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An Attempt at Axiomatization of Extending Mechanism
of Solutions to the Fluid Dynamical Systems*
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Abstract Note that some classic fluid dynamical systems such as the Navier-Stokes
equations, Magnetohydrodynamics (MHD for short), Boussinesq equations and etc., are
observably different from each other but obey some energy inequalities of the similar type.
In this paper, the authors attempt to axiomatize the extending mechanism of solutions to
these systems, merely starting from several basic axiomatized conditions such as the local
existence, joint property of solutions and some energy inequalities. The results established
have nothing to do with the concrete forms of the systems and, thus, give the extending
mechanisms in a unified way to all systems obeying the axiomatized conditions. The key
tools are several new multiplicative interpolation inequalities of Besov type, which have
their own interests.
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1 Introduction

The fluid dynamical models, just mention some of them, include the Navier-Stokes equations,
Magnetohydrodynamics (MHD for short) and the liquid crystals. Generally speaking, for those
models with viscosities, the local well-posedness can be established in somewhat standard way;
however, recalling that it is a well-known open question to prove the global existence of smooth
solutions to the three-dimensional Navier-Stokes equations, though a lot of attentions have
been made, we are still far from the complete mathematical understanding of the the global
well-posedness of these systems.

To understand the possible singularity or global regularity, it may be helpful for us to study
some blow-up criteria. The aim of establishing the blow-up criteria is to find such conditions
as weak as possible that ensure the global regularity of the solutions. There have been a lot of
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works on establishing the blow-up criteria for the classic fluid dynamical systems, in particular
for the systems mentioned above, in the existing literatures. There are two well-known blow-up
criteria for the Navier-Stokes equations, the Ladyzhenskaya-Prodi-Serrin type (see, e.g., [14—
15]) and the Beale-Kato-Majda type (see [1]). The Ladyzhenskaya-Prodi-Serrin blow-up criteria

imply that if the following Serrin condition
3 .2 3
u e LI0,T; LP(R”)) w1tha—|—]—?§1,3<p§oo

holds for a positive time T and a pair of (p, ¢), then the solution to the Navier-Stokes equations
will not blow-up at time 7T'; while the Beale-Kato-Majda blow up criteria tell us that as long as
the L*(0,7; BMO(R?)) norm of the vorticity is finite, then the solution to the Navier-Stokes
equations can be extended beyond the time T'. Both cases can be proved by the energy method
with Gagliardo-Nirenberg interpolation inequality or some embedding inequality of logarithmic
type. Note that the endpoint case of the Serrin condition u € L°(0,T; L3(R?)) is different,
which was proved by Escauriaza, Seregin and Sversk [6] by employing blow-up analysis and the

backward uniqueness property of the parabolic operator.

Many generalizations and extensions to other systems of these two kinds of blow-up criteria
have been made. For the Navier-Stokes and MHD equations, Ladyzhenskaya-Prodi-Serrin’s and
Beale-Kato-Majda’s criteria were considered in Sobolev space or Besov space, for example see
[3-4, 7-8, 9-10, 13, 17-19] and the references therein.

We note that though the systems from the fluid dynamics may be observably different from
each other, they may obey some energy inequalities of the same type. For example, one can
easily check that the Navier-Stokes equations, MHD and Boussineq equations satisfy the same
type energy inequalities stated in (H4), (H4’) and (H5), below. Therefore, there should be some
common features for these systems, such as the well-posedness under the same assumptions on
the initial data, and the same type blow-up criteria under the same conditions on the solutions.
Keeping this in mind, it will be very interesting to reveal all these common features determined
by the same characteristics of the systems from the fluid dynamics, while this paper is employed
as the first attempt to exploit a tip of the iceberg of these common features.

