 0 2�!3n G2, ��n G1 | ∂Ω1 3�2
λ1δ, n G2 | ∂Ω2 3�2 λ2δ, �

Φδ(ξ0, τ0) =

∫

(∂Ω1−λ1δ)×(∂Ω2−λ2δ)

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0). (4.1)z lim
δ→0

Φδ = I %�, :S�~�ij|N�"�fh?

A3,l� I 2~�ij|N3 Cauchy "�, �� I = Φ(ξ0, τ0).DY 4.1 � Ω, ∂Ωy~��, f : Ω → An(R), l f ∈ F
(r)
Ω , r > 2, ξ0 ∈ ∂Ω1, τ0 ∈ ∂Ω2,	u ∫

∂Ω1×∂Ω2

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0)

=
1

2

∫

Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx+

1

2

∫

Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy

+

∫

Ω1×Ω2

Eω(x, ξ0) · Dωx
f(x, y)Dωy

· Eω(y, τ0)dxdy +
1

4
f(ξ0, τ0). (4.2)} � λ1δ, λ2δ y~��, 	�5/N∫

(∂Ω1−λ1δ)×(∂Ω2−λ2δ)

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0).I D1out = {∂[(G1(ξ0, δ))∪Ω1]} ∩ (Rn −Ω1), D2out = {∂[(G2(τ0, δ))∪Ω2]}∩ (Rm −Ω2), �pT D1out, D2out 3JD2_��JD, 	tm9 3.2, 1∫

(∂Ω1−λ1δ)×(∂Ω2−λ2δ)

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0)

=

∫

∂Ω2−λ2δ

[ ∫

∂Ω1−λ1δ

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)
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=

∫

∂Ω2−λ2δ

[ ∫

∂Ω1−λ1δ+D1out

Eω(x, ξ0)dσxf(x, y)−

∫

D1out

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)

=

∫

∂Ω2−λ2δ

[ ∫

∂Ω1−λ1δ+D1out

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)

−

∫

∂Ω2−λ2δ

[ ∫

D1out

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)

=

∫

∂Ω2−λ2δ+D2out

[ ∫

∂Ω1−λ1δ+D1out

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)

−

∫

D2out

[ ∫

∂Ω1−λ1δ+D1out

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)

−

∫

∂Ω2−λ2δ+D2out

[ ∫

D1out

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)

+

∫

D2out

[ ∫

D1out

Eω(x, ξ0)dσxf(x, y)
]
dσyEω(y, τ0)

=

∫

(∂Ω1−λ1δ+D1out)×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσx[f(x, y)− f(ξ0, τ0)]dσyEω(y, τ0)

+

∫

(∂Ω1−λ1δ+D1out)×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσxf(ξ0, τ0)dσyEω(y, τ0)

−

∫

(∂Ω1−λ1δ+D1out)×D2out

Eω(x, ξ0)dσx[f(x, y)− f(x, τ0)]dσyEω(y, τ0)

−

∫

(∂Ω1−λ1δ+D1out)×D2out

Eω(x, ξ0)dσxf(x, τ0)dσyEω(y, τ0)

−

∫

D1out×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσx[f(x, y)− f(ξ0, y)]dσyEω(y, τ0)

−

∫

D1out×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσxf(ξ0, y)dσyEω(y, τ0)

+

∫

D1out×D2out

Eω(x, ξ0)dσx[f(x, y)− f(ξ0, τ0)]dσyEω(y, τ0)

+

∫

D1out×D2out

Eω(x, ξ0)dσxf(ξ0, τ0)dσyEω(y, τ0)

= I5 + I6 − I7 − I8 − I9 − I10 + I11 + I12.��!O I5, t<9 3.1, 1
I5 =

∫

(∂Ω1−λ1δ+D1out)×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσx[f(x, y)− f(ξ0, τ0)]dσyEω(y, τ0)

