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Abstract Motivated by the work of Birman about the relationship between mapping
class groups and braid groups, the authors discuss the relationship between the orbit braid
group and the equivariant mapping class group on the closed surface M with a free and
proper group action in this paper. Their construction is based on the exact sequence given
by the fibration F§'M — F(M/G,n). The conclusion is closely connected with the braid
group of the quotient space. Comparing with the situation without the group action, there
is a big difference when the quotient space is T2.
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1 Introduction

Braid groups of the plane were defined by Artin [1] in 1925, and further studied in [2-
3]. Braid groups of surfaces were studied by Zariski [21], and were later generalized using the
definition from Fox [9]. Bellingeri simplified presentations of braid groups and pure braid groups
on surfaces and showed some propertities of surface pure braid groups in [4].

Let M be a closed surface, with a finite set P of n distinguished points in M. B,, M (respec-
tively, F,, M) denotes all homeomorphisms between M which preserve the set P (respectively,
each point in P) and preserve the orientation if M is oriented. 7o(F, M) is the set of all path
connected components of F, M, and the n-th mapping class group denoted by Mod(M,n) is
the set of all path connected components of B,,M. The algebraic structure of the mapping
class group is of great importance in the theory of Riemann surfaces. Connections between the
mapping class group and the braid group of closed surfaces have been studied, in order to help
to find the generators and relations of their mapping class groups.

The (pure) braid group of M on n strands is denoted by B,,M (P, M). Let S, be an oriented
closed surface of genus g, with g > 0. In 1969, Birman [5-6] gave the basic relationship between
mapping class groups and braid groups on Sy.
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Theorem 1.1 (see [5]) Let i, : mo(FpnSy) — mo(FoSy) be the homomorphism induced by
inclusion Fp,Sq C FoSy. Then

keri, = P,Sy if g >2;
keri, = P,Sy/Z(P,Sy) if g=1,n>2o0r g=0,n>3.

Theorem 1.2 (see [5]) Let i, : Mod(Sg,n) — Mod(S,,0) be the homomorphism induced
by inclusion B, S, C BoS,. Then

keri, =2 B,S, if g > 2;
keri, = B,,S,/Z(B,Sy) if g=1,n>20r g=0,n>3.

Using above results, Birman obtained a full set of generators for the mapping class groups
of n-punctured oriented 2-manifolds. Then she computed the mapping class group of the n-
punctured sphere and gave relations in the mapping class group of torus in a new way.

Denote the nonorientable closed surface of genus k as Ny with & > 1. Si_; is its orientable
double covering and 7 : Sy_1 — N is a covering map. The induced homomorphism between
braid group ¢, : B, (Ni) — Ban(Sk—1) is injective (see [13]) on the level of fundamental group.
The homomorphism between mapping class groups ¢,, : Mod (N, n) — Mod(S;—1, 2n) induced
by m is also injective. Furthermore, if k& > 3, then we have a commutative diagram of the

following form:

1 —— By (Ni) —— Mod(Ng, n) — 2= Mod(Ny, 0) —— 1

l Pn l Pn l )
’J;n

1 —— B9, (Sk—1) —— Mod(Sk—1,2n) —— Mod(Sk—-1,0) ——=1

where 1), and Jn are the homomorphisms induced by inclusions B, Ny C ByNy and Bo,Skx_1 C
BoSk—1 (see [14]).

In this paper, we study the relationship between the orbit braid group and the equivariant
mapping class group on the closed surface M which admits a group action. Let G be a discrete
group and act on M freely and properly. Consider a finite set P = {x1,- - ,x,,} of n arbitrarily
chosen points on M with different orbits. Define BS M (respectively, F¢M) to be the group
of all G-homeomorphisms f : M — M which satisfy f(GP) = GP (respectively, f(Gx;) =
Gx;,i=1,---,n) and preserve the orientation if M is oriented. These two groups are endowed
with compact-open topology. mo(FS M, id) is the set of all path connected components of 7 M.
The equivariant mapping class group denoted by MY (M, n) is defined to be the set of all path
connected components BS M.

