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Global Solvability for a Predator-Prey Model with
Prey-Taxis and Rotational Flux Terms*
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Abstract In this paper the author investigates the following predator-prey model with
prey-taxis and rotational flux terms

ug = Au— V- (uS(z,u,v)Vv) + yuF(v) —uh(u), x€Q, t>0,
ve = DAv — uF(v) + f(v), zeQ, t>0

in a bounded domain with smooth boundary. He presents the global existence of generalized
solutions to the model (*) in any dimension.
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1 Introduction

In complex ecosystems, predator pursuit of prey is a fundamental binary interaction, and
various mathematical models have been built to describe such predator-prey relation to predict
long term outcome and impact on the entire ecosystem (see [28, 39]). The relationship between
predators and their preys has long been and will continue to be one of the research hotspots
in both ecology and mathematical ecology because of its universal existence and important
significance (see [12]). Predator-prey theory is one of the most mature theories in population
ecology. In particular, the predator-prey system is a typical inhibition model, which greatly
changes the understanding of the species diversity in the biome (see [24]).

Numerous reaction-diffusion equations have been applied to model the spatial predator-prey
distributions (see [7, 9, 15, 30, 47—48]). In the spatial predator-prey interaction, besides the
random diffusion of predator and prey, the predator has the tendency to move towards the
region with higher density of prey population. Prey-taxis, the movement of predators towards
the area with higher-density of prey population, plays an extremely important part in biological
control and ecological balance such as maintaining the pest population below some economic
threshold or leading to outbreaks of pest density (see [27, 40]). Karevia and Odell first derived a
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PDE prey-taxis model to illustrate a population model of spatially heterogeneous predator-prey

interactions (see [20]). The prototypical prey-taxis model can be written as

(1.1)

u = Au—V - (p(u,v)Vv) + yuF (v) — uh(u), z€Q, t>0,
ve = DAv — uF (v) + f(v), xeQ, t>0,

where © C RY (N > 1) is a bounded domain with smooth boundary 99 and Z denotes the
derivative with respect to the outer normal of 0f2, where u = wu(x,t) denotes the predator
density at position z and time ¢ > 0 and v = v(z,t) denotes the prey population density; the
term —V - (p(u,v)Vv) stands for the prey-taxis with a coefficient p(u,v) which may depend
on the predator or prey density and D is the prey diffusion rate. ufF'(v) stands for the inter-
specific interaction, uh(u) accounts for the intra-specific interaction. F(v) accounts for the
intake rate of predators, h(u) is the predator mortality rate function and f(v) is the prey
growth function. The parameter v > 0 denotes the intrinsic predation rate. Since then, various
reaction-diffusion models have been proposed to interpret the prey-taxis phenomenon (see [3, 10,
14, 16, 18, 21-22, 4041, 43-45, 49, 51, 55, 57]): That is, Wang et al. [49] studied nonconstant
positive steady states of a wide class of prey-taxis systems with general functional responses
over 1D domain. Linearized stability of the positive equilibrium is analyzed to show that
prey-taxis destabilizes prey-predator homogeneity when prey repulsion (e.g., due to volume-
filling effect in predator species or group defense in prey species) is presented, and prey-taxis
stabilizes the homogeneity otherwise. When F(v) = %=, h(v) = 6, f(v) = pv(1 — %) and
p(u,v) = p1(u) depends only on u but is truncated at some number u, > 0 (i.e., p1(us) =0
and p1(u) > 0 for 0 < u < ), Ainseba et al. [3] obtained the global weak solutions of (1.1)
for N > 1 by the Schauder fixed point theorem and duality technique, Tao [41] extended the
global weak solutions to the global classical solutions for NV < 3 via LP-estimates and Schauder
estimates, where the bound of solution depends on time. He and Zheng [16] improved the
result of [41] by obtaining the uniform-in-time boundedness of solutions. When p(u,v) = yu,
h(u) = a—pu, f(v) =v(c—pv) and sup F(s) < K, Wang and Wang [45] proved that system
(1.1) admits a unique nonnegative glsbeg(;fz)lassical solution in two space dimensions with 5 = 0.
Moreover, if u > YK (3+ @ + %), system (1.1) also possesses a unique nonnegative global
classical solution in three-dimensional bounded domain with 8 = 0. When p(u, v) = xp2(u) and
p2(u) < u, Wu et al. [55] considered various functional forms of F'(v), h(u) and f(v), and showed
that the solution was globally bounded if x is small. The asymptotic behavior of solutions was
derived for some particularized predator-prey interactions under certain conditions. When
p(u,v) = xu, by deriving an entropy-like equality and a boundedness criterion, Jin and Wang
[18] showed that the intrinsic interaction between predators and preys was sufficient to prevent

