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LCD Codes and Self-orthogonal Codes in Finite
Dihedral Group Algebras*
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Abstract Let F,; be a finite field with order ¢ and D2, be the dihedral group with 2n
elements, and ged(q,2n) = 1. In this article, the authors give precise descriptions and
enumerations of linear complementary dual (LCD) codes and self-orthogonal codes in the
finite dihedral group algebras Fy[D2,]. Some numerical examples are also presented to
illustrate the main results.
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1 Introduction

Group algebra is one of the important sources of constructing linear codes. We call C a
group code if C is just a right ideal in a group ring R[G], where R is a commutative ring and
G is a finite group. In particular, if G is abelian, then C is an abelian code. A brief survey on
group codes of some recent results is provided as follows.

(1) Ferraz et al. [10] determined the number of simple components of a semisimple finite
abelian group algebra, in term of the number of g-cyclotomic classes.

(2) Brochero Martinez et al. [3] determined an explicit expression for the primitive idempo-
tents of Fy[G], where F, is a finite field, G is a finite cyclic group of order p*, and p is an odd
prime with ged(g, p) = 1. Brochero Martinez [2] also showed explicitly all central irreducible
idempotents and their Wedderburn decomposition of the dihedral group algebra F,[Da,,] if every
prime divisor of n divides ¢ — 1.

(3) Polcino Milies et al. [17] calculated the minimum distances and the dimensions of all

cyclic codes of length p™ over a finite field F,. If p is an odd prime, F, is a finite field with
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q elements, and ¢ generates the group of invertible elements of the residue ring module p™,
denoted by Zjn.

(4) Jitman et al. [12] gave a characterization and an enumeration of Euclidean self-dual and
Euclidean self-orthogonal abelian codes in principal ideal group algebras. Then Jitman et al.
continued this work and studied the Hermitian self-dual abelian codes in a group ring Fg[G]
in [13].

(5) Choosuwan et al. [6] gave the complete enumeration of self-dual abelian codes in non-
principal ideal group algebras Fox [A X Z X Zo:] with respect to both the Euclidean and Hermitian
inner products, where k and s are positive and A is an abelian group of odd order.

(6) In 2017, Boripan et al. [1] studied a family of abelian codes with complementary dual
in a group algebra F,»[G] in the two cases of Euclidean and Hermitian inner products, where p
is a prime, v is a positive integer, and G is an arbitrary finite abelian group.

(7) Cao et al. [7] proved that any left Dy,-code (left ideal of the group algebra F,[Day]
with ged(q, 2n) = 1) is a direct sum of concatenated codes with inner codes A; and outer codes
C;, where A; is a minimal self-reciprocal cyclic code over F, of length n and Cj is a skew cyclic
code of length 2 over an extension field or principal ideal ring of F,. Cao et al. also extended
the results of [7] to the left dihedral codes over Galois rings GR(p?,n) in [8].

Linear complementary dual (LCD for short) codes are a class of linear codes introduced by
Massey [14] in 1964. LCD codes have been extensively studied in literature recently. Carlet et
al. [5] introduced a general construction of LCD codes from linear codes. Mesnager et al. [15]
provided a construction scheme for obtaining LCD codes from any algebraic curve. Carlet et. al
[4] investigated several constructions of new Euclidean and Hermitian LCD maximum distance
separable (MDS for short) code using some linear codes with small dimension or codimension,
self-orthogonal codes and generalized Reed-Solomon codes.

In this paper, we give precise descriptions and enumerations of LCD codes and self-orthogonal
codes in the finite dihedral group algebras F,[Ds,] if gcd(g, 2n) = 1. Some numerical examples
are also presented to illustrate our main results.

