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Multi-dimensional Backward Stochastic Differential
Equations of Diagonally Quadratic Generators
with a Special Structure*

Guang YANG!

Abstract The present paper is devoted to the well-posedness of a type of multi-dimensional
backward stochastic differential equations (BSDE for short) with a diagonally quadratic
generator. The author gives a new priori estimate, and prove that the BSDE admits a
unique solution on a given interval when the generator has a sufficiently small growth of
the off-diagonal elements (i.e., for each i, the i-th component of the generator has a small
growth of the j-th row 27 of the variable z for each j # i). Finally, a solvability result is
given when the diagonally quadratic generator is triangular.
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1 Introduction

Bismut [2] first introduced Backward stochastic differential equation (BSDE for short):

T T
Yt:£+/ f(s,Ys,Zs)ds—/ Z.dW,, t€0,T], (1.1)
t t

where (W;)epo,r) is a d-dimensional standard Brownian motion defined on some complete
probability space (Q,F,P), and (F¢)¢ejo,7] is the augmented natural filtration generated by
the standard Brownian motion W. The terminal value ¢ is an Fr-measurable n-dimensional
random vector, the generator function f(w,t,y,z) : Q x [0,T] x R"® x R"43R" is (F;)-
progressively measurable for each pair (y, z), and the solution (Y3, Zt):c[0,7) is a pair of (F)-
progressively measurable processes with values in R™ x R"*? which almost surely verifies BSDE
(1.1). In 1990, Pardoux and Peng [18] established the existence and uniqueness result for B-
SDE with an L2-terminal value and a generator satisfying a uniformly Lipschitz continuous
condition. When the generators have a quadratic growth in the state variable z, the situation is
more complicated. In the one-dimensional case, Kobylanski [16] established the first existence
and uniqueness result for quadratic BSDE with bounded terminal values, Tevzadze [19] gave a
fixed-point argument, Briand and Elie [3] provided a constructive approach to quadratic BSDE
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with and without delay. Briand and Hu [4-5], Delbaen et al. [7-8], Barrieu and El Karoui [1]
and Fan et al. [9] considered the unbounded terminal value case.

For multi-dimensional quadratic BSDE, when the terminal value is small enough in the
supremum norm, Tevzadze [19] proved a general existence and uniqueness result for multi-
dimensional quadratic BSDE. Frei and Dos Reis [12] provided a counterexample which shows
that multi-dimensional quadratic BSDE with a bounded terminal value may fail to have a global
solution. Frei [11] introduced the notion of split solution and studied the existence of solution
by considering a special kind of terminal value. Cheridito and Nam [6] and Xing and Zitkovié
[20] obtained the solvability for multi-dimensional quadratic BSDE in the Markovian setting.
Jamneshan et al. [14] provided solutions for multi-dimensional quadratic BSDE with separated
generators. Cheridito and Nam [6], Hu and Tang [13] and Luo [17] obtained local solvabil-
ity of systems of BSDE with sub-quadratic, diagonally quadratic and triangularly quadratic
generators respectively, which under additional assumptions on the generator can be extended
to global solutions. When the terminal value is unbounded, Jamneshan et al. [14] provided
solutions when the terminal value is small in the BMO-sense, and Fan et al. [10] obtained
global solutions when the generator is convex or concave.

As a continuation of Hu and Tang [13] and Fan et al. [10], we are devoted to the solvability
of multi-dimensional diagonally quadratic BSDE when the generator has a small growth of the
off-diagonal elements. The local solution is constructed directly by [13, Theorem 2.2]. Together
with the new priori estimate we build and a special kind of “intermediate value” property of the
S°°-norm of the local solution, we are able to stitch local solutions to get the global solution.
In contrast to [13, Theorem 2.3] and [10, Theorem 2.4], we allow the generator to have a small
growth of the off-diagonal elements. In contrast to [10, Theorem 2.5] and [17], we do not
assume that the generator is strictly quadratic. Finally, assuming that for each i = 1,--- | n,
the i-th component f? of the generator f is diagonally quadratic, depends only on the first i
components of the state variable y and the first ¢ rows of the state variable z, we prove existence
and uniqueness of the global solution to the multi-dimensional diagonally quadratic BSDE with
a bounded terminal value.