the population overcrowding even the prey-taxis was included and strong. Furthermore, by
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constructing appropriate Lyapunov functionals, they showed that prey-only steady state was
globally asymptotically stable if the predation is weak, and the co-existence steady state was
globally asymptotically stable under some conditions (like the prey-taxis is weak or the prey
diffuses fast) if the predation is strong. The convergence rates of solutions to the steady states
were derived. When p(u,v) = yu, F(v) = v, h(u) = p and f(v) = pv(1l — av), Winkler [51]
proved that if N < 5, then for all appropriately regular initial data system (1.1) admits a
global weak solution at first. To the best of our knowledge, this provides the first result on
global existence in a system (1.1) in a spatially three-dimensional setting when arbitrarily large
initial data and parameters are involved. Then, under the additional hypotheses that N < 3,

p=0and p < 16;([2)0‘, it is shown that each of these solutions becomes eventually smooth

and stabilizes toward a spatially homogeneous equilibrium in the sense that u(-,t) — u in
L>(Q) and v(-,t) = 0 in L>®(Q) as t = oo, where uy, is a constant fulfilling u., > ﬁ' Jo wo.
When p(u,v) = xu, F(v) = ~yv, h(u) = p and f(v) = pv(l — v), Li [21] showed that the two-
dimensional system (1.1) possesses a unique global-bounded classical solution. Furthermore, she
used some higher-order estimates to obtain the classical solutions with uniform-in-time bounded
for suitably small initial data. In addition, the asymptotic behavior of the solutions is studied.
When p(u,v) = xu, F(v) = v, h(u) = a1, f(v) = azv and Au is replaced by di Au, Xiang [57]
proved that, for any regular initial data, system (1.1) admits a unique global smooth solution
for arbitrary size of x, and it is uniformly bounded in time in the case of as < 0. In the latter
case, we further study its long time dynamics, which in particular imply that the prey-tactic
cross-diffusion and even the linear instability of the semi-trivial constant steady states (0, v )
with v, > %, v > 0 and as = 0 still cannot induce pattern formation. More specifically, it is
shown that (u,v) converges exponentially to (0,0) in the case that the net growth rate of prey
is negative, i.e., as < 0.
For the prey-predator model with indirect prey-taxis, the model is given by

up = dyAu + uf(u) — vg(u,v), xeQ, t>0,

¢t = d.Ac+ au — Be, e, t>0, (1.2)

vy = dyAv — V - (xoVe) — rvg(u,v) — kv, € Q, ¢t >0,

where & € RY (N > 1) is a bounded domain with smooth boundary, u and v represent
population densities of prey and predator, respectively. In addition, ¢ is the concentration of
chemical density secreted by the prey with a constant rate @ > 0. Moreover, ¢ has constant
diffusivity d. and decays with constant rate § > 0. The conversion rate of the species and
the decay rate of v are specified as r > 0 and k > 0, respectively. Ahn and Yoon [1] proved
the global existence and uniform boundedness of solutions to the model for general functional
responses in any spatial dimensions. Moreover, through linear stability analysis, it turns out

that prey-taxis is an essential factor in generating pattern formations. This result differs in
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that the destabilizing effect of taxis does not occur in the direct prey-taxis case. In addition,
they showed the global stability of the semi-trivial steady state and coexistence steady state
for some specific functional responses, and gave numerical examples to support the analytic

results. Wang and Wang [46] considered the following model

up = diAu — V- (ux(w)Vw) + bug(v) —uh(u), x€Q, t>0,
wy = doAw + rv — pw, e, t>0, (1.3)
vy = dsAv + f(v) — ug(v), xeQ, t>0,

they investigated the global existence and boundedness of the unique classical solution. Then
they studied the asymptotic stabilities of nonnegative spatially homogeneous equilibria. More-
over, the convergence rates were also studied. And other related model, we recommend that
readers refer to the literature [2, 8, 13, 19, 25, 29, 31, 34-35, 37-38, 52, 56].

Based on recent experiments, the movement of cells is not directed toward the concentration
of chemical signal, but with a rotational motion. Consequently, the chemotactic sensitivity is a
tensor, see [23, 58-59] for more details. In this paper we investigate the following predator-prey

model with prey-taxis and rotational flux terms:

up = Au— V- (uS(z,u,v)Vv) + yuF (v) —uh(u), z€Q, t>0,

vy = DAv — uF (v) + f(v), xeQ, t>0,

ou Ov (1.4)
5_5_07 xed, t>0,

u(z,0) = up(x), v(z,0) = vo(z), x €,

where Q@ € RY (N > 1) is a bounded domain with smooth boundary 9§ and % denotes the
derivative with respect to the outer normal of 92, where u = u(x,t) denotes the predator density
at position x and time ¢ > 0 and v = v(x,t) the prey population density. The parameters
D,~v > 0. Throughout this paper, we assume that F(v), f(v) and h(u) fulfill the following
hypotheses:

(H1) F(v) € C%([0,0)), F(0) =0, F(v) > 01in (0,00) and F'(v) > 0, F”(v) < 0 on [0, 00).