The present paper is organized as follows. In Section 2, we give a review of some properties
of group algebras and some other preliminaries. In Section 3, we prove our main results. In
Section 4, as examples, we count the numbers of all LCD and self-orthgonal codes for the
following dihedral group algebras: (i) for ¢ = 3, F3[D14],F3[D1¢],F3[Dagl; (ii) for ¢ = 5,
IF5[D16], F5[Dag]-

2 Preliminaries

2.1 Group algebras
Let F, be a finite field and G a finite group. The group algebra Fy[G] is defined as the

vector over F, with basis GG, and it has scalar, additive and multiplicative operators as follows:

For c,a4,by € Fy and g € G,

c( Z agg) = Z cayg,

geG geG
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Z agg + Z bgg = Z(ag +bg)g,

geG geG geG
(Z agg) ( Z bhh) = Z ( Z aubv)g.
geqG heG geG  uv=g

Then Fy[G] is an associative F,-algebra with the identity 1 = 1p,1¢, where 1p, and 1¢ are the
identity elements of F, and G, respectively. Readers are referred to [16, 18] for more details on
group ring or group algebra.

Define the (standard) inner product on Fy[G] as follows: For a« = >~ a49,8 = > bgg €

geG geG
Fq [G]7

(o, B) = Z agbyg.

geG
If C is a right ideal of F,[G], then C is a linear code over F,. Hence the dual code of C is
defined as
Ct ={a cF,G] | (a,B) =0 for every 3 € C}.

If C C C*, then C is called a self-orthogonal code. If C()C*+ = 0, then C is called a linear
complementary dual code, or shortly an LCD code. One has the following simple fact: If
g,h € G, then

_J1, ifg=nh,
g, h) = {O, otherwise.

Suppose that «, f € F,[G] and g € G. Then

(ag, Bg) = (o, B),

which is called G-invariance. Suppose that o = ) a49 € Fy[G]. Then wt(a) = |{ay # 0| g €
geG
G1}| is called the Hamming weight of c.

2.2 Some lemmas

Lemma 2.1 (see Maschke’s Theorem [18]) Let R be a ring and G be a group. Then the
group ring R[G] is semisimple if and only if the following conditions hold.

(i) R is a semisimple ring.

(il) G is finite.

(iii) |G| is invertible in R.

By Lemma 2.1, it is easy to verify that Fy[G] is semisimple if and only if G is a finite group
and char(F,) 1 |G|. By the Wedderburn-Artin theorem, F,[G] is isomorphic to a direct sum of

matrix algebras over division rings, such that each division algebra is a finite algebra over I,

i.e., there is an isomorphism of F4-algebra:

p i Fy[G] = My, (D1) @ My, (D2) P - - €D Mi, (D),
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t
where Dj are fields such that | G| = Y7 I3[D; : F,]. Hence, every right ideal of F,[G] is generated
j=1

by an idempotent of F,[G]. Observe that F,[G] has t central irreducible idempotents, each one
of the form
€ :p_l(oa"' 7oaIi707"' 70)7

where I; are the identity matrices of the component M, (D;) for 1 < <t.

Let F, be a finite field of order ¢ and n be a positive integer with ged(2n,q) = 1. For any
monic polynomial g(x) € F,[z] with g(0) = ao # 0, ¢*(z) denotes the reciprocal polynomial of
g(z), ie., g*(z) = aglxdcg(g)g(%). We say that g(x) is a self-reciprocal polynomial if g(z) =
g*(x). Suppose that there is an irreducible factorization of ™ — 1 over F, as follows:

e =1 = fi(@)fo(@) - fr(@) frar(@) 70 (@) - frps(@) [ (),

where f;(x) = fF(x),1 <i <r. For convenience, we set fi(x) =2 —1 and fo(x) =2+ 1if nis
even; and fi(x) =x — 1 if n is odd.
Let C), be a cyclic group of order n. It is well known that F,[C,,] = F,[z]/(z" — 1). By the

