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Abstract In this paper, the authors employ the splitting method to address support
vector machine within a reproducing kernel Banach space framework, where a lower semi-
continuous loss function is utilized. They translate support vector machine in reproducing
kernel Banach space with such a loss function to a finite-dimensional tensor optimization
problem and propose a splitting method based on the alternating direction method of mul-
tipliers. Leveraging Kurdyka-Lojasiewicz property of the augmented Lagrangian function,
the authors demonstrate that the sequence derived from this splitting method is globally
convergent to a stationary point if the loss function is lower semi-continuous and subana-
Iytic. Through several numerical examples, they illustrate the effectiveness of the proposed
splitting algorithm.
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1 Introduction

In this paper, we employ the splitting method to address support vector machine (SVM for

short) in reproducing kernel Banach space (RKBS for short) with a lower semi-continuous loss

function. SVM is a successful model in machine learning. First, we introduce the background

of machine learning. We denote the sample space as X in the d-dimensional Euclidean space

R? and the label space as Y in the set of real numbers as R, respectively. We have a truth

R : X — Y and the following training data

D := {(wzvyz) y’L:R(x’L)v Z:15277N}QXXY
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For any & € X\{®x1,%2, - ,xzn}, R(x) is unknown. Based on the training data D, we learn
a mapping Rp : X — Y such that Rp(x) is a good approximation of R(x) to an arbitrary
reX.

One heuristic method for learning R p is to choose the optimal one in the set of all mappings
from X to Y according to a given criterion. Since X is uncountable, it is difficult to consider all
mappings from X to Y. We can only consider a part of mappings from X to Y. Thus, different
parts of mappings from X to Y and different criteria can obtain different kinds of Rp, but we
do not know which Rp is better without testing data. We hope that as many mappings from
X to Y as possible can be considered and the corresponding Rp can be obtained easily.

In this paper, we consider some infinite-dimensional —"=-norm RKBSs B7T that consist
of some mappings from X to R, where m is an even integer. We will find a mapping in Bm-—1

that achieves the smallest regularized possible empirical risk (see [31, Section 5.5]), that is,

1nf ZLwl,yl, (wl))+/\||f||m ; : (1.1)

fGBm

where L : X XY X R — [0,00) is a given lower semi-continuous loss function and A > 0 is
a given regularization paramater. In the following, we will interpret L(x,y, f(x)) as the loss
of predicting y by f(x) if @ is observed, that is, the smaller the value L(x,y, f(x)) is, the
better f(x) predicts y in the sense of L. A loss function L is called lower semi-continuous if
t — L(x,y,t) is lower semi-continuous on R for all x € X and y € Y. Similarly, we can define
other properties of loss function, such as continuity, smoothness, convexity, etc. Finally, we
use fp to construct Rp according to the task requirement. For example, if Y = R, then we
construct Rp = fp for regression. If Y = {+1,—1}, then we can construct

Ro(®) = {—1, fo(@) <0

for binary classification (see [28, Sections 8-9]). In this paper, we call Rp constructed by
optimization problem (1.1) the SVM in B#1. Clearly, the key step in constructing the SVM
in B7-T is to solve optimization problem (1.1).

When m = 2, —5 = 2 and B? is a reproducing kernel Hilbert space (RKHS for short).
The SVM in B? is already achieved with convex loss function (see [28]). By definition, if L
is a convex loss function, then L is a lower semi-continuous loss function. But the converse is
not true. Recently, some nonconvex and lower semi-continuous loss functions have been used
in SVM (see [7, 12, 17, 26, 30]). In [19], we show that when m = 2 and L is a lower semi-
continuous loss function, optimization problem (1.1) can be equivalently transferred to a lower
semi-continuous finite-dimensional optimization problem with linear constraint and a positive
semi-definite matrix. Next, we discuss the splitting method based on the alternating direction
method of multipliers (ADMM for short) for optimization problem (1.1). By this splitting
method, we obtain two subproblems that are computable easily. The first subproblem can be
equivalently transferred to some lower semi-continuous 1-dimensional optimization problems
and the second one can be equivalently transferred to a well-posed linear equation. Also, we
discuss the convergence of this splitting method. The convergence of ADMM is already guaran-
teed well for convex optimization problems (see [6]) and some special nonconvex optimization
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problems by the Kurdyka-Lojasiewicz (KL for short) property of the augmented Lagrangian
function (see [13, 15]). In [19], we discuss the global convergence of the splitting method based
on ADMM to a stationary point by the KL property of the augmented Lagrangian function.

Since RKHS is a special case of RKBS, after the success of the SVM in RKHS, people
naturally would like to know whether the SVM can be achieved in a general RKBS. When m > 4,
B7T is just an RKBS, not an RKHS. If m > 4 and L is a convex loss function, [31, Section
5.5] shows that optimization problem (1.1) has a unique minimizer. Moreover, [31, Section 5.2]
develops the fixed-point algorithm for optimization problem (1.1) with a convex and smooth loss
function. Furthermore, a preliminary experiment in [31, Chapter 6] shows that if L is a convex
and smooth loss function, the SVM in B3 can perform better than the SVM in B2. Recently, [14]
shows that when m > 4 and L is a lower semi-continuous loss function, optimization problem
(1.1) with another regularization term A||f ||28% has a minimizer. However, when m > 4
and L is a nonconvex and lower semi-continuous loss function, the algorithm for optimization
problem (1.1) is still lack of study, no matter what kind of regularization term it contains.

Based on the situation above, when m > 4, there are still a couple of issues that need
discussion:

e When L is a nonconvex and lower semi-continuous loss function, does optimization prob-
lem (1.1) have a minimizer? If the minimizer exists, how to solve it?

e If we find an algorithm for optimization problem (1.1) with a nonconvex and lower semi-
continuous loss function, is this algorithm still effective when L is a convex loss function? Does
the loss function need to be smooth?

In this paper, we answer these two questions. For simplicity, in the rest of this paper, without
specification, we assume that m is an even integer, m > 4, and L is a lower semi-continuous
loss function.

First, we show that optimization problem (1.1) has a minimizer (see Lemma 2.1) and it can
be equivalently transferred to a lower semi-continuous finite-dimensional optimization problem
with nonlinear constraint and a positive semi-definite tensor (see optimization problem (2.11)).
Next, we discuss the splitting method based on ADMM for optimization problem (1.1) (see
Algorithm 1). By Algorithm 1, we obtain two subproblems that are computable easily. The
first subproblem can be equivalently transferred to some lower semi-continuous 1-dimensional
optimization problems and the second one can be equivalently transferred to a well-posed tensor
equation. Specially, two subproblems are nonconvex. To ensure the convergence of Algorithm 1,
we need to add more conditions on loss functions, training data, and RKBSs (see Assumption
4.1) to establish Lemma 4.1 to Lemma 4.6. In Assumption 4.1, the loss function L can be
nonconvex and nomsmooth. Thus, we reexchange the convergence theorems in [13, 15, 19] and
verify the global convergence to a stationary point of Algorithm 1 for optimization problem (1.1)
by KL property of the augmented Lagrangian function (see Theorem 4.1). Finally, we give some
numerical examples for synthetic data and real data in Section 5 to show that Algorithm 1 for
the SVM in B=~T with a lower semi-continuous loss function is feasible.

This paper is organized as follows. Section 2 introduces some preliminary materials of the
SVM in B7=~7. Next, we use Algorithm 1 for optimization problem (1.1) in Section 3. Moreover,
we discuss the global convergence of Algorithm 1 in Section 4. Finally, we give some numerical
examples for synthetic data and real data in Section 5.
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to be a column vector

In this section, we review some concepts of the SVM in B w1 where m is an even integer
and m > 4. We denote the set of positive integers as N. In this paper, every vector is supposed

Before introducing B~ we need some basic concepts of the spaces £=-7 (see [18, Appendix
C]) that consist of real sequences. We define a normed space

gm"ll :{{an}: aneRa Z|an|% <OO}’

neN
equipped with the norm |[{a,}| =

m—1 = ( Z |an|":711

1
) ™ . Since 1 <
neN
C.10] shows that ¢m-T is a Banach space
1 1
—m + ™o

< St < %, [18, Theorem

Let (/==T) be the dual space of (m-1. Si
[18, Theorem C.12] ensures that (£7-1)" is isometrically isomorphic to £, where

Since
= {{bn} b e R b < oo},

neN

e

and ¢™ is equipped with the norm [[{by}|m = ( 2 |bn|™)

The isometric isomorphism from
neN
™ onto (=-T)" can be represented in the form {b,} — (-, {bn})
bilinear product defined on £77 and ¢™, that is

() -m_ is the dual

(

E a/nn

neN
Also, the Holder’s inequality shows that

({an}, {bn}

L

< Z lanbn| < ”{an}”%”{bn}”m

neN

Moreover, we need some basic properties of £=-1. For example, [18, Theorem C.14] shows
that £7-7 is reflexive [18, Proposition 5.2.6, Corollary 5.2.12] show that £=-7 is strictly convex
and [18, Proposition 5.5.7, Corollary 5.5.17] show that ¢=-T is smooth

2.1 L_l-norm reproducing kernel Banach space

We now introduce some basic concepts of Bw-1 (see [31, Section 3.2]), where m is an even
integer. i

Let {¢,} be a series of continuous functions from X to R such that 3 |¢,(x)] <
neN
oo for all & € X. We define a normed space

neN neN
equipped with the norm || f|]

BT = ”
. . . m
is isometrically isomorphic to £m—1

Bm-1 = {f ::Zan¢n: an € R, Z|an|% <oo}

. _m _m

This construction of BT ensures that Bm-1
m .