(H2) The function & : [0,00) — (0,00) is continuously differentiable and there exist three
constants a, 3,0 > 0 such that h(u) > fu® 4 6 for any u > 0.

(H3) The function f : [0,00) — R is continuously differentiable satisfying f(0) = 0, and
there exist two constants p, K > 0 such that f(v) < pv for any v > 0, f(K) =0 and f(v) <0
for all v > K. Moreover the ratio % is continuous on (0, co) and 31_% % exists.

(H4) The chemotactic sensitivity tensor S = (Si;); je(1,...,ny fulfills S;; € C2(Q x [0, 00) x
[0,00)) for i,j € {1,---,N} and with some nondecreasing function Sy on [0,c0) such that
|S(2,u,v)| < Sp(v) for all (z,u,v) € Q x [0,00) x [0, 00).

(H5) The initial data (ug,vo) satisfies ug € L*(Q), vo € W1>°(Q) and ug, vo > 0.
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Remark 1.1 In order to avoid the tedious discussion of different situations, in what follows,
we may assume that 0 < a < 1 since that the global existence had been proved for the case

a > 1 in some previous papers (see [18-19]).
Now, we state the main result in this paper.

Theorem 1.1 Let Q C RY (N > 1) be a bounded domain with smooth boundary, D,~ > 0.
Assume that F,h, f and S satisfy (H1)-(H4). Then for any choice of initial data (ug,vo)

satisfying (H5), the problem (1.4) possesses at least one global generalized solution
u € Lige(2 % [0,00)),
v € L5, (2 % [0,00)) N Liy ([0, 00); WH2(92))

in the sense of Definition 2.1 below. This solution can be obtained as the limit a.e. in 2 x (0, 00)
of a sequence {(uc,ve)}e=c, N0 of smooth classical solutions to the regularized problems (2.10)

below.
Remark 1.2 Theorem 1.1 partly generalizes the results in [18-19, 55].

In this paper, we use symbols C; and ¢; (i = 1,2,---) as some generic positive constants
which may vary in the context. For simplicity, u(z,t) is written as u, the integral [, u(z)dz is
written as [, u(x) and fg Jo u(z, t)dedt is written as fot Jo ulz,t).

The contents of the present paper as follows. In Section 2, we first introduce the concept
of generalized solutions and then give the global existence result for system (1.4). In Section
3, we give some fundamental estimates for the solution to system (1.4). In Section 4, we prove

Theorem 1.1.

2 Preliminaries

In this section, motivated by the thought from [51], and also [26, 32, 36, 53-54, 60], we first
introduce the concept of generalized solution and then give the global existence result for the

system (2.10) below.

Definition 2.1 Assume that F,h,f and S satisfy (H1)—(H4), and that the initial data
(up,vo) fulfills (H5). Let

~—

loc ’

v e L2 (Qx[0,00)) N L2

loc

{u € LL (2 x [0,00) @)

([0, 00); WH2(Q))

loc

be nonnegative and satisfy

YuF (v) — uh(u) € Li,.(Q x [0,00)). (2.2)
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Then (u,v) will be called a global generalized solution of (1.4) if

| v [ wot0
:D/o /QVU-VQ/H—/O /QuF(v)z/J—/O /Qf(v)z/z (2.3)
for all ¢ € C§°(Q x [0,00)), if
/Qu(-,t) g/Qqum/O /QuF(v)—/O /Quh(u) forae t>0 (2.4)
and if there exists a function ¢ € C?([0,00)) fulfilling

$(u), ¢ (W)|Vul’, uF ()¢ (u), uh(u)¢'(u) € Lioe(Q x 0,00)),
ud’ (w)Vu, ug'(u) € Li,(2 x [0,00))

and that for all nonnegative 1 € C§°($2 x [0,00)), the inequality

B /0“’ / o) — / S0y (-,0)

> [ [ / " [ @ (Sl w o
[T [otwavs [ [ wuseunve - vo

[T [er@ets- [ [ anwo (25)
holds.