= [f(ξ0, τ0)− f(ξ0, τ0)] +

∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
[f(x, τ0)− f(ξ0, τ0)]dx

+

∫

G2(τ0,δ)∪Ω2

[f(ξ0, y)− f(ξ0, τ0)]Dωy
· Eω(y, τ0)dy

+

∫

(G1(ξ0,δ)∪Ω1)×(G2(τ0,δ)∪Ω2)

Eω(x, ξ0) · Dωx
[f(x, y)− f(ξ0, τ0)]Dωy

·Eω(y, τ0)dxdy

=

∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx−

∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
f(ξ0, τ0)dx
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+

∫

G2(τ0,δ)∪Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy −

∫

G2(τ0,δ)∪Ω2

f(ξ0, τ0)Dωy
· Eω(y, τ0)dy

+

∫

(G1(ξ0,δ)∪Ω1)×(G2(τ0,δ)∪Ω2)

Eω(x, ξ0) · Dωx
f(x, y)Dωy

·Eω(y, τ0)dxdy

−

∫

(G1(ξ0,δ)∪Ω1)×(G2(τ0,δ)∪Ω2)

Eω(x, ξ0) · Dωx
f(ξ0, τ0)Dωy

·Eω(y, τ0)dxdy.t{ Dωx
f(ξ0, τ0) = 0, f(ξ0, τ0)Dωy

= 0, Dωx
f(ξ0, τ0)Dωy

= 0, 11
I5 =

∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx +

∫

G2(τ0,δ)∪Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy

+

∫

(G1(ξ0,δ)∪Ω1)×(G2(τ0,δ)∪Ω2)

Eω(x, ξ0) · Dωx
f(x, y)Dωy

· Eω(y, τ0)dxdy.yt{ |xi − ξi| 6 |x− ξ| (i = 1, 2, · · · , n), |yj − τj | 6 |y − τ | (j = 1, 2, · · · ,m), 11
|Eω(x, ξ0)| 6

M1

det(B1)
1

2ωn

·
|x− ξ0|

|x− ξ0|n
=

M1

det(B1)
1

2ωn

·
1

|x− ξ0|n−1
, (4.3)

|Eω(y, τ0)| 6
M2

det(B2)
1

2ωm

·
|y − τ0|

|y − τ0|m
=

M2

det(B2)
1

2ωm

·
1

|y − τ0|m−1
, (4.4)�
V Eω(x, ξ0) �9 ξ0 �&u{ijR, Eω(y, τ0) �9 τ0 �&u{ijR. t{ f ∈

F
(r)
Ω , r > 2, 11 |Dωx

f(x, τ0)| 6 M3, |f(ξ0, y)Dωy
| 6 M4, |Dωx

f(x, y)Dωy
| 6 M5. �e

|I5| 6
∣∣∣
∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx

∣∣∣+
∣∣∣
∫

G2(τ0,δ)∪Ω2

f(ξ0, y)Dωy
·Eω(y, τ0)dy

∣∣∣

+
∣∣∣
∫

(G1(ξ0,δ)∪Ω1)×(G2(τ0,δ)∪Ω2)

Eω(x, ξ0) · Dωx
f(x, y)Dωy

·Eω(y, τ0)dxdy
∣∣∣

6

∫

G1(ξ0,δ)∪Ω1

|Eω(x, ξ0)| · |Dωx
f(x, τ0)|dx +

∫

G2(τ0,δ)∪Ω2

|f(ξ0, y)Dωy
| · |Eω(y, τ0)|dy

+

∫

(G1(ξ0,δ)∪Ω1)×(G2(τ0,δ)∪Ω2)

|Eω(x, ξ0)| · |Dωx
f(x, y)Dωy

| · |Eω(y, τ0)|dxdy

6 M6

∫

G1(ξ0,δ)∪Ω1

1

|x− ξ0|n−1
dx+M7

∫

G2(τ0,δ)∪Ω2

1

|y − τ0|m−1
dy

+M8

∫

G1(ξ0,δ)∪Ω1

1

|x− ξ0|n−1
dx

[ ∫

G2(τ0,δ)∪Ω2

1

|y − τ0|m−1
dy

]
.Z%{ijR1�~�

A3, lB

lim
δ→0

I5 =

∫

Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx +

∫

Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy

+

∫

Ω1×Ω2

Eω(x, ξ0) · Dωx
f(x, y)Dωy

·Eω(y, τ0)dxdy. (4.5)
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t (∂Ω1 − λ1δ +D1out) × (∂Ω2 − λ2δ +D2out) 0�3o~3^9, Z%�r��	i�3 Cauchy |N[�, u
I6 =

