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Uniqueness of Positive Solutions for m-Laplacian
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Abstract The author considers the uniqueness of the following positive solutions of m-
Laplacian equation:
—Apu= """t +u""' in Q,
(*)
u=20 on 90X,

where m > 1 is a constant. When p — m, the uniqueness of positive solutions of (k) is
shown which is based on the essential uniqueness of first eigenfunction for m-Laplacian
equation. Futhermore, it is proved that the uniqueness results when (x) is a perturbation
of Laplacian equation.
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1 Introduction

In this paper, we study the uniqueness of positive solutions of m-Laplacian problem:

—Apu ="+ Pt in Q,
(1.1)

u=0 on 0,

where () is a bounded C? domain in RN, A,,u = div(|Vu|™"2Vu).

A solution u € Wy ™ (2) of (1.1) is called nondegenerate if the linearized problem
—div (|Vu|"*Vv + (m — 2)|Vu|" " (Vu, Vo) Vu) = A(m — Du™ v+ (p — uP ™0

admits only the trivial solution in W, ™ (). The uniqueness of non-trivial solutions of

{ —Apu= f(u) in €,

1.2
u=0 on 0f) (1-2)

remains widely open. We denote by Dy (Q) the completion of C§°(Q) with respect to the
norm

¢ = Vol Lm(qy-
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The space ’Dé’m(Q) is continuously embedded into LP(2). There is a sharp constant for this
embedding, i.e., the quantity defined by

Amp(2) = inf {/ |Vu|mdx:/|u|pdx:1}.
weDy™(Q) L Ja Q

Any minimizer of the sharp constant solves the following quasilinear version of the Lane-Emden
equation

— At = A p(Q)[u|P?u in Q. (1.3)

In Laplacian case, i.e., m = 2, extremals are unique when 1 < p < 2. One can infer uniqueness
of positive solutions to (1.3) by Brezis and Oswald [5]. By this result and the fact that extremal
for A2, never changes sign (cf. [3, Proposition 2.3]), we obtain the simplicity property. For
p = 2, A22 is nothing but the first eigenvalue of the Dirichlet-Laplacian. We can get the
simplicity property by Linear Spectral Theory (cf. [16, Theorem 1.2.5]). In super-homogeneous
regime, uniqueness of extremal is known to hold in balls (cf. [20, Theorem 2, Corollary 1])
and for planar convex sets (cf. [22, Theorem 1]). However, there are examples that extremal
may not be unique. Nazarov constructed a counter-example in [25, Proposition 1.2]. Another
counter-example can be found in a starshaped set consisting of two hypercubes overlapping in
a small region near one corner in [3, Example 4.7].

For general 1 < m < oo, uniqueness of minimizers holds for subhomogeneous case in 1 < p <
m. This is a consequence of stronger uniqueness result for positive solutions of (1.3) contained in
[18, Theorem 4] which is the quasilinear counterpart of the result by Brezis and Oswald. We can
infer simplicity by combining this result with the fact that extremals for A, , (see for example
the proof of [18, Theorem 1]). For p = m, the quantity A, ., (Q2) is the first eigenvalue of the
m-Laplacian with Dirichlet conditions, then we can get the simplicity. In super-homogeneous
regime, simplicity holds in a ball, but fails in general. The counter-example by Nazarov works
in this case, too. We also refer to Kawohl’s paper (cf. [19]) for the very same example.

For fractional Laplacian equation, Dieb, Ianni and Saldana discussed positive solutions of
the Dirichlet Lane-Emden-type fractional problem

{ (—A)Su+ du=uP in Q,

(1.4)

where s € (0,1), p > 1, and A € R (cf. [9]). They obatin the uniqueness and nondegeneracy
hold for the asymptotically linear problem. Futhermore, they prove that the uniqueness and
nondegeneracy results when the fractional parameter sufficiently close to 1. But the uniqueness
of solutions of (1.4) does not hold in general (cf. [2, 24]).

For fully nonlinear case,

{detD u= f(—u) inQ, (L5)

u=>0 on 0f,

there are few results. The uniqueness of solutions of (1.5) is known for f = Ajt? and 0 < g < N
in [26]. When ¢ = N, this is the eigenvalue problem of Monge-Ampere equation which was
studied in [23]. For super-linear case, Huang studied the uniqueness results on smooth uniformly
convex domain in [17]. Cheng, Huang, and Xu obtained the uniqueness results on symmetric
convex domain in R? in [6].
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1.1 Main results

Let A, (2) > 0 denote the first Dirichlet eigenvalue for —A,, in Q. For A € (0, \,,) and
p e (1, %), (1.1) has a non-trivial solution in [11, Section 6]. In this paper, we study

m-Laplacian equation and obtain two following theorems.

Theorem 1.1 Let N > 2, p € (2, %), A€ (0,22(92)), and Q be such that the problem

—Au = u+u""! inQ,
(1.6)

u=~0 on 0N

has a unique positive solution which is nondegenerate. Then, there is 61 = 61(Q, \,p) € (0,1)
such that, for m € (2,2 + 01], (1.1) has a unique positive solution.

Theorem 1.2 Let m € (2,4+00), N > 2, and 2 be a bounded domain of class C?, and
A€ (0, An(2)). There is a po = po(2,m, X) > m such that (1.1) has a unique positive solution
for every p € (m,po).

1.2 Some comments on the proof

The proof of Theorem 1.2 is largerly inspired by [22, Lemma 3], dealing with the case of
Laplacian. Brasco and Lindgren used the method to deal with m-Laplacian in [4].
By assuming that simplicity fails, there exists a sequence {g,}nen such that ¢, — ¢ and

Un

Ap,q admits two linearly independent positive minimizers u, and v,. Let @, = 37, vn = 37,

where M,, is L® norm of wu,. Their difference u, — v, must be sign-changing on the domain
and solves the linear equation

1 1
V(A Y (T — T)) = (m — 1A / =25, — T)dE + MP = (p, — 1) / P2 — B)dt
0 0

where
Zn = (1 = )0, + tuy,.

The coefficient matrix
A, = /01 |V 2| ™ 721d + (m — 2)|V2,|" "4V 2, ® Vz,dt
is degenerate elliptic. More precisely
SUTTP 2+ VTP EP < (406,€) < CUTTP > + VTP )EP for every € € RY,

This permits to obtain a compact embedding in some L! space, for weighted Sobolev spaces of
functions such that
/(|Vﬁn|p‘2 + VU, [P72)|Vo|*dx < +oo.
Q

It is possible to pass the limit in the linearized equation. The conclusion of the proof is similar
to that of [22]: Obtain convergence to a non-trivial limit function ¢, which by construction is
a sign-changing first eigenvalue of a weighted linear eigenvalue problem.

In our paper, it is diffcult for us to build a uniform boundary estimate as the domain grows.
We can build a uniform estimate in local region in next section. Futhermore, we do not have a
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uniform priori bound for all positive solutions. We need to learn from the method in [9, Section
4] and [22]. Let maximum value of the solution divides this equation. Then we can obtain the
regularity in [10].

1.3 Plan of the paper

In Section 2, we prove some preliminary facts. In particular, we devote this section to
proving weighted embeddings. Here we need to go through the proofs of [4] and [8]. In Section
3, we analyze the first eigenvalue of a weighted linear eigenvalue problem. This is a crucial
ingredient for the proof of our main result. We prove the existence of the first eigenfunction
and its uniqueness. In Section 4, we prove Theorem 1.2. In Section 5, we prove Theorem 1.1.
Finally, we include appendice, contains the crucial regularity results in [4] and [8].

2 Preliminaries

In this section, we introduce some notations and preliminary results needed throughout this
paper.
Let © be a bounded domain of class C? in RV, N > 2, 1 < m < oo, p > 2. Denote
r= (21, ,aN_1,2Nn) = (', zy) for z € RV,
Set
uy = max{u,0} and wu_ :=max{—u,0}.

We have the following local gradient estimate for m-laplacian equation. For the case of
Laplacian, i.e., m = 2, we can see Qing Han’s book in [15, Lemma 1.1.11, Theorem 1.1.14].

Lemma 2.1 Let Q C RY be a domain satisfying a uniform exterior sphere condition,

namely, there is ro > 0 such that, for every x° € 982, there is y° € RN\Q with B, (y°)NQ = 2°.
Let u € C(2) N CH¥(Q) be a solution of

{—Amu: foin Q,

2.1
u=20 on 0N (21)

with f € L*(Q)NC(Q), a € (0,1). Let M > 0 satisfy that ||ul| =) + || fllL=@) < M. Then
for any x € QN By(zY), |u(z) — u(2®)| < Clz — 2°|, where C is a positive constant depending
only on m, N, rqg and M.