Specifically, we list some axiomatized conditions, by which we get a unified proof for blow-up
criteria of Ladyzhenskaya-Prodi-Serrin type and Beale-Kato-Majda type in Besov space of the
systems satisfying these conditions. Without such restrictions, these systems may have some
blow-up solutions. Recently Tao [16] proved that in the averaged Navier-Stokes equations, it
is assumed that the nonlinear term satisfies all the classical harmonic analysis estimates and
the fundamental cancellation property, so as to construct the exploding solution. Throughout
this paper, we use (P) to denote the Cauchy problem of an arbitrary PDE system in R%. The
problem (P) considered in this paper is supposed to satisfies (H1)—(H3) and at least one of (H4)
and (H4'):

(H1) (Local existence) For any ug € H'(R?) (if some other conditions, such as divu = 0,
is included in (P), then wg is required to satisfy the same conditions), there exists a unique
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solution u to (P) on R? x (0, T.), with initial data u, and for any T < T, there hold
uwe C([0,7) H'(R) N L*(0, T; H*(RY),  dyu € L*(0,T; L*(RY)),

where T is a positive number depending only on the upper bound of the initial norm [|ug|| g1 (ra)-
(H2) (Joint property) For any two solutions u; and us to (P) on R? x (0,7}) and on

R? x (Ty,Ty), respectively, with initial data ug and wuy(7}), respectively, such that u; €

C([0,T1]; HY(RY)) and us € C([T1, Tz); H'(R?)), then the joint function u defined as

{ul(x
U=
us(x
is a solution to (P) on R? x (0,T%), with initial data wug.

(H3) (Basic energy) For any solution u to (P) on R? x (0,7), it satisfies

,t), t e [O,Tl),
7t)7 te [T17T2)

sup |[ul|L2ray < M(2)
0<s<t

for any t € (0,T), where M is a continuous nondecreaing function on [0, 00), determined by
the initial data.
(H4) (First energy inequality) For any solution u to (P) on R? x (0, T'), it satisfies the energy

inequality
d

3!

for ¢ € (0,7"), where ¢; and ¢} are two positive constants.

IVl + el Aull sy < 6 [ TP Valdo

(H4') (First energy inequality’) For any solution u to (P) on RY x (0,T), it satisfies the
energy inequality
&HVUHQL%D@) + 2| AulF 2 ey < Al VUl
for ¢ € (0,T"), where co and ¢} are two positive constants.
The following hypothesis on the second energy may also be used in some specific case (the
case that s = 1 in Theorem 1.2, below):
(H5) (Second energy inequality) For any solution u to (P) on R? x (0,7), it satisfies the

energy inequality
d
18U sy + all VAl < 4 [ (V[ V20l + [Vul)da

for t € (0,T), where c3 and ¢ are two positive constants.

Remark 1.1 It can be verified that both the Navier-Stokes system and the MHD system
meet the above conditions (H1)—(H4), (H4') and (H5).

The first result of this paper is the following.

Theorem 1.1 Given a positive time Ty, let (P) be the Cauchy problem of an arbitrary
PDE system, such that it satisfies the hypothesises (H1)—(H4). Let u be a solution to (P) on
R? x (0,T.), satisfying

u € LU0, Ty; B, 5 (R))
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for some constants s,p and q, such that

2 d d
- +-=1-s5 withpe(—,oo]andse(o,l).
q p 1-s

Then the solution u can be extended uniquely beyond T.

Note that the hypothesis (H4') is stronger than (H4). Therefore, one can expect that if the
system (P) satisfies the stronger hypothesis (H4') instead of (H4), then a better result than

Theorem 1.1 should hold. In fact, we have the following theorem.

Theorem 1.2 Given a positive time Ty, let (P) be the Cauchy problem of an arbitrary PDE
system, such that it satisfies the hypothesises (H1)-(H3) and (H4’). Let u be a solution to (P)
on R? x (0,T.), satisfying

u € LU0, Ty; BS o (R?))

for some constants s,p and q, such that

2 d
—4+—-=1+4s withpe(
p

. ,oo} and s € (—1,1].

