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Abstract Costa first constructed a family of complete minimal surfaces which have genus
1 and 4 planar ends by use of Weierstrass-gp functions. They are Willmore tori of Willmore
energy 167. In this paper, the authors consider the geometry of conjugate surfaces of these
surfaces. It turns out that these conjugate surfaces are doubly periodic minimal surfaces
with flat ends in R3. Moreover, the authors can also perform a Lorentzian deformation
on these Costa’s minimal tori, which produce a family of complete space-like stationary
surfaces (i.e., of zero mean curvature) with genus 1 and 4 planar ends in 4-dimensional
Lorentz-Minkowski space R}.
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1 Introduction

Minimal surface in R?, as critical surfaces of area functional, plays important roles in the
development of differential geometry. In 1984, Costa [7] first succeed in the construction of a
complete minimal surface of genus 1 with 3 embedded ends by use of Weierstrass—gp functions.
Hoffman and Meeks [10] soon proved that Costa surface is embedded in R3. Its discovery
has led to an enormous amount of progress. We refer to the book by Colding and Minicozzi
[6—6] for recent progress. On the other hand, concerning the famous Willmore conjecture,
Bryant considered Willmore surfaces and proved surprisingly that a Willmore 2-sphere in R3 is
conformally equivalent to a complete minimal surface of genus 0 with planar ends (flat embedded
ends). This means that minimal surfaces with planar ends are of importance in view of the
Willmore problem. The existence of such surfaces are non-trivial: For obvious reasons, there

are no complete minimal surfaces (see [1-2, 15-16]) of genus 1 with 1 or 2 planar ends. Kusner
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and Schmitt [12] proved that there are no complete minimal surface of genus 1 with 3 planar
ends. Costa [9] constructed a family of complete minimal surfaces of genus 1 with 4 planar ends
in R3, which are conformally equivalent to Willmore tori with Willmore energy 167. In 2005,
Shamaev [16] constructed a complete minimal surface of genus 1 with n flat ends, where n is
even and n > 6.

In this note, we want to consider furthermore the properties of the family of complete
minimal surfaces of genus 1 with 4 planar ends by Costa in 1993. In particular, it is of interest
and of importance to consider the geometry of conjugate surfaces of Costa’s examples. A
careful discussion indicates that the conjugate surfaces are in fact doubly-periodic in R3 and
hence we obtain new examples of doubly periodic minimal surfaces with infinitely many planar
ends. Moreover, it turns out that after suitable transformation, one can perform Lorentzian
deformations introduced in [4, 13, 17]. In this way we obtain a 2-parameter family of complete
space-like stationary surfaces of genus 1 with 4 planar ends in four-dimensional Minkowski space
RY,

We first recall Costa’s examples (see [9]). Consider the lattice L(ir) (here 7 > 1):

L(ir) = {m + nir € C, m,n € Z}. (1.1)
Set ) Lo )
+17 1T
pu— = — = = —_— . 1-2
wo =0, wp 5 W2 5 W= (1.2)

Theorem 1.1 (see [9]) Let T, = C/L(iT) be the torus with its canonical projection w: C —
T, = C/L(ir). Set M, = T; \ {Py, P1, P2, Ps} with P, = w(wg) for 0 < k < 3 (see Figure
1). There exist C*-functions a(7), 8(7),c(7) : [1,+00) = R\{0}, such that for any 7 > 1, the
following Weierstrass representation defines complete minimal surfaces I, : M, — R3 (7 > 1)

with 4 planar ends :

1 1
I‘l’ = 5 Re/(q)la (I)Qa (I)g)dZ = 5 Re/(f(l - 92)71f(1 + 92)3 2fg)d2’ (13)
Here, f and g are chosen to be

{9 = gr = a(1)p(2) + b(T)p(z — w3) + e3c(7), (1.4)
fdz = frdz = (p(z —w1) + p(z — wa) + e3)dz, .

where a(T) = b(1) = o) +iB(7), ex = p(wr), k= 1,2,3.

i'r!kl o o

Wy Wy

W, W,
0 1™ .
1

Figure 1 Fundamental domain of M.
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To prove Theorem 1.1, Costa [9] needs only to consider the real parts of the integrals

appeared in (1.3). Recall that a conjugate surface of I, is

I, = %Re/(if(l - %), —f(1+g%),2ifg)dz.

