
Chin. Ann. Math. Ser. B
43(2), 2022, 253–264
DOI: 10.1007/s11401-022-0315-8

Chinese Annals of
Mathematics, Series B
c© The Editorial Office of CAM and

Springer-Verlag Berlin Heidelberg 2022

Almansi-Type Decomposition Theorem for Bi-k-regular
Functions in the Clifford Algebra Cl2n+2,0(R)

∗

Lixia LIU1 Yue LIU1 Yonghong XIE1

Abstract Almansi-type decomposition theorem for bi-k-regular functions defined in a
star-like domain Ω ⊆ R

n+1 × R
n+1 centered at the origin with values in the Clifford

algebra Cl2n+2,0(R) is proved. As a corollary, Almansi-type decomposition theorem for
biharmonic functions of degree k is given.
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1 Introduction

Clifford algebra is an associative and noncommutative algebra introduced in 1878 by Clifford

[2]. In 1982, Brackx et al. [1] established the theoretical basis of Clifford analysis. Eriksson

[3–4], Huang [6], Ren [7, 9], Sakakibara [10], Garcia [5], Qiao [8], Xie [11–12] and Yang [13]

have done a lot of work in Clifford analysis.

In 2002, Malonek and Ren [7] gave the Almansi-type theorem for polymonogenic functions

defined in a star-like domain Ω ⊆ R
n with values in the Clifford algebra Cl0,n(R). In 2006, Ren

and Kahler [9] gave Almansi decomposition for polyharmonic, polyheat, and polywave functions.

In 2017, Sakakibara [10] gave the method of fundamental solutions for biharmonic equation

based on Almansi-type decomposition. In 2020, Garcia et al. [5] gave the decomposition of

inframonogenic functions with applications in elasticity theory.

Based on the above, Almansi-type decomposition theorem for bi-k-regular functions defined

in a star-like domain Ω ⊆ R
n+1 × R

n+1 centered at the origin O with values in the Clifford

algebra Cl2n+2,0(R) is proved. As a corollary, Almansi-type decomposition theorem for bihar-

monic functions of degree k in the Clifford algebra Cl2n+2,0(R) is given. It generalizes the work

of Reference [7] from the Clifford algebra Cl0,n(R) to Cl2n+2,0(R) and from one variable to two

variables.
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2 Preliminaries

Real Clifford algebra Cln+1,0(R) is generated by {e0, e1, · · · , en}, whose identity is e∅ = 1

and whose basis e0, e1, · · · , en; e0e1, · · · , en−1en; · · · ; e0e1 · · · en satisfies eiej+ejei = 2δij , i, j =

0, 1, · · · , n, where δij is the Kronecker sign. For any element a ∈ Cln+1,0(R), a =
∑
A

aAeA, where

A = {α1, α2, · · · , αh}, the integers αl (l = 1, 2, · · · , h) satisfy 0 ≤ α1 < α2 < · · · < αh ≤ n,

aA ∈ R, eA = eα1eα2 · · · eαh
or e∅ = 1. Define the norm of the element a ∈ Cln+1,0(R) as

|a| = (∑
A

|aA|2
) 1

2 .

Let Ω0 be a nonempty connected open set in R
n+1. Denote the function f : Ω0 → Cln+1,0(R)

by f(x) =
∑
A

fA(x)eA, where fA ∈ R. f : Ω0 → Cln+1,0(R) is continuous on Ω0 mean-

s each component fA(x) is continuous on Ω0. Suppose Cr(Ω0, Cln+1,0(R))={f |f : Ω0 →
Cln+1,0(R), f(x) =

∑
A

fA(x)eA, where fA is r-time continuously differentiable on Ω0, r ∈ N
∗}.

In this paper, we suppose that Ω = Ω1×Ω2 is a nonempty connected open set in R
n+1×R

n+1.

If f ∈ C2(Ω, Cl2n+2,0(R)), define some operators as follows:

Dxf =

n∑
i=0

ei
∂f

∂xi
, fDy =

n∑
j=0

∂f

∂yj
ej,

Δxf =

n∑
i=0

∂2f

∂x2
i

, fΔy =

n∑
j=0

∂2f

∂y2j
.