The rest of the paper is organized as follows. In Section 2, we prepare some notations
and state the main results of this paper. In Section 3, we give an estimate and prove our main
results. In Section 4, we prove a global solvability result for triangular and diagonally quadratic
BSDE.

2 Preliminaries and Statement of Main Results

2.1 Notations

Let W = (W;)i>0 be a d-dimensional standard Brownian motion defined on a complete
probability space (Q, F,P), and (F;)i>0 be the augmented natural filtration generated by W.
Throughout this paper, we fix a T € (0, 00). We endow  x [0, T] with the predictable o-algebra
P and R™ with its Borel o-algebra B(R™). All the processes are assumed to be (F¢)ic(o,7-
progressively measurable, and all equalities and inequalities between random variables and
processes are understood in the sense of P-a.s. and dP x dt-a.e., respectively. The Euclidean
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norm is always denoted by |- |, and || - || denotes the L°>°-norm for one-dimensional or multi-
dimensional random variable defined on the probability space (€2, F,P).

We define the following four Banach spaces of stochastic processes. By SP(R") for p > 1,
we denote the set of all R™-valued continuous adapted processes (Y;)¢c[o,7] such that

1

1Y llsw = (B[ sup_[¥il7))" < +oc.
te[0,T]

By S§*(R"), we denote the set of all R™-valued continuous adapted processes (Y;):e[o,r) such
that

1Y ]ls := H sup |Yt|H < 400.
t€[0,T] oo

By HP(R™*4) for p > 1, we denote the set of all R"*?-valued (F;);e[o,r)-progressively measur-
able processes (Z¢)¢ejo,7] such that

A= {E[(/OT |ZS|2ds)%} } < +o0.

By BMO(R™?)  we denote the set of all Z € H2(R"*?) such that

4 }
ET{/ |Zs|2ds”‘ < +00.

Here and hereafter the supremum is taken over all (F;)-stopping times 7 with values in [0, 77,

[ Z|lBmo = Sup‘
T

and E; denotes the conditional expectation with respect to F;.

The spaces Sp, ,; (R"), Si2py (R"), Hf, ,(R"?), and BMOJ, ) (R"*?) are identically defined
for stochastic processes over the time interval [a,b]. We note that for Z € BMO(R"*9), the
process fg ZsdBg, t € [0,T], is an n-dimensional BMO martingale. For the theory of BMO
martingales, we refer the reader to Kazamaki [15].

Fori=1,---,n, denote by z*, y* and f* the i-th row of matrix z € R"*?, the i-th component
of the vector y € R™ and the generator f, respectively.

2.2 Statement of the main results

The main result of this paper concerns global solutions for bounded terminal value case.
Consider the multi-dimensional BSDE (1.1) of the following structured quadratic generator:

fz(tayvz):gl(tvzz)+hl(t7yaz)a Z:L y 1. (21)

We need the following assumptions.

(H1) There exist two positive real constants v and C and a real constant § € [0, 1), such
that for i = 1,---,n, ¢’ : Q x [0,7] x R“=R and h’ : Q x [0,T] x R" x R"*? =R satisfy the
following inequalities:

lg°(t,2)| < 312, vz e RY

lg8(t, z1) — g'(t, 20)| < C(1 + |21] + |22])|21 — 22|, V21,20 € RY

[h(t,0,0)] < C;

Wit y1, 21) — Wi (t,y2, 22)| < Clyr — yo| + C(1 + |21]° + |22]) |21 — 22|, Yy1,y2 € R™,

21,29 € RnXd.
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(H2) There exists a three-dimensional non-negative deterministic vector function (o, ¢,
Nt)teo,7) and a positive constant € (0,1 4 d] such that fori =1,--- n, h' satisfies

sen(yhi(t,y, 2) < g + Bely| +mel2|", Vy € R™, z € R™4

(H3) There exist four non-negative constants Cy, C1, Cy and C3 such that

T T T )
el <Co [ adtzcr [mit<cn [ manra<cn
0 0 0

Our main result ensures existence and uniqueness for the diagonally quadratic BSDE (1.1).