The study of the conjugate surfaces involve the imaginary parts of the integrals appeared in
(@T3). It turns out that the imaginary parts are not as good as the real parts. By discussions

on the imaginary parts, we obtain the following theorem.

Theorem 1.2 We retain the notion of Theorem 1.1. Then the conjugate surface INT M —
R3 of I, is a family of complete, doubly-periodic, minimal surfaces with infinitely many planar
ends in R®. Here M = C\ A, where A = {wy +m + nit | m,n € Z,0 < k < 3} (see Figure 2).

In particular, the periodiciy ofI: can be represented as follows:

{mz +1) = I(2) + (0, T3, 0),

N - (1.5)
IT(Z + 17') = L,-(Z) + (Tl, O,Tg).

Here Ty, Ty and T3 are some non-zero constants determined by I. (see (3.11)).

I | |
I : I
: I I
2it h | i
T hd T
1 I 1
| I ]
S e S S 3
i [ i
it I [ |
4 ) I\
T T T
I | 1
wy g ! !
- -¢:.‘- . -+ \’I:r- -
] | 1
Wy, lw ! |
0 ™M + 4
| |
i1 2 i3
I I I
| | |

Figure 2 M C C.

This paper is organized as follows: In Section 2, we recall the Weierstrass representation
of minimal surfaces, basic properties of elliptic functions and basic notations of the Costa’s
minimal surfaces with 4 planar ends of [7]. Then in Section 3, we derive the proof of Theorem
1.2. In Section 4, by Lorentz deformations, we obtain a 2-parameter family of complete space-

like stationary surfaces of genus 1 with 4 flat embedded ends in Rf.

2 Weierstrass Representation for Minimal Surfaces and Weierstrass
g Functions

2.1 Weierstrass representation of minimal surfaces in R3

Definition 2.1 (see [14]) Let M be a Riemann surface, and M = M\{p1,--- ,pn}. Suppose

that f is a holomorphic function on M and g is a meromorphic function on M, satisfying:
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(1) A point z € M is a pole of g of degree m if and only if z is a zero of f of degree 2m.
(2) Every divergent path v in M has infinite length.
(3) For any closed path ~y in M,

j{fgzdz = ﬁ, Re]{fgdz =0. (2.1)

Then the following Weierstrass representation
X = ghe [(1= )£+ 9°)1.2f0)d2 (22)
defines a complete minimal surface X : M — R3. Moreover, its conjugate surface X CR3 s
defined to be
X = %Re/(i(l -9 f, -1+ f.2ifg)dz. (2.3)
Note that X may not be defined on M in general. Moreover, the associated family Xg of X is

defined by
X, = %Re/ew((l — ) (L + g% f.2fg)dz. (24)

Here 0 is a constant taking values in [0,7]. Note that Xz = X.

2.2 Weierstrass representation of a space-like stationary surface in R‘I‘

The 4-dimensional Minkowski space R} is the space R* equipped with the Lorentzian inner
product
(X, X) =23 4 23 + 23 — 273
Let X : M — R} be a complete space-like stationary surface. Let z = u + iv be a local
complex coordinate of M such that the induced Riemannian metric in ¥ is ds? = e?* |dz|2.