Lemma 2.1 Suppose Ω ⊆ R
n+1 × R

n+1 is a domain, f, g ∈ C2(Ω, Cl2n+2,0(R)), then for

any (x, y) ∈ Ω, we have

Dx(fg) = (Dxf)g +

n∑
i=0

eif
∂g

∂xi
, (fg)Dy = f(gDy) +

n∑
j=0

∂f

∂yj
gej.

Definition 2.1 Suppose Ω ⊆ R
n+1 × R

n+1 is a domain, if t(x, y) ∈ Ω holds for any

(x, y) ∈ Ω and t ∈ (0, 1), we say that Ω is a star-like domain centered at the origin O.

Definition 2.2 Suppose Ω ⊆ R
n+1 × R

n+1 is a domain, k ∈ N∗, f ∈ C2k(Ω, Cl2n+2,0(R))

satisfies {Dk
xf(x, y) = 0,

f(x, y)Dk
y = 0

on Ω, then f is called a bi-k-regular function on Ω. When k = 1 it is called a bi-regular function

on Ω for short.

Definition 2.3 Suppose Ω ⊆ R
n+1 × R

n+1 is a domain, k ∈ N∗, f ∈ C2k(Ω, Cl2n+2,0(R))

satisfies {Δk
xf(x, y) = 0,

f(x, y)Δk
y = 0

on Ω, then f is called a bi-k-harmonic function on Ω. When k = 1 it is called a bi-harmonic

function on Ω for short.
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3 Almansi-Type Decomposition Theorem for Bi-k-regular Functions

For any α ≥ 0, we define the operator Sα by

Sα = αI + E1 + E2,

where I is a unit operator, E1 =
n∑

i=0

xi
∂

∂xi
and E2 =

n∑
j=0

yj
∂

∂yj
are Euler operators.

If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, β ≥ 1 and f ∈
C2(Ω, Cl2n+2,0(R)), we define the operator Tβ : C2(Ω, Cl2n+2,0(R)) → C2(Ω, Cl2n+2,0(R)) by

Tβf(x, y) =

∫ 1

0

f(tx, ty)tβ−1dt.

Theorem 3.1 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, β ≥ 1

and f ∈ C2(Ω, Cl2n+2,0(R)), then for any (x, y) ∈ Ω, we have

f(x, y) = TβSβf(x, y) = SβTβf(x, y). (3.1)

Proof By some straightforward calculations, we have

f(x, y)

=

∫ 1

0

d

dt
(tβf(tx, ty))dt

=

∫ 1

0

(
βtβ−1f(tx, ty) + tβ

df(tx, ty)

dt

)
dt

=

∫ 1

0

(
βtβ−1f(tx, ty) + tβ−1

( n∑
i=0

mi
∂f

∂mi

)
(tx, ty) + tβ−1

( n∑
j=0

kj
∂f

∂kj

)
(tx, ty)

)
dt

=

∫ 1

0

(
βf +

( n∑
i=0

mi
∂f

∂mi

)
+
( n∑

j=0

kj
∂f

∂kj

))
(tx, ty)tβ−1dt

= TβSβf(x, y),

where mi = txi, kj = tyj.

On the other hand,

f(x, y)

=

∫ 1

0

(
βtβ−1f(tx, ty) + tβ−1

( n∑
i=0

mi
∂f

∂mi

)
(tx, ty) + tβ−1

( n∑
j=0

kj
∂f

∂kj

)
(tx, ty)

)
dt

= β

∫ 1

0

f(tx, ty)tβ−1dt+
( n∑

i=0

mi
∂

∂mi

)∫ 1

0

f(tx, ty)tβ−1dt

+
( n∑

j=0

kj
∂

∂kj

) ∫ 1

0

f(tx, ty)tβ−1dt

= SβTβf(x, y).