Theorem 2.1 There exists a constant ro > 0 (depending only on the vector of parameters
(n,7,0,Co, C1,C2,C3)) such that if (H1)—(H3) holds for r € (0,7¢), then BSDE (1.1) has a
unique solution (Y, Z) € S®(R™) x BMO(R"*%) on [0, T].

The proof is given in Section 3.

Example 2.1 Assuming that 7' = 1, then the following generator f satisfies (H1)—(H3)
with (as, Be,mt) = (2,1,1) and (v, d,C1, Ca,C5) = (2,0.5,2,1,2) when r € (0, 1.5]:

; ; . 3 .
Fity,z) =121 + |yl +sin(12]2) + |2 Lqzs1y + 120 <0y, i=1,--,n.

The second result of this paper concerns a special type of diagonally quadratic BSDE as
follows:

T T
Y;=5i+/ ki(s,Ys,ZS)ds—/ ZAW,, 0<t<T,1<i<n. (2.2)
t t

Foreachi=1,--- ,n, H € R"*? 2 c R4 Y € R" and y € R, define by H(z;i) the matrix
in R"*4 whose i-th row is z and whose j-th row is H7 for any j # 4, define by Y (y;4) the vector
in R™ whose i-th component is y and whose j-th component is Y7 for any j # 3. We make the
following assumptions.

(A1) There exists a constant o € (—1,1) and a positive constant K; such that for i =
1,---,n, the function k% : Q x [0, 7] x R” x R"*? R depends only on the first i components

of y and the first ¢ rows of z, and
i i—1
ki (t,y,2)| < Kq (1 Y I+ D+ |z1|2), Vy e R", z € R"*<,
j=1 j=1

(A2) There exists a non-negative constant § and a positive constant K such that for
i=1,---,n and each (Y, Z,y1,92, 21, 22) € R x R"*4 x R x R x R4 x R4 the function k’
satisfies:

K (8, Y (y139), Z(2150) — K (8, Y (y259), Z(22:9))] < Blyr — y2| + Ka(1+ |21] + [22])]21 — 22].
(A3) There exists a non-negative constant K3 such that & = (&1, .- £™)* satisfies
HgHoo < KS-

We have the following result.



Multi-dimensional Diagonally Quadratic BSDE 859

Theorem 2.2 Let (A1)—(A3) be satisfied. Then BSDE (2.2) has a unique solution (Y, Z) €
S®(R"™) x BMO(R™*?) on [0,T].

The proof is given in Section 4.
Remark 2.1 In Theorem 2.2, we do not require (H1)—(H3).
Example 2.2 The following generator k satisfies (A1)—(A2) in Theorem 2.2:

E'(t,y,z) =1+ y' +sin(y') + 1%
7 1—1

Ki(ty,2) =14 3 o7 +sin(y"y' + 3 |77 +cos(|z" [P, i=2,--0 .

Jj=1 Jj=1

3 Diagonally Quadratic BSDE
We first give an estimate.

Lemma 3.1 Let (H1)—(H3) hold, (Y,Z) € S (R™) x H?\,,.71(R"™™4) is a solution of
[to,T) [to,T]
BSDE (1.1) on [to,T], then there exist two positive constants Cy, Cs (depending on the vector
of parameters (n,7,d,Co, Cy,Ca,C3)) such that

r

.
1V llsgs, y < Ca+ Caexp (1=511Y sz ): (3.1)

Proof Define )
(o) 20l ~ el =1

z € R.
42

Then we have that for x € R,

oy exp(ylz]) =1
u'(z) = B

sgn(z), u”(z) = exp(ylz]), u”(zx) —y|u'(2)] = L.
Using Itd’s formula to compute u(Y}?) and using the assumption (H2), we have
) . T o . ) 1 o T o
aY) =u(e)+ [ [0 o5, 22) + W (s, Yau 22)) = e 0|23 as - [ v ziaw,
t t
<u(e) - [ whziaw,
t