The Weierstrass representation of the space-like stationary surface in R} is given by [13],

X =2Re [(6+ . -i(0~ 0,1 - 0.1+ 6v)dh, (25)
where dh is a holomorphic 1-form and ¢, 1 are meromorphic functions. From this we see
Xodz = (¢ + 9, —i(¢ — ), 1 — ¢b, 1 + ¢¢)dh. (2.6)

Theorem 2.1 (see [13]) Given a holomorphic 1-form dh and two meromorphic functions
o,¥ on a Riemann surface M. If dh, ¢ and v satisfy the following conditions

(1) ¢ # v and they do not have same poles;

(2) a point is a pole of ¢ or 1 of degree m if and only if it is a zero of dh of degree m ;

(3) every divergent path -y in M has infinite length;

(4) for any closed path ~ in M,

¢dh = —¢ 1bdh, Re ¢ dh =0=Re ¢ ¢vdh. (2.7)
foan - van e /

Then (2.5) determines a complete space-like stationary surface X : M — R}. Conversely, if
X : M — RY is a complete space-like stationary surface, then there exists a holomorphic 1-form

dh and two meromorphic functions ¢,v on M such that the above conditions and (2.5) hold.
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2.3 On Elliptic functions

Here we will collect some basic properties of the Weierstrass-g function. We refer to [3, 7]

for more details.

Definition 2.2 (see [3]) Consider the torus T?(vy,vs) = C/L(v1,vs), with its lattice L(vy,
v2) C C being

L=L(v1,v0) = {muvi +nwe € C,m,n € Z} with Im(ﬁ) > 0.
151

The Weierstrass-p function is a doubly periodic meromorphic function of T*(v1,v2), defined by
1 1 1
p) =5+ D (7(2 —ay " W) (2.8)

QEL(V17V2)\{O}

It is well-known that the Weierstrass-p function satisfies (see [3])

0'(2)* = 4(p(2) — e1)(p(2) — e2)(p(2) — e3) (2.9)
with
e1t+es+e3=0, e >e>es, (2.10)
where
;= p(W,;), j=1,2,3 with le% m:%, Wgzg. (2.11)
In particular, when (v1,1v2) = (1,1), we have e; = —e3 ~ 6.875185, e5 = 0.

2.4 On Costa’s minimal surfaces with 4 planar ends

This subsection is mainly a summary of Costa’s notations and results in [9]. Now we will
have a detailed discussion on Costa’s minimal surfaces I with 4 planar ends, where the lattice

will be L(1,i7). First we recall the Weierstrass data of I in [9] as follows:

{g = g7 = a(7)p(2) + b(1)p(z — ws) + ezc(7),
fdz = frdz = (p(z — w1) + p(z — w2) + e3)dz.

Here (see [9, (2.12) to (2.17)])

a(t) = b(t) = a(r) +iB(7). (2.12)
In fact, a(7), 8(T) € RT are positive real functions of 7, 7 > 1, which will be determined in
(2.18) (see Remark 2 for the details on [9, p. 1286]).
Set

1 1
m=—s 74 o(:)dz, My = = ]{ o(z)dz, (2.13)
2 I 2 Is

where the paths [; and l3: [0,1] — C/L(1,ir) are

i 1
L(t)=t+ % ls(t) = 5 +irt. (2.14)



932 Y. L. Shi, P. Wang and X. Z. Wang

Definition 2.3 (see [9]) Set
) TS
Sj=2m+e; e =plw), j=123 S=S+8 bi=-S+2m(=-2). (215

By 9, p. 1285], all of {n1, ba, e, Sj, j = 1,2,3} are real functions about 7. We define

furthermore the real-valued functions c, oy, Bj,7; as follows:

_ 2(6152 + 6251)

c=c(r) = oS

o € R\{0}, (2.16)

o] = 4(512 + 522 + 5152),
Qg = 2(61512 + 62522 — 2635152),

p1 = —4515,
Ba = 2((63 - 62)512 + (63 - 61)522 + 2635152), (217)
"= T§ - 27

T

’72=—S+2771(T§ —2).