Let M be a connected topological manifold of dimension at least 2 with an effective action
of a finite group G. The orbit configuration space of n ordered points in the G-space M is
defined as

Fo(M,n) ={(x1, - ,x,) € M" : G(x;) NG(x;) =0 if i # j}
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with subspace topology and G(x) denotes the orbit of x. The notion of the orbit configuration
space was first defined in [20]. Since then, this subject, with respect to the algebraic topolo-
gy (especially cohomology) and relative topics of orbit configuration spaces, has been further
developed.

The following concept of the orbit braid group has been discussed in [16]. The action of
G on M induces a natural action of G™ on Fg(M,n). There is also a canonical free action of
the symmetric group X, on Fg(M,n). Generally, these two actions are not commutative. Let
7 (Fg(M,n), z, z°™) be the set consisting of the homotopy classes relative to 9I of all paths « :
I — Fg(M,n) with a(0) = z and a(1) € 2°°, where 2°*® = {gz°™ : g € G", 0 € %,,}, which is
the orbit set at 2 under two actions of G and ¥,,. The orbit braid group B2™ (M, G) bijectively
corresponds to 7 (Fg(M,n), z,z°P). And the pure orbit braid group P™P(M,G) bijectively
corresponds to 7 (Fg(M,n),z,G™(x)). If the action G on M is free, then PO™P(M,G) =
P, (M/G) and B3™*(M,G) = B,,(M/G). Thus the orbit braid group B (M, G) (respectively,
Po™®(M,G)) we will discuss later corresponds to B, (M/G) (respectively, P,(M/G)), where
M/G is an oriented or nonorientable closed surface (see [15]).

We prove the following results in this article.

Theorem 1.3 (Theorems 3.1-3.3) Let i : mo(FSM) — mo(F§' M) be the homomorphism
induced by inclusion FGM C F&M. Then

When M /G is T2,

M=T G=7/qZ@Z/rZ, qr>1and
keri¢ = P,(M/G)/(@%,b" : a%" = b"a?).

Theorem 1.4 (Theorem 3.4) Let M be a closed surface. Let
3¢ Modg (M, n) — Modg(M,0)
be the homomorphism induced by inclusion BSM C B§ M. Then

kerjf B,(M/G) if M/Gis Sy, g>2or Ni, k>2;
kerj¢ = B, (M/G)/Z(P,(M/G)) if M/G is S* or RP?.

>~

When M /G is T2,

M=T% G=7/qZQ7Z/rZ, qr>1and
ker j¢ = B, (M/G)/(@%,b" : a%b" = b"a?).

This paper is organized as follows. In Section 2, we introduce the centers of pure braid groups

on oriented and nonorientable closed surfaces. Section 3 is the main part of this paper. We
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establish the relationship between the orbit braid group and the equivariant mapping class group
on the closed surface which admits a free and proper group action. The proofs of Theorems
1.3-1.4 are given in this section. The conclusion is closely connected with the quotient space.
And comparing with the situation without the group action, there is a big difference when the

quotient space is T2.

2 The Centers of Pure Braid Groups on Closed Surfaces

First, we will briefly recall the definition and properties of braid groups. Let M be a smooth
manifold. The configuration space of n ordered points in M, denoted by F (M, n) is defined as:

F(M,n) = {(x1,--- ,xn) € M" :x; # x; if i # j}.

There is a natural action of the symmetric group X, on the space F(M,n), given by permuting

the coordinates. The configuration space of n unordered points in M is the quotient space:
C(M,n) :=F(M,n)/%,.

Following Fox and Neuwirth [9], the n-th pure braid group P, (M) (respectively, the n-th braid
group B, (M)) is defined to be the fundamental group of F(M,n) (respectively, of C(M,n)).

If m,n (m > n) are positive integers, we can define a homomorphism 0, : P, (M) — P, (M)
induced by the projective 6 : F(M,m) — F(M,n) defined by

6‘((X1,--- 7Xm)) = (X17"' ,Xn).