_d
1+s
Then, for the case that (p,s) # (00,1), the solution u can be extended uniquely beyond T.
While for the case that (p,s) = (00, 1), the solution u can also be extended uniquely beyond T,
if we have further that (H5) holds, and d = 2,3.

Remark 1.2 (1) It should be noticed that if considering the Cauchy problem to the MHD
equations in three dimensions, Theorem 1.2 has already been obtained in [4]. However, com-
paring with their work, one of our biggest features here is that we need neither the concrete
structure of the equations nor the Bony decomposition and commutator estimates.

(2) Since LP(R?) ¢ BY (R?) for s = 0, the classic Ladyzhenskaya-Prodi-Serrin criterion
is included in Theorem 1.2. Theorems 1.1-1.2 still hold if replacing the inhomogeneous Besov
spaces by the corresponding homogeneous ones. In fact, by checking the proof, it suffices to
verify that Lemmas 1.2-1.3 continue to hold if replacing the inhomogeneous Besov spaces there
by the homogeneous ones. Thanks to this and noticing that B;OO(Rd) C B;)OO(Rd) for s <0
and B3 (R?) N LP(RY) = B (RY) for s > 0, the condition for u in Theorem 1.2 can be
relaxed to

{u € L(0,Ty; By . (RY)), —1<s<0,
we L90,T,; B  (RY),  0<s<1

with p, g, and s obeying the relations stated in Theorem 1.2. In particular, in the case that
(p.q,8) = (00,1,1), the relaxed condition reduces to Vu € L*(0,Ty; BY, (R?)), which meets
the well-known Beale-Kato-Majda type criteria.

(3) Note that the endpoint case (p, ¢, s) = (00, 00, —1), i.e., the case that u € L>(0,T; BL ')
is excluded in both Theorems 1.1-1.2. In fact, through the regularity of the Leray-Hopf weak
solutions to the three dimensional Navier-Stoke equation were obtained under the condition that
ue C((0,T); By.) (see [5]), it is still unknown if it can be relaxed to u € L>(0,T; BL ).
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The rest of this paper is organized as follows. In Section 2, we introduce the definition
of Besov space and several new interpolation inequalities of Besov type, which are our main
technical tools. In Section 3, we prove Theorems 1.1-1.2 under the abstract assumptions (H1)-
(H5).

1.1 Littlewood-Paley decomposition

Let us recall some basic facts on Littlewood-Paley theory (see [2] for more details). Choose
two nonnegative radial functions x, ¢ € S(R") supported respectively in {& € R™, || < %} and
{¢ € R", 3 <|¢| < 8} such that for any £ € R",

X©+> o(277¢ =1.

Jj=0

The frequency localization operators A; and S; are defined by

Ajf=6R27D)f=2" [ h(2y)f(z—y)dy forj>0,
R’Vl

Sf=xC7Df = Y A =27 [ By
C1<k<j—1 R
A_lf = S()f, Ajf =0 fOI‘j S —2,
where h = F~1¢, h = F~1y. With this choice of ¢, it is easy to verify that

AARF=0 if [j—k|>2; A;(Sk_19Arf) =0 if |j — k| >5. (1.1)

In terms of Aj, the norm of the inhomogeneous Besov space By , for s € R and p,q > 1 is
defined by

/]

5y, = {214 fllp} 21l

and

/]

Bs . = sup {27°[|A;f|,}-
jz-1

We will constantly use the following Bernstein’s inequality (see [2]).

Lemma 1.1 (Bernstein inequality) Let ¢ € (0,1) and R > 0. Assume that 1 <p < ¢ < oo
and f € LP(R™). Then

1 1

suppf C {[€] < R} = [|0°f|lg < CRI“FG=3) | £l

suppf C {cR < [¢] < R} = | f]l, < CR™*! s 19%F

where the constant C' is independent of f and R.
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1.2 New interpolation inequalities of Besov type

Lemma 1.2 Let s € (0,00). Then, for any nonzero function f € H>NBL*., the following

00,007

interpolation inequality holds

1-2 4 _s(1—-2) s(1—-2)-2
1flly < Cop sl fllp I "Ml "

for any p € (2+ %,24— %), where

1 1
Cupn = Comix { gy T |

for a positive constant C,, depending only on n.