Proof For the given 2° € 99, let d(x) be the distance from z to 9B, (y°), i.e., d(z) :=
|z —y° = 7o.

Claim: There exists a C? function w = v (d) defined in [0, 1), with ¥(0) =0, ¥/ > 0 in
(0,1) and A,,¥p < —=C'(m, N,ro) < 0.

Proof of the Claim:

0
Ty —Y;
81d($) = |x_y0|7
0:d(z) — ij (zi — y?)(xj - yjo)
9 = o T T e gp

Then

1 fim—1 _ rnm—2 " N-1 1/)/
B = div([i["~19d) = (m = )2 (" + 2 ).
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Set a = va_i_l)lm, then we get
Apw < (m = 1)) "2 + ay’ +b) — (m = 1)(4')" 72,
where b is a positive constant. We choose b and find a function ¢ in [0, 1) such that

" +a’'+b=0 1in (0,1).

First, a particular solution of the ordinary differential equation above is given by

A
U(d) = —2d+ 5(1 — e )

for some constant A. Let A = %’ea, then v satisfies all the requirements we imposed. We get

{Am(0¢) < Apu in QN By(a), (2.2)

Cyp>u on (2N By(z)),

where C' is a positive constant large enough which depends only on m, N, rg and M. Choose
the test function (u — C)1 on the first equation of (2.2). Let

1
A () = / VPH(V(CP) + (1 — ) Vu)dt,
0
where H is defined in Section 3 for p = m. Thus

/ An(2)(V(CY) — Vu) - V(u — Cv) ydz > 0.
QNB; (29)

Then 1
[ VI (- o) Pdr <0,
QﬁBl(mo)
Thus
V(u—C)y =0 ae. in QN By(2°).

We get

u < Ct in QN By(aY).
Similarly,

—u < Cv¥ inQnNB(xY).
We obtain

lu—u(z®)] < Ol — ().
This implies the desired result.

Remark 2.1 Let Q be a domain satisfying uniform exterior sphere condition of ry. Note
that, if 4 > 1, then the domain uf2 satisfies in particular the uniform exterior sphere condition
with the same 7.

Remark 2.2 K is a compact subset in (1,+00). Vm € K, the constant C' in Lemma 2.1
remains bounded uniformly.
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In [10], Fan considered the equation
—divA(z,u, Du) = B(xz,u, Du) in Q (2.3)

with Dirichlet boundary condition

u=g on Of. (2.4)
p(z) : Q — R satisfies the condition
1<p_=p_(Q):= inf p(z) < p4(Q) :=supp(z) < . (2.5)
€N z€Q

The symbols «, 8, v or «a;, B, i denote positive constants in (0,1).

Assumption (pg) p is Holder continuous on €, which is denoted by p € C%%1(Q), that
is, there exists a positive constant L and an exponent 81 € (0,1) such that

Ip(z1) — p(x2)| < Llzy — 22]7*  for z1, 29 € Q.

Assumption (AF) A= (A1, Ay, -, An) € C(AxRxRY RY). For every (x,u) € Q xR,
A(z,u,-) € CHRN\{0},RY), and there exists a nonnegative constant k& > 0, a non-increasing
continuous function A : [0,+00) — (0,+00) and a non-decreasing continuous function A :
[0,4+00) — (0,+00) such that for all x, 21,20 € Q u,uj,uz € RY,np € RV\{0} and ¢ =

(é1,&,--+ ,€En) € RY, the following conditions are satisfied:
A(z,u,0) =0, (2.6)
p(2)
Z 5 w1665 = Aul)(k+ ) (27)
Z\ ()| < Ak +0?) 7 (2.8)
|A(x17 Uy, n) - A(x27 U2, n)'
< A(max{|ua|, |U2|})(|331 — 2|+ Jur — ug| ™)
p(z 1) p(zg)—2
x [(k+[nl?) + (kA [n*)" = 1nl(1 + [log(k + [n]*)])- (2.9)

Assumption (B) B:Q xR x RY — R, the function B(x,u,n) is measureable in x and
is continuous in (u,n), and

|B(z,u,n)| < A(lu])(1 + [7P@),  Y(z,u,n) € QxR xRY, (2.10)
where A is as in the assumption (A*).

Theorem 2.1 (cf. [10, Theorem 1.1]) Under Assumptions (pg), (A¥) and (B), suppose
that u € WP (Q) N L>®(Q) is a bounded generalized solution of (2.3) and

sup |u(z)| := esssup |u(z)] < M  for some M > 0. (2.11)
Q Q

Then u € C’lloco‘( ), where the Holder exponent o depends only on p—, p+, N, X\(M), M, A(M),
L, By and B2, and for given Qo € €2, |u|cl,a(§0)—n0rm of u, depends on p_, p+, N, A\(M), M,

A(M), L, 61, 62 and dlSt(Qo,ag)
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Theorem 2.2 (cf. [10, Theorem 1.2]) Under Assumptions (px), (A¥) and (B), also let the
boundary 9 of Q be of class C*Y, and g € C*7(9S). Suppose that u € WHPE)(Q) N L>(Q)
is a bounded generalized solution of (2.3) and satisfies (2.11). Then u € CH*(Q), where the
Holder exponent o and |u|cl,a(§) depends only on p—, py, N, X\(M), M, A(M), L, B1, B2, v,
l9lc1~a0) and Q.

Remark 2.3 m-Laplacian satisfies the Assumptions (pg) and (A*).

The L™ norm of the solution for (1.1) in W, (Q) can be found in [14, Corollary 1.1]. Then,
we can obtain the global C*® regularity by Theorem 2.2.
The following two lemmas are inspired in [22], dealing with the case of Laplacian.

Lemma 2.2 Letm > 1, u, € Wy ™ (2) be a positive solution of (1.1). Let M, = llupll oo (2)-
Then, there is a 69 = do(m, N,§) > 0, such that MP~™™ < C for p € [m,m + d], where
C =C(m,N,Q,d) > 0.

Proof By contradiction, assume that {px} — m, ME*™™ = ||luy, [|7'< () — +00, where uk

is a sequence of positive solutions of (1.1) with p = py. Let {2"}ren be a sequence in © such
that uy(z%) = M, . Let

Uk (,Uky + xk)

—

Pk

u(y) =
Then uy, is a function satisfying 0 < g < 1, ux(0) = 1 and
{ — Al = Mt MEET e = f i Qy, 212)
u, =0 on 08,
where Q;, = {y € RN : upy + 2% € Q). Let MPE=" it =1, then py, — 0 (as k — +o00). g

satisfies

—Ap g = MR A in Q, 2.13)
U, =0 on Q.. '
Up to some subsequences, two situations may occur:
either dist(z", 9Q)uy ! — 400 or dist(z”, 0Q)u b — d > 0.

Case 1 khrf dist(z*, 0Q) ;' — 400, Then Q) — RY as k — +oo for any 7 > 1 with
— 400

B.(0) C Q, fi satisfies (2.10). By applying Theorem 2.1, there exists an o € (0,1) and a
constant C' = C'(r) > 0 which do not depend on k such that

Ukl cre(m, o) < C.

By choosing a subsequence, @ — U in C’llo’f(]RN) for some $ € (0,«). Moreover, u(0) = 1,

>0 RN, f » @™ ' in CLY(RYN), and

/ |Va|" 2 VaViyde = / a" tpdr for all ¢ € CHRY),
RN RN

namely, © is a distributional solution of

~Apu=um"t inRY, (2.14)
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We claimed that u = 0. Suppose to the contrary that w #Z 0. Let ¢pg be the first eigenfunction
of —A,, on Br(0), namely , pr satisfies
{ —Apmpr = Arel " in Bg(0),

(2.15)
YR = 0 on 8BR(0)5

where Ap is the first eigenvalue of —A,,, on Br(0) and A — 0 as R — +oo. Testing ¢p =
©But=™ on (2.14), we obtain

/ Va2V - V(epu'~™)de = / phda.
Br(0) Br(0)

The left-hand side denotes by LHS. Then, by Young’s inequality,

LHS = (1 —m) / ORIV u " dr +m Va2t R V- Vorda,
Br(0) Br(0)
<(- m)/ S VAT e + (m — 1)/ S V™
Br(0) Br(0)
+Cn [Vor|™d. (2.16)
Br(0)
We obtain
/ [Vor|™dx > C’;Ll/ lor|™da.
Br(0) Br(0)
By (2.15),

An / orlmde >0t [ Jpnlmd.
BRr(0) Br(0)

We let R — oo, and get the contradiction. Thus @ = 0. But this contradicts u(0) = 1.
Case 2 dist(z*,0Q)u, ' — d > 0. Then 2* — 2° € 09Q. Let dj, be the distance from
2¥ to 0Q and dy, = dist(2*,2%), where 2% € 9Q. After translation, we may assume z* = 0,

v(0) = —en, where v(0) is the outward unit normal vector at 0.
Claim: d > 0. By contradiction, assume that d = 0. We define the function vy (y) = %ﬁw)
k
for y € Q, where Qp = {y € RY | upy € Q}. Then vy, satisfies that
—Apup = Ao 4 ol in Q.
ok g N (2.17)
Vg = 0 on 6Qk.