Since £=-1 is a Banach space, BT is also a Banach space
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Let (B7-7) be the dual space of Bm~T. Since (£7-7)" is isometrically isomorphic to £, it is

clear that (B7=-1)’ is isometrically isomorphic to B™, where

B™ .= {g =3 budn: bR, S b < oo}

neN neN

and B™ is equipped with the norm || g||gm := ||[{bn}|lm- The isometric isomorphism from B™
onto (B7-1)" can be represented in the form g —» <'ag>5m”11a where (-, '>Bm”11 is the dual
bilinear product defined on B=-T and B™, that is,

<f7 g>8mn11 = Z apbnp.

neN

Also, for any f € B»T and g € B, we have that

(f:9) g < WSl grms gl

Remark 2.1 Following the isometric isomorphism from B™ onto (Bmﬁll )/, in this paper,

we use the elements in B™ to represent the corresponding elements in (B7-1)’.

Since £ is reflexive, strictly convex and smooth, B7-7 is also reflexive, strictly convex
and smooth. For any f # 0, [31, Theorem 5.2] shows that

-1
de (- | ) () = ) ) (2.1)

m—1 _1
° (BT
m

Bm—

1

where dg denotes Géateaux derivative and J,, : B — B=-1 denotes duality mapping from B™
to Bm-T (see [29, Definition 2]), respectively. The duality mapping J,, can be represented in

the form

Tm(9) =Y (bn)"™ .

neN
Since m > 4, J,,, is a nonlinear but continuous mapping. Also, [8, Chapter II, Proposition 4.8]

shows that 7, is a homeomorphism. Hence, 7, has the inverse mapping

()" () =D (an) 7T 6.

neN

Next, we check the reproducing property of B7-1 by the well-defined kernel K : X x X — R,
K(z,a') =Y én()pn(z)), Vz,z’cX.
neN

Since Y |¢n(x)| < 0o for all @ € X, it follows that Y |¢,(x)|™ < co. Hence,
neN neN

K@) =Y ¢u(@)dn €B™, ([,K(@, ) m; =Y andn(@) = f(x)

neN neN

for all € X and f € B=-1. Thus, Bm~1 is a right-sided RKBS (see [31, Definition 2.1]). For
any even integer m > 4, BT has the same reproducing kernel K.
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m
m—1

2.2 Support vector machine in norm reproducing kernel Banach space

In this subsection, we introduce some basic properties of optimization problem (1.1). For
simplicity, we denote

N
5(f) = (f(@1), - flen)', Fla):= % S Liwi, yir i),
i=1

m

Also, we denote the objective function of optimization problem (1.1) as L
Thus,

N m m

T (f) = %ZL(%yi,f(wi))+/\||f||""% = (Fo8)(f) + Il

Bm—1 m—1 ’
=1

where o denotes composition. Since L is nonnegative, it is clear that for any f € Bm 1,

m m

T (f)=(F08)(f) + AT oy = AlfII"n >0.

- Bm—1 Bm—1

Therefore, T_m_(f) tends to oo as HfHBmTl tends to oo. Since B7-T is reflexive, [10, Exam-
ple 1.14] shows that 7_m_ is sequentially coercive in the weak topology of B7-7. Moreover,
since L is a lower semi-continuous loss function, F' is lower semi-continuous on RY. Also, the

reproducing property of Bm-1 assures that

18CHI = (F (@), Flan) T < Il g UK (@1, s, - K (e, )l ) I

where || -|| denotes the Euclidean norm in RY. Thus, § is a continuous linear mapping on B#-T

which ensures that § is weakly continuous on BrT by [18, Proposition 2.5.3]. In conclusion,

F o4 is lower semi-continuous and weakly lower semi-continuous on B=-T. On the other hand,

since f = || f|| ;7= is continuous and weakly lower semi-continuous on B==1 by [18, Theorem

m—1

2.5.21] and ¢ — M m-1 is continuous on [0,00), f — /\||f||;‘i71 is continuous and weakly lower

semi-continuous on Bm-T. In conclusion, 7_m_ is lower semi-continuous and weakly lower
semi-continuous on Bm-1.
In the rest of this paper, we usually discuss the optimal conditions of lower semi-continuous

functions. We need the concept of limiting subdifferential. For a lower semi-continuous func-
T_m _
tion T_m_, we use 5 5 f to denote f*¥ — f and T%(fk) — T_m_(f). The regular

subdifferential of 7_m_ at f € B7°7T is given by
2 Tom (h) —T_m_(f)—{(h— f,
(h) = T (f) = (b= fL9) 20}'

(9 m = Bm: 1 i f —
T (D)= {g€B": lminf Th— 1l =

m—1

Also, the limiting subdifferential of 7_m_ at f is given by

T_m _ R
T (f):={geB™:3f* == f, g* — g with g* € OT_=_(f") for cach k}.

m—1

Similarly, we can define the limiting subdifferential of F o & at f € Bm-1 and F at a € RV,
Now we discuss the limiting subdifferential of 7_m_. For any f # 0, the chain rule and (2.1)

assure that for any f # 0,

Ao 1T2)() = "2 () ().

Bm—1
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Thus, [20, Proposition 1.107] shows that

_m m)\

0T (f) = O(F 0 8)(f) +da(A - | 120 )(F) = A(F 0 8)(f) + —=(Tm) "' (). (22)

m— Bm—1

Moreover, for any h € B7°7 and ¢ € R, since 4 is a linear mapping, we have that

dd(£)(n) 2 i STHEIZOIN O 50 9 ) - )T
D (h K (@1, ) o (0 K (@, ) oy )T

where (a) holds because of the definition of Gateaux derivative, (b) follows from the linearity
of 4, (c) holds thanks to the definition of d and (d) holds because of the reproducing property
of Bm=1. Following the isometric isomorphism from B onto (B7-1)" mentioned in Subsection
2.1, it follows that

ded(f) = (K(z1,-),-  K(zn, )" (2.3)
By the chain rule [22, Proposition 6.17], it follows that

(dcd(f)TOF(S(f)) = (K(@1,), -, K(zn,))IF(8(f)) € O(F o )(f). (2.4)

Combining (2.2) with (2.4), we have that for any f # 0,

(K(1,-), -, K(zn,)OF(8(f)) + m—(jm)_l(f) COT = (f) (2.5)

A basic question for optimization problem (1.1) is whether the minimizer exists. Next, we
show the existence of the minimizer of optimization problem (1.1) and provide the space where
the minimizer is located.

Lemma 2.1 For any even integer m > 4 and lower semi-continuous loss function L, opti-
mization problem (1.1) has a minimizer fp. Moreover, for any minimizer fp of optimization
problem (1.1), it follows that

fp € Tm(span{K(xy1,-), -, K(zn,")}).

Proof First, we show the existence of the minimizer. As 7_m_ is weakly lower semi-
continuous on B7-T and sequentially coercive in the weak topology of Bm-T, [10, Theorem
1.15 (a)] shows that optimization problem (1.1) has a minimizer fp.

If fp = 0, then the proof is straightforward. If fp # 0, we discuss the optimization problem

min [ gz
feBm-1 B (2.6)

st 8(f) =d(fp).

It is clear that fp is in the feasible set. Since fp is a minimizer of T_=_ on B71, for any
f in the feasible set, we have that T m_(fp) < T_m_(f). Since for any f in the feasible set,
(Fod)(fp) = (Fod)(f)and A > 0,1 < -7 < 1 it follows that ||fDHB m_ < ”f”BmT . Thus,

m—1 — 37 m—1 1
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fp is a minimizer of optimization problem (2.6). From the optimal condition of optimization
problem (2.6), there exists 8 p € R such that

0=da(|l || gy )(fD) + dcd(fD) " Op. (2.7)
Since fp # 0, from (2.1), (2.3) and (2.7), we have that

)
(Jm) 1(fD)
/bl

S Span{K(mh ')7 e 7K(wN7 )} g Bm

1—1
m

|n
Bm—1

As [[fp|l ym=r # 0, we have that

fp € TIm(span{K(xy1,-), - ,K(zn,")}).

This completes the proof.

Lemma 2.1 shows the existence of a minimizer of optimization problem (1.1). The minimizer
may not be unique, but all minimizers are contained in 7, (span{ K (z1,-), -, K(zn,-)}). In
the next subsection, we discuss how to equivalently transfer optimization problem (1.1) to a

finite-dimensional tensor optimization problem.

2.3 Tensor optimization problem

This subsection discusses how to equivalently transfer infinite-dimensional optimization
problem (1.1) to a finite-dimensional tensor optimization problem. First, we review a ten-
sor, which is an extension of the Gram matrix (see [33, Section 3]). For the convenience of
readers, the notations and operations of tensors are defined as in [23]. For a given B=-T and
the training data D, where m > 4 is an even integer, we denote

Qn = (¢n(w1)a¢n(m2)a e a¢n(wN))T € RN; n € N.