Proof For any integer k > 0 and p € [2,00], it follows from the Holder and Bernstein

inequalities that

2

; o 2 kooks a2
1Ak Fllp < IAFIS1AKlloe ” < Ca2™ 7 [VARFIS (2527 | Ak f o) ™7
k 1_3)_3] 2 1—2
< C2 DT VAL IS £t

from which, using the Bernstein inequality again, one arrives at
k _2y_4 2 1—2
1Al < Ca2 T2 AN FIE 111, 2

for any integer k > 0. Thus, noticing that ||Agg|l2 < Cyllgll2, we obtain

s(1-2)-2 Sietr

| Al < Cu2 BBV A A1 (1.2)
_k[A_s(1—2 2 1-2

I8kfllp < o2 = CNAFIZ £ 50 (1.3)

for any integer k > 0 and p € [2,00]. For k = —1, by the Hélder inequality, and noticing that
IAZ1f|l2 < Chllfll2, one deduces

] 1-3 —s(1=2)p eym gyt p
[A-1fllp < A1 fISI[A-1flloo * < Cn2 PUAIS A 2
Cle(1—2)—2 2 1-2
e e N H T (1.4)

for any p € [2, x0].
For any p € (2+ 2,2+ 2), one can easily verify
2 2 4 2
5(1——)——>0 and ——5(1——)>0. (1.5)
p p p p

On account of this, for any integer kg > 0, it follows from (1.2)—(1.4) that

(e ko (oS
1o = || D2 anr]| <haslp+ Y 1aesln+ 2 1Akl
k=—1 P k=0 k=ko+1

ko

ls(1—2)_2 2 1-2 S(1—2)_2 2 1_2

et e Al i T I oA o 22l 4 7
' k=0 '
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[e%e} R[4 _g(1—2 3 -3
e S PN
k=ko+1 |

ko >
(3 20 Ddpd, Y z—k[%-sﬂ-%”nAfnf)

1—2
< Collfll "
Boowe \ & k=ko+1
AN (1.6)

=3 s 2y_2
< Cn7p7s||f||B7€ (Qko[ ]Hf” 4+ 97 (ko+l)

for any p € (2—|—§,2—|—% .
Noting that % > 1, there is a unique integer ko > 0, such that
H
o < 1A+ 10 _ i
(FAlhe

Choosing such kg in (1.6), and recalling (1.5), we obtain
[Af]l2 + [1f [
< C’n, S s
17 < Ol (P25 )
Sl )" A

Crmallf (ol
wallf ”Bm(nAfn 7T
s(1—

2)_2

A

1-2 4_
Comsl FI2 7151 e

for any p € (2+ 2,2+ 2). This completes the proof.

Then, for any nonzero function f € B5, . such that Vf €

Lemma 1.3 Let s € (—o0,1).

H', we have
—(1-s)(1- 1-2)
IVFllg < Chg.s ||f||Bs ||Vf||2 ||Vf||H1
for any q € (2, 2+ %), where
1 1
Cnges = Cn max{zu—s)(l——) {1 _o E-(-s(-2) }

for a positive constant C,, depending only on n.
Proof For any ¢ € [2,00] and any integer k > 0, it follows from the Holder and Bernstein

inequalities that

2 1—2 _e)(1—2
IVAKfllg S IVARFIS IVAflloe * < Ca2M DIV AL I3 |1 £ll "

from which, using the Bernstein inequality again, we have

k2 (1_s)(1_2 212
IVAKSllg < Co2 M= AALF5(1f]1 5"