∫

(∂Ω1−λ1δ+D1out)×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσxf(ξ0, τ0)dσyEω(y, τ0)

= f(ξ0, τ0). (4.6)t (2.12)–(2.15) 1�, pT D1out, D2out 3��uJ�2
x(t) = δB

1

2

1 r1(t) + ξ0, y(t) = δB
1

2

2 r2(t) + τ0,lu
Eω(x, ξ0) · dσx =

1

ωn
dµr1 , dσy · Eω(y, τ0) =

1

ωm
dµr2 .?T!O I7, tm9 3.2 km9 2.2, 1

I7 =

∫

(∂Ω1−λ1δ+D1out)×D2out

Eω(x, ξ0)dσx[f(x, y)− f(x, τ0)]dσyEω(y, τ0)

=

∫

D2out

[ ∫

∂Ω1−λ1δ+D1out

Eω(x, ξ0)dσx[f(x, y)− f(x, τ0)]
]
dσyEω(y, τ0)

=

∫

D2out

[ ∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
[f(x, y)− f(x, τ0)]dx

]
dσyEω(y, τ0)

+

∫

D2out

[f(ξ0, y)− f(ξ0, τ0)]dσyEω(y, τ0)

=

∫

1

2
G2(0,1)

[ ∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
[f(x, δB

1

2

2 r2(t) + τ0)− f(x, τ0)]dx
] 1

ωm
dµr2

+

∫

1

2
G2(0,1)

[f(ξ0, δB
1

2

2 r2(t) + τ0)− f(ξ0, τ0)]
1

ωm
dµr2

= J3 + J4,g� 1
2G1(0, 1) 
 D1out ��p3b�(8?3*5�n, 1

2G2(0, 1) 
 D2out ��p3b�(8?3*5�n. ��!O J3, t (4.3), 1
|J3|

=
∣∣∣
∫

1

2
G2(0,1)

[ ∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
[f(x, δB

1

2

2 r2(t) + τ0)− f(x, τ0)]dx
] 1

ωm
dµr2

∣∣∣

6

∫

1

2
G2(0,1)

∣∣∣
∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
[f(x, δB

1

2

2 r2(t) + τ0)− f(x, τ0)]dx
∣∣∣
1

ωm
dµr2

6

∫

1

2
G2(0,1)

[ ∫

G1(ξ0,δ)∪Ω1

|Eω(x, ξ0)| · |Dωx
[f(x, δB

1

2

2 r2(t) + τ0)− f(x, τ0)]|dx
] 1

ωm
dµr2

6

∫

1

2
G2(0,1)

[ ∫

G1(ξ0,δ)∪Ω1

M9

|x− ξ0|n−1

· sup
x∈G1(ξ0,δ)∪Ω1

|Dωx
[f(x, δB

1

2

2 r2(t) + τ0)− f(x, τ0)]|dx
] 1

ωm
dµr2

=

∫

1

2
G2(0,1)

[ ∫

G1(ξ0,δ)∪Ω1

M9

|x− ξ0|n−1
dx
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· sup
x∈G1(ξ0,δ)∪Ω1