we complete the proof.
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Theorem 3.2 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O and

f ∈ C2(Ω, Cl2n+2,0(R)), α1 ≥ 0, α2 ≥ 0, then for any (x, y) ∈ Ω, we have

Sα1Sα2 = Sα2Sα1 . (3.2)

Proof As Sα = αI +
n∑

i=0

xi
∂

∂xi
+

n∑
j=0

yj
∂

∂yj
, we get

Sα1(Sα2f) = α1(Sα2f) +
n∑

i=0

xi
∂(Sα2f)

∂xi
+

n∑
j=0

yj
∂(Sα2f)

∂yj

= α1

(
α2f +

n∑
i=0

xi
∂f

∂xi
+

n∑
j=0

yj
∂f

∂yj

)
+

n∑
i=0

xi

∂
(
α2f +

n∑
k=0

xk
∂f
∂xk

+
n∑

l=0

yl
∂f
∂yl

)

∂xi

+

n∑
j=0

yj

∂
(
α2f +

n∑
k=0

xk
∂f
∂xk

+
n∑

l=0

yl
∂f
∂yl

)

∂yj
,

Sα2(Sα1f) = α2(Sα1f) +
n∑

i=0

xi
∂(Sα1f)

∂xi
+

n∑
j=0

yj
∂(Sα1f)

∂yj

= α2

(
α1f +

n∑
i=0

xi
∂f

∂xi
+

n∑
j=0

yj
∂f

∂yj

)
+

n∑
i=0

xi

∂
(
α1f +

n∑
k=0

xk
∂f
∂xk

+
n∑

l=0

yl
∂f
∂yl

)

∂xi

+

n∑
j=0

yj

∂(α1f +
n∑

k=0

xk
∂f
∂xk

+
n∑

l=0

yl
∂f
∂yl

)

∂yj
.

Thus (3.2) holds.

Theorem 3.3 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, α ≥ 0,

f ∈ C3(Ω, Cl2n+2,0(R)), then for any (x, y) ∈ Ω, we have

Dx(Sαf) = Sα+1(Dxf), (3.3)

(Sαf)Dy = Sα+1(fDy), (3.4)

Dx(Sαf)Dy = Sα+2(DxfDy). (3.5)

Proof

Dx(S0f) = Dx

( n∑
i=0

xi
∂f

∂xi
+

n∑
j=0

yj
∂f

∂yj

)

=
( n∑

i=0

ei
∂f

∂xi
+
∑
i,k

ekxi
∂2f

∂xk∂xi
+
∑
j,k

ekyj
∂2f

∂xk∂yj

)

= Dxf + E1(Dxf) + E2(Dxf)

= S1(Dxf),

Dx(Sαf) = Dx(αf + E1f + E2f)



Almansi-Type Decomposition Theorem for Bi-k-regular Functions in the Clifford Algebra Cl2n+2,0(R) 257

= αDxf +Dx(S0f)

= αDxf + S1(Dxf)

= αDxf +Dxf + E1(Dxf) + E2(Dxf)

= Sα+1(Dxf),

that is, (3.3) is true. Similarly, (3.4) is true.

Dx(S0f)Dy = Dx

( n∑
i=0

xi
∂f

∂xi
+

n∑
j=0

yj
∂f

∂yj

)
Dy

=
( n∑

i=0

ei
∂f

∂xi
+
∑
i,k

ekxi
∂2f

∂xk∂xi
+
∑
j,k

ekyj
∂2f

∂xk∂yj

)
Dy

=

n∑
l=0

∂

∂yl

( n∑
i=0

ei
∂f

∂xi
+
∑
i,k

ekxi
∂2f

∂xk∂xi
+
∑
j,k

ekyj
∂2f

∂xk∂yj

)
el

=
∑
i,l

ei
∂2f

∂yl∂xi
el +

∑
i,k,l

ekxi
∂3f

∂yl∂xk∂xi
el +

∑
j,k

ek
∂2f

∂xk∂yj
ej

+
∑
j,k,l

ekyj
∂3f

∂yl∂xk∂yj
el

= 2DxfDy +
∑
i,k,l

ekxi
∂3f

∂yl∂xk∂xi
el +

∑
j,k,l

ekyj
∂3f

∂yl∂xk∂yj
el.