. |

exp(Y|YS) =1 /7, 4 r ! ‘ :
+/ [%(?@uwﬁm+ns|zs| ) = 5 exp(Ii)|ZE s
t

T
—u(€) - [ wvziaw,
t
e . exp(y|Yi]) — 1
+ [ [-gie - UL =L, sy 2] as (32)
t

Using Hélder’s inequality, we get

2 - r
A2 =) T (33)

r _r r
ns|Zs|" = e2|Zs|" - e72ns < 2

Taking
- _
e = L exp(—|V sz,
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we have

RN

r 2 2, 2-1 2y —or
B2 < Lexp(-o Vs, 2P + 25 07T (L exp(alVlsz,) T - (34)
From 0 <r <1+ < 2, we have

2—r - 2 2 r <1—|—5.

Therefore

From (3.4), we deduce

T l _ 2 1— 5 2”)
MIZel" < g (Y s 2P + 07 +n) (T

Let
ks

I

—
=

@

| v
=4
_l’_
=

@

~—
/~
/~
[\
N E
~—
o
%‘
_l’_
—_
~—

From (3.2) and (3.5), we have

T

T
, . - 1 1
uY) <u(@) - [ wdziaw.+ [ J1zP 4 ool Pas
t t
, |
exp(7[Y])
+ [ SR a4 AV s, + Reesp (F Vs, ) s (36)

Hence it holds that
) < Yue / i) Ziaw,
= =1
1
+ —
Y

i=1

/t (aswsnyn&o +hyexp (5| [ST]))ZexpW . B

Noting that
exp(7|z|)

ex z|)—2
PO =2 ¢ ) ¢ 22

<
22 - -

3

we have

Z": exp(y|V{]) — 2
i=1 27

+% /tT(as+ﬁs|Y|sw ke (Vs ))Zexpw ds.  (38)
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Taking conditional expectation with respect to F, for 7 € [to,t], we show

B[S exp(oI¥i)I]

i=1

T
< 2n(exp(y]|€]loo) + 1) +/t 2y as+ﬁs|\YHs;;T]
+ kg exp (—H =) B {ZeXp VIDIZ]ds. 39

Using Gronwall’s inequality, we get

B[S eIV

i=1
T
ry
< 2nep(afl) + 1) exp( [ 22(an+ BV sz, + boexo (5 IV sz, ) )ds). (310
t

Setting 7 =t and noting r < 1+ ¢, we have

> exp(v]Y/))
=1

T
Y
< 2n(exp(rlel) + Dexo ([ 2o+ BVl + koo (F51V sz, ) ) ds).

Using Jensen’s inequality, we obtain

Zexp YY) > nexp (T) > nexp (—t)

n
=1

Combining the preceding inequalities and the assumption (H3), we have

T
n T
il < Zlog(exp(rl€ll) +2)+ [ 20(0n + YNz, + oo (725 1V s, ) s
v ¢ g L—g7 e
T
< %10g(2 exp(vCo) +2) + 2nCy + 2n/ ks exp (—||Y||3[S T])
t
T’ 0
+/ 2B Y 5 d. (3.11)
t
Let
n r Yy
Ky = S log(2 exp(vCoh) + 2) + 2nCh + Zn/ ks exp (ﬁHYHg[oSoT])ds.
to - ’
We have

T
1Y llsze,, < K0+/ 2nB||Y |5, ds, Vt € [to,T]. (3.12)
, ) ,
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Using Gronwall’s inequality and the assumption (H3), we have

< Kpexp (/T Qnﬁsds)

to

Y]l

[to,T]

< exp(2nCy) (% log(2 exp(vCo) + 2) + 2nCh

T
™y
+2n /t ks exp (mnynsm])ds). (3.13)

Let

2n\ 153
Cy = exp(2nCy) (% log(2exp(yCo) +2) + 2nCl), Cs = 2nC3 exp(2nCs) ((771) Rt 1).

From the definition of ks and the assumption (H3), we get (3.1). The proof is complete.
From Lemma 3.1, we get the following proposition.