Chinese remainder theorem,

Fyla]/(@" — 1) = (§Fq[x]/<fj<x>>) o ( @ Fylal/(f} (@)
j=1 j=r+1

Lemma 2.2 (see [3]) Let I be an ideal of F4[C)] generated by the monic polynomial g(x),
which is a diwvisor of ™ — 1. Set f(x) = %. Then the principal idempotent of I is

Lemma 2.3 (see [2]) Let F, be a finite field with order q¢ and Day, = (z,y | 2" = 1,y* =
1,yxy = 2~ ') be the dihedral group with 2n elements. Then the group algebra F,[Dsy] has the

Wedderburn decomposition of the form

r+s
Fq[D%] = @ Aj,
j=1

where

1, ifn is odd,
2, if n is even.

A__ Fq®qu .]S(Sv 5_
7 MQ(IFq(ozj—l—ozj_l)), J+1<j<r+s, -

Observe that, if r+1 < j <r+s, then Ma(F,(a; + ozj_l)) = Ms(Fq(ay)).

Lemma 2.4 (sce [2]) The dihedral group algebra Fy[Da,] has § + 1+ s central irreducible
idempotents:

(1) 26 idempotents of the form £¥e;s and Sley,, where j <4,

(2) r — 6 idempotents ey, , where j = 0+1,--- ,r, generated by the auto-reciprocals factor of
" —1,

(3) s idempotents ey, +eg-, where j =1 +1,--+ 7 +s.
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3 Main Results

The adjoint of an element o = Y agz9 € F,[G] is defined by @ = > a,g~'. Suppose that
9cG geG
e is an idempotent of F,[G]. If eF,[G] is an irreducible right ideal, e is called an irreducible

idempotent. If there is a factorization of orthogonal irreducible idempotents: 1 = ey +-- -+ ey,

then {e1,---,e,} is called a complete set of orthogonal idempotents. In fact, for each right
ideal I of F4[G], I = )" e;F4[G], where S C {1,--- ,n}.
i€S

If € = e, then e is called a projective idempotent. If ee = 0, then e is called an isotropic

idempotent.

Lemma 3.1 (see [9]) If C is a right ideal of F,[G], then the following statements are
equivalent:

(a) C is an LCD code,

(b) C = eF,[G], where e =e =¢.

In this section, we give the generators and enumerations of LCD codes and self-orthogonal
codes in finite dihedral group algebra F,[Ds,]. In the following, we shall find a complete
set of orthogonal idempotent with irreducible projective idempotents and irreducible isotropic

idempotents by central irreducible idempotents of F,[Ds,] by Lemma 2.4.

Theorem 3.1 The dihedral group algebra Fq[Ds,] has a complete set of orthogonal idem-

potents with 2r irreducible projective idempotents and 2s irreducible isotropic idempotents.

Proof (1) As in the proof of Lemma 2.3, let 7 be the isomorphism of F,-algebra defined
r+s

by > 7;. Note that
j=1

71 : Fy[Dan] = F, P T,
x—(1,1), y— (1,-1),

and if n is even, then

7y 1 Fy[Dan] = Fo P F,,
x> (=1,-1), y — (1,-1).

For j > 4§ +1,

7j : F[Dan] = M2(Fq(a;)),
TN N
’ 0 a;t )Y 10 )

By Lemma 2.2, ey, (1 < j <) are center primitive idempotents of F[C},]. We proceed the

where «; is a root of f;(z).

proof with the following two cases:
Case 1. If j < 6, then by Lemma 2.4, #e 5; and 1_Tye #; are orthogonal irreducible idem-

potents of dihedral group algebra F,[Da,].
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Case 2. If § +1 < j < r, then we need to verify that 7;(t¥ey,) and 7;(152ey,) are
idempotents of M>(Fy(a;)). Since fj(z) = f;(x) and «; is a root of f;(x),

Ti(es;) = (efjgaj) e,y?%)) - ((1) (1)) '

( V,) (1+y)_( o L(r oy (roy 11
e =5\t 1)\o 1)72\1 1)°
( ) ( 11\ (1 0\ _ 1/1 -1
Per, -1 1 )\0o 1)"2 -1 1)
It is obvious that 7;(1$¥ey, ) and 7;(*5%ey,) are orthogonal irreducible idempotents of My (F,

1+ 1-—
T (—2 yefj) + 75 (—2 yefj) =1I5.