In [8], Fadell and Neuwirth study the map 6, and show that it is a locally trivial fibration. The
fiber over a point (x1,---,%,) of the base space is F(M — {x1,--+ ,X,}, m —n). Applying the
associated long exact homotopy sequence, we obtain the pure braid group exact sequence of
Fadell and Neuwirth:

g (F(M, 1)) = P (M — {x1, -, % }) 2 Pu(M) 25 Py(M) — 1.

The following short exact sequence is proved to be true where n > 3 if M = S?, n > 2 if
M = RP? and n > 1 referred to [7):

1= P (M — {x1,+ ,Xn}) 25 P (M) 25 P (M) — 1.

Let Sy be the oriented closed surface of genus g. Birman computed all the centers of pure
braid groups on oriented closed surface in the following theorem.

Theorem 2.1 (see [5-6])

Z(Pa(Sg)) =1, g=2
Z(Po(T?)) = (a,b | ab = ba);
Z(P,(S?) =72, n>3;
Z(Pi(S%) = Z(P2(S%) =1
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Let Nj be the nonorientable closed surface of genus k. Paris and Rolfsen obtained the

following theorem.
Theorem 2.2 (see [18]) If k > 2, then Z(P,(Ny)) = 1.

Proof We apply an induction on the number n of strands. For n =1,
k
Pi(Ny) = m1(Ny,) = <pla'-' 7Pk‘ 117 = 1>7
j=1

which is a finitely generated group with a single defining relation. Thus we obtain that
Z(Py(Ng)) =1, if k > 2 (see [17]). The Fadell-Neuwirth fibration gives us the exact sequence

5. 0,
1= m(Ng —{x1, - ,%Xn}) == Prg1(Ng) == P, (Ni) — 1,

where m (Ng — {x1, -+ ,X,}) is a free group for n > 1. Suppose Z(P,(Ng)) = 1. Since p.
is surjective, 0, (Z(P,+1(Ng))) C Z(Po(Ng)) = 1. Hence Z(P,+1(Nk)) lies in the group of
ker 0, = im d,, which is a free group. Thus Z(P,11(Ng)) = 1.

The pure braid group of the projective plane possesses non-trivial center. In [10] and [11],

the following theorem has been proved.
Theorem 2.3 If n > 2, then Z(P,(RP?)) is cyclic of order 2.

For the proofs of the main theorems, we have to describe the generator of Z(P,(RP?))
geometrically and algebraically. Next we will give the generator in a different way. The specific

presentation of P,(RP?) is given as follows.

Theorem 2.4 (see [12]) The group P,(RP?) admits the following presentation:
e Generators: By;, 1 <i<j<n; pp, 1 <k <n.

e Relations:

Bij, 1<r<s<y,
S1p-1 ; j

(a) BysBijB!t = BileTj Bij BrjBij, retmesd
rsDij Doy B_'Bi; By, t=r<s<j,

150 11 , -
st Brj stBerijBrj st Bersja r<i<s<y;

(b) pipsp; ' = p; ' Bl p? 1<i<j<nm;

(¢) pP =By Bi—1;Biis1 Bin, 1 <i <

(d) for1<i<j<n, 1<k<n, k+#j,

Bij, J<kork<i.
peBijpi pjjBizpja » » k=i
Pj Bkj ijkj BijBkjpj Bkjpj, 1< k< 7.

We view the projective plane as the quotient space of the sphere. Then the sketches of B;;
and p; are given in Figures 1-2.
From the relations (b) and (d), each generator B;; in P, (RP?) can be presented by p; and
pj:
Bij = pip; oy o, 1<i<j<n.
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Figure 1 Figure 2

With this presentation and relation (b), we obtain
pipipPip; = Pipipipi, 1< 1,7 <n.

When n = 1, P(RP?) = 71 (RP?) = Z,, which is an Abelian group. Next we consider
n> 2.

Lemma 2.1 Forn > 2, 7, = Ty1 - - Tan lies in the center of P, (RP?), where

—1 -1 2 .
Tni = Biiv1Bijit2 - Bin = Bi—l,i - Bypy, =1, 0.