Lemma 2.1 (see [9, Lemma 1)) The positive functions a and 8 are determined as follows:

(81 - 62)2 (ag _ ﬁg) _ Bay1 — Bivye

S2 a1 — azfy’ (2.18)

(61 - 62)2 2 2 Q172 — Q271 '

(@2 = 2
S2 ( &) a1f2 — azfh

In particular, when T = 1, we have
(€1 +2m)*(e? + 272)
= ~ 0.132915
“ \/46? (e} + 8edm + 23em2 + 26em3 + 1274) ’ (2.19)

m(ey + 2m)*
= ~ 0.0510109.
b \/46% (e} + 8e3m + 23e2m2 + 26em3 + 1274)

Lemma 2.2 (see [9, (15)—(16) ]) The functions f,g in (L) satisfy the following equations:

gf = a1p(z —w1) + asp(z — ws) + ao,

3
(2.20)
9°f = bop(2) + D> bjp(z — w)) + b,
j=1
where a;,b; are defined as follows (recalla(t) = b(t) = a(r) +1iB(7)):
ap = —2e1ez(a +b) + egc, a1 = eja+ eaxb+esc, as =eza+ e1b+ esc,
by = (61 — 62)2a2, by = a%, by = ag, bs = (61 - eQ)Qan (221)

b4=—S—|—2n1($—2).

Proof See [9, pp. 1283-1285] for a detailed proof, the Zeros and poles of {f, g, fg, fg°} is

illustrated in Figure 3.
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o

o? 02

w? 0 =
g f
ol 2 oo’
a2 ) oo?
o gt

Figure 3 Zeros and poles of {f, g, fg, fg*} (see [9, (13)—(14)]).

3 Geometry of the Conjugate Surface of I

In this section, we will first consider the periodic problems of the conjugate surfaces I: of

the Costa’s minimal surfaces I (see Figure 4). Then we will give the proof of Theorem
We will retain the notion of Subsection 2.4.

(a) Main view of I, (b) Rear view of I,

Figure 4 Picture of I, where 7 =1 and z € [0.01, 0.49] x [0.01, 0.49].

The following picture (see Figure 5) shows the behaviour of asymptotic planes X, of I..
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(a) Main view of I, (b) Left view of I+
Figure 5 The asymptotic planes ¥ of I;, 7 = 1.

3.1 Periodic property of the conjugate surfaces f.;

The Weierstrass representation of the conjugate surfaces I, is (here f,g are given by (L4))
~ 1 1
I = 5 he [(@,05,0))ds = 3Re [Gf(1- ). -1+ @) 2if0d:  (3)
from [9], the ends Py, P;, P, and Pj are all planar ends. So we have the following lemma.
Lemma 3.1 (see [9]) The residue of @’ at each end Py is 0 for 1 < j <3 and 0 <k < 3.

Now concerning the periodic properties, we have the following lemma.

Lemma 3.2 On the two closed paths 11 and I3 of (2.14), the following equations hold:

/ (1—g¢*)fdz=0, / (14 ¢*)fdz = 2e3 — 8y, / gfdz=0 (3.2)

11 I I

and

/ (1 —g?)fdz = —2i(7(4ny — e3) — 47),

I3

/ (1+¢%)fdz=0, (3.3)

ls

/ gfdz =i(dez(c — a)(m — 7m1) + T(e3¢c — dereaq)).

ls

Proof By (1.4) and (2.20), we can obtain (see [9])

/ gfdz = —(a1 + a2)2nk + 2wrag, k=1,3, (3.4)
Ui
3
/ G2 fdz = —2(ij)nk owgby, k=13, (3.5)
fdz = —4dng + 2wies, k=1,3. (3.6)

Uy

Substituting (2.16) and 221) into B4]), we have

/ gfdz = =2(a1 + a2)m + 2wiag
A
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= —4(es(c— a)m + e1e2a) + egc

=0. (3.7)

Here the second equality can be obtained by using the first equality, of (Z21) the third equality
can be obtained by using the second equality of (ZI6]).
Similarly, we have

/ gfdz = —2(a1 + a2)ns + 2wsag

l3

= i(dez(c — a)(m — 7)) + T(e3c — deresar)), (3.8)

where 2n3 = i7(2n;) — 271 by the Legendre’s relation. Substituting (L2)), (2I8) and (2.21)) into
@B3), we have