|Dωx
[f(x, δB

1

2

2 r2(t) + τ0)− f(x, τ0)]|
] 1

ωm
dµr2 .� I5 3�Vg��, d �1 ∫

G1(ξ0,δ)∪Ω1

M9

|x−ξ0|n−1dx 
A, �e%� M10 > 0, �1
∣∣ ∫

G1(ξ0,δ)∪Ω1

M9

|x−ξ0|n−1dx
∣∣ 6 M10, yl2 f ∈ F

(r)
Ω , r > 2, 11

lim
δ→0

sup
x∈G1(ξ0,δ)∪Ω1

|Dωx
[f(x, δB

1

2

2 r2(t) + τ0)− f(x, τ0)]| = 0.l" lim
δ→0

J3 = 0. �'!O J4,

0 6 |J4| 6

∫

1

2
G2(0,1)

|f(ξ0, δB
1

2

2 r2(t) + τ0)− f(ξ0, τ0)|
1

ωm
dµr2 .l2 f ∈ F

(r)
Ω , r > 2, �e

lim
δ→0

|f(ξ0, δB
1

2

2 r2(t) + τ0)− f(ξ0, τ0)| = 0.l"
lim
δ→0

J4 = 0.t~11
lim
δ→0

I7 = 0. (4.7)!O I8, tm9 3.2 km9 2.2, 11
I8 =

∫

(∂Ω1−λ1δ+D1out)×D2out

Eω(x, ξ0)dσxf(x, τ0)dσyEω(y, τ0)

=

∫

(∂Ω1−λ1δ+D1out)

Eω(x, ξ0)dσx

[ ∫

D2out

f(x, τ0)dσyEω(y, τ0)
]

=

∫

(∂Ω1−λ1δ+D1out)

Eω(x, ξ0)dσx

[ ∫

1

2
G2(0,1)

f(x, τ0)
1

ωm
dµr2

]

=
1

2

∫

(∂Ω1−λ1δ+D1out)

Eω(x, ξ0)dσxf(x, τ0)

=
1

2

[
f(ξ0, τ0) +

∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx

]

=
1

2
f(ξ0, τ0) +

1

2

∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx.� I5 3�Vg��, d �1 ∫

G1(ξ0,δ)∪Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx +�
A, l"

lim
δ→0

I8 =
1

2
f(ξ0, τ0) +

1

2

∫

Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx. (4.8)!O I9, tm9 3.2 k)O 2.2, 1

I9 =

∫

D1out×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσx[f(x, y)− f(ξ0, y)]dσyEω(y, τ0)

=

∫

D1out

Eω(x, ξ0)dσx

[ ∫

∂Ω2−λ2δ+D2out

[f(x, y)− f(ξ0, y)]dσyEω(y, τ0)
]
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=

∫

D1out

Eω(x, ξ0)dσx

[ ∫

G2(τ0,δ)∪Ω2

[f(x, y)− f(ξ0, y)]Dωy
·Eω(y, τ0)dy

]

+

∫

D1out

Eω(x, ξ0)dσx[f(x, τ0)− f(ξ0, τ0)]

=

∫

1

2
G1(0,1)

1

ωn
dµr1

[ ∫

G2(τ0,δ)∪Ω2

[f(δB
1

2

1 r1(t) + ξ0, y)− f(ξ0, y)]Dωy
·Eω(y, τ0)dy

]

+

∫

1

2
G1(0,1)

1

ωn
[f(δB

1

2

1 r1(t) + ξ0, τ0)− f(ξ0, τ0)]dµr1

= J5 + J6.!O J5, t (4.4), 1
|J5| =

∣∣∣
∫

1

2
G1(0,1)

1

ωn
dµr1

[ ∫

G2(τ0,δ)∪Ω2

[f(δB
1

2

1 r1(t) + ξ0, y)− f(ξ0, y)]Dωy
·Eω(y, τ0)dy

]∣∣∣

6

∫

1

2
G1(0,1)

1

ωn
dµr1

∣∣∣
∫

G2(τ0,δ)∪Ω2

[f(δB
1

2

1 r1(t) + ξ0, y)− f(ξ0, y)]Dωy
·Eω(y, τ0)dy

∣∣∣

6

∫

1

2
G1(0,1)

1

ωn
dµr1

[ ∫

G2(τ0,δ)∪Ω2

|[f(δB
1

2

1 r1(t) + ξ0, y)− f(ξ0, y)]Dωy
| · |Eω(y, τ0)|dy

]