In order to introduce an appropriate regularization of (1.4), now let us fix families {uoc }ce(0,1)
C C°() and (vos)ee(0,1) € WH°(£2) such that ug. and vg. are nonnegative for all € € (0,1),

and that as ¢ —+ 0 we have
uge — up and vpe — v in L'(Q) a.e. in 0
as well as
luoe — uollLro) <1 and  [lvoe — vollpr) <1 forall e € (0,1). (2.6)

Moreover, we fix nonnegative families {£:}.e(0,1) € C5°(R2) and {C:}ee0,1) € C5°([0,00)) with

0<&E <1 mQ and & 71 inQ ase (0 (2.7)
as well as )
=1, 0<s< —,
1 52
CE(S) S 17 - < < )
€ €

I

<o

V)

Y
MmN o
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which fulfills
0<¢ <1 in[0,00) and ( /1 in[0,00) ase \,0. (2.8)
Let

Se(zyu,v) = & (2)C (u)S(x,u,v), x€Q, u,v>0, (2.9)

then we consider the regularized problems

Uet = Aue — V- (ueSe(x, ue, v ) Ve ) + yue F(ve) — uch(ues), x€Q, ¢t >0,

Vet = DAve — uF(ve) + f(ve), r e, t>0.

e . (2.10)
e ey 0, x e, t>0,

ue(x,0) = upe (), ve(x,0) = voe (), z e

for e € (0,1). All of these problems (2.10) are indeed global solvable in the classical sense.

Lemma 2.1 Let Q C RN (N > 1) be a bounded domain with smooth boundary, D,~ > 0.
Assume that F h, f and S satisfy (H1)—(H4). Then for any choice of initial data (ug,vo)
satisfying (H5) and for each € € (0, 1), there exist functions

ue € CO(Q x [0,00)) N CHHQ x (0, 00))
and
vee [ C0,00); WHP(R)) N C*H(@ x (0,00))
p>max{2,N}
such that (ue,ve) solves (2.10) classically.

Proof Local existence and uniqueness of a smooth solution in £ x [0, Tinax,e) can be con-
structed by a well-established contraction mapping argument for suitably small Tiax > 0
as in [17, 33] or by Amann’s theorem (see [4-5]), where Tiax. denotes the maximal exis-
tence time. From the maximum principle, the nonnegativity of u. and v. are obtained. Since

Se(x,us,v:) = 0 for all sufficiently large u., standard estimation techniques yield extensibility

of this local solution for all times as in [17]. The proof is complete.

3 Some Lemmas

In this section, we shall give some lemmas which will be used in proving the main theorem

in the next section.

Lemma 3.1 Lete € (0,1) and T € (0, 0] as well as nonnegative functions u. and v. belong

to C%1(Q x (0,T)) and such that (2.10) is satisfied in Q x (0,T). If ¢ € C%([0,00)), then for
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any arbitrary 1 € C*=(Q x (0,T)) with g_qf =0 on 00 x (0,7, the equality
[ ooty
Q
=— / ¢”(u5)|Vu€|2w+/ ued” (us)Vue - (Se(x, ue, ve ) Vo)
Q Q
- / ¢ (ue)Vue - Vi +/ e (ue)(Se(z, ue, ve) Ve ) - Vb
Q Q
+’7/QU5F('U5)¢/(UE)"/J_‘/Quah(ua)(b/(ua)w (3'1)

holds for allt € (0,T) and each € € (0,1).

Proof By the straightforward calculation, we have

[ ooty

=/¢%@MA%—V%w&@ma%W%)
Q

+ ”YUEF(UE) - ush(us)]

= - /Q V{¢(U5W} : (vus - UESE(ZZ?, Ue, Us)vvs)
+VA%F@wwuw—L%m%wm@w
. —/ & (12 V|20 +/ et (1) Vate - (So (@, e, v2) V. )b
Q Q
— / ¢ (ue)Vue - Vi +/ e (ue)(Se(z, ue, ve) Ve ) - Vb
Q Q
+74%memww—é%m%mmww

for all ¢t € (0,T) and each ¢ € (0,1). The proof is complete.

Lemma 3.2 Assume that the conditions of Theorem 1.2 hold, the solution (u.,v.) of (2.10)
fulfills

0 <wve(z,t) <Ko forall (z,t) € Qx(0,00) (3.2)

and each € € (0,1), where

KO = HlaX{”U()”Loo(Q) + 1,K}

In particular,
llvellLoe() < Ko for any e € (0,1) and all t > 0. (3.3)

Proof The proof can be found in [18]. To avoid repetition, we omit giving details on this

here.
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Lemma 3.3 There exists Cy > 0 such that

vsF(5) —sh(s) <Cy —s for all s,5>0.
Proof From (H1) and (H2), we obtain

vsF(3) — sh(s) < ysF(Kg) — BT — 0s,

where a > 0. By Young’s inequality, it is easy to see that (3.4) is valid with

o, _ WONF (o) +1 -0
(1+a)" 5

The proof is complete.

Lemma 3.4 There exists Cy > 0 independent of t such that
llucll L) < Co for all € € (0,1)

and all t > 0. For any T > 0 there ezists C5 = C3(T") > 0 such that

/OT/QWUEF(UE) — uch(us)| < Cs

305

(3.4)

(3.6)

for all € € (0,1). Moreover, {uc}.c(0,1) and {M} are uniformly integrable over

ue+1
Q% (0,7).