Setting 2z = Z—:, we obtain vy (zx) = 1 and
2" 50 ask— +oo.

Near the origin, 9 can be represented by zn = p(z’), p(0) = 0 and Vp(0) = 0. We have

pryn = p(pry’). We obtain yy = p(‘;—’;yl) — 0 locally uniformly as k — +o00. By Lemma 2.1,
Remark 2.1, for any y € Q4 N B1(0), [ux(y) — vx(0)] < Cly|, where C does not depend on k.
Then

log(2%) — vp(0)| < C|2F| = 0 as k — +oc.

But this contradicts vg(2¥) = 1.



Uniqueness of Positive Solutions for m-Laplacian Equations with Polynomial Non-linearity 381

By choosing a subsequence, vj, — v locally uniformly C*# ({zyx > —d}), where Rfiv+ denotes
{x € R¥|zy > —d}. By a translation, v satisfies

— -1 N
—A,v=10" in Ry,

v=20 onzV =0,

(2.18)
v(den) =1,
v >0 in ]Rf.

Let ¢ be the first positive eigenfunction of —A,,, on Br(Rex). Then a similar argument as
in Case 1 yields that v = 0. But this contradicts v(dey) = 1. The lemma is proved.

Lemma 2.3 Let m > 1,{pr}ren C [m,m + ] be a sequence such that pr, — m, where
0o is defined in Lemma 2.2. Let uy, be a sequence positive solutions of (1.1) with p = py. Let

My, = |lug|| L~ (qy. Then ervists a subsequence denote by {ug}ren such that uy = M”: — U in
k

CYP(Q) for some B € (0,1), where U is the first eigenfunction of —A,,.

Proof u; satisfies
{ — Ay = Nap ™+ MPma T = fy in Q,

(2.19)
ur =0 on 0f).

fx has a uniform bound and satisfies (2.10). By Theorem 2.2, [|uy | 1.0 (q) < C, where o € (0,1)
and C depend on m, dy, N. Thus there exists 8 € (0,«) and a subsequence @ — u > 0 in
C1#(Q) and ||u| (o) = 1. By Lemma 2.2, u satisfies

—Apu = "+ Crum Tt = A+ C)umTt in 9,

_ (2.20)

u=20 on 0f).

By the uniqueness of the first eigenfunction of —A,,, u is the first eigenfunction.
Due to Lemma 2.3, we consider the following equation
—Apu = """+ Pt in Q,
(2.21)

u=20 on 092,

where p € [0, ], £ > 0, p € [m,m + ], dp defined in Lemma 2.2.
The following lemma is due to Brasco and Lindgren [4, Lemma 2.2].

Lemma 2.4 Letl <m <p<m+d& and Q C RY be an open bounded connected set. Let
A > 0. Let u,v € Wy ™(Q) be two distinct positive solutions of (2.21). Then we must have

Hz e Q:u(z)>v(@)} >0 and [{x € Q:ulx) <v(x)} >0.
In other words, the difference uw — v must change sign in €.

Proof We argue by contradiction and suppose, for example, that
{z e Q:ulx) <v(x)} =0.
Thus we assume that

u(r) >v(r) forae.ze€Q and [{ze€Q:u(r)>v(x)} >0.
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Let {vg}ren C C5°(€2) be a non-negative sequence such that
b Vo, VLm0

For every € > 0, we take the admissible test function ¢ = (u-i:;% in the weak formulation of
the equation for uw. This yields

A m—1+ p—1 ’U;cn

= /Q <|Vu|m_2Vu, V(#) >dx
R,

(u+e)
< / [Vog|mdx.
Q

In the last inequality, we used Picone’s inequality for the m-Laplacian (cf. [1, Theorem 1.1]).

dx

By taking the limit as k goes to oo, thus we get

m

/()\um_l—i—uup_l) 1dx§/|Vv|mdx:/)\vm+/wpdx.
Q Q Q

By taking the limit as ¢ — 0, using Fatou’s lemma, we get
/(/\ + puP""omde < / [Vo|"dx = / A"+ poPda.
Q Q Q
That is
/ (WP~ — P da < 0.
Q

We get a contradiction.

Theorem 2.3 Let 6; > 0 and let @ C RN be an open bounded connected set, with
boundary of class C1® for some a € (0,1). For every m € [1 + 01,1 + %}, and m <
p < m+ 8, let um, € Wy (Q) be a positive solution of (2.21) with lumpllLoe) = 1.
Then there exist x = x(\ [, a, N,d0,01,Q) € (0,1), 7 = 7(\, i, «, N, d9,61,Q) > 0, and
to = po(A, i,y N,y 60, 01,Q) >0, g = pr(\, 1, N, 8p, 61,2) > 0 such that:

(1) Ump € CYX(Q) with the uniform estimate

”um,p”cl,x(ﬁ) <L

for some L = L(\, i, , N, dp,01,82) > 0;
(2) by defining Q, = {x € Q : dist(x,0Q) < 7}, we have

|vum,p| > Ho in QT
and

Ump > 1 in Q\ Q.
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Proof (1) is trivial. By Hopf’s Lemma (cf. [25, Theorem 1]) and compactness argument.
One knows

1
Ig})n|Vum7p|>O for every m € [1—1—(51,14—6—}, m<p<m-+dp.
1

By using that the family {|Vun p|}bmens, 14 2),m<p<m+s, Nas a uniform COX(99) estimate,
145 ]m<p<

an application of Arzela-Ascoli Theorem gives that there exists a constant 7 > 0 such that

1
Ig}zn|Vum,p| >7n for every m € [1—|—51,1—|—6—}, m<p<m-+dy.
1

We choose 19 > 0 sufficiently small, such that each point x € £2,, can be uniquely written as
x =1 — |1’ —xlvg(x’) with 2’ € 99.

Here vq stands for the normal outer vector. We then get for every m € [1 + 01,1+ %], every
m<p<m+dy, every 0 < 7 < 19 and every x € ),

[Vt p(2)] 2 [Vt p (&) = Vo p(2")] = [Vt p(2)]| = 7 = Lla" — 2|X = (7 — L6¥).

If we now choose

and set o = &, we obtain

1
[Vt p(x)] > po  for every x € Q,, m € [1—}—(51,14—6—}, m<p<m-+dy.
1

Finally, the uniform lower bound on u,, , in 2\, can be proved by observing that

1
min uy, , >0 for every m € [1—1—(51,14—6—}, m <p<m-+dp, (2.22)
o\Q, 1

thanks to the maximum principle. By compactness argument, one knows

1
min Uy, , > 1 for every m € {1 + 01,1+ 5—}, m < p<m-+ . (2.23)
Q- 1

This concludes the proof.

Theorem 2.4 (Uniform weighted Sobolev inequality) Let  C RN be an open bounded
connected set, with boundary of class CY%, for some 0 < oo < 1. For every m € [1 + 61,1+ %}
and m < p < m+ 6, let u, € Wy"™ () be a positive solution of (2.21) with lup|l oo ) = 1.
We define

o0 =2(1- ;—;V)_l, (2.24)

then for every 2 < o < oy, there exists T = T (a, N, \, 0, 01, 0,2, 1) > 0 such that

(| o7dz)”

< / \Vu, ™ 2|V|2dx  for every ¢ € CH(Q) NWy™(Q), p € [m, m+ ). (2.25)
Q
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Proof For every ¢ € C'(Q2) N W, ™ (), we recall the classical representation formula
x —
—C Voly), o Ny,
o) =C | (Vo) i )y
where C'= C(N) > 0 (cf. [13, Lemma 7.14]). This in turn implies that

lp(x)| < C %dy for every x € Q.
RN |T —

‘We use the notation
t=146d, y=N-1—t=N—2—209,

where dg > 0, 11—'%2 < d1. By suitably using Holder’s inequality with exponents

we obtain

ot = ([ o) ([ (ATl ) ,)