Proposition 3.1 There exists a constant ro > 0 (depending on the vector of parameters
(n,7,6,Co,C1,C2,C3)) such that if (H1)~(H3) holds for r € (0,r0), and (Y, Z) € Si5 7 (R™) x
H21o. 1) (R"*) is a solution of BSDE (1.1) on [to, T), then

Yllse ,, < Ca+2Cs, (3.14)
where Cy and C5 are given by (3.1).
Proof Define
F(z) = Cy+ Csexp (%) -z, x>0.

Then we have

2.2
Fl(z) = rCs exp( e ) -1, F'(z)= ryCs exp(rlyx ) > 0.

1-946 1-0 (1—9)2 1-9
Let
(1 —-9)log2
O = —FVF—~—~ -
¥(Cs +2C5)
For a given r € (0,79), let
15 120
T Ty By

Then we have
<rg < ——, 0>0, F'(zg) =0.
r < - €T (z0)

Hence, F is decreasing on [0, z¢] and increasing on [z, +00), and

F(Cy +2C5) = Cy + Cs exp (”(Cl‘*ffcf’)) — Oy — 205
o (02200

M)_Q)zo-

<C5(eXp( 1-0
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Then F(z) = 0 has two zeros 21, x2 and they satisfy

Co<Cy<m <Cy+205 <xo, {x:F(x)>0}=1[0,21]U[z2,+00).

From Lemma 3.1, we obtain that
F(IY[ls3,,) 2 0. VE€ [to, 1.
Hence
HYHS[?:O,T] c [0,$1] U [$2, —|—OO), Vt € [tO,T].
Define
t=inf{t € [to,T]: |Vllsyz,, <z}
Notice that

1Yl

| = €llee < Co < 1.

863

(3.15)

tis well defined. ||Y||3[<;<>T] is decreasing and right-continuous about ¢, so we have ||Y||3[<%<>T] < .

If > to, then
||Y||3[02T] >x, Vte [to,t).

Therefore
HYHS[OST] > x9, YVt € [to,t).

From (3.13), we deduce that

zp < limsup [V sz,
t—t— '

T
< lim sup [04 + 2nexp(2nCsy) ks exp (AHYHSOO )ds}
t—t- ¢ 1-9 [, 7]
T ry
=Cy+ 2nexp(2an)/A ks exp (1—5||Y||3[o:T])ds
. _ ,

146

<Cy+ 2nexp(2an)((27n> Ty 1)03 exp (%”Y”‘Sf;ﬂ)

=)

§C4+C5exp( =F(x1) + 21 = 21.

This is a contradiction. Hence = to, and
||Y||S[°§),T] <z < Cy+2Cs.

The proof is complete.

(3.16)

Proof of Theorem 2.1 For the number 7 given in Proposition 3.1 and a given r € (0, 7o),

define
A= C4 +2C5,

where C4 and Cj5 are the same as in Lemma 3.1. From (3.15), we have

[[€lloe < Co < Cy <A
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From [13, Theorem 2.2, p. 1072], there exists t) > 0 which depends on constants (n, C,~,d, \),
such that BSDE (1.1) has a local solution (Y, Z) € S*®(R") x BMO(R"*?) on [T —ty, T]. From

Proposition 3.1, we obtain
Y7 —t5lloo < 1Y [ls5z <A

(T—t5.7] =
Taking 7' — ¢t as the terminal time and Yp_;, as the terminal value, BSDE (1.1) has a local
solution (Y, Z) € S®(R™) x BMO(R"*9) on [T — 2ty, T — t,]. Stitching the solutions we have
a solution (Y, Z) € S®(R") x H2(R"*4) on [T — 2t,T] and ||Y7_2:, || < A. Repeating the
preceding process, we can extend the pair (Y, Z) to the whole interval [0, T within finite steps
such that Y is uniformly bounded by A and Z € H?(R"*?). We now show that Z € BMO(R"*9).
Identical to the proofs of inequalities (3.5)—(3.6), we have

T B 2 % 4n % Ty
M2l < oAV sz 2P + 077 4 ((5) 7+ 1) e (525 1V sz, ) (317)
and
_ _ T o T 1
uY) <ule) - [ wadziaw.s [ [ G120+ iz Pas
+ + 2 dn
. |
exp(+]Y?]) S
+/t f(aswsnyusm +Eoexp (5= IV ]lse,, ) )ds. (3.18)
where

R e Ay
Ry = (i +ns)((7n) o +1).