Proof By Lemma 3.3, there exists ¢; > 0 such that
YueF(ve) —uch(ue) < c1 —ue forall e € (0,1).
Integrating the first equation of (2.10) and using (3.7), we deduce

d
—/u5§01|Q|—/u5 forall ¢t >0 and € € (0,1),
dt Jo Q

which yields
[uell L) < max{||uoll L) + 1, c1|2(}
for allt > 0 and € € (0,1). Let
ge (e, ve) = yueF(ve) — uch(ug).

It is well-known that
|9el = get + g
with
ge+ = max{g., 0}

(3.7)
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and

ge— := max{—g.,0}.
Once more employing Lemma 3.3, there exist ca,c3 > 0 and s, > 0 such that

et (5,5) < co forall s,s>0

and

ge— > s —cg forall s > s,.

Then, we get

L[Am%%n
:ATA%A%WQ+ATA%J%WJ

§201|Q|T+/u05 for all T'> 0 and ¢ € (0,1).
Q

Then, for any 7' > 0 there exists ¢4 > 0 such that

T
/ / [yueF(ve) — ush(ues)| < eq foralle € (0,1).
0o Ja

For any ¢; > 0 we take Ly = Li(c1,T) > 0 large enough satisfying 7+ < 5. By (H1)-(H2),
there exists s.. = S.x(s1,T) > 0 such that g(s,8) < —Lys for all s > s, and 5 > 0, and thus,

lg(s,8)] > Lis for all s, and 5> 0,

then, we can choose 7 = 7(<1,T’) > 0 appropriately small such that s,.n < %. For any measur-

able A C Q x (0,7T") with |A| <7, we estimate

T N S §
A AN{us<s..} AN{uc>s..}

SS**-|Aﬂ{u5§5**}|+// ge(ue, ve)l
Am{us>5**} L

1 T
SWW+7//hmMm
1Jo Q

gs**n+2—4lg%+% for all € € (0,1).

By the definition of uniformly integrable (see [11]), we know that {uc}.c(o,1) is uniformly
integrable over Q x (0,7"). Given ¢ > 0, we take ¢5 = ¢5(s2,7") > 0 large enough such that
Cq S2

o <%, whereupon the continuity of F and h on [0,¢5], we can find ¢g = cg(s2,T) > 0
fulfilling

[vueF(ve) — uch(us)| < g for all ue € [0, c5).
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Then each measurable A C Q x (0,T) satisfying |/~&| < 2%6 has the property that

// |yue F(ve) — uch(ue )|
ue +1
// |7us ( s) - ush(us)|
Rnfu.<es} ue +1
// [yueF'(ve) — uch(uc)|
An{us>cs} ue +1

<06|A|+—//A{ }”yus F(ve) — uch(ue)|
N{us >cCs5
c

4 G2
< T2 2= for all e € (0,1).
_05+1+2_2+2 ¢ foralle e (0,1)

The proof is complete.

Lemma 3.5 For any T > 0, there exists Cs = C3(T") > 0 such that

T
/ / |Vu|> < O3 for alle € (0,1) (3.8)
o Ja

and

/T/ Fvs)us < Cs  for all e € (0,1). (3.9)
0o Jo

Proof We test the second equation in (2.10) by v. and integrate by parts, we have

1d 9 9
—— D V
2dt QUE+ /Q| vl

__/QUEUEF(UEH/QJ“(UE)%
g—/gusvsF(vs)‘Fﬂ/ﬂvg

<- / v F(v2) + pK2|Q)
Q

for all e € (0,1) and all ¢ > 0. Integrating the above inequality over (0,7"), we obtain

D/ /|Vv5|2 /(v0+1) + nK2T|Q|

for all € € (0,1), here we used the nonnegativity of u.,v. and F. Then, integrating the second

equation in (2.10), we get

%/ﬂva—l—/ﬂugF(UE):/Qf(Ua)SM/QUESMKO|Q|

for all e € (0,1) and all ¢ € (0,7). Integrating the above inequality over (0,7'), we deduce

/0 ' /Q wF(v.) < /Q (v + 1) + nKoT|Q|

for all € € (0,1). The proof is complete.
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Lemma 3.6 For any T > 0, there exists Cy = C4(T') > 0 such that

2
//lvﬂ <Cy foralle € (0,1). (3.10)

Proof Letting v = 1 and ¢(s) = In(s+ 1) on [0,00) in Lemma 3.1, we have

d |V'UJ5|2 Ue
1 € 1 - €’ e\d, Ue,y Ve €
s n(u: +1) = /Q TR /Q o+ 1)2Vu (Se(,ue,v-)Ve)

Uge Uge
Flu)) — | —=—h(u. 11
[ ) - [ ) (311)

for all e € (0,1) and all ¢ € (0,T). Integrating (3.11) over ¢t € (0,7, we obtain