Proof According to relation (d), 7,ipx = pxTni for k < i. For any i # k, we have

B puBix = (pi prpipy ek (prpi oy i)
= p; (pxpipepy oy pi
= p; oy prpi) prpy; pi
= p; 2 prp}-

Thus we obtain

—1 —1 —1
TnkPkTp = Bk—l,k T Blk P Big - Br_1k

=P i PkPR Y-
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From the above results, we obtain

TaPk = Tl - * TanPk
= Tpy - 'Tn,k—lpl_2 .. '9;3197@9%—1 .. 'P%Tnk e Tom
= (T203 %)+ (T k19321 )PPr—1 "+ P1Tak "+ Tam
= 351(32_3131_31) T (Bk_—12,k—l T Bljli—l)pkpi—l o 'P%Tnk “ " Tan
= pkBl_Ql(BQ_ngl_?,l) ... (Bk_—12,k—1 o Bii—l)pi—l .. 'p%Tnk e Ton
= pkBl_21 (B2_3131_31) T (Bk_—l?,,k—Q t Bl_,li—Q)Tn7k—1pi—2 T p%Tnk “Ton
= pkBl_Ql (B2_3131_31) T (Blc_—13,k—2 T Bii-z)ﬂi—z e 'P%Tnyk—l “ " Tan
= PkTn-
Lemma 2.2 For n > 2, the center of P,(RP?) is generated by 7, .
Proof We apply an induction on the number n of strands. For n = 2, P,(RP?) is the
quaternion group with the presentation
(p1,p2 | T = p3,p1 = 1, prpopyt = p3 ).

Then Z(Py(RP?)) = (p? = p3 | p{ = 1), where 721 = Bz = p? and o2 = By p3 = 1. The
Fadell-Neuwirth fibration gives us the exact sequence

1o m(RP? — {x1, -, %n}) 2 Poy1 (RP?) 25 P, (RP?) — 1,

where 71 (RP? — {x1,--- ,%,}) is a free group for n > 2. Suppose the center of P,(RP?) is
generated by 7,. Since 0, is surjective and 0. (7,+1) = T, Z(Pn+1(RP?)) is generated by 7,41
and generators of kerf, = im d,, which is a free group. Thus the center of P, ;(RP?) is just
generated by 7,41.

7o, can be represented by h(t) for ¢t € [0,1]:

h(t) = (hl (t)v T ahn(t))

The components of h(t) are plotted in Figure 3.

3 The Relationship Between Orbit Braid Groups and Equivariant
Mapping Class Groups on Compact Closed Surfaces

Let M be a compact closed surface and G be a discrete group acting on M freely and
properly. Since M is compact, G is finite. Let x1,--- ,x, denote n fixed but arbitrarily chosen
points on M, satisfying Gx; (\Gx; =0 for 1 <i# j <n.

e Denote F¢ M as the group of all G-homeomorphisms h : M — M which satisfy h(Gx;) =
Gx;, for each 7 and preserve orientation if M is oriented.

e Denote BS M as the group of all G-homeomorphisms h : M — M which satisfy

hG{x1, -+ ,xn}) = G{x1, -+ ,xp}
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Figure 3

and preserve orientation if M is oriented.

These two groups are to be endowed with compact-open topology. We define equivariant
mapping class groups as follows:

e Denote 7o (FS M, id) as the group of all path connected components of & M.

e Denote Modg(M,n) as the group of all path connected components of BSM and
Modg (M, n) is called the n-th G-equivariant mapping class group of M.

Remark 3.1 The group structures on mo(FSM,id) and Modg(M,n) inherit the group
structures on F¢M and BS M.

Since the action of G on M is free, the (pure) orbit braid group of M is isomorphic to the
(pure) braid group of the quotient space (see [16]), which is an oriented or nonorientable closed
surface. Hence we only need to consider the (pure) braid group of the quotient space. Similar
to the situation without group actions, we define the pure evaluation map as follows.

Definition 3.1

¢ FEM — F(M/G,n)
[ ([f(xl)]7 Tt [f(xn)])

Observe that we endow f(?M with compact-open topology and F(M/G,n) with subspace
topology of M x --- x M. Then €% is continuous.

Lemma 3.1 The pure evaluation map €& has a local cross section.