Summing ¢ from 1 to n and taking conditional expectation with respect to F;, we have

L 12 < PO O 0 cavan(F) 1) e (525))

Hence Z € BMO(R"*?). Finally, the uniqueness on the given interval [0, 7] is a consequence
of [13, Theorem 2.2, p. 1072] via a pasting technique.

Remark 3.1 Assumptions (H1)-(H3) of Theorem 2.1 are different from those of [13, The-
orem 2.3, p. 1072] and [10, Theorem 2.4]. We allow the generator to have a small growth of the
off-diagonal elements. They are different from those of [10, Theorem 2.5] in that the generator is
not required to be strictly quadratic. For example, the following generator f satisfies Theorem
2.1 rather than the others when r is sufficiently small:

Fit,y,2) = |2 sin (log(|2"| + 1)) + [y| + sin(|2[* ) + |2 L1y + 2|1 <ay, i=1,- .

Remark 3.2 When Cj is sufficiently small such that Cs < exp( — %), taking
ro = 1+ 6, then for r € (0,7¢], we have

(140)(1+4Cy)
1-946

F(C4+1):a-,exp(7 )—1<0.

In a similar way we have Theorem 2.1. In particular, when C3 = 0 we have C5 = 0, then we

< C4 by (3.1) and thus Theorem 2.1 holds, which is the case of [10, Theorem

have ”YHS[?O,T]

2.4].
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Remark 3.3 From [10, Theorem 2.1}, (H1) and (H2) can be replaced with the following in
Theorem 2.1.

(H1") There exist a deterministic scalar-valued positive function (a)efo,7], a deterministic
nondecreasing continuous function ¢(-) : [0,400)—[0,+00) with ¢(0) = 0 and several real
constants v > 0, C' > 0, § € [0,1) such that for ¢ = 1,--- ,n and each (y,7,2,z) € R" x R x
R¥d x R7*4 fi gatisfies the following inequalities:

Fi (g, 2)] < awt olyD) + S 1=+ C Y |71+,
J#
|fz(t7y7 Z) - fl(t,y7f)|

— - — i =i 5§ . =8 i —=j
< oIyl v D[+ 2]+ 2Dy = 71+ |27 = Z]) + (1+ |21 + 2510 Y |27 7).
j#i
(H2") There exist a two-dimensional non-negative deterministic vector function (8;,7¢)¢efo, 1)

and a positive constant 7 € (0,1 + 6] such that for i = 1,--- ,n and (y,2) € R"® x R"*?, the
function f? satisfies:

iy pi r, Ve
sen(y') S (., 2) < ou + Byl + melel” + 5|2 .

4 Diagonally Quadratic and Triangular BSDE

To prove Theorem 2.2, we need the following lemma.

Lemma 4.1 We consider the following one-dimensional BSDE:
T T
Yt=77+/ l(s,YS,Zs)ds—/ Z dWs, 0<t<T. (4.1)
t t

The terminal value n and the generator | satisfy the following assumptions:
(B1) VK > 0, the function 1 : Q x [0,T] x R x RY4 3R satisfies:

’ < +00.
oo

sup HE[exp (K /tT |l(s,0,0)|ds)‘]—}}

t€[0,T]

(B2) There exist a non-negative constant 8 and a positive constant C such that for each
(v,7,2,2) € R x R x R4 x R4 the function | satisfies:

|l(t7y72) - l(t,y,f)l < ﬁ'y - y' + C(l + |Z| + |E|)|Z - E|'
(B3) There exists a non-negative constant Cq such that n satisfies:
[nllee < Ci.

Then BSDE (4.1) has a unique solution (Y, Z) € S®(R) x BMO(R'*4) on [0, 7.