NE

/l ¢*fdz = —2(

bj)771 + 2wy by = e3 — 4ny,

' 7 (3.9)
/ g fdz = —2( bj)?’]g + 2wsby = i(7(4n1 — e3) — 4m).
ls iz
Similarly, substituting (L2)), (2.I5) and (Z2I)) into (3.G), we have
/ fdz =es — 4,
h (3.10)
fdz = —i(7(4n1 — e3) — 4m).
l3
Summing up we finish the proof of the lemma.
Lemma 3.3 Set
T = —7'(4771 — 63) + 4,
T2 = 4771 — €3, (311)

Ts = dez(c — a)(m — ™)) + T(ehe — dejesar),
when 7 > 1, T; € R\{0}, j = 1,2,3. Moreover, the conjugate surface I, is doubly periodic.

Proof By [9, Proposition 1(10)], we get Sk, = 2m + e, > 0, k = 1,2 and e, € R. Together
with e; + ey + ez = 0, we obtain Ty € RT.

By [9, pp. 1281-1282, p. 1285], when 7 > 1, «, ¢ and e;, j = 1,2,3 are all real. So we
have T5 € R. We show by contradiction that T35 # 0. Suppose that T5 = 4des(c — a)(m — 1) +

T(edc — dejes) = 0, i.e.,
_deza(m — ) + 4ereaar
€3t + des(m — 1)

By (ZI5)—(2I6), we have

desa(m — 1) + dereaar da(mes — eres)
. == N T A2 (3.12)
esT + dez(m — 1) es(dm — e3)
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i.e,
mes — e1ea _ e1eaT + e3m — e37TM _ (6162 — 77163)7' + e3m
4n —e3 47 — 41 + esT 4dm — 7(4dm — e3)

(3.13)
Then (3.13) is equivalent to e3 = 4ejes. Since €1 + ez + e = 0, this is equivalent to e; = e,
contradicting to the fact that e; > es. So T3 # 0.

Finally, by [9, p. 1285], n1 and e3 are real functions when 7 > 1. So Ty € R. Moreover, we

claim that T7 < 0 for any 7. See Figure 6 for the picture of T; (7).

1 1 1

15 2.0 2.5 3.0 3.5 4.0

-15F

-25[

Figure 6 Picture of T1(7), here 7 > 1.

To prove this, first, by [8, proof of Proposition 5, pp. 613-614], we have

(_1)n+1ne—7rn7'

1— e—27'rn7'

2m +e1 > 72, 21+ eq = 877 Z R,(7) with R, (1) =

n=1
So
T, = —T(4’I71 - 63) + 47

:47T—T(2’I71+€1+2’I71+62)

=4dr —7(2m +e1) — T(87T2 i Rn(7)>

n=1

with T7(1) = 27 — e; < 0. From (28)—(32) appearing on [8, p. 614 ], we obtain
|IR,(T)| > |Rps1(T)] >0 Rop(17) <0 and Ropyi(7) >0, n,keZt, (3.14)

i.e., —Rok(7) > Ropy1(7) > —Raogr2(7) > 0 for k € Z+. Together with 211 +e; > w2, we obtain

Ty(1) < =1 + 47 + 7(8772 Z(—Rn(T)))
n=1
= 71 4+ 47 + 7(871'2( 7 + 2e + i(—Rn(T))))
1—e 277 1 —e 477 =
e " 2e27T
1—e 277 + 1- e—4”)'

IN

—m2T +4m + 87727( -

Set

e~ 7T 26—271'7' )

F(r) = —7T27'+47T+87T2T(— —— + =
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‘We have

—2nT

—TT %2
FI — _ 2 2( _ e >
(T) T+ 87 1 —e—277 + 1— e—47r‘r

_86—671'7' _46—2777' 2e—3fr‘r e~ T
srir ). 3.15
TemT (1 — e—dmr)2 T @ (1—oc—2mr)2 R (3.15)
Let
_86—671'7' _46—2777' 2e—3fr‘r e~ 7T
G(r) = 877 ( ).
(r) = 8m°r (1— o—dmr)2 T { T edr (1—oc—2mr)2 R
When 7 > 1, G(7) < 72 by Lemma 5.1 of Appendix 5. Then we have
Y 2 g2 - 20?7 2 -0 (3.16)
(1) < =7 + 87 _l—e—2”+1—e—4” + 7 <0. .