Since

E1(DxfDy) =
n∑

i=0

xi
∂

∂xi

(∑
k,l

ek
∂2f

∂yl∂xk
el

)
=

∑
i,k,l

xiek
∂3f

∂xi∂yl∂xk
el,

E2(DxfDy) =
∑
j,k,l

yjek
∂3f

∂yl∂xk∂yj
el,

we get Dx(S0f)Dy = 2DxfDy + E1(DxfDy) + E2(DxfDy) = S2(DxfDy).

Similarly,

Dx(Sαf)Dy = Dx(αf + E1f + E2f)Dy

= αDxfDy +Dx(S0f)Dy

= αDxfDy + S2(DxfDy)

= αDxfDy + 2DxfDy + E1(DxfDy) + E2(DxfDy)

= Sα+2(DxfDy),

that is, (3.5) is true.

Theorem 3.4 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, β ≥
1, f ∈ C2(Ω, Cl2n+2,0(R)), then for any (x, y) ∈ Ω, we have

Dx(Tβf) = Tβ+1(Dxf), (3.6)
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(Tβf)Dy = Tβ+1(fDy), (3.7)

Dx(Tβf)Dy = Tβ+2(DxfDy). (3.8)

Proof

Dx(Tβf(x, y)) = Dx

(∫ 1

0

f(tx, ty)tβ−1dt
)

=

∫ 1

0

n∑
i=0

ei
∂f(tx, ty)

∂xi
tβ−1dt

=

∫ 1

0

n∑
i=0

ei
∂f

∂xi
(tx, ty)tβdt,

Tβ+1(Dxf(x, y)) =

∫ 1

0

n∑
i=0

ei
∂f

∂xi
(tx, ty)tβdt,

hence Dx(Tβf) = Tβ+1(Dxf). Similarly, (Tβf)Dy = Tβ+1(fDy).

Dx(Tβf(x, y))Dy = Dx

(∫ 1

0

f(tx, ty)tβ−1dt
)
Dy

=
( ∫ 1

0

n∑
i=0

ei
∂f

∂xi
(tx, ty)tβdt

)
Dy

=

∫ 1

0

∑
i,j

ei
∂2f

∂yj∂xi
(tx, ty)ejt

β+1dt,

Tβ+2(Dxf(x, y)Dy) =

∫ 1

0

∑
i,j

ei
∂2f

∂yj∂xi
(tx, ty)ejt

β+1dt,

hence Dx(Tβf)Dy = Tβ+2(DxfDy).

Remark 3.1 If Ω ⊆ R
n+1×R

n+1 is a star-like domain centered at the origin O, β ≥ 1, f ∈
C3(Ω, Cl2n+2,0(R)) is a biregular function on Ω, then Sβf and Tβf are biregular functions on

Ω.

Theorem 3.5 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, f ∈
C∞(Ω, Cl2n+2,0(R)) is a biregular function on Ω and E2E1f = 0, then for any k ∈ N∗, we have

Dx(x
2kfy2k)Dy = (2k)2x2k−1fy2k−1, (3.9)

Dx(x
2k−1fy2k−1)Dy = 4

(n+ 1

2
+ k − 1

)
x2(k−1)(Sn+1

2 +k−1f)y
2(k−1), (3.10)

D2k
x (x2kfy2k)D2k

y = 42k(k!)2
(n+ 1

2
+ k − 1

)
· · ·

(n+ 1

2

)
Sn+1

2 +k−1 · · ·Sn+1
2
f, (3.11)

D2k−1
x (x2k−1fy2k−1)D2k−1

y = 42k−1((k − 1)!)2
(n+ 1

2
+ k − 1

)
· · ·

(n+ 1

2

)
Sn+1

2 +k−1 · · ·Sn+1
2
f. (3.12)
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Proof Firstly, we prove (3.9).