Observe that by definition

ttm—2)<m—1 and y< N —2,

thus we can apply Theorem A.5 with r» = t(m — 2) and get

m—2
n Vo (y)||[Vu,| = \ =it e
16(2)| Sc&(/ﬂ(' |x(_>||N f'__ )" ay) (2.26)
For simplicity, we now set
-2 2t
F(y) = (IVo(y)| 7 )T,
and observe that
2t71 m—2 %
I1F 5 Al ay)’ VoIV, dy) (2.27)
We introduce the exponent 0 < © < N given by
o 2t . ol 2t
N—l——) —N—O, thatis, @:N—(N—1——) .
( 2t) 2t — 1 e 2t) 2t — 1

Thanks to the choice of v and ¢, it is not diffcult to see that © is positive. More precisely,
observe that this exponent is explicitly given by

t—1 02
© 20—-1 1424 (2:28)

In view of these definitions, we can rewrite (2.26) as

o) < o5 ([ WL qy) (2.29)

ol —yN-©
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so that one can recognize a suitable Riesz potential on the right-hand side. We then recall the
classical potential estimate (cf. [13, Lemma 7.12])

1—0\170 ~Nco o
H/ |- —yIN 5 ‘ pe S (@ _5) vl el T PR (2.30)
where
1 1 ©
0<di=-—=< —.
s 1°N
By direct computation, for o € (2,0¢), there holds
oc—2 t - 9
o 2t—1 N’
Then
vy < CS% ay)
léllzeen ([ Ehsa) [,
_ ek [F(y)| o
— 0S4 /Q |'_y|N_®dy’ .
Let
2t —1 2t —1
= —_—, S = —
2t t
These are feasible, since
5— 11 ¢ 2t _o—2 1
s 1 2t—1 o(2t—1) o 2t—1

is positive and smaller than %, thanks to the choice of . We then obtain

e <058 [(32) ) T,
N

By recalling (2.27), we thus obtain

VTl @) < ([ 190729 0fd)

with the constant 7 given by

-l -

c28i L\ 5

Corollary 2.1 Letd; € (%, 1) and Q C RY be an open bounded connected set, with boundary
of class C*®, for some 0 < a < 1. For every m € [1 + 61,1+ %] and m < p < m+ 6, let
u, € Wy (Q) be a positive solution of (2.21) and lupllLoe () = 1. Then there exists an exponent
0 € (1,2) and a constant C' = C(N, dp, 01, A, 0, 2, 1) > 0 such that

lollwie) < C(/Q |Vup|m_2|v¢|2dx) * for every ¢ € Wy™(Q), p € [m,m+ b).
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Proof We take 1 <6 < gﬂ:g Then Holder’s inequality with conjugate exponents

2
g ™M oy

implies

3 3 1 e
volldz)’ < /V m=276[2d 2/—d
(fmota)f ([ ot smaran)'(f b
1
g§%"(/ |Vup|m_2|V¢|2dx)2,
Q
where we have used that

0
m(m—Q) < (m—1),

. Since 2 is bounded,

which allows us to use estimate (A.14) from Theorem A.5, with r = %

by Holder’s inequality we have that W, ™ () € W, () with continuous inclusion. Moreover,
by Poincaré inequality,

Vol and |[[@flwie)

are equivalent norms on W, 9(Q). These facts conclude the proof.

Corollary 2.2 (Uniform compact embedding) Let m € [1 + 01,1+ %} and Q C RN be
an open bounded connected set, with boundary of class C*®, for some 0 < o < 1. We take a
sequence {piYren C [m,m + &) and consider accordingly u, € Wy ™(Q) a positive solutions
of (2.21) with p = py and ||ug|[p=) = 1. If {¢x}ren C Wy ™(Q) N CH Q) is a sequence of
functions satisfying
/ |Vup|"2|Vr|?de < C for every k € N,
Q

then {px fren converges strongly in L*(Q2) and weakly in Wol’e(Q), up to a subsequence. Here 0
is the same exponent as in Corollary 2.1.

Proof The assumption, in conjunction with Corollary 2.1, entails that {¢x }ren is a bounded
sequence in WO1 ’G(Q). By the classical Rellich-Kondrasov Theorem, we get that this sequence
converges weakly in W1(Q) and strongly in L(f2), up to a subsequence. Moreover, since
W, ? () is also weakly closed, we get that the limit still belongs to Wy (€).

In order to get the strong L? convergence, we observe that, if we denote by oy the exponent
of Theorem 2.4, for every 2 < 0 < gg and n, k € N we have

6 = drllr2(@) < lldn — Srllz(oyldn — SrllToy < Clldn — drll7o)-
This ends the proof of the corollary.
Similarly, we have the following corollary.

Corollary 2.3 (Uniform compact embedding) Let Q C RY be an open bounded connected
set, with boundary of class C*®, for some 0 < a < 1. We take a sequence {my }ren C [2,2+61]
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and consider accordingly ux € Wy (Q) a positive solutions of (2.21) with m = my, and
lukllLo(oy = 1. If {dr}ren C Wy ™ (Q) N CH(Q) is a sequence of functions satisfying

/ |Vug | 2|V |[*de < C for every k € N,
Q

then {¢x fren converges strongly in L*(Q2) and weakly in Wol’e(Q), up to a subsequence. Here 0
1s the same exponent as in Corollary 2.1.

3 Eigenvalue Problem

In this section, we treat a weighted linear eigenvalue problem. It is convenient to introduce
the notation

1
H(z) = —|z|™ for every z € RV,
m
Then we observe that
VH(z) = |2|™ 2?2 for every z € RY
and
D*H(z) = |2|™ 2 Id + (m — 2)|z|™" 2 ® 2z for every z € RV, (3.1)
In particular, we have the following facts
D*H(2)z = (m —1)]2|™ %2, (D?*H(2)€,€) < (m —1)|2|™72¢* for 2,& € RY. (3.2)

We have the following elementary inequality.

Lemma 3.1 Let1 <m < 400 and Q C RY be an open set. For every v,w, ¢ € Wlf)cl (Q),

we have

{(D?*H(V¢)Vv, Vo) — (D*H(Vo)Vw, V)|
< (m—1)|Ve|™2|Vv — Vw|(|Vu| + |[Vw|), a.e. on Q.

Proof By [4, Lemma A.2], we have
(D*H(V¢)Vv,Vv) — (D*H(V$)Vuw, V)| < |[D*H(Ve)(Vo — Vw)|(| Vo] + [Vuwl).
Since the Hessian matrix is given by (3.1), we get
|D*H(V)(Vo = V)| < (m —1)[Ve|"?|Vv — Vul.

By using this inequality in the first estimate, we conclude the proof.

Proposition 3.1 Let 1 < m < +oo and Q C RN be an open connected set with finite
volume. Let U € Wol’m(Q) be the unique positive extremal of

Am(Q) = inf {/Q|V¢|mdx:/ﬂ|¢|mdx:1}. (3.3)

PEW, ()
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By setting

AQ:U) = inf {/<D2H(VU)V¢, V¢>dx:/Um_2|¢|2dx:1},
Q Q

peCe(Q)

we have
AMQU) = (m— 1) ().
Proof The inequality

AR U) < (m = D)An(Q)

is straightforward. Indeed, for every € > 0, we take a non-negative U. € C§°(§2) such that

/|VU5|md:z:§)\m(Q)+a/ Umdz =1 and lim/ VU — VU|™da = 0.
Q Q e—0 Q

Thus in particular we have convergence in L™ (), as well. Denote

~ U.
U. = = —.

( /Q UntUzdz)”

It is easy to see that

lim [ U 2|U2dz = / U™dz = 1.
e=0 Jo Q
Also
lim [ (D?*H(VU)VU.,VU.)dz = / (D*H(VU)VU,VU)dz.
e—=0 Jo Q
Indeed, by applying Lemma 3.1, we get
‘ / (D*H(VU)VU., VU.)dz — / (D*H(VU)VU, VU)dz
Q Q
<(m— 1)/ |VU|™2|VU. — VU|(|VU.| + |[VU|)dz.
Q
Then (3.6) follows by using Holder’s inequality. By (3.2), (3.5) and (3.6), we get
A U) < (m—1)A(Q), ase—0.
For the converse inequality, we first recall that u satisfies

/<|VU|m—2VU, v¢>d$ = /\m(Q)/ Um_l(bdx for every ¢ c Wol,m(Q)
@ Q

by minimality. By using (3.2), this can be also written as

/(AQH(VU)VU, Vo)ydr = (m — 1)/\m(Q)/ U Yedz  for every ¢ € Wy (Q).
Q

Q

(3.4)

(3.7)

(3.8)



Uniqueness of Positive Solutions for m-Laplacian Equations with Polynomial Non-linearity 389
We take € > 0 and ¢. € C§°(2) such that
/(AZ’H(VU)VQSE,VQSE)dx <A U) +¢ and / Um2¢2dx = 1.
Q Q

Then we insert the test function ¢2?/U in (3.8), so to get

192 2 ¢2
(m — 1)An(Q) /Q Y i = /Q (8*H(vU)vU, v (%) ) (3.9)
We now use Picone’s identity of Lemma A.1 in [4] with the choice A = D?H(VU). This gives
2
2 g
<A ’H(VU)VU,V( U)>

VU vU
= (APH(VU)V6., Vo.) = (A H(VU) (de =5 = V6. ), (675 = Vo) ).
By (3.9), we get
—DAn(Q) | U™ 2¢%d
(m=1An() | U2
:/(AZH(VU)V¢E,V¢E>dx
Q

- [ (a2m90) (0.5 = o). (¢ — Vr) oo
<AQ,U) +e.