Therefore, —¥ey, and S¥e #, are orthogonal irreducible idempotents of Fy[Day,].

Hence

NSRRI O

)Tj(efj) =

(a;)), and moreover,

Next we prove that efj = é7, by Lemma 3.1. In fact,

., G S
i=1

where f(z) = (@ — Aj1)(@ — Aj2) -+ (@ — Aje) € Fyo[e], Fyfu]/(f3(2)) 2 Fye (for some positive
integer t), and

n—1
1 _ 1 _ _ I :
Un = > Nt = ~(1 AN 4 AT, 1< <
=0

Then )
—— —1,.-1 -2 -2 —1,.—(n—1
Uy = (LA e #2527 4 A (n=1)y,
Since Aji, Aj2, -+, Aji; are all roots of f;(x), /\3_11, )\J_Q e ,)\j_kl are also all roots of f;(z). Hence
€f = €f;
Since = y~! =y, it is easy to get two orthogonal irreducible projective idempotents:
15y 14y 1=y 1-y
Tefj 2 ef]’ 2 efj = 2 efj’

and TJ( +yef]) —|—TJ( 5 ef]) =h,0+1<j<r.
(2) Next, we need to check that ey, ey, = 0 and e/f}efj* =0forall j=r+1,---,r+s.
In fact, fj(z) = (z — Aja)(@ = Aj2) -+ (@ — Ajn) € Fola], Folz]/(f;(x)) = Fge, and e, =

k

(@) amo1 _ h 1Nyl 1 <i<E Th
_f.fj(w)_i;u&i,w ereu)\ji_;lgo i, 1<i<k en

Ji Jt

1 1 o (e
i, = —(L+ A e+ A2 4 X (D),
n

Since Aj1, Aj2, - - -, Aji are all roots of f;(z), /\j_ll, /\j_2 o ,/\j_k1 are also all roots of f7(z). Hence

Cf; = ¢Cfr-
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Hence

n(e’f:efj):rj@;)rj(efj):(e/f;éo‘” 0-1>><efjgaj) 0*))

ey, (aj ey, (aj

SRINE:

Similarly, we can obtain 7;(€fresr) = 0. Therefore €fer, =0, é-ep: =0, ef, +ex = Io.

This completes the proof.
For convenience of enumerations, we give the following sets:

14y 1—y

ar={— e
! 2 T

Do ={es e ir+1<i<r+sh

ef,izlgigr},

Then A1 U Ay is a complete set of orthogonal idempotents in Fy[Day,].
Theorem 3.2 There are 2°"* LCD codes in the finite dihedral group algebra Fy[Day,).
Proof For a right ideal C of F,[Day], by the Wedderburn-Artin theorem
¢ = (Y ei)FyD2l
€S
where S C Ay UAs. By Lemma 3.1, C is an LCD code if and only if i\ei => &= e.

i€S = i€S
It is easy to know that the idempotents of A; are irreducible projective idempotents. Set

A’Q:{efi—l—ef;« r+1<i<r+s}

Then Ay U A} consists of all irreducible projective idempotents.
Suppose that C = )" €;F4[D2,] is an LCD code. Then S C A; U A). The converse also
ieS
holds. Moreover, from |A; U Al| = 2s 4 r, we obtain the result.

The proof is completed.
Lemma 3.2 For any o, 8,7 € F |G, (aB,7) = <a,§7>.