Proof Let a = ([ai], -+, [a,]) be an arbitrary point in F(M/G,n) and a; be the represen-
tative of each coordinate for i = 1,--- ,n. Since the action of G on M is free and proper, there
exist disjoint open sets {U; : a; € U;,i = 1,--- ,n} such that U; [ gU; = 0 for every g # e € G.
We consider an open neighborhood U(a) of the point a € F(M/G,n), where U(a) is defined
by

U(a) = {([w],--+ , [un]) s us € Ui}

Let u = ([ui], -+ ,[u,]) be an arbitrary point in U(a). Choose A\, to be a G-equivariant

homeomorphism from M to M such that
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(i) Au(x) =x, whenx ¢ | U gU..

geGi=1
(ii) Ay maps each gU; into itself homeomorphically.
(

iii) Ay fixes the points on the boundary of gU;.
(iv) Au(a;) and u; are in the same orbit.
Then the map
x:U(a) = F§'M

defined by x(u) = Ay is the required cross section.
Lemma 3.2 The pure evaluation map €% is a locally trivial fiber bundle with fiber FS M.

Proof FYM is a closed subgroup of f(?M and F(M/G,n) is a paracompact space. Thus
we only need to show that the spaces F$'M/FSM and F(M/G,n) are homeomorphic (see
[19]). If h(x) and h/(x) belong to the same right coset of M in F& M, they must have the
property Gh(x;) = Gh(x;) for i = 1,--- ,n. On one hand, each point [h] € F§'M/FSM can
be associated in a unique manner with a single point ([h(x1)],- -, [h(x,)]) € F(M/G,n). On
the other hand, for each point

(lar], -+ s [an]) € F(M/G,n),

there is a G-equivariant homeomorphism h € F§ M such that h(Ga;) = Gx; for i = 1,--- ,n.
Finally, it can be established that the topology of F§' M /FS M coincides with the topology of
F(M/G,n). This completes the proof.

Using Lemma 3.2, we obtain an exact sequence as follows:
e e? ds G i e
oo m(FoM) = Po(M/G) = mo(F; M) — wo(Fy' M) = mo(F(M/G,n) =1 (3.1)

Lemma 3.3 kerdS C Z(P,(M/Q)).

Proof For any element o € kerd{ = ime¥, there exists an H € m (F§' M) such that
G

*

e%(H) = a. Now, H can be represented by some loop H; : M — M, where each H; is in F§' M

and Hy and H; are both identity maps. Then « is represented by ¥ (H) such that
eC(H)(t) = ([He(x1)], -+, [He(xn))])-

Moreover, each H; can induce the unique map from M/G to M /G, since it preserves G-action.
There is no harm in denoting the induced map by H;. Choose any element 8 € P,,(M/G) which
can be represented by a loop (81, -, Bn) with 5;(0) = 5;(1) = x; for each i = 1,--- ,n. Use
H; and f3 to construct ¢ : I? — F,,(M/G) by

P(s,t) = ([H(Br(s)], -+, [He(Bn(s)])-

Thus, H(0,t) = H(1,t) represents «, while H(s,0) = H(s, 1) represents 8. So H|sr2 represents
aBa~t L. Therefore,
afa”tpt =1.
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Since 8 € P,(M/Q) is arbitrary, it follows

a € Z(P,(M/G)).
The proof of Lemma 3.3 is completed.

Suppose G is a finite group of order [, acting freely and properly on M. The natural
projection map p : M — M /G is a regular covering map with the exact sequence

1= m(M) 2 (M/G) - G—1

and G is naturally isomorphic to the group of covering transformation. Furthermore, M/G is

a closed compact surface whose Euler characteristic x(M/G) satisfies the formula
IX(M/G) = x(M). (3.2)

If M is the oriented surface Sy,

M/G = Sgl;1+1 or N2(9;1)+2 for g > 1.
If M is the nonorientable surface Ny,

]\J/G%’S’%Jrl or N¥+2 for k > 2.
When M/G =Sy, g>2o0r M/G= Ny, k>2, M canbe Sy, g > 1or Ni, k> 2 and we have

kerd® C Z(P,(M/G)) = 1.