Because f is a biregular function on Ω, by Lemma 2.1 we have

Dx(x
2kfy2k)Dy =

(
(Dxx

2k)fy2k +

n∑
i=0

eix
2k ∂f

∂xi
y2k

)
Dy

= (Dxx
2k)

(
f(y2kDy) +

n∑
j=0

∂f

∂yj
y2kej

)
+

n∑
i=0

eix
2k ∂f

∂xi
(y2kDy) +

∑
i,j

eix
2k ∂2f

∂yj∂xi
y2kej

= 2kx2k−1
(
2kfy2k−1 +

n∑
j=0

∂f

∂yj
ejy

2k
)
+ 2kx2k

n∑
i=0

ei
∂f

∂xi
y2k−1 + x2k

∑
i,j

ei
∂2f

∂yj∂xi
ejy

2k

= 2kx2k−1
(
2kfy2k−1 + (fDy)y

2k
)
+ 2kx2k(Dxf)y

2k−1 + x2k(DxfDy)y
2k

= (2k)2x2k−1fy2k−1.

Secondly, we prove (3.10).

By Lemma 2.1 we have

Dx(x
2k−1fy2k−1)Dy = Dx(x

2(k−1)(xfy)y2(k−1))Dy

=
(
(Dxx

2(k−1))xfy2k−1 +
n∑

i=0

eix
2(k−1) ∂(xfy)

∂xi
y2(k−1)

)
Dy

=
(
2(k − 1)x2(k−1)fy2k−1 + (n+ 1)x2(k−1)fy2k−1 +

n∑
i=0

eix
2(k−1)x

∂f

∂xi
y2k−1

)
Dy

= (2k − 2 + n+ 1)x2(k−1)(fy2k−1)Dy +
( n∑

i=0

eix
2(k−1)x

∂f

∂xi
y2k−1

)
Dy.

By
{eix+ xei = 2xi (i = 0, 1, 2, · · · , n),
yej + ejy = 2yj (j = 0, 1, 2, · · · , n), we have

(2k − 2 + n+ 1)x2(k−1)(fy2k−1)Dy = (2k − 2 + n+ 1)x2(k−1)((fy)y2(k−1))Dy

= (2k − 2 + n+ 1)x2(k−1)
(
fy(y2(k−1)Dy) +

n∑
j=0

∂(fy)

∂yj
y2(k−1)ej

)

= (2k − 2 + n+ 1)x2(k−1)
(
(2k − 2)fy2(k−1) +

n∑
j=0

∂f

∂yj
yy2(k−1)ej + (n+ 1)fy2(k−1)

)

= (2k − 2 + n+ 1)x2(k−1)
(
(2k − 2 + n+ 1)fy2(k−1) +

n∑
j=0

∂f

∂yj
(2yj − ejy)y

2(k−1)
)

= (2k − 2 + n+ 1)x2(k−1)((2k − 2 + n+ 1)fy2(k−1) + 2(E2f)y
2(k−1) − (fDy)y

2k−1)

= (2k − 2 + n+ 1)2x2(k−1)fy2(k−1) + 2(2k − 2 + n+ 1)x2(k−1)(E2f)y
2(k−1).

( n∑
i=0

eix
2(k−1)x

∂f

∂xi
y2k−1

)
Dy = x2(k−1)

( n∑
i=0

(2xi − xei)
∂f

∂xi
y2k−1

)
Dy

= x2(k−1)(2(E1f)y
2k−1 − x(Dxf)y

2k−1)Dy = 2x2(k−1)((E1f)yy
2(k−1))Dy

= 2x2(k−1)
(
(E1f)y(y

2(k−1)Dy) +

n∑
j=0

∂((E1f)y)

∂yj
y2(k−1)ej

)
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= 2x2(k−1)
(
(2k − 2)(E1f)y

2(k−1) +

n∑
j=0

∂(E1f)

∂yj
yy2(k−1)ej + (n+ 1)(E1f)y

2(k−1)
)

= 2x2(k−1)
(
(2k − 2 + n+ 1)(E1f)y

2(k−1) +

n∑
j=0

∂(E1f)

∂yj
(2yj − ejy)y

2(k−1)
)

= 2x2(k−1)((2k − 2 + n+ 1)(E1f)y
2(k−1) + 2(E2E1f)y

2(k−1) − E1(fDy)y
2k−1)

= 2(2k − 2 + n+ 1)x2(k−1)(E1f)y
2(k−1).