6

∫

1

2
G1(0,1)

[ ∫

G2(τ0,δ)∪Ω2

sup
y∈G2(τ0,δ)∪Ω2

|[f(δB
1

2

1 r1(t) + ξ0, y)− f(ξ0, y)]Dωy
|

·
M11

|y − τ0|m−1
dy

] 1

ωn
dµr1

=

∫

1

2
G1(0,1)

[ ∫

G2(τ0,δ)∪Ω2

M11

|y − τ0|m−1
dy

· sup
y∈G2(τ0,δ)∪Ω2

|[f(δB
1

2

1 r1(t) + ξ0, y)− f(ξ0, y)]Dωy
|
] 1

ωn
dµr1 .� I5 3�Vg��, d �1 ∫

G2(τ0,δ)∪Ω2

M11

|y−τ0|m−1dy 
A, l"%� M12 > 0, �1
∣∣ ∫

G2(τ0,δ)∪Ω2

M11

|y−τ0|m−1dy
∣∣ 6 M12. yl2 f ∈ F

(r)
Ω , r > 2, 	

lim
δ→0

sup
y∈G2(τ0,δ)∪Ω2

|[f(δB
1

2

1 r1(t) + ξ0, y)− f(ξ0, y)]Dωy
| = 0.l" lim

δ→0
J5 = 0. �'!O J6,

0 6 |J6| 6

∫

1

2
G1(0,1)

1

ωn
|f(δB

1

2

1 r1(t) + ξ0, τ0)− f(ξ0, τ0)|dµr1 .
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(r)
Ω , r > 2, �e

lim
δ→0

|f(δB
1

2

1 r1(t) + ξ0, τ0)− f(ξ0, τ0)| = 0.l" lim
δ→0

J6 = 0. t~�11
lim
δ→0

I9 = 0. (4.9)!O I10, tm9 3.2 k)O 2.2, 1
I10 =

∫

D1out×(∂Ω2−λ2δ+D2out)

Eω(x, ξ0)dσxf(ξ0, y)dσyEω(y, τ0)

=

∫

∂Ω2−λ2δ+D2out

[ ∫

D1out

Eω(x, ξ0)dσxf(ξ0, y)
]
dσyEω(y, τ0)

=

∫

∂Ω2−λ2δ+D2out

[ ∫

1

2
G1(0,1)

1

ωn
f(ξ0, y)dµr1

]
dσyEω(y, τ0)

=
1

2

∫

∂Ω2−λ2δ+D2out

f(ξ0, y)dσyEω(y, τ0)

=
1

2
f(ξ0, τ0) +

1

2

∫

G2(τ0,δ)∪Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy.� I5 3�Vg��, d �1 ∫

G2(τ0,δ)∪Ω2

f(ξ0, y)Dωy
·Eω(y, τ0)dy +�
A, l"

lim
δ→0

I10 =
1

2
f(ξ0, τ0) +

1

2

∫

Ω2

f(ξ0, y)Dωy
·Eω(y, τ0)dy. (4.10)�'!O I11, tm9 3.2, 1

|I11| =
∣∣∣
∫

D1out×D2out

Eω(x, ξ0)dσx[f(x, y)− f(ξ0, τ0)]dσyEω(y, τ0)
∣∣∣

=
∣∣∣
∫

D1out

Eω(x, ξ0)dσx

[ ∫

D2out

[f(x, y)− f(ξ0, τ0)]dσyEω(y, τ0)
]∣∣∣

=
1

ωnωm

∣∣∣
∫

1

2
G1(0,1)

dµr1

[ ∫

1

2
G2(0,1)

[f(δB
1

2

1 r1(t) + ξ0, δB
1

2

2 r2(t) + τ0)