Thanks to the fact that D?H(VU) is positive semidefinite. By recalling that
/ U™ 2¢2de =1
Q

and using the arbitrariness of € > 0, we finally get the desired conclusion.

Definition 3.1  For m > 1, we define the weighted Sobolev space

loc

X120 |VU|™2) = {¢ e W Q) NL2(Q) - / VU2V |2dz < +oo}
Q
endowed with the natural norm
1
lollxsaqiwuins = lolle + ([ 1907 2voPar)”,

We set X3%(Q; [VU|™2) for the completion of C§°(€2) with respect to this norm.

Lemma 3.2 Letm > 1 and Q C RY be an open bounded connected set, with C* boundary,

for some 0 < a < 1. With the notation above, we have
Xy (VU |™7%) € Wy (Q),
with continuous inclusions.

Proof It is sufficient to prove that there exist two constants C; > 0 such that

Cl||¢||W11(Q) S ||¢HX1’2(Q;|VU|7"*2) for every (]5 S CgO(Q)

The estimate follows from Corollary 2.1, with m = p.
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Remark 3.1 Tt is easy to verify that U € X,*(Q; |[VU[™~2).

Proposition 3.2 Let 1 < m < +oo and Q C RN be an open bounded connected set, with
CY boundary, for some 0 < a < 1. With the notation above, the infimum \(Q;U) is uniquely
attained on the space X§*(Q; [VU|™2) by the function U or —U.

Proof We first notice that if v € X§%(Q; [VU|"™2) and {vg }ren C C5°(Q) is such that
i [[og —ol| x12 (0 vujm-2) = 0,
then

Jim (D*H(VU)Voy, Vog)dz = / (D*H(VU)Vv, Vu)da. (3.10)

Indeed, by Lemma 3.1, we have
{(D?*H(VU)Vuy, Vo) — (D*H(VU)Vu, Vo)| < (m — 1)|VU|™ 2|V, — Vo|(|Vug| + |Vo)]).
By integrating over €2 and using Hoélder’s inequality, we have
’ /Q (D2H(VU) Vg, Vog)dz — /Q (D>H(VU) Vo, Vo)dz
< C/Q VU™ 2|V, — Vo|(|Vug| + [Vo|)da
< O(/Q VU |2V — Vv|2dx)%

« (/ VU™ (Vo] + [Vo])Pdz)
Q

By observing that the last term converges to 0, we get (3.10). Since C§°(f2) is dense in
Xo2(Q; [VU|™2) by definition, our previous computations show that

AQ:U) = inf {/Q<D2”H(VU)V¢,V¢>dx : /QUm‘QqSQda:: 1}.

PEXy 2 (4| VU™ —2)

In order to prove that any minimizer must coincide either with U or —U, we assume that there
is another minimizer v € X,%(; [VU|™~2). By definition, there exists a sequence {vj }ren C
C5°(£2) such that

lim [/ VU |™ 2|V, — Vo|*de —|—/ [k — v|2dx} =0.
Q Q

k— o0

We recall that u satisfies (3.8). For every k € N, the choice ¢ = % is feasible in (3.8) and it

yields

AQ;0) / Um 2pide
Q

_ /Q <D2H(VU)VU, v(g) >dx

= / (D*H(VU)Vug, Vo, )d
Q
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— /Q <D2’H(VU) (vk% — Vvk), (vk% — Vvk) >dx, (3.11)

where in the second equality we used the general version of Picone identity given by [4, Lemma
A.1], with the positive semi-definite matrix A = D?*H(VU). We now wish to pass the limit as
k goes to oo in the previous identity. We notice at first that

lim U 2pide = / U %?dz = 1.
k—+oo Jq Q

As for the first term on the right-hand side of (3.11), we simply use (3.10). We are left with

handing the last term in (3.11). We have that {(vg, Vo) ren converges almost everywhere

to (v, Vv), possibly up to extracting a subsequence. By observing that A2H(VU) is positive

semidefinite, an application of Fatou’s Lemma yields

tmint | <A2H(VU) (uk% - Vvk), (u% - Vvk)>dx

> /Q <A2H(VU) (’U% — Vv), (’U% — Vv) >dx.

Thus, by taking the limit as k goes to co in (3.11), we get

AQU) + /Q <A2H(VU) (u% - w), @% - Vv)>dx < NQ:U).
This entails that we must have
<A2H(VU) (v% - Vv), (v% - Vv)> =0, a.e inQ. (3.12)

From the definition of D?*#, it is clear that D?*H(VU) is positive definite whenever VU does
not vanish, which is true almost everywhere by (A.14). Therefore, from (3.12) we must have

vU

v T Vo =0, ae. in. (3.13)
We now observe that v € W, (Q) thanks to Lemma 3.4. U € C'(Q) as in [4, Proposition 3.5]
and it has the following property: For every Q' € €, there exists a constant C = C(2') > 0

such that U > & on €. Thus we have
v
7 € Wiee (),
and Leibnitz’s rule holds for its distributional gradient. This is given by

v(ﬁ): UVv —ovVU

i iE , a.e. in

and thus it identically vanishes almost everywhere in €2, by virtue of (3.13). Since {2 is connected,
this implies that § is constant in 2. Thus we get that v is proportional to U in §2. This desired
result is now a consequence of the normalization taken.
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4 Proof of the Theorems 1.2

Proof of Theorem 1.2 We divide the proof into three parts, for ease of readability.

Part 1 Linearized equation. We argue by contradiction: We suppose that for {ps}ren
with pg \, m, the problem (1.1) admits (at least) two distinct positive solutions wuj and vy, for

P = Dk-
Without loss of generality, we can assume ||ug||r=(q) > ||vk||L=(q) for each k. Let M), :=

lug|lL< (). We may choose a subsequence such that klim ””"”&% = u/ € [0,1]. Define
—r 00

up = ;{‘4—’1, U = ]&—’“k Observing that they solve
~ i — —m~pr—1 ~ _ _ -1 .
—Apa =M+ MPTT AT and — Ay = A0+ MR T in Q

with
ak=5k=0 on 0f).

According to Lemma 2.3, we can choose a subsequence such that u converges to u in C15,
where % is the first eigenfunction of —A,,, in Q. In a similar way, 0y converges to u/'u in C17.
The equations solved by @, and vy can be written as

/(VH(Vﬂk),ng)dx: /\/ ﬂ}f—lqbda:+M,fk_m/ L odx (4.1)
Q Q Q
and
/(VH(V’ﬁk),ng)dx:)\/ ’ﬁ,g”—l¢dx+M,fk‘m/ o pda (4.2)
Q Q Q

for any ¢ € Wy ™ ().
We now observe that for every z,w € R we have

VH(2) — VH(w) = /O %(V’H(tz+ (1 — t)w)dt)
- </1(D2H(tz + (1 - t)w))dt, z — w> (4.3)
0

Similarly, for every a,b € [0, +00) we have
'd
@ W= / Lta+ (1= byrd

_ p(/ol(m (1= b)) (a - b). (4.4)

By substracting the two equations (4.1)—(4.2), using (4.3) with z = Vug(z), w = Voi(z) and
(4.4), we get

‘/Q<Ak (:E)V(ﬂk — 51@)7 V¢>dx

— (m— 1)/\/9/0 (i + (1 — £)5) ™2 (1l — T) pdtder
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1
M= 1) [ e 0 0 - B,
QJo
where
1
Ap(z) = / D?*H(tViy, + (1 — t) Vg )dt.
0
Set
up, — U,

wy, €W, ™(Q).