Proof When 5 =0, [ is independent of y. From [13, Lemma 2.1], we know that the result
holds. When 8 > 0, for y € S®(R), we define a map p(y) =Y, where Y is given by

T T
Y}:n—i—/ l(s,yS,Zs)ds—/ Z, AW, 0<t<T.
¢ ¢
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From the preceding result, we know that ¢ is well-defined and maps S*(R) to itself. For
y,7 € S®R), let Y = p(y),Y = (7). Denote Y =Y —Y, dy =y—7, 6Z = Z — Z. We have

T T
6}/;& = / [l(S, Ys, ZS) - Z(S7ys775)]ds - / 6Z$dWS
t t

T T
2/ (Bsdys + 0 Zsars)ds —/ 0ZdWs.
t t
Here |Bs| < B, || < C(1 +|Zs| + | Z,|), therefore o - W is a BMO martingale. Define
— t ~
W =W, — / asds, tel0,T]; dP:=é&(a- W)TdP.
0

Then, P is a new probability equivalent to P, and W is a Brownian motion with respect to P.
We have

T T .
0Y; = / Bs0ysds — / 0ZdWs.
t t
Taking the conditional expectation with respect to ]I~D, we have

T
16Y s~ < / B8y lls~ds < ATyl 5.
t

When T < %, ® is a contraction map and and the statement follows from the Banach fixed
point theorem. For general T, we can repeat the preceding process and get the result within

finite steps. The proof is complete.

Proof of Theorem 2.2 We will solve BSDE (2.2) in order. For the first equation, noting
that [|€Yo < K3, |k1(s,0,0)] < Ki, from [16] we know that it has a unique solution (Y1, Z1) €

S°(R) x BMO(R'*?). Suppose that we already solve the first (i — 1) equations with (Y7, Z7) €
S®(R) x BMO(R'*?), j =1,--- i — 1. For the i-th equation, we have that YK > 0,

n«:[exp (K/tT |k»i(s,Y5(o;i),Zs(o;i))|ds)\ft}

< exp(KTK) - E[exp (KKl /tT (i V7| + i |Z§|1+“)ds) ‘}‘t}
j=1 j=1

i—1 Ti—1
< exp (KTKl +KTK, Y ||Yj||3m) -E[exp (KK1 / 3 |Z§|1+ads) ‘}‘t] (4.2)
=1 boj=1
By Holder’s inequality and Young’s inequality we get
T1—1 )
E[exp (KK1/ 3 |Zg|1+ads) ‘ft}
t
i—1 T .
< (TTE[ e (KEili - 1)/ iz eas)| 7)) (4.3)
j=1 ¢

and

Ita 1ta 1+ a2 1ta

) . ) 1—
L|Z§|1+O‘ = gT|Z§|1+O‘.LE_T < ?QE|Z§|2 + TLEE—E’ VL > 0.
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Let ¢ be sufficiently small such that 1£%¢||Z7|3,,5 < 3. From John-Nirenberg inequality (see
[15, Theorem 2.2]), we have that for 1 <j <i—1,

T
j 1 1— [ 2 14+
E[exp (L/ |Zg|1+ads)‘ft} < _— exp( Ll—as——l—aT)
¢ 1— %) Z7]3mo 2

1- .
< 2exp (TQL%&%T), vt € [0, 7). (4.4)

Combining (4.2)—(4.4), we obtain that VK > 0,

sup HE[exp (K /tT |ki(3,YS(O;i),Zs(O;i))‘dS)

te[0,T

7]

’ < +00. (4.5)

Therefore, we can apply Lemma 4.1 to see the i-th equation admits a unique solution (Y%, Z%) €
S®(R) x BMO(R'*4) on [0, T]. The proof is complete.

5 Conclusion Remark

We study the well-posedness of the multi-dimensional BSDE (1.1) with a diagonally quadrat-
ic generator. When the generator has a small growth of the off-diagonal elements, we build
a new priori estimate and get the existence and uniqueness of the global solution, which gen-
eralizes the results in Hu and Tang [13] and Fan et al. [10]. Besides, when the generator is
diagonally quadratic and triangular, we get the global solvability of the multi-dimensional BS-
DE (2.2) without the small growth condition. Finally, when the generator is non-triangular and
has a general sub-quadratic growth of the off-diagonal elements, the existence and uniqueness of
the global solutions are interesting and challenging, which remains to be studied in the future.
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