So F(r) is a decreasing function and hence F(7) < F(1) ~ —0.426756 < 0. As a consequence,
Ti(1) < F(r) < 0.

3.2 The proof of Theorem

From Lemma 3.3, we have
Ty =—7(4m —e3)+4m € R,
To =4 —e3 € R+,
Ty = 4des(c — a)(m — 1) + T(e3c — deeaa) € R\{0}.

By (3.2)—(3.3) of Lemma 3.2, we have

L(z+1) = I(2) + (0,T3,0),
(3.17)

I (z+ir) = I(2) + (11,0, Ts).

In particular, when 7 = 1, (T1, T, T3) = (—0.5920, 13.1584,5.9999). The pictures of I are as

follows (see Figures 7-8):

-2 -3 )
z

(b) Ii(z+1) (¢) Li(z+1)

Figure 7 2| < 22 7 =1.
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Y

X 54
2
20, .
o
zZ
5
0 10 20 30

Y
(a) the horizontal period, |z| < @

0 10 20 30

0 5 10 15 .

(o) |2l < V2 (d) 2] < 2v2

Figure 8 The double periodic conjugate surfaces I~1(z)

4 Lorentz Deformation of Costa’s Minimal Surfaces I, in R‘ll

In this section, by orthogonal transformation and Lorentz deformation of Costa’s minimal
surfaces I, we can get a 2-parameters family of complete space-like stationary surfaces of genus

1 with 4 planar ends in Rf.
4.1 Lorentz deformation of minimal surfaces in R3

First we recall the Lorentz deformation for minimal surfaces in R3.

Definition 4.1 (see ]) Let X,dz = (©1,042,03)dz be the holomorphic differential of the
minimal surface X : M — R? in R3. The Lorentz deformation X in R} of the minimal surface

X is defined by the following equation

- -1 _ r—1
XZdZ = (@1, @2, C +2< @3, C 2< @3)(312 (41)
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with

b =e P, Py = —e_ltg, dhy = e'*dh, e € C\iR. (4.2)

Here ( = e'* € C\iR is the parameter. Note that when ¢ = 1, X reduces to X.

Theorem 4.1 (see [17]) Let X : M — R3 be a complete minimal surface with no real or

imaginary vertical period, i.e.,
fv O3dz =0 for any closed curve v on M.

Then for any ¢ = e't € C\iR, {¢¢,vs,dhs} in D), we define a 2-parameter family of complete

stationary surfaces X fully immersed in R$.
4.2 Lorentz deformation of Costa’s minimal surfaces I-

We retain the notion of Section 3. Recall that (see (L3))
(L.)Zdz = ((I)l, (1)2, <I>3)dz

with f and g defined in ([4]). Set

M1 0 —H2 T T
A= 0 1 o0 With g = ———m— |y = ———— (4.3)
pa 0 g \/ T2 + T3 \JTE+ T3
where T1, Ts, T5 are non-zero real constants given by ([B.IT]). Set
(IL.). = (1, Dz, B3) = (D1, Do, B3)A = (11 Py + p12®3, Po, — 2Py + 111 Ps3). (4.4)