" e — DAIFERS)
Then by (4.5) we get that wy, satisfies
/(Ak(x)Vwk,V@dx
Q
1
— (m—1)\ / / (i + (1 — )50 ™ 2wpodtde
o Jo
1
e =) [ (- 0m s,
aJo
Let ¢ = wg. Then
/(Ak(x)Vwk,Vwk>da:
Q
1
= (m — 1)/\/ / (tug + (1 — t)og) ™ 2widtda
aJo
1
+ MP* " (pg, — 1)/ / (ttg + (1 — t)0p)P* ~2widtde.
aJo
Part 2 Convergence of wy. Since
wi L2y = 1,

one has

/(Ak (2)Vwy, Vwg)de < C.
Q
An application of in [4, Lemma A.3] yields

1
(e.€) = [ (DO + (1= ) 5E )
1

1
> ([ 1V + (1= Va2 € 2 o (93] + V)
0

Therefore, we obtain

/(|Vﬂk| + | Vo)™ 2| Vwy|?dz < C for every k € N.
Q

393

(4.5)
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By Corollary 2.2, there exist § = 6(m) € (1,2) and w € L2(2) N W% (Q) such that {wy}ren
converges strongly in L2(Q) and weakly in W1%(Q) to w, up to a subsequence. In addition,
from the C''(Q) convergence of iy, and Uy, we have

1
Ap — / D*H(tVau + (1 — t)p/Va)dt  uniformly on Q. (4.10)
0

This is now enough to pass the limit in (4.6)—(4.7). Indeed, the convergence of the right-hand
side of (4.6) follows from the uniform convergences of uy and vy. As for the left-hand side, we
have for every ¢ € C5°(9),

‘/Q<Ak(x)Vwk,V¢>dx—/Q/Ol<D2’H(tVﬂ+(1—t)u’Vﬂ)Vw,V@dx‘
< } / Ax(z) — / 1<D2’H(tVﬂ+(1—t)u’Vﬂ)dt)Vwk,V¢>dx‘
+‘/ / D*H(IVE + (1 — O/ Va)dt (Y, — V), V¢>dx‘
< [l - / DV + (= Vit 90l [ [Vl
1
+‘/Q</O DQH(tVﬂ—f—(l—t)u’Vﬂ)dt(Vwk—Vw),V¢>dx‘ 0.

The last estimate of the above comes from (4.10), |[w||y1.0(0) < C and D*H(Va) € L>=(1).
Thus w satisfies

/ </1 D*M(tVi + (1 — )/ Vi) dtVw, v¢>dx
Q 0

= An(Q)(m —1) /Q /Ol(tﬁ+ (1 — t)p'a) ™ *wedtda,
ie.,
/Q (D*H (V) Vw, Vé)ydz = Ay (Q)(m — 1) /Q a" rwedtdzr, Vo € C5°(Q).
In order to pass the limit in (4.7), we observe that for every n,k € N,

/(Akak,Vwk>dx

Q

Z/ <Akak,Vwk>d:z:
{|[Vw|<n}

> / (A Vw, Vw)dz + 2/ (ApVw, Vwy, — Vw)dz.
{IVw|<n} {IVw|<n}
Since Ay — D?*H(tVu + (1 — t)p/Va) uniformly and wy, — w weakly in Wh9(Q). We get
lim (A Vw, Vwy, — Vw)dz = 0.
oo J{1vwl<n)

This implies that for every k € N we have

1iminf/<Akak,Vwk>d:z:
Q

k—o0



Uniqueness of Positive Solutions for m-Laplacian Equations with Polynomial Non-linearity 395

> lim inf (ApVw, Vw)dz
o0 J{IVw|<n}

1
= / </ D*H(tVu + (1 — )i/ Vu)dtVw, Vw>da:
{IVw|<n} *J0

1
= / (t+ (11— t)u’)m_Zdt/ (D*H(Vu)Vw, Vw)da.
0 {IVw|<n}
Taking n — oo, one gets

/ (D*H(Vu)Vw, Vw)dz < (m — 1)\, (9) / a" 2w?da. (4.11)
Q Q

Observe that in the right-hand side we used the strong convergence in L?(Q) of {wy}ren. By
recalling that

(D*H(2)€,€) = |2["*[¢|*  for every z,£ € RY,

the estimate (4.11) shows that w also belongs to the weighted Sobolev space X 1'2(Q; |[Vu|™~2).
Note also that the strong convergence of wy, in L*(£2) together with (4.8) implies that ||wl| .2 (o) =
1, so that w is non-trivial.

Finally, from the properties above we have

we X120 |Va™ ) n Wy Q) = Xo (9 Va2,

Part 3 Conclusion. From the fact that w € Xé’z(Q; |Va|™=2) is nontrivial together with
Proposition 3.1, Proposition 3.2 and (4.11), it follows that w must be proprotional either to u
or to —u. In particular, w doesn’t change sign.

On the other hand, by Lemma 3.1, we konw that u; — vx must change sign. Accordingly, if
w,f stand for the positive and negative part of wy, respectively, we have that each

Qf = {z€Q:wif(z) >0}

has positive measure. Testing equation (4.6) with w,f, we obtain by using (4.8),
/(Aka,f, Vuw)dr
Q
1
= (m - 1))\/ / (i + (1 — O™ 2w Pdeda
aJo
1
M 1)/ / (i + (1 — TP 2w Pdtde
aJo
< c/ w2 da. (4.12)
Q

By Holder’s inequality, Theorem 2.4, (4.9) and (4.12), we have for an exponent 2 < o < oy,

2 —
/Q|w,f|2dxg (/Q|wg|ﬂdx)"|9§|”72
1

< ?mgr’%/ Vi 2|Vt [2da
Q
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4m1

|Qi|7 / (A Vi, Vi) da

4m 1
9515 [ Juit Paa.

This implies
4 1
1] > Ve for every k € N, (4.13)

for some constant C , not depending on k. This contradicts the fact that wy strongly converges
in L?(£2) to the constant sign function w. The proof is over.

5 Proof of the Theorems 1.1

Lemma 5.1 For2 < p < 28 et u € Wy™(Q) be a positive solution of (1.1). Let

M = |lu|p=(q).- Then there exists a constant 6y = 61(N,Q,\) > 0 such that M < C for all
m € (2,24 01], where C = C(N,Q,\,61) >0
Proof We argue by contradiction. Choose {my}ren such that khrf my = 2, and let
—+o00
{ur}ren € Wy ™ () be the solution of (1.1) with m = my, and such that My := lugll Lo () —
+00. Let zp be the point where the maximum of uy is achieved. Define

~ Uk (kY + Tk
n(y) = UL,

then @y, is a function satisfying 0 < i, < 1, u,(0) = 1 and
{ — A g = Ay gt ! + METT L= fi in Q, (5.1)

=0 on 0,
where Qi = {y € RY : oy + x5, € Q. Let MP™ " u™ =1, then py, — 0 (as k — +00). U

satisfies

— A g = AT G 0 Q,
{ k k k k (5.2)

ﬂk =0 on 8Qk
Up to a subsequence, two situations may occur:

Either dist(vg, 0Q)puy ' — 400 or dist(zy, dQ)u; " — d > 0.

Case 1 khT dist(zy, 0+ — +0o. Then Q; — RY as k — +oo. For any r > 1 with
)

B,.(0) C Qu, fi satisfies (2.10). By Theorem 2.1, there exists an « € (0,1) and a constant
C > 0 which does not depend on k such that

[tkllcre (B, o)) < C.
By choosing a subsequence, uj, — u in Cllo’f (RY) for some 3 € (0, ). Moreover, v(0) = 1,v >0
in RV fk%upllnle(RN) and

VuViy = aP~ Yy for all o € C°(RY),
RN RN
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namely, © is a distributional solution of
—Au=u""t inRY. (5.3)

Standard elliptic regularity yields that u is classical solution of (5.3) which is positive. But this
contradicts the classical Liouville Theorem in the whole space (cf. [12, Theorem 1.2]).

Case 2 dist(2",0Q)u, ' — d > 0. Then 2F — 2% € 99Q. Then a similar argument as in
Lemma 2.2, we choose a subsequence, v, — v in CL#(RY), with |[v]| () = 1. v satisfies

—Av =P in Rﬁ,
(5.4)

v=>0 on@Rf.

By Liouville Theorem in [12, Theorem 1.2], v = 0. But this contradicts ||v||L~ = 1. The
lemma, is proved.