Also, we define the following m-th order N-dimensional real tensor

N.N,- N

An = (2 dn(@i)on(@sn) - on(@:,)) =Y @)™,

neN 11,02, ,im =1 neN

where ® denotes the tensor outer product. Next, we introduce some operations with A,,. For

any ¢ € RV, we denote

Apc™ = (Z(@n)@”) P = Z(@Zc)m >0,

neN neN
Ape™ti= (D (@,)7) - 2 = 3 (@) B, € RY,
neN neN
Ame™2 1= (D (@,)%7) - 772 = 3 (@) 2, @) € RV,
neN neN

By the definition of A,,c™, A,,¢™ ! and A,,c™ 2, we show that

Anc™ = (Ane™ D%, Ape™ = A2 e (2.8)
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Moreover, by the definition of A,,¢™~2, it is clear that A,,c™ 2 is symmetric. For any d € RY,
we have that )
d¥ (Amc™2)d = Z(Cbzc)m_Q(‘I’}; d) > 0.
neN

Thus, A,,c™~ 2 is positive semi-definite. In conclusion, A,,c™ 2

is symmetric and positive
semi-definite for any ¢ € RY. Also, ¢ — A,,c¢™ can be seen as a function from R" to R. By
the derivative rule, we finally note that ¢ — A,,¢™ is a twice-differentiable function from RN

to R and for any ¢ € RY,
V(An()™) () = mAnc™ !, V2(A,()™)(c) = m(m —1)Anc™ 2, (2.9)

where V represents the gradient and V2 represents the Hessian matrix, respectively.

We now introduce how to equivalently transfer optimization problem (1.1) to a tensor opti-
mization problem. By Lemma 2.1, for any f € J,,(span{K (x1,-), -, K(xn,-)}), there exists
c € RY such that f has the representation

J = Tnl(K(@1,), K (@n,))e) = T Yo (@Fe)on) = S (@Fe)" o,
neN neN

which ensures that

8(f)=(f(x1), flan)" =D (2he)" '@, = Ay (2.10)
neN
On the other hand, since m is an even integer and m > 4, by the definition of || - ”BmTl , we
compute
et T ym—1|=2g _ T \m _ m
MFI o, =AD [ @re)" 7T =AY (Bre)™ =A™

neN neN
Thus, optimization problem (1.1) can be equivalently transferred to the following tensor opti-
mization problem

min F(Ane™ ) + A, c™.
ceRN

Let o = A,,¢™ !, Then we reformulate the optimization problem above as
min F(a)+ M, c™,
(e,c)eR2N (2.11)
s.t. a=A,c" "
Since m > 4, the constraint is nonlinear.
Example 2.1 Suppose that N =1 and A,,, is an m-th order 1-dimensional identity tensor.
Thus, optimization problem (2.11) can be written as

min  L(xy,y1,a) + A,
a,c

s.t. a=cmlL

Next, we introduce some properties of optimization problem (2.11). Since L is a lower semi-
continuous loss function, F is lower semi-continuous on RY. On the other hand, by (2.9), we
have that ¢ — A\A,,c™ is twice-differentiable on R, and for any ¢ € RY,

V(A AL ()™ (e) = m(m — 1)AA,c™ 2.
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Since A,,c™~2 is symmetric and positive semi-definite for any ¢ € RY, [2, Proposition 1.1.10
(ii)] shows that ¢ — AA,,c™ is convex on RY. In conclusion, optimization problem (2.11) is
lower semi-continuous on R? with nonlinear constraint. In the next section, we discuss how

to solve optimization problem (1.1) based on optimization problem (2.11).

3 Splitting Method for Support Vector Machine in —"--norm Repro-
ducing Kernel Banach Space

In this section, we find an algorithm based on optimization problem (2.11) for optimiza-
tion problem (1.1). Currently, we mainly use the subgradient method, Lagrangian multipliers
method, and sequential minimal optimization (SMO for short) for SVM. These classical al-
gorithms are suitable for convex and smooth optimization problem. We would like to find
algorithms for lower semi-continuous optimization problem (2.11).

The ADMM algorithm, as one of the splitting techniques, can even be used for nonsmooth
and nonconvex optimization problem with linear constraint. For general lower semi-continuous
loss functions, we observe that the subproblems in ADMM for optimization problem (2.11) are
then easier to handle. Hence, we study how to obtain the minimizer of optimization problem
(1.1) by splitting method based on ADMM. Although optimization problem (2.11) has a non-
linear constraint, we still follow the idea of ADMM to write the steps of the splitting method.
Recall that the augmented Lagrangian function for optimization problem (2.11) is defined as:

B
2
where § > 0. Suppose that the splitting method based on ADMM for optimization problem

La(a,e,) = F(a) + Mpuc™ + 4" (o — Ape™ b + S [

lee — Ane

(11) is initialized at (aﬂv C0,%Y05 90, 80)7 where go = (K(mlv ')7 e aK(mNa '))CO and S0 = jm(g()),
its iterative scheme is

ayqq € argmin Lo, cp,vy), (S-1)
acRN

Cipt+1 € argmin Lg(agy1,¢,7y,), (S-2)
ceRN

Vi1 = Ve + Blani — Am(eri)™ ™), (S-3)

Gk+1 = (K(mlv')a' e 7K(mN7'))ck+1v (8_4)

ki1 = Tm(gr+1), (S-5)

where k represents the number of iteration. Next, we discuss subproblems (S-1) and (S-2).

Remark 3.1 It is worth mentioning that our main goal is to use {s;} to approximate
the minimizer of optimization problem (1.1) rather than solving optimization problem (2.11).
Hence, we mainly focus on {s;}.

As for (S-1), combining the linear with quadratic terms of Lg (e, ¢k, yy,), we have that

ﬁ m—1 1 2 m 1 2
Elg(a,ck,’}’k):F(C!)+§"C!_Am(ck) +E’7kH +)‘~Am(ck) _%H'YkH :

Since (S-1) only depends on «, and F is lower semi-continuous and nonnegative on R it is
easy to check that (S-1) is lower semi-continuous, nonnegative and coercive. Hence, Weierstrass
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Theorem (see [1, Theorem 2.14]) assures that (S-1) has a minimizer. Moreover, since

N
B mo1, 1 _ 2 L(xi,yi, o) B m— 1 2
Fle) + 5l = Am(en)™ ™ + 5| = 32 TR 4+ G (00— (oo™ i+ 5000:)
i=1
and W_Fg(az_ (Am(ck)m_l)l+%(7k)l)2 2 07 1= 17 27 e 7N7 we equivalently transfer
(S-1) in RY to some optimization problems in R, that is, for i =1,2,---, N,
L(wi, yi, a; m— 1 2
(atg+1)i € argmin (7y) + é (Oéi — (Amler)™ )i + _(’Yk)i) : (S-17)
o, €R N 2 154

For a general lower semi-continuous loss function, (S-1’) may have more than one minimizer.
In this case, we choose one of the minimizers as (ag41):, ¢ =1,2,---, N.

As for (S-2), combining the linear with quadratic terms of Lg(ak+1,¢,7}), it follows that
for any ¢ € RV,

1 2 1
Loy, ¢,7y) = Mpc™ + gHak—H — Ape™ 1 + E’mH + F(ogs1) — %H’MHQ-

By the derivative rule, it is easy to see that (S-2) is differentiable on RY and

a 1
VLs(akt+1,,7)(€) ® MAAR ™t — B(m — 1) Apc™ 2 (ak“ — Apc™ 1+ E’)’k)

) Blm —1)Apc™ 2 (Amcm_1 + ﬁc - (ak“ + %’yk)),

where (a) holds thanks to derivative rule and (2.9), (b) follows from (2.8) and rearranging
terms. Next, we show that the following tensor equation

A
(aniil)ﬁc = k41 + %'Yk (8—2/)

has a unique solution dj1, and di4+1 is a minimizer of (S-2). To this end, let

Apc™ 1+

_ 1 m mA 2 1 AT
H(E) = oo Ame™ 4+ 5o el (csr + ﬁ'yk) .

By the derivative rule and (2.9), for any ¢ € RY, we have

e mA 1
VH(e) = Ane™ 4 e (ann + ),
2 _ m—2 mA\
V°H(c) = (m —1)Ac +7(m—1)61’

where I denotes the identity matrix of N-dimensional. Hence, ¢ is a stationary point of H if
and only if ¢ is a solution of tensor equation (S-2'). Moreover, since A,,c¢™~2 is symmetric and
positive semi-definite for any ¢ € RY, it follows that V2H (c) is positive definite. Therefore, [2,
Proposition 1.1.10 (ii)] guarantees that H is strictly convex on RY. Since H is also coercive,
H has a unique minimizer dyy; by Weierstrass Theorem, which means that H has a unique
stationary point di+1. In conclusion, tensor equation (S-2’) has a unique solution dj1.
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Now we show that dj41 is a minimizer of optimization problem (S-2). To this end, for any
c € RV, we have that

Ls(agy1,c,vy) — Lo(opsr, dig1,7i)

1 2
=M, c™ + gHakH — A 4 E’ka

My (djy )™ — gHakH — A (dyy 1)+ %716“2

mA

(m—1)8

a 2
O A€ — A (dgos)™ + gHAm(dkH)m‘l s dii1 H

sl

()

DAAm€™ — A (dior1)™ + ( mA

m—1

T m—1 m—1
dii1) (Am(di)™ " = Apem )

LA™ = A

(i) A m /\ m m/\ m—1 T
A )" = S A (T A ) (i — o

LA (i)™ = A

where (a) follows from tensor equation (S-2’), (b) holds as rearranging terms, and (c) holds
thanks to (2.8) and rearranging terms. Since ¢ — ﬁAmcm is differentiable and convex on
RY, and V(=25A4,,()™)(e) = 22 A,,c™ ! for any ¢ € RV, [2, Proposition 1.1.7 (a)] shows
that

A

= An.(d m o
w17 ()™ 2 T

m mA m— T
Ape™ + (mAmc D (drs - o) (3.1)
As S| A (dyi1)™ = Ape™ 12 > 0, it follows that for any ¢ € RY,

ﬁ@(ak_;,_l ,C, ’Yk) > Eﬂ (ak+17 dk+17 ’Yk)

Therefore, dj41 is a minimizer of optimization problem (S-2). In conclusion, we take cgi1 =
di+1. We consider using the Newton method for tensor equation (S-2’), whose convergence can
be guaranteed by [21, Newton Attraction Theorem 10.2.2].