We conclude the following theorem.

Theorem 3.1 Let i : 7o(FS M) — 7o (F§ M) be the homomorphism induced by inclusion
FEM C F§M. Then

keri® = P,(M/G) if M/Gis S,, g>2or Ny, k> 2.

Consider M is S?. Because of (3.2), the only nontrivial group G # 1 that acts freely on the
sphere is Zy. When G is trivial and n > 3, the discussion is the same as that of [5] and [6].
And since Z(P;(S?)) = Z(P»(S?)) = 1, keri¢ = P,(S?). We only discuss the situation where
the orbit space is RP2.

Lemma 3.4 If G = Zs acts on S? antipodally, then for n > 1,
Z(P,(RP?)) C kerd¢.

Proof Since Z(P,(RP?)) is generated by 7, from Theorem 2.4, we only need to prove
d%(r,) = 1. Define H; : S? — S? by

Hy: (o, 0) — (a+27t,0),

where the ith component of 7, can be represented by [H:(x;)], ¢ = 1,--- ,n. Clearly 7, =
£%([H;]). Thus we obtain 7,, € kerdS.

As for the nonorientable surface RP?, G must be trivial because of (3.2).
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Lemma 3.5 If G is trivial and M is RP?, then Z(P,(RP?)) C kerd.

Proof Since Z(P,(RP?)) is generated by 7, from Theorem 2.4, we only need to prove
d%(r,) = 1. View RP? as the quotient space of S?. Define H; : RP? — RP? by

H; : [(a,0)] = [(a + 272, 0)],
where the ith component of 7, can be represented by Hy(x;), @ = 1,--- ,n. Clearly 7, =
£%([H;]). Thus we obtain 7,, € ker d%.
We conclude the situation where the quotient space is S? or RP2.

Theorem 3.2 Let i¢ : mo(FS M) — 7o(FS' M) be the homomorphism induced by inclusion
FEM C FEM. Then

keri¥ = P, (M/G)/Z(P,(M/G)) if M/G is S* or RP?.
Next we consider the situation where the quotient space M /G is T?. From (3.2), M can be
T? or Klein bottle N;. The following lemma rules out one situation.
Lemma 3.6 The Klein bottle N1 can not be a cover of the torus T?.

Proof m(Np) is isomorphic to the non-abelian group (z,y | 2 = y?) while 7 (T?) is

isomorphic to the Abelian group Z @ Z. Suppose N is a cover of T2, there exists an injective:
7T1(N1) — 7T1(T2).

Since the subgroup of an Abelian group is also an Abelian group, the injective map is impossible.
Remark 3.2 This lemma is well known and we just give a proof here.

Thus when M/G is T?, M can only be T2. In order to distinguish the original space and
the orbit space, we denote the orbit space by T°. Unlike the non-equivariant case, it is possible
that Z(P, (TQ)) ¢ ker dS. There exist examples where Z (P, (TQ)) ¢ kerd¢.

Example 3.1 We view the torus as R/Z x R/Z and denote a point in T? by its rectangular
coordinates ([u], [v]), where [u], [v] are real numbers module 1. Denote each fixed point x; by
([wi], [vi]) for i =1,--- ,n. Then a and b can be represented by f(t) and g(t) for ¢ € [0,1] :

f@) = ([ur =], [va]), -+ ([un = 1, [on]);

9(t) = ([wa], for —#]), -+, ([un], [on —1]).

We can plot the components of f(t) and ¢(¢) in Figures 4-5 when n is 4.
Define Zs-action on T? by

—-1:T? - T?
(1l ) > ([ 5] 11).
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ro! X,

X, X,

X, X,

Figure 4 Figure 5

We will compute d%2(@). Denote @; to be the ith component of a. Construct the homeomor-
phism H; for ¢t € [0, 1] by

Hy:T? — T
(1, b)) = ([~ 51], 1),

which satisfies Ho = id and Hy(x;) = a;. Since d%2(a) = Hy #id, Z(P, (TQ)) ¢ ker d?z.