/ / stjflf?/ln(u‘s’ +1)+ / / Us+1 e (Se(z, ue, ve)Voe)
+ / [ e o0 - uehtue)

for all € € (0,1). Using Young’s inequality, we get

Ue
‘/QWV% . (SE(ZE,UE,UE)VUE)

! Vuc? 1 u? i
S5 e 5|5 \V4
- 2A (Ua+1)2 + 2/ (u5+1)2| (‘T U’E’UE)| | Us|

1 |Vue|? 1, / 9

< Z _vrel 4

<3, tuere 3580 19
for all e € (0,1) and all ¢ € (0,T). Since 0 <In(s+ 1) < s for all s > 0,

(Ko)
/ / Ua+12_ Qu( T)+ SO 0) |Vv5|
+/ / [yueF (ve) — ush(ue)|.
0o Ja

Combining Lemma 3.4 with Lemma 3.5, we draw the conclusion immediately. The proof is

complete.

Lemma 3.7 Let m > 4. Then for any T > 0 there exists C5 = C5(T) > 0 such that
T
/0 |0 In(ue + 1)H(W€L,2(Q))*dt < Cs forallee(0,1). (3.12)
Proof Letting ¢(s) =In(s+ 1) on [0,00) in Lemma 3.1, we have
/ O In(us +1) -

_ [ IVul? /
/ (ue +1)2 AT IrAd Ua—i—l e (Se(,ue, ve ) Vo )y

1 Ue
—/{lua_i_qus V1/)—|—/ u€+1(85(x,us,vs)Vvs)-V1/)
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Ug Ue
-l—W/Qu€+1F(v5)w—/Qu€+1h(u€)w (3.13)

for all ¢ € (0,1) and all ¢t > 0 as well as arbitrary ¢ € WSR’Q(Q). Now, we estimate the right

hand side of (3.13) one by one. By Holder’s inequality, we obtain

[ ] < (] ) iotieion 6.14)

- [ e <ss<x,u5,vs>w5>w\
<so(m)( | (1'7%'1 ([ 1ver) ol oy, (3.15)
\—/Qufﬂwew < (/Q%)%nwnm), (3.16)
\/Qusujl(sg(x,ug,va)wa)-vw <SO(KO)(/Q|vUE|2)%|¢||Lm(Q), (3.17)
b [ Frye = [ ephwou] < ([ P - uht)) [Wlee  (333)

for all € € (0,1) and all ¢ > 0. Inserting (3.14)—(3.18) into (3.13), we deduce

\A@m%+mﬂ

S{/Q%““K@( / lvf'l ) ( / Vo) oo

(32 s )
+ /Q e (v:) = uch(u)| (199 20 + 1]l o)

for all € € (0,1) and all £ > 0 as well as arbitrary ¢ € WS”’Q(Q) Owing to m > & it is easy
to see that W{™?(Q) < L>°(Q) is continuous. Thus, by Young’s inequality, there exists ¢; > 0

such that
|V, |? / 9
1 1)- ‘< 1 —_
| [am@e 1w <afis [ s [ vu
4 [ PP (w2) = uch(u) IV oo,
Q

for all e € (0,1) and all ¢ > 0. In accordance with Lemmas 3.4-3.6, integrating the above

inequality over (0,7, we obtain (3.12) immediately. The proof is complete.

Lemma 3.8 Let T > 0. Then

(i) {In(ue + 1)}ee(o,1) @s relatively compact in L*((0,T); WH2(Q)) with respect to the weak
topology, and relatively compact in L*(2 x (0,T)) with respect to the strong topology;

(ii) {ve}ee(o,1) is relatively compact in L*(Q2 x (0,T)) with respect to the strong topology;

(iii) {F(ve)ue}ee(o,1) 48 relatively compact in L' (Qx (0,T)) with respect to the weak topology.



310 G. Q. Ren and B. Liu

Proof (i) Let z. := In(u. + 1). By means of Lemmas 3.6-3.7, we have
{2c}ee(0,1) is bounded in L2((0,T); Wh2(Q))
and
{2ct}ee(0,1) is bounded in L'((0,7); (WNQ(Q))*)

for all T > 0. According to Aubin-Lions lemma (see [42]), we obtain the claimed strong pre-
compactness property.

(i) Let m > & and an arbitrary ¢ € W2(€). We test the second equation in (2.10) by ¢,
integrating by parts and using the Cauchy-Schwarz inequality, for each fixed ¢ € (0,7"), we get

1
| [ o] < D( [ 1902)" 19 0laote) + ([ 0F @) - [l
Q Q Q
+ ko | - [[Y] Lo ()

Once more employing the embedding W{"?(2) < L>(€2), we can find a constant ¢; > 0 such
that
T T
AH%%ﬁm%wmwwgqé(L+W%F+%F@D&

In accordance with Lemma 3.5, there exists co > 0 such that

T
‘/O ||'U5t(,t)H(Wgn,2(Q))*dt S 02(1 + T)

Thus, together with Aubin-Lions lemma (see [42]), Lemmas 3.2 and 3.5, we draw the claim
immediately.