Thanks to the above two inequalities, noticing that [[Aggll2 < Chlg|l2, we get
DIVl ||f||Bs

IVALf]lq < Cr2H
—~0=90=Dlaf|z ||f||3;1

IVALf]g < Cu27*i
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for any ¢ € [2,00] and integer k > 0. For k = —1, by the Holder and Bernstein inequalities, we

have

2 1—2
IVA_ifllg < IVA_1 fIS VA1 flloo * <
—(1-s)(1-2 AT
< G2~ 0D v 3 HfHBgom (1.9)

for any ¢ € [2, x].
For any ¢q € (2 245 ) one can easily check that

(1—3)(1—§)>0 and 2—(1—5)(1—2)>0.

Thus, it follows from (1.7)—(1.9) that

b va]| < Z VAl S IVA,
k=—1 =

k=ko+1

ne S #0-0Djrsl ¢ 30 2 HE-0-0-Bjag)] ;)

k=-1 k=ko+1

1-2 —5)(1-2 2 - 2_(1—g)(1-2 2
< Copslfllps! 200D w3 27 CotDE=00=DNAf)5) - (1.10)

< Chllf]

for any kg > 0. Take kg > 0 be the unique integer such that

< IAfll2 + [V fll2 < ool

ko
- IV £ll2

then it follows from (1.10) that

JASlls + VS l2\ A-20=D) 2
1971l < Co ol £l (W) IV 513
1—%( 1971l )%—<1—s><1—%>
eIl ¢ 19T

—(1—s)(1—

IA£113

fl

Crps]

1-2)

fHBS IIVsz IS

n.p5]

for any q € ( , 135), proving the conclusion.

We also will use an integral in time version of the logarithmic type inequality stated in the

next lemma. Some similar inequalities can be found in Huang-Wang [12] and Hong-Li-Xin [11].

Lemma 1.4 Suppose that n = 2,3. Then the following inequality holds

/:2 [V ]l oedt < O[(/t:2 ||f||Béo,oodt) log (/;2 ||VAf||2dt+e) + 1}

for any f such that the quantities in the formulas make sense and are finite, where C is a

positive constant independent of t1 and ts.

Proof By the definition of B! and the Bernstein inequality, it is obvious that

00,007

IVALflloo < C2*[[Akflloe < Cllf By, (1.11)
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for any integer k > —1. Using the Bernstein inequality again, and noticing that ||Aggll2 <
Crllgll2, we deduce

VAR flloo < C2G72¥|VAALflls < C27FC=2) | VAS]l2 (1.12)

for any integer £ > 0. With the aid of the above two inequalities, we have

o ko %)
IVfle = | 3 VAL < D IVAS oo+ D IVALS e
k=-—1 k=-—1

k=ko+1

<Clho+DIfllp, . +C Y. 27*C=D VAL,
k=ko+1

< Cllko + D fllp  +27*tDVCE=D [ VAF|y]

for any integer ko > 0. Integrating the above inequality with respect to ¢ over the interval

(t1,12), and choosing ko > 0 be the unique integer such that

o< [(2-3)ron2] tow ([ IvATL 1) < kot
1
we obtain

to to to
[ IVl < €k + 1) [, e 02 0o C D) [T v s

t1 t1 t1

<o [ Wlow ) [os ([ 19as1a-+1) 1]

ta
+Ce—[<2—%>log2}<ko+1>/ IVAS2dt

t1

< c[(/ﬁ 171, ) log(/ttz IAf]s +¢) +1],

1 1

proving the inequality.

2 Proofs of Theorem 1.1 and Theorem 1.2

In this section, we give the proof of Theorems 1.1-1.2.