When aj41 and cpq1 are acquired, we can obtain 7, by (S-3). However, substituting
(S-3) into the tensor equation (S-2'), that is,

_ mA 1
Am(Ck.H)m 1 + m@’c-{-l = )41 + E’Yk,

)

Vi1 = Vi + Blasr — Amlersn)™ )

we have that
mA
= ——C, . 8_3/
Vi+1 m — 1kt (S-3")
In conclusion, the splitting method is well-defined, and a sequence {(ay, ¢k, Yk, 9k, Sk)} 18
generated. Also, {si} can be seen as an infinite iterative sequence to approximate fp. Next,
we present the splitting method for optimization problem (1.1).
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Algorithm 1  Splitting method for optimization problem (1.1)

Require: initial value (o, co, 7Yy, go, S0), the training data D, lower semi-continuous loss func-
tion L, the RKBS B7»-T, A > 0 and 8 > 0.

Step 1: Solve optimization problems (S-1') and take the output as ..

Step 2: Solve the tensor equation (S-2’) by Newton method and take the output as cg41,
where the initial value of Newton method is ¢y.

Step 3: Set v, < mm—_)\1Ck;+1.

Step 4: Set gry1 + (K(x1,), -+, K(xN,))Cht1-

Step 5: Set spt1  Tm(grt1)-

Update k < k + 1 and go to Step 1.

Example 3.1 As for the optimization problem in Example 2.1, the corresponding iterative
scheme of the splitting method can be written as

. B e 1 2
apy1 € argmin L(x1,y1, ) + 5 (a — (ck) Ly —%) ,
a€eR

1 2
Cr+1 € argmin Ac™ + é (akH —ml 4 —'yk) ,
ceR 2

Vo1 = + Blaksr — (ces1)™ ),
gr+1 = K(x1,)cry1,

Sk+1 = Jm(gkﬂ)-

Usually, we assume that aj41 is easy to compute. Also, we solve the nonlinear equation

mA

(m—-1)p

1
4 c=Qpe1 + E’yk

to obtain ¢y 1. At last, we obtain ;41 by mm—_>\1€k+1.

In the next section, we verify that under some assumptions, {si} is globally convergent
to a stationary point of optimization problem (1.1). Hence, it is better to solve optimization
problem (1.1) repeatedly by selecting some initial values randomly and choosing the minimizer
of these outputs as the approximate solution sp : X — R. Finally, we construct Rp by sp
according to the task requirement.

4 Convergence Analysis

In this section, we investigate the convergence of {sy} inspired by the papers [13, 15, 19]
and use a similar line of arguments therein.

4.1 Assumption

In Sections 2-3, we assume that L is a lower semi-continuous loss function. Also, from
Subsection 2.3, we show that for any even integer m > 4, A,,¢™ 2 is symmetric and positive
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semi-definite for any ¢ € RY. To ensure the convergence of {s;}, we need some additional
conditions which we describe below.

Assumption 4.1 For any even integer m > 4, the following conditions for optimization
problem (1.1) hold

(i) L is a lower semi-continuous and subanalytic loss function.

(ii) There exist &1,& > 0 such that for any x € X, y € Y and t € [—&,&1], OL(z,y,t) N
[—&2,&] = 0.

(iii) A,,c™~2 is a symmetric and positive definite matrix for any ¢ # 0.

Now we give the sufficient conditions of Assumption 4.1. Subanalytic functions are quite
wide, including semi-algebraic, analytic and semi-analytic functions (see [11, 6.6 Analytic Prob-
lems]). More precisely, polynomial functions and piecewise polynomial functions are subanalytic
functions. However, subanalyticity does not even imply continuity. Specially, some margin-
based loss functions (see [28, Section 2.3]) satisfy Assumption 4.1 (i)—(ii), such as the least
square loss, the Hinge loss, the truncated least squares loss, logistic loss, and so on. As for
Assumption 4.1 (iii), we need the following concept. We denote the space consisting of al-
1 real symmetric matrices of N-dimensional as SV*V. It is easy to check that SV*V is an

w-dimensional space. For any n € N, it follows that

‘I)n@E = ((bn(mil)(bn(mh))N’N 1 € SNXN.

i1,i2=

If {®,®" : n € N} has full-rank in S¥*V | then we show that Assumption 4.1 (iii) holds. Since
A, ™2 is symmetric and positive semi-definite for any ¢ # 0, it suffices to prove that for any
d e RN, ifd" (A" 2?)d = 0, then d = 0. To this end, by the definition of A,,c™ 2, it follows
that

d"(Ancm)d =Y (®Fc)" (@) d)* =0.

neN
Therefore, we assure that
(®rc)(@)d) = (,8)) - (cd") =0, neN, (4.1)
where “” denotes the inner product of the matrix. Let £ := (eiliz)?l]:g:l and
Ciy diy i = 12,
eilig = 1 1 . .
§Ci1di2 + §Ci2di1, 11 75 19.
Then E € S¥*V and for any n € N,
N,N
Z (bn(mil)(bn(mb)cildiz
i1,i2=1
N.N N.N 1 1
= Z On(Tiy )P (i )iy diy + Z ¢n(mi1)¢n(mi2)(§ci1di2 + §Ci2di1)a
i1:’i2 i17£i2

which ensures that

(®,®)) (cd’) = (®,®))-E, necN. (4.2)
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From (4.1)—(4.2), we obtain the following system
(®, @7, ®,® .- )T (cd") = (®,®],--- , @, D", )T -E=(0,---,0,--)T.

Since {<I>n<I>E : n € N} has full-rank, the system above only has zero solution, that is, F = O,
where O denotes zero matrix in SV*¥. As ¢ # 0, there exists ¢;, # 0 such that
€iviy = Ciydi; =0,

1 1 . . .
Cirig = §Ci1di2 + §Ci1di2 =0, 42=1,2,---,N, i1 # in.

Thus, we check that d; = --- = dy = 0, that is, d = 0. In conclusion, A,,c™ 2 is symmetric
and positive definite when ¢ # 0.

In the rest of this subsection, we discuss what can be drawn under Assumption 4.1. First,
we show that {K(z1,-), -, K(xn,-)} is linearly independent in B™ under Assumption 4.1
(iii). For any ¢ € RY such that

(K(:Bl, ')7 T 7K(wN7 ))C = Z((I)EC)(bn =0,
neN

we see that

Z(@EC)Q = CT(Z(‘I)EC)@n) =c'0o=0.

neN neN
Therefore, it follows that ® ¢ =0, n € N and

cr(Anc™ e = Anc" = Z(@Zc}m =0.

neN

By Assumption 4.1 (iii), if ¢ # 0, then ¢T(A;,¢™ ?)c > 0. Hence, we have that ¢ = 0, which
means that {K(x1,), - ,K(xn,-)} is linearly independent. Also, span{K (z1,-), -+ ,K(xn,)}
is N-dimensional linear space. Thus, for any g € span{K(x1,-), -, K(xn,:)} C B™, there

exists a unique ¢, € R such that
9= (K(wlv ')7 T 7K(wN7 '))cg'

Also, we check that g — ¢, is a linear mapping from span{K(z1,), -+, K(xy,")} onto RY.

As for g — ¢4, we have the following lemma.

Lemma 4.1 If Assumption 4.1 (iii) holds, then g — ¢4 is an isomorphism. Moreover, there

exist 0 < w1 < wy such that

willg1 — gallsm < ey, — eg,ll < wallgr — g2llsm  for g1, 92 € span{K(x1,-),--- , K(xnN,-)}.

Proof Since g — ¢g is a linear mapping from span{K (z1,-), -+ , K(xy,-)} onto RV, [18,
Theorem 1.4.15] shows that g — ¢4 is an isomorphism. Moreover, [18, Proposition 1.4.14(a)]

assures the inequality above. This proof is completed.