By (3.2)—(3.3), we get

1 [ — — — 1 [ — — —
5/(<1>1,<I>2, &3)dz = i(0, T, 0), 5/(<1>1,<I>2, <I>3)dz:i(\/Tf+T32,O,O). (4.5)

ll l3

Now consider the surface IL, in R* C Rf. We have

(II;)2dz = (1 P1 + pe®s3, o, —p2Py + p11P3,0)dz

=@+, —i(¢ —¢),1 = ¢, 1 + ¢p)dh (4.6)

with

f(29? + 2p19 — p2)
2

(11 +2)g* — 2p2g — (11 — 2) 1

., b=—=, dh=— dz, 4.7
pog? + 219 — pa2 v ] (4.7)

b=
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Proposition 4.1 Set
b =e g, Yy =e M, dhy =e''dh  with e € C\iR, (4.8)

where {¢, ¥, dh} of 11, is given by (&1). Then the Weirestrass representation data {¢¢, ¥y, dhy}
defines a complete stationary surface 11, : M, — R}, which has genus 1 and 4 planar ends.

Moreover when et € R, IL; ; is full in R‘f forall > 1.

Proof First note that the Lorentz deformation (@2]) does not change the shape of the end.
By (#5) and the properties of ends of II, fv agdz = 0 for any closed curve v on M. By
Theorem 4.1, the proposition holds.

Remark 4.1 By the Willmore energy formula in [1] and [11], we can obtain the Willmore
energy of the surface 11, ;, as follows:

W(L,,) = / (H? — K)dM, = —/ KdM, = —2r(2 — 29— 2r) = 167,  (4.9)
M M.

r

where g is the genus of M, and r is the number of ends.
5 Appendix

_ge—67T _4e—27T 2e—37T o=

Lemma 5.1 The inequality G(1) = 87T3T((1_e,4ﬂ)2 +1me=mr T amezeyz T 1_6,%7) <7
holds for all T > 1.

Proof Letting x = €™, we have

_86—6777' _46—2777' 26—3777' e~ T 646—1071'7'
0= ) orn(
(T) n (1 _ e—47r7')2 + 1— e—47r7' + (1 _ e—27r7')2 + 1— e—27r'r +omT (1 _ e—47r7')3
N 646—6777' N 8e—27‘r7’ 8e—57‘r7’ 8e—37‘r7’ e~ T )
(1 _ e—47r7')2 1— e—47r'r (1 _ e—27r7')3 (1 _ e—27r7')2 1— e—27r'r

—1 4 €™ + 3> 4 5e3TT 4 5el™T 4 3e577)
(1+em)3(1 +e2m7)3
eS™ — w7+ 5¢™ T + 9e¥ T + 113 — 11e T
(14em)3(1 + e277)3
(=9 T — 5eS™ T + e T — ™7
(1+em)3(1 +e2m7)3
_ —87T3x(_1 + 2 + 322 + 523 + 52t + 32°)
(14 x)3(1+22)3
_ 87r3:z:x6 — w7 + 5zt + 922 nT + 112377 — 1latnr
(1+2z)3(1+22)3
_ 8rn (=92°77 — 52877 + 27mwr — 27)
(1+2z)3(1+22)3

— _87T3€7r'r (

_ 87T3€7'r7'

_ 87T3€7'r7'
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When 7> 1, by n7 > 7 > 3 and x = e > e™ > 23, we have

—92%m7r — 5aSmr + 2w — 27

Y

—92°7r — 5287 + 227

(7 — 92°77) + (27 — 52577)

= 2°(2?® — 977) + 25(z — 577)

>0, (5.1)
where the functions 2 — 977 and x — 577 are increasing about 7. Then we have
22 =9 > e — 971 >0, x—5mr >e" — 5w > 0.

Similarly, we have

28 — 77 + banT + 92277 + 11237 — 1latnr

= (2% — 11a'nr) + (5wt — 7n7) + 92?77 + 112377

' (2® — 1177) + (5x — D)7 + 92%77 + 11277

>0 (5.2)

and
—1+4 24 322 + 52° + 52 4 32° > 0. (5.3)
Combing (1 + z)3(1 + 2?)® > 0, —873z < 0 with (5.1)—(5.3) , we get that G’() < 0 for any

7> 1, i.e, G(7) is a decreasing function and G(7) < G(1) ~ 8.92656 < 2.
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