Hence

Dx(x
2k−1fy2k−1)Dy

= (2k − 2 + n+ 1)2x2(k−1)fy2(k−1) + 2(2k − 2 + n+ 1)x2(k−1)(E2f)y
2(k−1)

+ 2(2k − 2 + n+ 1)x2(k−1)(E1f)y
2(k−1)

= 4
(n+ 1

2
+ k − 1

)
x2(k−1)(Sn+1

2 +k−1f)y
2(k−1).

By (3.10) we get

Dx(xfy)Dy = 2(n+ 1)Sn+1
2
f. (3.13)

Next, we prove (3.11) by induction.

When k = 1, by (3.9) and (3.13) we have

D2
x(x

2fy2)D2
y = Dx(Dx(x

2fy2)Dy)Dy = Dx(4xfy)Dy = 8(n+ 1)Sn+1
2
f.

Suppose (3.11) holds for k = l, that is,

D2l
x (x2lfy2l)D2l

y = 42l(l!)2
(n+ 1

2
+ l − 1

)
· · ·

(n+ 1

2

)
Sn+1

2 +l−1 · · ·Sn+1
2
f. (3.14)

Then when k = l + 1, by (3.2), (3.9)–(3.10) and (3.14), we have

D2(l+1)
x (x2(l+1)fy2(l+1))D2(l+1)

y

= D2l+1
x (Dx(x

2(l+1)fy2(l+1))Dy)D
2l+1
y

= D2l+1
x ((2(l + 1))2x2l+1fy2l+1)D2l+1

y

= (2(l + 1))2D2l
x (Dx(x

2l+1fy2l+1)Dy)D
2l
y

= (2(l + 1))2D2l
x

(
4
(n+ 1

2
+ l

)
x2l(Sn+1

2 +lf)y
2l
)
D2l

y

= 4(2(l + 1))2
(n+ 1

2
+ l

)
D2l

x (x2l(Sn+1
2 +lf)y

2l)D2l
y

= 42(l+1)((l + 1)!)2
(n+ 1

2
+ l

)
· · ·

(n+ 1

2

)
Sn+1

2 +l−1 · · ·Sn+1
2
Sn+1

2 +lf

= 42(l+1)((l + 1)!)2
(n+ 1

2
+ l

)
· · ·

(n+ 1

2

)
Sn+1

2 +lSn+1
2 +l−1 · · ·Sn+1

2
f.

Finally, we prove (3.12).

By (3.2), (3.10) and (3.11), we have

D2k−1
x (x2k−1fy2k−1)D2k−1

y
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= D2(k−1)
x (Dx(x

2k−1fy2k−1)Dy)D
2(k−1)
y

= 4
(n+ 1

2
+ k − 1

)
D2(k−1)

x (x2(k−1)(Sn+1
2 +k−1f)y

2(k−1))D2(k−1)
y

= 42k−1((k − 1)!)2
(n+ 1

2
+ k − 1

)
· · ·

(n+ 1

2

)
Sn+1

2 +k−2 · · ·Sn+1
2
Sn+1

2 +k−1f

= 42k−1((k − 1)!)2
(n+ 1

2
+ k − 1

)
· · ·

(n+ 1

2

)
Sn+1

2 +k−1 · · ·Sn+1
2
f.

Remark 3.2 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, f ∈
C∞(Ω, Cl2n+2,0(R)) is a biregular function on Ω and E2E1f = 0, then Dl

x(x
kfyk)Dl

y = 0 (l, k ∈
N∗, l > k).