(iii) Let z. := u.F'(ve). In light of Lemma 3.2 and (H1), there exists a constant ¢ > 0 such

that
T
/ / zeln(ze +1)
o Ja
T
< / / ueF(ve) In(F(Ko)ue + 1)
o Ja
T
g/ / ueF'(ve) In(es(ue + 1))
o Ja
T T
<In 03/ / uF(ve) + / / ueF(ve) In(ue + 1). (3.19)
0o Ja o Ja
By the straightforward calculation, we derive

d
L n(u. + 1
dt/QU n(us + 1)

:DAm@m%+n—A%ﬂwm@+n
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Ve
+ [ o+ 1+ [ A,
—/ ve V - (ueSe(x, ue, ve ) Vue)

Q Ue + 1
UeVe UeVe
F — h fi 11¢>0.
+7/Qu5+1 (ve) /Qua—i-l (ue) for all ¢ >

Integrating the above equation over t € (0,7, we deduce

T
/ /usF(Us)ln(u5+1)
/voln(u0+1) D+1/ /u5+1V“€'W€

2,

/ / u+12|Vua| / /fv‘S In(u. + 1)

+/ / Ue + 1VU5 ’ (SE(xv’UJs,UE)VUE)
UeVe
/ / ua"‘l Ue (Sa(x’uéava)v’l)g)

UeVs
+’Y/ /ua+1 E'

Applying Young’s inequality, we estimate

|Vu5|2 2 T 2
—(D+1) Vue - Ve < +(D+1) Vo %,
Que+1 (ue +1)2 0o Ja

Vu|?
52<K/ / | £
/ / u5+12|vu| (ue +1)2
T U
/0 /QUE—T—IVUE- (Se(z,ue,v2)Voe) < So( KO/ /|va|2

/ / ufi}al o (Se(z,ue,v:)Voe)
<[ [ g [ [
/o /S2f(va)1n(U5+1)§uKO/o /Qua

/ / Uele F(v.) <vKj /OT/QUEF(UE)

and
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(3.20)

(3.21)
(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Substituting (3.21)—(3.26) into (3.20) and in light of Lemmas 3.4-3.6, there exists a constant

¢4 > 0 such that

[ [reomeen e
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Together with Lemma 3.5 and (3.19), we get

/ /zalnzg—i—l < cs

with ¢5 > 0 is a constant. Given § > 0, we take cg > 0 sufficiently large fulfilling

Cs <§
1n(1+66) -2

Let A C 2 x (0,T) is an arbitrary measurable set satisfying [A| < 5= for £ € (0,1), we have

Jhe T = ™
Aﬁ{ze>ce} An{z-<ce}

< — 1 + 1) + c|A
- 1n(1 + cs) //Aﬂ{z5>cﬁ} zeIn(ze )+ el

s
_ 5 <
hl(l—l—c )+CG|A| 0.

Owing to § > 0 is arbitrary, we know that {z.}.c(o,1) is uniformly integrable over © x (0,T).
According to Pettis theorem (see [6]), it is easy to see that { F'(ve)ue }-¢(0,1) is relatively compact

in L'(Q x (0,T)) with respect to the weak topology. The proof is complete.

Now, we are preparing to extract a suitable sequence of number ¢ along with the respective

solutions approach a limit in appropriate topologies.

Lemma 3.9 Assume that the conditions of Theorem 1.1 hold. Then there are (¢;)jen C

(0,1) and nonnegative functions
u € Lig([0,00); L'()), v € Li,c([0,00); WH2(2)) (3.27)

such that €5 \, 0 as j — oo and

u. = u a.e. in Q x (0,00), (3.28)

In(ue +1) = In(u+1),  Li ([0, 00); WH*(2)), (3.29)
ve > v a.e. in Q x (0,00), (3.30)

ve » v in L3 (Q x [0,00)), (3.31)

ve v in LES(Q x (0,00)), (3.32)

Ve = Vo in L2 (2 x (0,00)), (3.33)
F(va)ue — F(v)u in L. (Q x [0,00)), (3.34)

as well as

vF(ve)ue —uch(u:)  yF(v)u — uh(u)

in L (Q ,
ue + 1 Tt in Lioo(Q2 % (0,00)) (3.35)

ase=-¢e; \(0.
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Proof By means of Lemma 3.8, (3.27)—(3.28) can be obtained through a straightforward
extraction process. Together with (3.3), (3.8) and Lemma 3.8 yield that (3.30)—(3.33) hold

along a further subsequence. In particular, we have
F(va)ue = F(v)u a.e. in Q x [0,00) (3.36)
as € = g5 \, 0. The combination of Lemma 3.8 and Egorov’s theorem guarantees that
F(vo)ue — F(v)u in Li,.(Q x [0,00))

ase=¢; . According to , Lemma A.3| an .36), we know that (3. olds. By (3.28),
i \(0. A di [50, L A.3] and (3.36) k hat (3.34) holds. By (3.28)

(3.30), Lemma 3.4 and Vitali convergence theorem, we obtain (3.35). The proof is complete.