Proof of Theorem 1.1 We argue by contradiction. We suppose that for every m > 2, the
equation (1.1) always admits (at least) two distinct positive solutions. We then take a sequence
{mtren C (2,2 + 1] such that

lim my = 2.
k—+oo

Correspondingly, for every k € N there exist two distinct positive solutions ug and v of (1.1).
By Theorem 2.3 and assumptions of Theorem 1.1, uy, vp — u € C1A(Q), up to a subsequence.

u solves
—Au= X u+uP~! inQ,
(5.5)
u=0 on 0f).
Claim: u # 0. By contradiction, assume klirf My, = 0 where My := |lug||p~(q). Define
—>+00
up = 17~ Then a similar argument as in Lemma 2.3. 4, — @ in CHP(Q) where 4 is the first
eigenfunction of —A. But this contradicts A < A2(€2).
The equations solved by uj and vg can be written as
/ |Vug|™ =2Vuy, - Vodr = /\/ u™ oda +/ ul ™ pdz (5.6)
Q Q Q
and
/ |V |™ 2V, - Vodz = )\/ v?k_l(bda:—l—/ ol oda (5.7)
Q Q Q

for any ¢ € Wol’mk (Q). Let w . By using a similar way in Section 4, we get

k= Tomolam
1

/ (A (2) Vg, Vé)da = A(ms — 1) / / (b + (1 — £ ™ 2w pdtda

Q QJ0

1
+(p-1) /Q/o (tug + (1 — t)op)P~2wypdtde, (5.8)

where

Ap(z) = /O D2*Hyu (Vg () + (1 — £)Vop (2))dt,
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Hi(2) = |2|™21d + (my, — 2)|2|™ Y2 @ 2z for z € RV,

Then a similar argument as in the proof of Theorem 1.2, {wy }ren converges strongly in L?(€2)
and weakly in W19(Q) for some 6 > 1. In Remark A.1, [{z € Q : |[Vu(z)| = 0}| = 0. Then
Ve1 > 0, there exists €2 > 0 such that |E| < &1 where E = {z € Q||Vu| < e2}.

‘ /Q (A (2) Vg, Voydr — /Q (Vw,V@dx‘
< / [{Ax(@) Ve, Vo) = (Vw, Vo) ld
+‘ /E <Ak(x)Vwk,V¢>dx’ +‘ [E (Vw,V@dx’.

The last two termconverges to 0 by the continuity of integral. Thus w satisfies
/ (Vw,V)dr = /\/ wodx + (p — 1)/ uP 2wedz.
Q Q Q

This contradicts the nondegeneracy of (1.6).

Appendix A The Linearized Equation
We first observe that u € C1#(2) and the critical set
Z :={x€Q:|Vul =0}
is a compact set contained in 2, thanks to Theorem 2.3. Thus Q\Z is an open set. On this set,

by classical Elliptic Regularity we can infer that u € C?(Q\Z2).

Remark A.1 (Hessian terms) We seize the opportunity to mention that, since u € L™ (€2).
The right-hand side of (2.21) is bounded. Then we have

|Vu|™2Vu € W,52(Q), (A1)

thanks to (cf. [7, Theorem 2.1]). In addition, as noted in (cf. [8, Remark 2.3]), the weak
gradient of |Vu|™~2Vu coincides with the classical gradient in Q\Z, while

V(|Vu|™ ?Vu) =0, a.e. on Z,

since by definition Z coincides with the zero level set of |Vu|™~2Vu, thus it is sufficient to use
a standard property of Sobolev functions. By futher observing that |Z] = 0 (by virtue of [8,
Theorem 2.3]). We can actually say that the weak gradient of |[Vu|™ 2Vu coincides with the
classical gradient almost everywhere in €.
We consider the following equation
{ —Apu=f(u) in €,

(A.2)
u=0 on 012,

where f € CH1(RT). We assume that u satisfies the following properties.
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(ul) There exist x € (0,1) and L > 0 such that
[ullcrx@) < L.
(u2) There exist 7 > 0, uo > 0 and pq > 0, such that
|Vu| > po  in

and
w>py in Q\Qr,

where Q, = {z € Q : dist(z,00) < 7}.
We then take 1 € C§°(Q\Z) and test the weak formulation of (A.2) against a partial
derivative v,,. We obtain

/ (V™2 Vu,,, Vibydz + (m — 2) / V"V, Vug, ) (Vu, Vi) da
Q Q

= / I (w)ug,pdz for every 1 € C3°(Q\Z). (A.3)
Q

Proposition A.1 Let m > 1 and Q C RY be an open bounded connected set, with boundary
of class CV%, for some 0 < o < 1. Let u € Wy ™ (2) be a positive solution of (A.2). Assume u
satisfies (ul) and (u2). Let § € 10,1) and

vy<N-2, ifN>3,

Then for every i € {1,--- , N}, if we set Z; = {y € Q : uy, (y) = 0}, we have the estimate

m—2 —B 2
sup / [Vu(y)|™ % |ug, (y)| =7V, (y)] dy < O (A1)
zeQJE\Z; |z —y[7

for some Cy = C1(N, L, || fllcrr(ry, o, B, 7y, 2, dist(E, 09)) (1 + (m — 1)L™~7) > 0.

Proof Without loss of generality, we prove the result for v > 0. The heuristic idea is to test

the linearized equation (A.3) with w, Ju.,|~?|z — y|~7¢?, where ¢ is a smooth cut-off function.

In order to do this rigorously, we fix € (2 and for 0 < € < 1 use the test function

V() = Ge(ua, () |uz, (v)| 77 (lz =yl + )76 (1),
where ¢ € C§°(£2) is such that

Uy,

C
= < < oo < —_—
p=1 onE, 0<¢<1, [[Vo|rem < Tst(B,0%)"

and the odd Lipschitz function G. is given by
G:(t) =max{t —¢,0} fort>0 and G.(t)=—-G.(-t) fort<0.

The function 1 is a product of a Lipschitz function of u,,, which vanishes in a neighborhood
of the critical set Z, and a smooth function with compact support in 2. Therefore v is an
admissible test function for (A.3). This gives

/ |vu|m_2|vu1i 2|u1‘i
O (Jz —yl+e)7

-B
[y — ) g2

Tq
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|Vu|™=4( Vu Vg, ))? e, |~ , Ge(uz;)7 o
d Gl(uy,) — B———=|o°d
|Vu|m_ VUINV¢>|U11
+ 2/ (z—y|+ey ¢G5(ufi)dy
Vu|" =V, Vg, {Vu, Vo) ug, |8
(Jo =yl +e)7

‘h@WMW”%V%NVMx—m+ferkwmn%A%¢%y

+ (m - 2)/ V"™ H(Vu, Vug, ) (Vu, V(o =yl +)77")Ge(us, ) us,| =7 ¢°dy

Ju 10,
/‘ |x—m+a dy.

Note that

GL(t) — ﬁGET(t) >0 foreveryte R,

therefore, by dropping the second term on the left-hand side and using the Cauchy-Schwarz
inequality, we get

V| 2| Vg, [Plug, [P 7, Ge(ua,) 24
L e e %
V"2 Vg, |||~

<2(m-—1)

o  (z—yl+e) Ge(uz,)p|Voldy

|vu|m_2|vuri U, 7 2
+ F)/( 1)/ (|(E _ y| 4 E),H_l GE(uE1)¢ dy
f'(u s
d
A e
: —Il +IQ+13. (A5)

By using Theorem 2.3, the properties of the cut-off function ¢, the last term can be estimated

1
IgSC’/ Ly
ol —yl

for a constant C' depending on N, || f|c1.1(r), L, @, B and €2, only. In turn, the last integral is

as

easily estimated as follows

/ dy S/ ! dy
—ylY . — |7
Q |ZE y| {yeRN:|y—z|<diam(Q)} |y ZE|

diam(Q) N
= NwN/ PN dp = Nﬂ(diam(ﬂ))N_T (A.6)
0 -7

In the last integral we used that v < N — 2.
As for the terms I; and Io, we first observe that by using

(lz —yl+)7*

_ 5
(lz—yl+e)7 = diam(Q2) + 1

for every z,y € €, (A7)
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we have

[Vu|™ 2|V, ||ue, |~
(Jz —y| +e)r+t

L+ <2+ )(m y@ Ge(ua,)0l6 + |Vo[Jdy

Thus, from (A.5), we have obtained

GE (qu)

T :
R e e L R
[Vu|™ 2|V, ||ue, |~
<Ct@+him—1) [ el G, )olo+ [Volly.  (A8)

In order to estimate the last integral, we used Young’s inequality. For every § > 0, we have
|Vu|™ 2|V, | [u, |~

2 _|_ m — 1 / i i

2+ hi)m 1) [ B
|vu|m_2|vuwi |2|u$i |_B GE (qu)

° 2
3o Gt w, CW
m — 2 u m=2 Uy, 1-8
L@ |7|é(5 1)) |(T$ |_ e 53|7+2 (uz,)[6 + [Vo[2d (A.9)

We make the choice 6 = (2 4 |y])(m — 1). Then observe that

1-0% <ap- s

for every |t| # e.