Proof of Theorem 1.1 Noticing that B;go — Bo_os,;o;, it follows that
LU0, T; By ) = L4(0,T; BL), s1:= s+ —.
, , D

By assumption

+—-—=1-3 WithpE(L,OO} and s € (0,1),
s

1—

SERN
SRS

it has 9
n
s1:=s+—=1—-¢€|s,1) C(0,1).
’ . [s,1) € (0,1)
Thus, by the aid of the assumption in Theorem 1.1, we always has u € L(0,T; B3’%,) for some
s1 € (0,1). As a result, to prove Theorem 1.1, it suffice to prove the case that p = co. Because
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of this, without loss of generality, we suppose that u € L9(0,T; B:’,,) for some s € (0,1) in
the following proof.
We first note that for any s € (0, 1), one can choose the numbers p, € (2 + %, 2+ %) and

€ (2,2+ 527), such that
2 2
2 2
Ps  gs
In fact, when p and ¢ run in the intervals (2 + 2,2+ 1) and (2,2 +

the quantity % + % runs in the interval (1+25 1 —|—

+37), respectively, then

) and each point in this interval can be

atrived at by 2 + g The validity of the above equ;—lirliy then follows from the observation that
2 <1< + 77 for any s € (0,1). By Lemmas 1.2-1.3, we have the following estimates
l[ullp, < C||u|| Ps psl—s(l—p—)Hqu{(z_%)_%’
IVullq, < C||u||B;g—; £ 1400
and thus
l[ullp. [[Vullq, < C||u|| o %||u||§51_s(1_%)+%—(1+S)(1—%)

=)=+ (1+s) (1=

s(l
X lull 2 = Cllullp-_llull "l

where C' is a positive constant.
With the aid of the above estimate, by hypothesis (H4), it follows from the Holder and
Young inequalities that

d
GIVal +ealdul <& [ uPvapds
R’Vl
</ 2 1vull?2 < Cllull2 2(1-s) 2s
<l I7ul2, < Clll .25l

2(1—s
scnun%s (lull34 >||Au||2 + [lull?p)

<2 HA|b+CNM|s + lull s ullZ
S—MA|b+CWMIS + DllullF,
and thus
%uvwz —MAMb<CMWI i<+UWVM@+HM@

for any t € (0,7). Applying the Gronwall inequality to the above inequality and recalling the
hypothesis (H3), we obtain

s [Vl + / | Aufj2dr

C fo (1 {ull s )dr

t
<o (1l + M) [0+ i)

2
cly 1+|Iu|\ Z )dr
<e 0 00,00 (

T
Vol + M) [0+l 5 ar)
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for any t € (0,7). On account of this, and recalling the hypothesis (H3), we obtain the a priori

estimate

T
SWHW%+/HW#&S%<W
0<t<T 0

for any ¢t € (0,T"), where G; is a positive constant.

Choose a positive time T € (0,T%). By the hypothesis (H1) and recalling the above a priori
estimate, starting from the time T, there is a unique solution . to (P) on R"™ X (Twy, Tux+T ),
with initial data w(T%.), such that w. € C([Tux, Tix + T); H'), where T = T(G1). Define
i {u(x,t), t €0, 1),

Uss (T, 1), & € [T, T + T(G1)],
then, by hypothesis (H2), @ is a solution to (P) on R"™ x (0, T% + T(G1)). Note that 7(G1) is
independent of Tk, therefore, one can choose Tk, close enough to Ty, such that Ty, + 7T > Tk,
and as a result @ is an extension of u to a time beyond 7. This completes the proof.

Proof of Theorem 1.2 Similarly to the situation encountered in the proof of Theorem

1.1, it suffices to consider the case p = co. Besides, without loss of generality, we suppose that

sup |[Vul3 > 1,
0<t<T

otherwise, we then already have the a priori estimate sup [[Vul|3 < 1, on account of which,
0<t<T

by the same argument as that in the last paragraph of the proof of Theorem 1.1, one can easily
prove the conclusion.