Let

λk =
1

Ck
Tn+1

2
Tn+1

2 +1 · · ·Tn+1
2 +[ k−1

2 ],

where Ck = 4k([k2 ]!)
2
(
n+1
2 +

[
k−1
2

])(
n+1
2 +

[
k−1
2

] − 1
) · · · (n+1

2

)
, k ∈ N∗,

[
k
2

]
is the integral

function of k
2 .

Theorem 3.6 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, k > 1,

k ∈ N∗, f ∈ C∞(Ω, Cl2n+2,0(R)) is a bi-k-regular function on Ω and E2E1f = 0, then there

exist uniquely f1, f2, · · · , fk where fi (i = 1, 2, · · · , k) satisfies DxfiDy = 0 on Ω such that

f(x, y) = f1(x, y) + xf2(x, y)y + · · ·+ xk−1fk(x, y)y
k−1, (3.15)

where

fk = λk−1(D
k−1
x fDk−1

y ),

fk−1 = λk−2(D
k−2
x (f − xk−1fky

k−1)Dk−2
y ),

fk−2 = λk−3(D
k−3
x (f − xk−1fky

k−1 − xk−2fk−1y
k−2)Dk−2

y ),

...

f2 = λ1(Dx(f − xk−1fky
k−1 − xk−2fk−1y

k−2 − · · · − x2f3y
2)Dy),

f1 = f − xk−1fky
k−1 − xk−2fk−1y

k−2 − · · · − x2f3y
2 − xf2y.

Proof Let Gk = {f ∈ C∞(Ω, Cl2n+2,0(R)) : D
k
xfD

k
y = 0}.

Step 1 We prove that for k > 1, k ∈ N∗, we have

Gk = Gk−1 + xk−1G1y
k−1.

On one hand, it is obvious thatGk−1 ⊆ Gk, and it follows from Remark 3.2 thatDk
x(x

k−1fyk−1)Dk
y =

0, that is, xk−1G1y
k−1 ⊆ Gk. Thus Gk−1 + xk−1G1y

k−1 ⊆ Gk.

On the other hand, for any f ∈ Gk, we have

f = (fI − xk−1(λk−1(D
k−1
x fDk−1

y ))yk−1) + xk−1(λk−1(D
k−1
x fDk−1

y ))yk−1.
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Since f ∈ Gk, we have Dk
xfD

k
y = Dx(D

k−1
x fDk−1

y )Dy = 0, then Dk−1
x fDk−1

y ∈ G1, by

Remark 3.1, we have λk−1(D
k−1
x fDk−1

y ) ∈ G1. From (3.11)–(3.12), we have

Dk−1
x (fI − xk−1(λk−1(D

k−1
x fDk−1

y ))yk−1)Dk−1
y

= Dk−1
x fDk−1

y −Dk−1
x (xk−1(λk−1(D

k−1
x fDk−1

y ))yk−1)Dk−1
y

= Dk−1
x fDk−1

y −Dk−1
x fDk−1

y

= 0,

that is, fI − xk−1(λk−1(D
k−1
x fDk−1

y ))yk−1 ∈ Gk−1, hence Gk ⊆ Gk−1 + xk−1G1y
k−1.

Therefore, for any k > 1, Gk = Gk−1 + xk−1G1y
k−1.

Step 2 We prove that for k > 1, k ∈ N∗, we have

Gk = G1 + xG1y + · · ·+ xk−1G1y
k−1.

By Step 1, we obtain

Gk = Gk−1 + xk−1G1y
k−1

= Gk−2 + xk−2G1y
k−2 + xk−1G1y

k−1

...

= G1 + xG1y + · · ·+ xk−1G1y
k−1.

Step 3 We prove that for any f ∈ Gk, the decomposition f = g + xk−1fky
k−1 (g ∈

Gk−1, fk ∈ G1) is unique.

Suppose f = g + xk−1fky
k−1 = g∗ + xk−1f∗

ky
k−1, where g, g∗ ∈ Gk−1, fk, f

∗
k ∈ G1, then

f − f = (g − g∗) + (xk−1(fk − f∗
k )y

k−1) = 0.