Next, we discuss what can be drawn under Assumption 4.1 and 8 > 0. Since F(a) =

N
+ 2 L(w;,y;, ), [24, Proposition 10.5] and [24, D. Rescaling] assure that
i=1

OF () = (%BL(ml,yl,al)) X e X (%BL(:BN,yN,aN)).
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Thus, by Assumption 4.1 (ii), for any x € X, y € Y and « € [~£1, &7,

IF ()N [&, &)Y = 0. (4.3)
Also, by simple algebra, it is easy to check that ¢ — (mel’\) 5t + [[Am | Ft™ Vand t > 224 4
28|| A || pt™ 1 are strictly increasing on [0,00), where || - ||r denotes the Frobenius norm of

tensor (see [23, Section 1.1]). Clearly, (ﬁm{\)ﬁOH\AmHFOW U= 0and 220+28| Ay p0m ! =
0. Hence, for &1,&; > 0, we denote

2mA
(m—1)p

Then €5 > 0. €3 not only depends on Assumption 4.1, but also depends on 3 > 0. Next, we

A
€5 := max {t >0: t+ HAmHth_l =& %t_F QBHAm”th_l = 52}
show that €3 is a lower bound of {||(ck, ck+1)]l}-

Lemma 4.2 Suppose that Assumption 4.1 (ii) holds and g > 0. If Algorithm 1 is initialized
at (aﬂv €0,%0> 905 80)7 then fO?” any ke N) ||(cka ck+1)|| > 5.

Proof To finish the proof, we assume that there exists kg € N such that ||(ck,, cr+1)| < €.
From the optimality condition of (S-1), the iterates generated satisfy

0 € DF (1) + Yy + Bletigs1 — An (i)™ ). (4.4)

On the other hand, as ||(ck,, Cry+1)|| < €3, it follows that |cg, || < €5 and ||ck,+1]| < 5. Hence,
we have that

)= 1 1 .
|\ako+1|\ '7ko+1 Vio) T Am(Crot1) 1H < E”'Ykoﬂ” + E”'YkoH F [ Am (e r)™ Y|
®)  mA .
< g el + llew )+ DAnlelleral ™
2mA
< ——ep+ || Anmllr(e m_l,
g+ Mnlle(es)

where (a) holds thanks to (S-3) and (b) follows from (S-3’) and [23, Lemma 2.2]. Also, we have

H’Yko + B(ako+1 - Am(cko)m_l)H (i) ||'7k0+1 + ﬁ(Am(cko_H)m_l _ Am(cko)m_l)H
< kgl + Bl Am(erg+1)™ I + BllAm(ery)™ |

) m\ e e
< el + Bl AmlF(lero 1] P llew ™)

mA
< 26| A,, m—1
< e+ 28 Anllr(e)™

where (a) also holds thanks to (S-3), (b) follows from (S-3’) and [23, Lemma 2.2]. Hence,
a1 € (=61, &]Y and vy, + Blog11 — Am(er,)™ ") € [~€2,&]". By (4.3), it follows that

0 & OF (ctkgs1) + Yy + Blotko1 — Am(er,)" ™). (4.5)

Clearly, (4.4) and (4.5) are contradictions. Thus, ||(ck, cx+1)|| > €p for any k € N. This proof
is completed.
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Now we verify another important inequality by Assumption 4.1 (ii)—(iii) and § > 0. We
need to the following concept. For any even integer m > 4, we define x,, : R?V — R,

1 1
Yom(e, d) = )\min(§Amcm‘2 + 5A,nazm-?), (c,d) € R?N,

where A\, denotes the smallest eigenvalue of matrix. Since m > 4, it follows that m—2 > 2 and

An0m72 = S (®10)" 28,3 = O. Therefore, x,,(0,0) = 0. Since A,,c¢™ 2 is symmetric
neN
and positive definite for any ¢ # 0 by Assumption 4.1 (iii), we have that y.,(c,d) > 0 when

(c,d) # (0,0). Moreover, by the definition of A,,c¢™ 2, it is easy to check that for any ¢ > 0
and (c,d) € R?V,

1 1 1 1

~Am t m—2 ~Am td m=2 _ 2em—2(_ m m—2 - mdm—Z).

2.A (te) + 2.A (td) 2A c + 2A

Thus
Xm(te, td) = t" 2 x,.(c, d),

which ensures that y,, is coercive on R?Y. Hence, [34, Exercise 1.15] shows that there exists
> 0 such that when ||(¢, d)|| > u, it follows that x,,(c,d) > 1. We denote

m—2
Vﬁ = (E—ﬁ) .
1%

Then vg > 0. Based on g > 0, vg > 0 and X.,, we have the following inequality.

Lemma 4.3 Suppose that Assumption 4.1 (ii)—(iil) holds and 5 > 0. If ||(¢, d)|| > €g, then
(c—d)T(Anc™ ™ — A,d™ ) > vglle — d||*.
Proof Since m > 4, we have that

(c—d)T(Ape™ ! — And™ )
2N (@Fey ! — (@) ) (@~ ®fd)

neN
m—2
EDPCE mwwy e #lay
neN  j=0
(:C) )T( ( m 2 %(@Td)m 2)@ @T)( d)
neN
D e a)T (%Amcm‘2 + %Amdm‘z) (c—d), (4.6)

where (a) follows from the definition of A,,,¢™~*, (b) holds because of the fact that (a—b)(a™
bmt) > $(a™ 7% 4+ 0™ %)(a — b)? for a,b € R, (c) holds thanks to rearranging terms and (d)
follows from the definition of A,,¢™~2. When ||(c,d)| > €3, it follows that H 56 6‘; d) H > [
and Xm( ¢, 2d) > 1. Hence

’EB
—2 m—2
wled) = () w(Le fd) > () =w
j € €8 I
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that is, %Amcm_2 + %Amdm_2 — vgl is symmetric and semi-positive definite, which ensures
that

1 1
(c—d)T (§Amcm—2 + §Amdm_2) (c—d) > vsllc — d||. (4.7)

Combining (4.6) with (4.7), we have that
(c—d)T(Apc™ ™t — And™ 1) > vglc — d|>.

This proof is completed.
Next, we give the descent inequality by Lemmas 4.1-4.3.
Lemma 4.4 Suppose that Assumption 4.1 (ii)—(iil) holds and vz > 27”)‘ . 1If Algorithm 1

is initialized at (o, o, Yg, Jo, S0), then there exists (C1)g > 0 such that for any k€N,

Gllge — greallpm < Lo(ok, ervy) — L(Qkg1, Cos1s Vipr)-

Moreover, we show that {Lg(ou, ¢k, ;) } is monotonically decreasing and lower bounded. Fur-
thermore, {Lg(ak, ck,Yy)} is convergent.

Proof First, we show that {Ls(au, ck,7,)} is monotonically decreasing. From (S-1), we
know that o4 is the minimizer of o — Lg(ex, ¢k, ;). Thus

0 < Lg(ar, ek, Vi) — Lo(Okt1, €y Vi) (I-1)
Moreover, from the definition of Lg, we use ¢, and cgq1 to replace agi1, 7 and v, in
La(0tgs1,Cr, V) — Lo(Ohy1, Chg1,Vpp1), that is,
Lg(thr1, Cr, Vi) = Lo(Oht1, Crt1, Vi)
M) = M (o)™ = (1) (Amler)™ " = A (er1)™ )

ﬁ m— ﬁ m—
+ Sllanss = An(en)™ P = S ot = An(err)™

A ()™ = Mo (eri)™ = (1) (A ()™ = Ay (er)™ 1)

2L =)+ Al = Ao = B4 )

2

g/\Am(Ck)m — AAm(Ck+1)m — (’Yk+1)T(Am(Ck)m_l - Am(ck-i-l)m_l)
+ LA™ = Ao

m— ”2

mA

)
DA A (€8)™ = Mo (€11)™ —
)"

ck+1) (A (cx)™ 1 = Am(er)™ )
2

+ S An(@)™ = Ao

o A A A B
(:)m — A (Cpg1)™ — mAm(ck)m - (mm—Am(ck)m_l) (ers1 = ex)
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where (a) holds because of rearranging terms, (b) follows from (S-3), (c¢) holds thanks to
rearranging terms, (d) follows from (S-3') and (e) follows from (2.9). From (3.1), we take
dp+1 = cx+1 and ¢ = ¢y, it follows that
m A m mA m_1)7T
mAm(Ck.H[) — mAm(Ck) — (mAm(ck) 1) (Ck—i-l — Ck) Z 0. (49)
On the other hand, since Lemma 4.2 assures that ||(ck, ck+1)|| > €s for any k € N, the Cauchy-
Schwartz inequality and Lemma 4.3 show that
llex = exrallllAm(en)™ ™ = Am(ers)™ |
>(cr = cr1) " (Am(ex)™ ™ = Am(ere)™ ™)

>vgllex — exa |,
which ensures that
m(Ck) ~ — Am(Ckt1)" || = vg||Ck — Cry1 |- .
[Am (ex)™ ! = A (crsn)™ | > gl [ (4.10)

Since g, gr+1 € span{ K (x1,-), -+, K(xn,-)}, Lemma 4.1 and (4.10) show that

B m— m— Bvg)? B(vawr)?
§|\Am(0k) Ve A (epe)™ Y12 > (26) lew — cupr? > (BT)”gk et |Be. (411
From (4.8)—(4.9) and (4.11), we have that
Blvgwy)?
( 52 1) ||gk - gk+l||28m < Eﬁ(ak+1, ckv’)/k) — ‘Cﬂ(ak+17 Ck—i—lv’)’k)- (1_2)

Furthermore, from the definition of £g and (S-3), it follows that

1
_EH’Yk - ’7k+1H2 = Lg(Qkt1, Chr1,7y) — £B(Qk+1ack+1a7k+1)-

Since g, gr+1 € span{ K (x1,-), -+, K(xn,-)}, combining Lemma 4.1 with (S-3'), we see that

m2\?(wq)? m2\2 1
T8 gk — grt1llzm < “m =173 1)25H0k —cppl]’ = —BH’Y/@ — Y ll®-

From the two inequalities above, we have that

m2\2(ws)?