We first consider the case that s € (—1,1). By Lemma 1.3, it follows from the Young
inequality that

IVullf < Cllullpy, Vully ™ Vuljm®

< Cllull s, (IVull3 + [IVulls™[|Aull;™)
Cc2 =
< 5||AUH§ +C(llull s, . + llull 5 )IVul3
Co =
< §||AUH§+C(1+HUHEEO,N)HVUH% (2.1)

and thus it follows from the hypothesis (H4’) that
d 2 C 2 Fzs 2
I Vulz + S llAulz < O+ lullp )IVullz

for any ¢ € (0,7). Applying the Gronwall inequality to the above inequality yields
Co ¢
sup [Vul+ % [ flaulidr
0<r<t 0

2
CJs +llull 5

2
C O+ EE )ar =N Vg2

<e

[Vuoll3 < e

for any ¢ € (0,7). With the aid of this a priori estimate and recalling the hypothesis (H3), we

have the a priori estimate

t
sup ulfy + | lulfyedr < 62 < o0
0<7<t 0
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for any t € (0,T'), where Gs is a positive constant. Thanks to this a priori estimate, the same

argument as that for the proof of Theorem 1.1 yields the conclusion for the case s € (—1,1).
Now we consider the case that (p,s) = (0o, 1). Let € be a sufficiently small positive number

which will be determined later. Since u € L*(0,T%; B, . (R%)), by the absolutely continuity of

the integrals, there is a positive constant § > 0, such that

T,
/ lull _dt <e,
T,—6 ’

from which, by Lemma 1.4, we have

t

/i_é IVullsods < C[Elog (/ [V Au2ds + e) + 1} (2.2)

*

for any t € [T'— 6, T). We set
t
£1() = [Vul3() + ez /T 1 Auds.

t
fat) = [ 8ulB(O) +es [ [VAulBds

*

for any t € [T. — 6, T%).
By the Ladyzhenskaya and Sobolev embedding inequalities, we deduce

t t
/ |Vulltds < C / V7l 2| A 2ds
=0 T,—68

<C sup fi(s), te€[T.—6T.) (2.3)

T, —6<s<t

for d = 2, and

t t t 1 1
/ IVuljtds < C / Vallol| Aulf3ds < © / FE(9)fF ()| Auf2ds
Ty—06 T,—68 T—6

<Ch®) sw  [F6F (). tell a1 (24)

for d = 3. Tt follows from (H4') and (H5) that

f1(t) < Cl[Vullos f1(1),
f5(t) < Ol Vullso fo(t) + C[| Va4,

from which, by the Gronwall inequality, recalling (2.2)—(2.4), and choosing ¢ small enough, we
have

t Ce
A < C( IV Auads + 1) AT, —6)

< O(fa2(t) +1)9° < C(falt) + 1)

ol

—
o
ot

S—

and
t

) < o /T IV Aulads + D (ol -0+ /

T.—6

t
|Vulids)
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O+ (14 swp f7(s)), 62,
< 1 T, —5<s<t . N (2.6)
CRW+DH(1+ A0 s [P (), 6=3
T, —6<s<t

for any t € [T. — 6, T%).
Define
Fi(t)= sup fi(s)+1, Fy(t)= sup fa(s)+1
T —06<s<t T.—06<s<t

for any ¢t € [T — 6, T%). Then, it follows from (2.5) that Fy(t) < CF; (t), and thus it follows
from (2.6) that Fy(t) < CF; (t) for d = 2; similarly, F5(t) < CF2é (t)F; (t)FQ% (t) = CFZ% (t) for
d = 3. Hence Fi(t), Fa(t) < C < oo for any t € [Ty — 6, T,). On account of this uniform in time
estimates, and recalling the hypothesis (H3), one can easily obtain the a priori estimate

t
sup ||u|%e +/ |lul|22dr < G3 < 00
6<r<t K}

for any t € (T, — 8, T.), where G is a positive constant. On account of this estimate, the same

argument as before yields the conclusion.
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