—2
In general, Z(P,(T")) ¢ kerd?:. However, we can construct the isomorphism between

ker d¢ and im p,.

Lemma 3.7

ker d€ = im p,.

Proof Since kerd? C Z(Pn(TQ)) = (@,b:ab=ba) and imp, C m (TQ) = {(a,b : ab = ba),
we can define ¢ : kerdS — m; (T2) by

o(@"0") = a™b".
@ and b can be represented by loops

fiI— F(T,n)
t= ([ur =t [oa]), - ([un — 1], [vn])

and

g:I— F(T27n)
l— ([U‘l]v [’Ul - t])v e v([un]v [Uﬂ - t])a

where £(0) = f(1) = g(0) = g(1) = (x1,--- ,X,). According to the construction of d¥, there
exists the G-homeomorphism H; : T? — T? for ¢ € [0, 1], such that Hy = H; = id and

(p(Hi(x1)), -+ p(Hi(%n))) = f™ 9" ()

Define the map H(x;) : I — T? by H(x;)(t) = H(x;). Then we obtain that p.([H (x;)]) = a™b".
Thus a™b" € im p,.
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Conversely, construct 1 : imp, — Z(P,(T°)) by

Y(a™b) = a"b’ .

So there exists a homotopy class C' € 71(T?) such that p.(C) = a
sented by some loop ¢ = ([c1], [e2]) : I — T2, where ¢(0) = ¢(1) = ([0],[0]). Then construct the
G-homeomorphism H, : T? — T2 by

mpT. Now, C' can be repre-

Hy([ul, [v]) = ([u+ 1], [v + ca]),
which satisfies Hy = Hy = id and (p(Hy(x1)),- -+ , p(H(x))) = f™g"(t). Thus a™b" € ker dC.

Since T2 is the covering space of T~ and m (TQ) is an Abelian group, each im p, is uniquely
corresponding to the subgroup of m (TQ) > Z P 7Z. And because G is finite, there exist positive
integers gq,r such that a9,b" generate imp,. In this case, G = 7.)qZ. P Z/rZ and imp, =

(a%,b" : a?b” = b"a?). We conclude this situation as follows.

Theorem 3.3 Let G be a discrete group acting on M freely and properly with the quo-
tient space T°. Then M must be T2 and each G satisfying the condition is in the form of
7.)qZ. @ Z./rZ for positive integers q,r. LetiC : mo(FS M) — mo(F§' M) be the homomorphism

induced by inclusion. Then
keriC = P,(M/G)/(a%,b" : a%b" = b"a?).

Finally we study the relationship between surface orbit braid groups and equivariant map-
ping class groups. Similarly, we define the evaluation map between B (M) = F§ (M) and
F(M/G,n)/%,.

Definition 3.2
n%:BSM — F(M/G,n)/%,
[ A )] [ (xa)]}

is called the evaluation map.

Since the evaluation map 7% is the pure evaluation £ associated with the projective map

F(M/G,n) = F(M/G,n)/%,, we obtain the following lemma.
Lemma 3.8 1% is a locally trivial fiber bundle with fiber BS M.

Let j& : mo(BS M) — 7 (BS M) be the homomorphism induced by inclusion BYM C B§' M.
Then there is a long exact sequence

G G -G
o m(BSM) I By (MG S5 1B M) L5 o (BEM) — mo(F(M/G)/S,) =1. (3.3)
By observing the exact sequence (3.1) and (3.3), we obtain:
ker ¢ = imn¢ = ime¥ = kerd®.

From the previous discussion about ker d¥ before, we can conclude the following theorem.
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Theorem 3.4 Let j& : 7g(BS M) — m(B§ M) be the homomorphism induced by inclusion

BSM c B§M. Then

ker j¢ = B,(M/G) if M/G is Sy, g>2 or Ny, k>2;
B,

kerj¢ = B, (M/G)/Z(P,(M/G)) if M/G is S* or RP2.

When M /G is T?,

M=T% G=7Z/¢ZQZ/rZ, qr>1 and
ker j¢ = B, (M/G)/(a%,b" : a%b" = b"a?).
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