(m—1)28
In conclusion, (I-1), (I-2) and (I-3) assure that

gk = grs1 lBm < Lo(rr1, o1, Vi) — Lo(Ok41, Cht1, Yip1)- (I-3)

Brgwi)?>  m2A(ws)?
( ( ﬂQ s m _(1)2)5 ) gk = grs1llBm < Lol er, Vi) = Lo(@kt1s Chtts Vir)-

Since fvg > fnL_Al and we > w1y, we have

Brgwi)?  mAN%(we)? _ 2m2N2(w1)? mAN%(w1)?  mAE(wi)?

2 (m—128 ~ (m—-128 (m—128 (m-128
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We denote (¢1)s == % Then (¢1)g > 0. Thus, we finally have that for any k € N,

(€)sllgr = gerillgm < Lolow, er, Vi) = Lo(Orst, Cort, Vg, (4.12)
which ensures that {L£g(ay, ¢k, 7;,)} is monotonically decreasing.
Next, we show that {Ls(ay, ek, 7;)} is lower bounded. For any k € N, we see that

Lol e vi) 2 Flaw) + Mo (en)™ + (1) (o — Au(er)™ ) + 4

P
b m 1 B — 1 2
2 Plan) + Mu(en)™ = galval® + 5 e — Anfen™ " + S

ok — A (cx)™ |2

(i) m m2/\2 5 é B 1 i 2
= Flayg) + M (ck) 72(m— 1)25H6k|| + ZHak Am(ck) + 6’719”
(d) m 771;2)\2 2

> My (er)™ — m”ckﬂ ; (4.13)

where (a) holds because of the definition of { Lz, ¢k, vy,)}, (b) follows from rearranging terms,
(¢) holds thanks to (S-3’) and (d) follows from F'(cx)) > 0 and %Hak — A (ex)™ 1+ %’kaQ > 0.

To find the lower bound of AA,,(cx)™ — % lck||?, we need to consider the following two
cases.

(I) As ¢ — AA,, ™ — %HCHQ is continuous on the closed ball {¢ € RY : |c| < g5},
there exists 73 € R such that when ||c|| < eg, it follows that AA,,c™ — %HCW > 713.
Thus, if ||ex|| < ep, then

m2\2
MM, " — 2> 75
A (ck) 2(m — 1)26Hck” Z T8
(IT) If ||cx|| > €g, then ||(ck,0)|| > €. Thus, it follows that
m2\? (a) m2\?
A m m o 2:/\ _OT m m—1 _ 7nOm—l_ 2
A (ck) Z(m_l)QﬁHCkH (ex —0)" (A (ck) A ) = I)QBHCI@H
(b) m2/\2
> (g — —————— 2
= ( VBT o(m — 1)25) lexl
(A
> exl* > 0, (4.14)

where (a) holds because of (2.8), (b) follows from Lemma 4.3, and (c) holds thanks to the fact
242 v m m

that —52=ye5 > — s > % by Brg > 225 and 2 > 5 > . From (4.14) and (I)-(ID),

we show that for any k € N,

Ls (e, ek, ;) = min{7g, 0}.

Thus, {Ls(ok, ¢k, vy)} is lower bounded. Since {Lg(ok, ¢k, 7))} is monotonically decreasing
and lower bounded, [25, Theorem 3.24] shows the convergence of {Lg(ak, ¢k, ;) }. This proof
is completed.

By Lemma 4.4, we can define the residual of Lg(au, ¢k, y,),
T = Lg(ak, ek, Vi) — kll)ngo L ek, €, Vi).

By the definition of {7} and Lemma 4.4, we have that {r;} is monotonically decreasing and
klim r = 0. Next, we show the boundedness of {(ay, ¢k, v,)} by Lemma 4.4.
—o0
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Lemma 4.5 Suppose that Assumption 4.1 (ii)—(iii) holds and fvg > 22, If Algorithm 1

m—1
is initialized at (o, €o,Yg, 9o, S0), then {(ou, k) } is bounded.

Proof Since {Ls(a, ck,7;)} is monotonically decreasing by Lemma 4.4, we have that
Ls(ag, co,vg) > Lo(ou, ci,7y,) for ke N. (4.15)

If ||ek|l > €p, then (4.13)—(4.15) assure that

2 2
llex]] < \/Eﬁﬁ(ak,ckﬂk) < \/@53(040760,’70)-

Hence

2
lex|| < max{\/mﬁg(ao,co,'yo),sg}, for k € N,

that is, {cx} is bounded. Moreover, (S-3) shows that {,} is also bounded. Furthermore, by
[23, Lemma 2.2] and (S-3), we have that ||ag| < %(H'ykﬂ + 1ve_1 D) + Aml #llex]™ . Thus,
{(ak, ck,7)} is bounded. This proof is completed.

Let S be the set of subsequential limits of { (e, ¢k, ;) }. Then [25, Theorems 3.6-3.7] show

that if Assumption 4.1 (ii)—(iii) holds and Srg > fnlfl, then S is nonempty compact, and

lim dist((ak, €k, vy),S) =0, (4.16)

k—o0

where dist(+, ) denotes the Euclidean distance. Next, we verify some properties of £z on S.

By Assumption 4.1 (i), since L is a lower semi-continuous and subanalytic loss function,
[27, (1.2.1.9)] shows that F' is nonnegative, lower semi-continuous and subanalytic. Also, ¢ —
AA,, €™ is nonnegative, continuous and semi-algebraic. Moreover, (o, ¢,v) — vT (a—A,,c™ 1)
is continuous and semi-algebraic. By Cauchy-Schwartz inequality and [23, Lemma 2.2], we have
that

(e = Ame™ D] < il = Ame™ | < Iyl Ul + [[Amll#llel ™).

Thus, (a,¢,v) — v (o — Ane™™ 1) is bounded for any bounded set in R3Y. Finally, («, ¢) —
§||oz — Ame™ 1|2 is nonnegative, continuous and semi-algebraic. Since semi-algebraic function
is a subanalytic function, [27, (1.2.1.9)] shows that Lz is subanalytic. By [3, 4, 32], it follows
that Lz is a KL function on R3V | which ensures that £ is a KL function on S.

Moreover, to show that £z has uniformized KL property on S, we verify that £z is constant
on S. For any (o, c,v,) € S, there exists a subsequence {(cu;, ck;,7y,)} that converges to
(s, cs,7,). Hence, the lower semi-continuity of Lg at (e, ¢, 7y, ) and Lemma 4.4 show that

Ly, c,,) < limg}fﬁg(akj,ckj,'ykj) = klg{)lo La(ak, ck,y,)- (4.17)

1=

Conversely, since a*i*1 minimizes a — Lg(cx, ¥, v*7), (1-1)—(I-3) show that

ﬁﬂ(a*ackjavkj) 2 Eﬂ(akj-‘rlackja’ij) 2 Eﬁ(akj+lackj+177kj+l)'
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From the continuity of £z with respect to ¢ and =, it holds that

hm ‘Cﬂ(a*v Ck;, ’ij) = ‘Cﬂ(a*v Cy, ’Y*)
j—o0
On the other hand, Lemma 4.4 shows that

ji)r{olo Eﬁ(akj+la ij 3 ’ij) = kli)ngo ﬁﬂ (aka Cp, ’Yk)

Also, passing to the limit along {(cu;, cx,,7vy,)}, [25, Theorem 3.19] assures that
Lo(as,eny,) 2 lim Lo, e, vy): (4.18)
Finally, (4.17)—(4.18) assure that
Lo(as, eny,) = lim Lo, ek, v)- (4.19)

Hence, L3 is constant on S. In conclusion, £ has uniformized KL property on S (see [5, Lemma
3.6]), that is, there exist € > 0, n > 0 and a continuous concave function ¢ : [0,17) — (0,0)
such that

(i) ¢(0) = 0 and ¢ is continuously differentiable on (0,7) with positive derivatives;

(ii) For any (a,ec,v) € R3*YN such that dist((e,¢,7),S) < e and klg{)lo La(ak, ek, vy) <
Ls(a,e,v) < klgxgo Ls(a, ek, vy) + 1, it follows that

@I(‘Cﬁ (av C, 7) - khm ‘Cﬂ (akv Ck, ’Yk)) dlSt(Ov 8‘65 (aa C, 7)) > 1. (420)
—00

Based on the uniformized KL property of L3 on S, we derive an important inequality.

Lemma 4.6 Suppose that Assumption 4.1 holds and fvg > 2mA - 1f Algorithm 1 is initial-

m—1

ized at (o, €o,7Yg, 90, S0) and for any k € N, ri, > 0, then there exists k1 € N such that

o' (%) ( inf) [(e,e, M| >1 fork > k.
a,c,y)E
L (K Cr,Yy)

Proof From Lemma 4.4 and (4.16), there exists k1 € N such that if & > k;, then we have
that dist((a, ¢k, vy),S) < € and r, < 7). Since for any k € N, r, > 0, (4.20) assures that

¢’ (ry) dist(0,0Ls(ak, ey vg)) = @' (1%) (Oci?fy)e l(a,e,y)||>1 for k> k.
OLp (e cr )

This proof is completed.