Then the first term in the right-hand side of (A.9) can now be estimated by

Ge (qu)}

T4

2+ —1) [ [Vul"*|Vug, [*|us, |77

2
2 o (r—gltey #d

[ACES:

which can be absorbed into the right-hand side of (A.8). Thus, up to now, we obtained

B
G = 5 gray

T

|vu|m_2|vuri 2|u1i B

Q (Jlo —y[+e)

§C+@+hMm—D/

AT e Y

(o o+ oz Celmdlo+ [Volldy - (A10)

possibly for a different constant, independent of x € 2, and € € (0, 1). Using that |G.(t)] < |¢|
and the properties of ¢, the last integral of (A.10) can be estimated by

A L

o (lz—yl+e)*?

1
2dy < Lm‘ﬁ/ —_—
[0+ [Vel)°dy < C el

and the last integral is uniformly (in = € 2) bounded by a constant depending only on N and
diam(€2). From (A.10) and using that ¢ =1 on E, we thus obtain

Yu|m™ 2v . - -8 , Ga i m—

for some C' = C(N, L, || fllcr1(r), 7> @, B, Q, dist (£, 09Q)) > 0. We have

[G’ 5GET(T)] —1-8 for7#0. (A.12)

s—>0
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By using Fatou’s Lemma together with (A.12), we may take the limit as & goes to 0 in (A.11)
and obtain
m—2 -3 2
E\Z; |z —y|7

The previous bound holds uniformly with respect to x € 2, thus we get the desired conclusion.

Corollary A.1 Under the assumption of Proposition A.1, for every 8 € (—o0, 1), we have

/IV?vt(y)Im""“’ID"’u(y)I2
E

|z —y["

sup dy < Cy(1+ (m—1)L™ ),

re
Here we still denote by Cy the same constant as in Proposition A.1.

Proof From (A.4), by using that |u,,|~# > |Vu|™”, we immediately get

m—2—0 2
sup/ [Vu@)| |V, (y)] dy < Ci(1+ (m— 1)Lm_6).
+€Q JE\Z; lz —y|

We then observe that u,, € C1(Q\Z) and thus it belongs to Wlicl(Q\Z) By appealing to [21,
Theorem 6.19], we have

Vug, =0, ae. in  Z; N (Q\Z).

By using this fact and summing over i = 1,--- | N, we get the claimed inequality, by recalling
that |Z] = 0 (see Remark A.1).

The case < 0 can be reduced to the case § = 0: It is sufficient to use that |Vu||p~ < L <
400, thus we get

\V4 m—2—0 D2 2
[ DR
E |z —y[7 zeQ

sup
€N

/ IVu(y)Im‘2|D2U(y)I2dy
E

|z —y|7

Proposition A.2 Letm > 1 and Q C RY be an open bounded connected set, with boundary
of class CY%, for some 0 < o < 1. Let A > 0 and f(t) — \™' >0 for all t. Let u € Wy™ ()
be a positive solution of (A.2). Assume u satisfies (ul). Let

v<N-=2 ifN>3,
v <0, if N = 2.

Then for every K € E € Q) and every b < 1, we have

1 1 m—1 —1)3fm—b
w02 J ey < () R R
zeQJK U xr—y n (i%fu)

where Co = Co(N, L, a, b, v, A, dist(K, OE), dist(E, 92)) > 0.
Proof Without loss of generality, we prove the result for v > 0. The heurstic idea is to test

equation (A.2) with |Vau|~(m=D|z — y|=7¢, where ¢ € C§°(F) is a cut-off function such that

C
=1 inK, 0<¢<1 () = Fist(K, 0F)
¢ inK, 0<¢<1, |9l () = dist(K, OF)
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To make this precise, we fix z € ) and use for every € > 0 the test function
-1 -b _
P(y) = (Vul"" + &) (Jz —y[+ ) (y). (A.13)

This is a product of a Lipschitz function of |Vu|™~! and a smooth function with compact
support in Q. In light of (A.3), we have that this function belongs to Wol 2(Q). If we now use
that v € L>°(Q), we see that in the weak formulation of (A.2) we can in particular admit test
functions ¢ € W, *(Q). Therefore the test function in (A.13) is feasible.

This gives

um™! 0] f(u) = dum? 0]
A/Q Va1 op (z g+ o ¥ /Q (Va1 4 o (7 g+ o) ¥
_/ (|Vu|™=2Vu, Vo) 1
= Jo (Vdm i (gl ven

dy
[Vul*™—° 2 ¢
=) | T P )

|vu|m—2 -
+ ; qu, Viz =yl +¢e[77)¢dy.

Dropping the second term in the left-hand side and using that
u > infu > 0,
E

we obtain
. _ 1 10}
fo)m—1 d
(infu) [2<|Vu|m—1+s>b<|x—y|+s>v v

Va1 [V 1
<(C d
= /Q<|Vu|m-1+s>b<|x—y|+s>v Y

+ Cb(m — 1)/ A (D*uNu, Vu)
o (WufrT g et 0 Y

[Vujm! p
C d
- 7/9 (V11 o) (z — gl +epi Y

c=J1+Jo+ J3, (A14)

¢

— L d
(e —yl+ey "’

where C' = C'(N,Q,\) > 0. We observe that, by using (A.7), we have

[Vujm! 6+ |Vl
J Ja < C
1 /Q (Va1 1 o) (jz — y] + )™

for a constant C' depending on diam(2) and 7. We can then go by observing that |[Vu|™~! <
|[Vu|™~1 4 e. This gives

1

Ji+1J <CL<m—1><1—b>/ — _d
e o (e =yl et

for a constant C = C(N, «, b,v,Q,dist(K,0F), ) > 0. Then we can estimate the last integral
as in (A.6). For Jo we have

|vu|2m—3 |D2u|
Jo<C(m-—1
< Cln =) | e T4

- ody
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In the last integral above, we use Young’s inequality as follows

|vu|2m—3 |D2u|

Con=1) | T T T4
ynt

- ody
§ (1%fu / 1 é »
-2 o (IVu[m=t+¢e)’ (Jz —y| + )

(C(m—1))? / AT |D?ul*¢
2(i%f u)m—l o (|vu|m—1 + E)b+2 (|x _ y| + 8)7

: m—1
< (HElfU) / ! ¢ dy
-2 o (IVulm=t+e)b (o -yl +e)7

(O(m—l))Q/|VU|(2—b)(m—2)—b |D?ul*¢ dy
Sty Jo (o =3+ o

The last integral is uniformly bounded, thanks to Corollary A.1. We then obtain from (A.14)

(infu)m_I/ ! 4 d

B o (V" T2 (Jz —y[+e)
3rm—b

< o(pemva-n 4 M)

(i%fu)m_l

m—1
(igfu) / 1 6
2 o (IVul"t +e)f (|lz —y| +e)7
where the constant C' = C'(N, a, b, v, \, Q,dist(E,,0F)) > 0. The term on the right-hand side
can now be absorbed in the left-hand side. Since ¢ = 1 on K, this implies the desired result

_|_

dy,

upon letting € go to 0 and using Fatou’s Lemma.

Theorem A.1 Letm > 1 and Q C RY be an open bounded connected set, with boundary of
class CY%, for some 0 < av < 1. Let A > 0 and let f(t) — A1 >0 for all t. Letu € Wy ™ (52)
be a positive solution of (A.2). Assume u satisfies (ul) and (u2). Let

y<N-2, ifN>3,

Then every r < m — 1, there exists S = S(a, N, Q, L, uo, 1, 7,7, A, m) > 0 such that

1
sup dy <S.
gcesz/szlwp(y)lrly—xlV Y

In particular, we also have

1 ~
sup/ =  —dy <8 A.15
W Jo Vur @) (4.15)

for some S = g(a,N,Q,L,uo,ul,r,%/\,m) > 0.

Proof We only treat the case N > 3 in detail. This is (cf. [8, Theorem 2.3]): As claimed,
we just want to pay attention to the dependence of the constant S on the data. We have

1 1 1 Nwy ] N
dy < _r/ dy < —(diam(2))V 7. A.16
/QT Vup(y)|"ly — 2| uh Ja, ly — x| (N—fy)uo( (£1) (A.16)
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Thus we have a uniform estimate, at least when integrating in fixed neighborhood of the bound-
ary. In order to prove a uniform estimate on

1
/Q\QT [V, (y)["ly — 2|

dy for every z € Q,

we apply Proposition A.2 with

T
E=0\0 K=0\Q, b=—
\7/27 \ m— 1

and with the constant p; provided by Theorem 2.3. This yields

1 1 \m—1 D ( _1)3Lm—b
foe. wowr <Gl (T b)+W)’

Finally, the estimate (A.15) is an easy consequence of the previous one, it is sufficient to
take v = 0.

as desired.
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