Proof For g € G, we only need to verify that (g53,v) = (g, B’y> Letting 8 = > aph,y =

heG
>~ bph, we obtain that
heG
(98.7) = (Y angh. Y buh) = 3" anb,
heG heG heG
(9. 87) = (93 anh™ S bwh) = (9,3 anh™ 3 buhg) = > anb
heG heG heG heG heG

Therefore, we get (g83,7) = <g,§'y>, and in general, we have (af},v) = <a,37>.
This completes the proof.

Based on Lemma 3.2, we can get the following theorem.
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Theorem 3.3 Let C = elFy[G] be an right ideal of Fy[G], where e is an idempotent of Fy[G].
Then C is a self-orthogonal code if and only if ee = 0.

Proof For any «, 3 € F[G], we can easily get

0= (ea,efl) = (a,eef).

Hence, we have ee = 0.
The proof is completed.
Theorem 3.4 There are 3° self-orthogonal codes in the finite dihedral group algebra F,[Day).

Proof For a right ideal C of F,[Da,], by the Wedderburn-Artin theorem

C= (Z ei)Fq[Dgn],
i€s
where S C AjUA,. By Theorem 3.3. C is a self-orthogonal code if and only if Z/:\ez( > e) =0.
i€s  ies
Suppose that C = fF,[Dg,] is a right ideal of F,[Ds,], where

= Z (aefqz +bef{‘)7 (a,b) € {(070)7(071)7(170)}'

eptesy €A,

Then C is a self-orthogonal code. The converse also holds. Moreover, from |A}| = s, we obtain
the result.

The proof is completed.

4 Examples

In this section, we will give some examples to illustrate our main results.

Example 4.1 (i) Let ¢ = 3 and n = 7. We consider the dihedral group algebra F3[D14].
Here

o’ =1 = fi(z)fa(),
where
filw)y=2—-1, folx)=aS+2® 42" + 23 + 2%+ o+ 1.

By Theorem 3.2, there are 24 LCD codes in F3[D14].
(ii) Let ¢ = 3 and n = 8. We consider the dihedral group algebra F3[Dy4]. Here

a® — 1= fi(z) fa(@) f3(2) fa(2) f (@),
where
@) =x—-1, falx)=2+1, fs(x)=2>+1, filx)=2>+2+2, fi(x)=2>+22+2

By Theorem 3.2, there are 2” LCD codes in F3[Dyg]. By Theorem 3.4, there are 3 self-
orthogonal codes in F3[D1g].
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(ili) Let ¢ = 3 and n = 13. We consider the dihedral group algebra F3[Dyg|. Here

2 — 1= fi(2) fo(@) f5 () f3(2) 5 (),

where

file)=ax—1, folx)=a>+20+2, fi(z)=2a>+2>+2,
fax) =2+ 2>+ +1, fi(x)=2%+22%+22+2.

By Theorem 3.2, there are 2* LCD codes in Fj [Da6]. By Theorem 3.4, there are 32 self-
orthogonal codes in Fs[Dag].

Example 4.2 (i) Let ¢ = 5 and n = 8. We consider the dihedral group algebra F5[Ds¢].

Here
2 — 1= fi(z) fo(x) f3(x) f5 (x) fa(2) f1(2),

where

f@)y=z—1, folx)=z+1, fs(z)=z+2, f[fix)=2x+3,
fi(@) =27 +2, fi(z)=a2%+3.

By Theorem 3.2, there are 26 LCD codes in Fj [D16]. By Theorem 3.4, there are 32 self-
orthogonal codes in F5[Dyg).
(i) Let ¢ = 5 and n = 13. We consider the dihedral group algebra F5[Dyg]. Here

2 — 1= fi(z) f2(2) f3(2) fa(2),

where

@) =2z—-1, folz)=2'+2°+42®> + 2 +1,
fa(x)=a* +22° + 22 + 22+ 1, fa(z) =2 +323 + 3z +1.

By Theorem 3.4, there are 28 LCD codes in F5[Dag].
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