In this subsection, we discuss what conditions satisfy Assumption 4.1 and derive some facts
of optimization problem (1.1) under Assumption 4.1. In the next subsection, we use Lemmas

4.1-4.6 to discuss the convergence of {s;} under Assumption 4.1.

4.2 Convergence of splitting method

In this subsection, we discuss the convergence of {s;} under Assumption 4.1.
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Theorem 4.1 Suppose that Assumption 4.1 holds and Prg > 2mA - 1f Algorithm 1 is

m—1
initialized at (o, co,Yg, 9o, So), then {si} converges to a stationary point s. of optimization

problem (1.1), that is,

sk — 8l jomy =0, 0€ 0T _m_(s4).

lim
k—o00 Bm=1

The main idea for proving Theorem 4.1 is to find a lower bound and an upper bound of
{rx — rg+1}. Combining this upper bound with this lower bound, we verify the convergence of
{gr}. Since J,, is a homeomorphism, we verify the convergence of {s}. Finally, we show that
{s.} is a stationary point of optimization problem (1.1).

Before presenting our main result in this section, we introduce two useful inequalities that
play crucial roles in estimating the error bounds of {gx}. First, by the definition of {r;} and

Lemma 4.4, (4.12) can be rewritten and we find a lower bound of {ry — ri41}.

Lemma 4.7 Suppose that the conditions in Theorem 4.1 hold. Then there exists (¢1)g > 0
such that

(¢)sllgr — grsillim <7 —ri1 for k€N
On the other hand, we find an upper bound of {ry — rx41} by Lemma 4.6.

Lemma 4.8 Suppose that the conditions in Theorem 4.1 hold and for any k € N, ri > 0.
Then there exists (C2)p > 0 such that

i — et < (C2)gllge—1 — grllam (0(re) — o(rrt1))  for k > k.
Proof From the concavity of ¢, we get that
@' (re) (e — mry1) < o(re) — @(rrgr).

Combining Lemma 4.6 and the inequality above, we obtain that

S b eel(pn) — e k> kL (421)
a,c,y
€ILg(ag,cr,Vy)

Next, we find an element in dLg (v, ¢k, 7). To this end, by [24, Exercise 8.8(c), Proposition
10.5] and (S-3'), it follows that

aﬁﬁ(aka Ck7’yk) = 80456(ak7 ck7’yk) X vcﬁﬁ(ak, CIC?’Yk) X V’Yﬁﬂ(ak? Ck,’)’k), (422)

where

daLlp(a, e, vy) = OF (ou) + ), + Blaw — Am(cx)™ ),
VeLs(ot, ek, vy) = —(m — 1) Am(cr)™ 2 - Blot — Am(cr)™ 1),
m—1

v"/‘aﬁ(akvckv’)/k) =ay — An(ck)

Invoking the optimality condition for (S-1), we have that

—B(ak — Am(ck_l)m_l + %’W@—l) € OF (o). (4.23)
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From (S-3), (S-3’) and (4.22)—(4.23), we obtain further that

A
af = B(An(cr-1)" " = Am(cr)™ ) - mm_ 1 (k-1 = ¢x) € DaLp(ar; Ck, Vi),

- vcﬁﬂ(akv Ckvvk)v

ck# = m/\AnﬂL(ck)m_2 (ep—1 —cx)

mA
NP = _m(ck—l = ¢) = Vo Ly, ek, y)-

Hence, (ak#, ck#,'yk#) € 0Lg(a, ¢k, yy,)- It means that
Juf eyl < e e vl < lladf T+ Nl + I (4.24)
€ILs(ar,CryYy)

To finish the proof, we need to find upper bounds of Hak#H, Hc || and ||'y II
From the fundamental theorem of calculus and (2.9), we have that

1
Au(era)™ ™ = A (er)™ " = / (1~ 1) Am(ex + Hex—1 — ex))2dt - (€1 — cx).

By Lemma 4.5, it follows that {c;} is bounded, that is, there exists M > 0 such that ||ci|| <
M for any k € N. Since the closed ball {c € RY : ||¢|| < M} is convex, when t € [0,1],

llek—1 + t(ex — ex—1)|| < M. From [23, Lemma 2.2], we see that

H/ “ ) A (e + tler — ep1))™" thH )| A M2,
Therefore
[ Am (er—1)""" = A (i)™ M < (m = DAl 7M™ 2|1 — exl. (4.25)
Since gx—1,9x € span{K(x1,-), - - ,K(xn,)}, inserting Lemma 4.1 and (4.25) into ak#, ck#
and 'yk#, we have
m-2 mAws
lodfll < ((m = DBwall Al + T2 gy = gilsm,
e[| < mAws | A | M™ 2 g1 — gilm,
MAWs
||’Yk | < 7”91@ 1= 9kllBm.
(m—1)p
Thus, it follows that there exists ({2)s > 0 such that
(4.26)

laf I+ e |+ I I < (G)sllgn—1 — gullsm.

From (4.21), (4.24) and (4.26), we finally have that

Tk = Tit1 < (G2)gllgr—1 = grllBm (0(rk) — @(re+1))  for k> ki
This proof is completed.

Now we prove Theorem 4.1 by Lemmas 4.7-4.8.
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Proof of Theorem 4.1 since {r;} is monotonically decreasing and convergent to 0, we
consider the following two cases of {ry}.

(I) If for k sufficiently large, ri = rg+1 = 0, then Lemma 4.7 shows that gx = gg+1. Since
Jm is a homeomorphism, it follows that s; = s1. Hence, {s;} is convergent in BT,

(I) If 7 > O for any k € N, then we show that {gx} is a Cauchy sequence in B™. To this
end, for any j,l € N where j < [, from the triangle inequality, we have that

-1 [e'S)
lg; — aillsm <> llgk — grarllsm <Y llgk — graallsm- (4.27)
k=j k=j

Since (¢1)g, (C2)p > 0, it follows that

(a)
gk — grsalln < \/ 2)s ) — gullim (o) — olrien))

(C1)p
(¢2)s
®) llgrk—1 — grllsm + (p(rk) — o(Tr+1))
< “12)’3 for k> k1 + 1,

where (a) holds because of Lemmas 4.7-4.8 and (b) follows from the fact vab < b b €
(0,00). Thus, we see that

¢
9 — grstllsm < llgeor — gl — 9k — geelm + Ecjig (o) — plrisr)) for k> &y + 1.

Summing up the above relation from k& = k; + 1 to co, we obtain that

> llgk — gkt llsm

keN
k}l o0
= gk —gkrallsm + D gk — grallsm
k=1 k=k1+1
S (&)
2
<N llgk = grsillsm + lgr, — gririllsm + 22 0(rr+1)
P (C1)p
< . (4.28)
Hence
o0
li — m = 0. 4.2
jggokz gk = g1 [lm =0 (4.29)
=J

Combining (4.27) with (4.29), it follows that
lim [|g; — gil[sm = 0,
j—o00

that is, {gr} is a Cauchy sequence in B™. Since B™ is a Banach space, the convergence of {gx}
follows immediately from this. Since 7, is a homeomorphism, the convergence of {gx} implies
the convergence of {sy}.

Combining (I) with (II), we conclude that {s;} is convergent in B7-T, that is, there exists
Sy € B#-T such that

leIEOHsk—s*HBm@I =0.
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Now we show that s, is a stationary point of optimization problem (1.1) by (2.5).

First, we discuss where s, is located. Since 7, is a homeomorphism from B™ onto
B#=T and span{K(z,,-),--- ,K(zy,)} is a closed subset in B™ by [18, Corollary 1.4.20],
Tm(span{K (x1,-),--- , K(xx,-)}) is closed in Bm~1. Since {s;} converges to s, in Bm-1 and
{sk} is contained in J,, (span{ K (z1,-), -, K(xn,-)}), it follows that

Sx € jm(span{K(wla ')a to ,K(.’BN, )})

Thus, there exists a unique ¢, € RY such that

mA\
m—1
Next, we use the definition of limiting subdifferential of F' at d(s,) to finish the proof. By
the definition of Lg, we have that

F(og) = Lg(ok, cr,vy,) — Mm(er)™ = (v;) " (o — A (e)™ ™)

Dl — Al P (431)

(T H52) = (K@, ), Ko, ) (2e). (430)

m—1

Since J,, is a homeomorphism from B™ onto Bm=1 and {5} converges to s, in B%, we
see that {gx} converges to (J,) '(s«). Moreover, since g + ¢, is an isomorphism from
span{K (x1,-), -- , K(xn, )} onto RY by Lemma 4.1, (2.10), (S-3) and (S-3’) show that the
sequence {(ay, ¢k, v} is also convergent and

A ot o = A (e)™ = 8(s.). (4.32)

—1 k—oc0

lim ¢, =c., lim v, =
k— o0 k—oco

Thus, from the continuity of ¢ — AA,,c™, (4.19) and (4.31)—(4.32), we show that

lim F(ay) = F(5(s)). (4.33)

k—o00

Moreover, from the optimality condition of (S-1), it is easy to check that

A = A(ern) "+ Sy ) € OF(@) (4.34)
and
klgrgo —ﬁ(ak — Am(cr—1)™t + %’yk_l) =— m_/\lc*. (4.35)

In conclusion, by the definition of limiting subdifferential of F at (s.), (4.32)—(4.35), it follows
that
mA

= OF (8(s+)). (4.36)

From (2.5), (4.30) and (4.36), we finally have that

mA\

0€ (K(xz1,), -, K(xn,))OF(d(s«)) + m(jm)_l(s*) C T _=_(s4),
that is, s. is a stationary point of optimization problem (1.1). This proof is completed.