Lemma 3.10 Assume that the conditions of Theorem 1.1 hold, and let (¢;);en C (0,1) be
as in Lemma 3.9. Then there exists a subsequence, again denoted by (¢;);en, such that for a.e.

T > 0 we have
Voe = Vo in L*(Q x (0,T)) as e = &; \, 0.
Proof In light of (3.33), we obtain

T
/ / |Vo|? < hmlnf/ / |Vo[* for all T > 0. (3.37)
0 9] £ EJ

Then, multiplying the second equation in (2.10) by v. and integrating over  x (0,7") implies

o[ [t = [ furors [ [ s

+3 /Qvo - %/Qvf(-,T). (3.38)
By (3.32) and (3.34), we get
T T
/0 /ngvaF(vE) — /0 /quF(v) ase=-¢; \y0, (3.39)
(3.31) yields that
T T
/0 /Qf(vg)v‘E — /0 /Qf(v)v ase=¢; \,O (3.40)
and
/ v2(-,T) — / v?(-,T)  for all T € (0,00)\ Ay (3.41)
Q Q

with some null set A; C (0,00). Thus, collecting (3.38)—(3.41) shows

ot [ [1one == [" [wrw [ [ o
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1 1
—/ 2 —/’UQ(-,T) for all T' € (0, 00)\A1,
Q Q

T3 ) W03

which in conjunction with the fact of [50, Lemma 8.1] with a null set As C (0, 00)

T
/ /qu /UO—%/Q’U2(~,T)SD/O /Q|Vv|2 for all T € (0,00)\ Ay

gives the desired consequence. The proof is complete.

4 Proof of Main Theorem

Now, we can prove Theorem 1.1 on the basis of the above lemmas.
For any arbitrary ¢ €

Proof of Theorem 1.1 We only verify the inequality (2.5).
=1In(s+1) on

C5e(Q x [0,00)), we take T > 0 such that suppt C Q x [0,7] and choose ¢(s)

[0,00) in Lemma 3.1, we have

—/Oofln(uaﬂ)wt—/ln(uog+1)¢(-,0)

- [ e [T o S

+/0 /an(us+1)Aw+/0 /ng_il(ss(iﬂaus,vs)vvs)-vw
+7/OOO/Qug“ilF(vs)w—/Om/Qugujrlh(usm for all € € (0,1). (4.1)

An application of (3.29) infers that

—/OOO/an(u5+1)th—>—/OOO/QIH(u+1)wt

and
/OOO/QIH(UE—F 1AY — /OOO/an(u_i_l)A
as € = ¢ \, 0. Thanks to (3.35), we get
o[ e [ ] ek
_W/OOO/QuilF(”W_/OOO/Quilh(UW (4.4)

as € = £ \, 0. Combining (3.28) with (3.30), we deduce

S(z,u,v) ae. in Q x (0, 00),

Ue U
Se(x,ue,ve) > ——
ue + 1 o, e, ve) u+1

along with Lemma 3.10 implies that

in L2 (Q x [0,00)) (4.5)

Ue U
U + 1(8 (7, ue,v:) Ve ) — ﬁ(8($,u,U)VU)
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as € = g5 \( 0, this ensures that

[eS) Ue oo "
/0 /Q i 1 e e 0) V) - VY /0 /Q a1 C@w Vo) VY (46)

as € = £ \, 0. The combination of (3.29) and (3.46) yields

/000 /Q (u:lfgl)QVug (Se(x,ue,v2)Voe) - ¢
= /OOO/QVM(u5 +1)- (usu:— lSs(x,us,vs)Vvs) X
—>/OOO/QV1n(u—|—1) : (UL_HS(ZE,U,’U)V’U) )

= /OOO /Q ﬁ(VU - S(x,u,v)Vo) -1 (4.7)

as € = 5 \ 0. Applying Fatou’s lemma, we obtain

and

Vul? Vuel|?
/ / [Vl ——1 < hmmf/ / Vuel” (4.8)
u + 1 e=¢;\0 us + 1

/ In(ug + 1)3(+,0) < liminf/ In(uge + 1)30(+,0). (4.9)
Q Q

e=¢e;\0

Collecting (3.43)—(3.45) and (3.47)—(3.50), we know that w fulfills (2.5). The proof is complete.
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