−f(ξ0, τ0)]dµr2

]∣∣∣

6
1

ωnωm

∫

1

2
G1(0,1)

dµr1

[ ∫

1

2
G2(0,1)

|f(δB
1

2

1 r1(t) + ξ0, δB
1

2

2 r2(t) + τ0)

−f(ξ0, τ0)|dµr2

]
.l2 f ∈ F

(r)
Ω , r > 2, �e

lim
δ→0

|f(δB
1

2

1 r1(t) + ξ0, δB
1

2

2 r2(t) + τ0)− f(ξ0, τ0)| = 0.l"
lim
δ→0

I11 = 0. (4.11)
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I12 =

∫

D1out×D2out

Eω(x, ξ0)dσxf(ξ0, τ0)dσyEω(y, τ0)

=

∫

D1out

Eω(x, ξ0)dσx

[ ∫

D2out

f(ξ0, τ0)dσyEω(y, τ0)
]

=
1

ωnωm

∫

1

2
G1(0,1)

dµr1

[ ∫

1

2
G2(0,1)

f(ξ0, τ0)dµr2

]

=
1

4
f(ξ0, τ0). (4.12).~��,

lim
δ→0

∫

(∂Ω1−λ1δ)×(∂Ω2−λ2δ)

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0)

=

∫

Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx+

∫

Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy

+

∫

Ω1×Ω2

Eω(x, ξ0) · Dωx
f(x, y)Dωy

·Eω(y, τ0)dxdy + f(ξ0, τ0)

− 0−
1

2
f(ξ0, τ0)−

1

2

∫

Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx − 0−

1

2
f(ξ0, τ0)

−
1

2

∫

Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy + 0 +

1

4
f(ξ0, τ0)

=
1

2

∫

Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx +

1

2

∫

Ω2

f(ξ0, y)Dωy
·Eω(y, τ0)dy

+

∫

Ω1×Ω2

Eω(x, ξ0) · Dωx
f(x, y)Dωy

·Eω(y, τ0)dxdy +
1

4
f(ξ0, τ0). (4.13)HaJT,

lim
δ→0

∫

(∂Ω1−λ1δ)×(∂Ω2−λ2δ)

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0)

=

∫

∂Ω1×∂Ω2

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0). (4.14)t (4.13) k (4.14), 1�
∫

∂Ω1×∂Ω2

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0)

=
1

2

∫

Ω1

Eω(x, ξ0) · Dωx
f(x, τ0)dx+

1

2

∫

Ω2

f(ξ0, y)Dωy
· Eω(y, τ0)dy

+

∫

Ω1×Ω2

Eω(x, ξ0) · Dωx
f(x, y)Dωy

· Eω(y, τ0)dxdy +
1

4
f(ξ0, τ0).jZ 4.1 � Ω, ∂Ω y~��, z f 
 Ω ^3�r��	i�, ξ0 ∈ ∂Ω1, τ0 ∈ ∂Ω2,	?��> ∫

∂Ω1×∂Ω2

Eω(x, ξ0)dσxf(x, y)dσyEω(y, τ0) =
1

4
f(ξ0, τ0). (4.15)
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 Ω ^3�r��	i�, 	
∫

∂Ω1×∂Ω2

Eω(x, ξ)dσxf(x, y)dσyEω(y, τ) =





f(ξ, τ), (ξ, τ) ∈ Ω,

0, (ξ, τ) ∈ Ω
c
,

1

4
f(ξ, τ), (ξ, τ) ∈ ∂Ω.
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Abstract Regular function is a generalization of analytic function in simple complex anal-

ysis in high dimensional space, and weighted regular function is a further development of

regular function. Weighted regular function plays an important role in solving the heat con-

duction problem of anisotropic media. Weighted biregular function is a further development

of weighted regular function, which is another new class of functions in Clifford analysis.

This paper first proves the Cauchy-Pompeiu formula of weighted biregular function, then

obtains the Cauchy integral formula of weighted biregular function, and finally proves the

boundary properties of Cauchy type integral operator of weighted biregular function.
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Pompeiu formula, Cauchy integral formula, Boundary properties
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