In this section, leveraging Kurdyka-Lojasiewicz property of Lg, we finish the convergence
analysis of {s;}. In the next section, we give several numerical examples to illustrate the
effectiveness of Algorithm 1.
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5 Numerical Examples

In this section, we test Algorithm 1 by the synthetic data and the real data for binary
classification. We choose some training data and testing data, loss functions and RKBSs to
test Algorithm 1. For simplicity, let K7 be the Gaussian kernel, that is,

Ki(z,x') = o= le—a > _ Z bn(x)pn ('), o >0forz,x’' € X,
ne(Ng)d

d .1
where ¢n(z) = [] (&3,)2(cra:j)"ie“’z(”i)2 for = (21,72, ,24)T € X and (Ng)? is the
j=1

tensor product of natural numbers. Also, let K5 be the power series kernel, that is,

Ky(z,x') = Z On(@T)pn(x'), Vo,z' € X,

ne(Np)d

where ¢n(z) = [] ﬁ(xj)"f, Vo = (21,72, ,24)T € X. For any even integer m > 4, we
bl 3l

construct Bm-1 by the kernel K| or Ky as we mentioned in Section 2. Specially, in [19], we
show that the RKHS can be constructed by the kernel K7 or Ks, and these RKHSs can be
seen as B2. Also, we discuss the splitting method for the SVM in B? in [19]. We will compare
with the performance of the SVM in B ==T when m > 4 and the SVM in B? with the same loss
function.

On the other hand, let L1—L4 be four loss functions used in our experiments, that is,

—yt+1, yt—1<0,
0, yt—12>0,

(—yt+1)2, yt—1<0,
0, yt—12>0,

Li(z,y,t) = { Lo(z,y,t) = {

—yt+2, yt—1<—1,
In(2 —yt), yt—1<0,
LS(wvyat) = n( Y ) v L4(.’B,y,t) = _2yt+ 27 -1 S yt -1< 07
0, yt=120, 0 t—1>0
) yr—1=2U.

We see that L; is a convex Hinge loss, Lo is a convex squared Hinge loss, L3 is a nonconvex
piecewise logarithmic loss function and L, is a nonconvex linear piecewise loss function. All of
these loss functions satisfy Assumption 4.1 (i)—(ii).

L1 L2 L3 L4

Loss
Loss
Loss
Loss

Figure 1  The loss functions L1—L4. All are shown as a function of yt rather than ¢, because of the
symmetry between the y = +1 and y = —1 case.
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Now we introduce some numerical techniques of Algorithm 1. It is well-known that storing
a high-dimensional tensor and then performing numerical tensor operation is unrealistic. By
the definitions of A,,¢™~! and A,,c™ 2, we truncate them by M terms, that is,

M M
Anc" P2 (@h )" @, R, Ape™ PR D> (B10)" 2R, P, € RV
n=1 n=1

In other words, we use the sum of vectors and matrices to approximate tensor operations.
Moreover, we can show the convergence of the sequence {s} by (4.28). By the definition of
1

{gr}, it follows that 3> [lgr — grr1llsm = > (3 |®, (cr — cpr1)|™) ™. Similarly, we truncate
keN kEN neEN

it by M terms, that is,

1

M
> llgk = gerillan ~ - (D 197 er — en) ™)

keN keN n=1

On the other hand, we set the terminal criterion as for a given g9 > 0, if ||ags1—Am (crr1)™ 1| <
€0, then stop. We take si11 as the output. Since {sx} is globally convergent to a stationary
point of optimization problem (1.1), we solve optimization problem (1.1) repeatedly by selecting
some initial values randomly and choosing the minimizer of these outputs as the approximate
solution sp : X — R.

Next, we introduce our numerical results on synthetic data and real data.

5.1 Examples on synthetic data

In this subsection, we introduce our test results on the synthetic data. We use the training
set D11 with 25 points and the testing set D15 with 2601 points to show the effectiveness of
Algorithm 1.

10 o o o o 1 aasast
FHHH
T
8 HH
08 0. T
6 BRI IAK 258
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o x o o e et
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04 0.4 S Sas St
- - I EIXE SE2
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e R etts
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Figure 2  The binary classification X; = [—1,1] x [-1,1] and Y = {+1, —1}: The classes are coded
as a binary variable (blue=+1 and red=—1). The left panel represents the training data D11 and the
right panel represents the testing data Dis.

First, we show the convergence of Algorithm 1. The parameters are given below.

e Gaussian kernel K7, where o = 3.36.
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e Loss function Ls.
e The RKBS B2, B and B5.
e N=25X=0.014=1ande = 10-5.

e 20 initial values randomly chosen in [—1,1]".

We now conduct experiments to verify the convergence of Algorithm 1.

2 f 1 2

wfo | 1 "

o 5 0 15 2 2 N 3B 4 &5 5 o 5 0 15 2 2 B I 4 45 5 0 5 10 15 2 2 B I 4 45 5
Herations k Herations k Herations k

(a) m=2 (b) m=4 (c) m=6

Figure 3 The convergence of Algorithm 1 in different RKBSs with Ls. The horizontal axis
represents iterations and the vertical axis represents > ||gx — gr+1]|Bm.
kEN

As shown in Figure 3, for the training data Di, loss function Ls and other parameters
above, Algorithm 1 converges in less than 50 iterations. These numerical results show that
Algorithm 1 is efficient and stable.

Next, we use loss functions Li—L4 and kernel K7 mentioned above to test Algorithm 1 and
obtain the approximate solution sp. We use sp to build the following SVM,

R_m_ ()= {—H’ *(®) i N

to predict testing data. In each experiment, we select the training data, a loss function, an
RKBS and some other parameters above. Then we build the corresponding SVM to predict
the testing data. Here are the results of these experiments.

Table 1 Different testing accuracy on testing set D12 with kernel K.

L
RKBS L L2 Ls La
B2 94.31% | 94.31% | 96.16% | 84.16%
B3 92.96% | 94.00% | 96.77% | 69.51%
Bs 93.54% | 94.31% | 97.85% | 69.51%

From Algorithm 5.1, it shows that the SVM in Bm-T with a lower semi-continuous loss
function by Algorithm 1 is feasible in terms of accuracy. Moreover, it is easy to see that for
this training data Dq; and testing data Do, the SVM in B% with nonconvex loss function Ls
and the kernel K performs better than other cases shown in Table 1. Next, we introduce our

experiments on real data.
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5.2 Examples on UCI machine learning repository

In this subsection, we use the Parkinson’s disease classification dataset in the UCI machine
learning repository. There are 752 features about them. We try to train a model to determine
whether the patient has Parkinson’s disease. Here is the detail of these data (see Table 2).

Table 2 The detail of training data and testing data.

Positive | Negative | Total

Training Set D21 389 111 500

Testing Set Dao 175 81 256
Label +1 -1

To make features have the same measurement scale, we normalize the data to [0,1]7°2. We
use the normalized training data and testing data for binary classification. Next, we introduce

some parameters of these experiments as follows.

e Power series kernel Ks.

Loss functions L1, Ly, L3 and Ly.
The RKBS B2, B3 and BS.
N =756, A\=10"%, 3 =10"% and ¢ = 1078,

e 20 initial values randomly chosen in [0, 1]%V.

In each experiment, we will choose a loss function and an RKBS. Then we have the following

results.

Table 3 Different testing accuracy of on testing set D22 with kernel Ko.

Loss I, Lo s Ly
RKBS
B2 71.09% 74.22% 77.34% 73.44%
B3 68.75% 55.86% 80.86% 82.31%
BS 68.75% 64.84% 80.47% 77.34%

From Table 3, we check that the SVM in B 3 with nonconvex loss function L4 and the kernel
K5 performs better than others in these experiments. It shows that for this training data Doy
and testing data Dss, nonconvex and lower semi-continuous loss function and general RKBS
are more suitable than the convex loss function and RKHS, which is our motivation for this
paper.

In Section 5, we demonstrate the effectiveness of solving the SVM in B=-T with a lower
semi-continuous loss function by splitting method based on ADMM. In addition, we give some
examples to show that the SVM in B7*T with a nonconvex and lower semi-continuous loss
function performs better than the SVM in B7-T with a convex loss function. Also, we show
that the SVM in B7-T performs better than the SVM in B2 with a lower semi-continuous loss

function.
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6 Final Remarks

In [16], the second author and the third author propose several numerical tricks in RKBS
and discuss the homotopy method for the multikernel-based approximation method. As a
continuation of the program, in this paper, we discuss the splitting method based on ADMM
for the SVM in B7-1 with a lower semi-continuous loss function. Since B (1 < p < o) are also
RKBSs, we will study how to solve the SVM in B? (1 < p < co0) with a lower semi-continuous
loss function.
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