By Theorem 3.5, we have

Dk−1
x ((g − g∗) + (xk−1(fk − f∗

k )y
k−1))Dk−1

y

= Dk−1
x (xk−1(fk − f∗

k )y
k−1)Dk−1

y

= 4k−1
([k − 1

2

]
!
)2(n+ 1

2
+
[k − 2

2

])
· · ·

(n+ 1

2

)
Sn+1

2 +[ k−2
2 ] · · ·Sn+1

2
(fk − f∗

k )

= 0.

As Tβ0 = 0 and SβTβ = I, fk − f∗
k = 0. Hence

fk = f∗
k , g = f − xk−1fky

k−1 = f − xk−1f∗
ky

k−1 = g∗,

i.e., the decomposition f = g + xk−1fky
k−1 (g ∈ Gk−1, fk ∈ G1) is unique.

Step 4 By Theorem 3.5 and f = g + xk−1fky
k−1 (g ∈ Gk−1, fk ∈ G1), we have

Dk−1
x fDk−1

y = Dk−1
x (g + xk−1fky

k−1)Dk−1
y = Dk−1

x (xk−1fky
k−1)Dk−1

y = λ−1
k−1fk,
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hence fk = λk−1(D
k−1
x fDk−1

y ).

Moreover, as g ∈ Gk−1, g = g1 + xk−2fk−1y
k−2 (g1 ∈ Gk−2, fk−1 ∈ G1), then by Theorem

3.5,

Dk−2
x gDk−2

y = Dk−2
x (g1 + xk−2fk−1y

k−2)Dk−2
y = Dk−2

x (xk−2fk−1y
k−2)Dk−2

y = λ−1
k−2fk−1,

hence

fk−1 = λk−2(D
k−2
x gDk−2

y )

= λk−2(D
k−2
x (f − xk−1fky

k−1)Dk−2
y ).

Let g1 = g2 + xk−3fk−2y
k−3 (g2 ∈ Gk−3, fk−2 ∈ G1). By Theorem 3.5,

Dk−3
x g1D

k−3
y = Dk−3

x (g2 + xk−3fk−2y
k−3)Dk−3

y = Dk−3
x (xk−3fk−2y

k−3)Dk−3
y = λ−1

k−3fk−2,

hence

fk−2 = λk−3(D
k−3
x g1D

k−3
y )

= λk−3(D
k−3
x (f − xk−1fky

k−1 − xk−2fk−1y
k−2)Dk−3

y ).

In the same way, we can get the expression of fk−3, fk−4, · · · , f2, f1.
Let

Hk = {f ∈ C∞(Ω, Cl2n+2,0(R)) : Δ
k
xfΔ

k
y = 0}.

Remark 3.3 If Ω ⊆ R
n+1 × R

n+1 is a star-like domain centered at the origin O, k ∈ N∗,

f ∈ C∞(Ω, Cl2n+2,0(R)) is a bi-k-harmonic function on Ω and E2E1f = 0, then

Hk = H1 ⊕ x2H1y
2 ⊕ · · · ⊕ x2(k−1)H1y

2(k−1). (3.16)

Proof It is obviously true for k = 1.

It can be observed that

Hk = {f ∈ C∞(Ω, Cl2n+2,0(R)) : D
2k
x fD2k

y = 0} = G2k.

For k = 1, k ∈ N∗, from Theorem 3.6 it follows that

G2k = G1 ⊕ xG1y ⊕ x2G1y
2 ⊕ · · · ⊕ x2(k−1)G1y

2(k−1) ⊕ x2k−1G1y
2k−1,

H1 = G2 = G1 ⊕ xG1y.

Hence

Hk = G2k = G1 ⊕ xG1y ⊕ x2G1y
2 ⊕ · · · ⊕ x2(k−1)G1y

2(k−1) ⊕ x2k−1G1y
2k−1

= H1 ⊕ x2H1y
2 ⊕ · · · ⊕ x2(k−1)H1y

2(k−1).
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