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1 Introduction

The Elliott program for the classification of amenable C*-algebras might be said to have
begun with the K-theoretical classification of AF algebras in [1]. Since then, many classes of C*-
algebras have been classified by the Elliott invariant. A major next step was the classification
of simple AH algebras without dimension growth (in the real rank zero case see [2], and in the
general case see [3]). A crucial intermediate step was Lin’s axiomatization of Elliott-Gong’s
decomposition theorem for simple AH algebras of real rank zero (classified by Elliott-Gong in
[2]) and Gong’s decomposition theorem (see [4]) for simple AH algebras (classified by Elliott-
Gong-Li in [3]). Heavily inspired by Gong’s work in [4], Lin introduced the concepts of TAF
and TAT (see [5-6]). Instead of assuming inductive limit structure, Lin started with a certain
abstract (tracial) approximation property. This led eventually to the classification of simple
separable amenable stably finite C*-algebras with finite nuclear dimension in the UCT class
(see [7-10]).

In the classification of simple separable nuclear C*-algebras, it is necessary to invoke some
regularity property of the C*-algebras. There are three regularity properties of particular inter-
est: Z-stability, finite nuclear dimension and certain comparison property of positive elements.
Winter and Toms have conjectured that these three properties are equivalent for all separable,
simple, nuclear C*-algebras.

In order to be easier to verify a C*-algebra being Z-stable, as well as Hirshberg and Oroviz
introduced tracial Z-stability in [11], they showed that a unital simple separable nuclear C*-
algebra A is Z-stable if and only if A is tracially Z-stable in [11].

Inspired by the work of Elliott, Gong, Lin and Niu in [12-14], and the work of Hirshberg and
Oroviz’s tracial Z-stability, in order to search a tracial version of Toms-Winter conjecture, Fu
and Lin introduced asymptotically tracially approximation of C*-algebras and also the concept
of tracial nuclear dimensional in [15]. They showed that a unital separable simple C*-algebra
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A has tracial nuclear dimensional no more than k if and only if A is asymptotically tracially in
Fi, where Fj, are C*-algebras with nuclear dimension at most k.

In [15], Fu and Lin showed that the class of stably finite C*-algebras, quasidiagonal C*-
algebras, purely infinite simple C*-algebras, and the properties almost unperforated; almost
unperforated of Cuntz semigroup are preserved to the simple unital C*-algebras which are
asymptotically tracially in the same class.

In [16], Fan and Fang showed that the class of certain comparison properties C*-algebras
are preserved to the simple unital C*-algebras which are asymptotically tracially in the same
class.

In this paper, we show the following two results.

e Let P be a class of unital m-almost divisible C*-algebras (introduced by Robert and
Tikuisis in [17]). If a unital separable stably finite simple C*-algebra A is asymptotically
tracially in P, then A is m-almost divisible.

e Let P be a class of unital weakly (m,n)-divisible C*-algebras (introduced by Robert
and Rgrdam in [18]). If a unital separable stably finite simple C*-algebra A is asymptotically
tracially in P, then A is weakly (m,n)-divisible.

2 Definitions and Preliminaries

Let A be a C*-algebra. Given two positive elements a,b € A, we call that a is Cuntz
subequivalent to b and write a 3 b, if there exist (s,)%2 in A, such that

nh_)n;o Isnbsy, — all = 0.

We call that a and b are Cuntz equivalent (written as a ~ b), if a 3 b and b 3 a. We write
(a) for the equivalence class of a. Cuntz equivalent for positive elements of C*-algebra was first
introduced by Cuntz in [19].

Given a C*-algebra A, we denote Mo (A)+ = |J M, (A)+, and for a € M, (A)+ and b €
neN
M,,,(A)4+, denote a @ b := diag(a,b) € My (4)+.

Given a,b € My (A)4, then there exist integers n,m, such that a € M, (A); and b €
M, (A)+. We call a is Cuntz subequivalent to b and write a 2 b if a @ Omax((m—n),0) <
b @ Omax((n—m),0) as elements in Myyax (,m) (A) +-

The object Cu(A) := M (ARK);/ ~ will be called the Cuntz semigroup of A (see [20-22]).
Cu(A) becomes an ordered semigroup when equipped with the addition operation

(@) + (b)=(a ®b)

and the order relation
(a) <(b) & a0

Given a C*-algebra A, a positive element a in A is called purely positive, if a is not Cuntz
equivalent to a projection. Let A be a unital stably finite C*-algebra. For any a € A4, then
either a is a purely positive element or a is equivalent to a projection. Given a positive element
a in A and € > 0, we denote by (a — €)+ the element in A via the functional calculus to the
function f(t) = max(0,t —¢), t € o(a). It is easy to see that ((a—¢e1)+ —e2)+ = (a—(e1+¢2))+
for any 1,4 > 0.

The property of m-almost divisible was introduced by Robert and Tikuisis in [17].
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Definition 2.1 (see [17]) Given integer m € N, we say that a C*-algebra A is m-almost
divisible, if for each positive element a € Moo (A R K), any k € N and any € > 0, there exists a
positive element b € Moo (A ® K), such that k(b) < (a) and ((a —&)4) < (k+ 1)(m + 1){b).

The property of weakly (m,n)-divisible was introduced by Robert and Rgrdam in [18].

Definition 2.2 (see [18]) Given two integers m,n > 1, we say that a C*-algebra A is weakly
(m, n)-divisible, if for every u in Cu(A), any e > 0, there exist elements x1,x2, - ,x, € Cu(A),
such that mx; <wu for all j =1,2,--- ,nand (v —¢e)y <z14+x2+ - + Ty

Definition 2.3 Given two C*-algebras A and B, let ¢ : A — B be a map, let G C A,
and € > 0. The map ¢ is called G-e-multiplicative, or called e-multiplicative on G, if for any
a,b € G, |le(ab) — p(a)pd)| < e. If, in addition, for any a € G, ||o(a)| — |lal|| < &, then we
say @ is a G-e-approzimate embedding.

Let A and B be two C*-algebras. We say that a map ¢ : A — B is a ¢.p.c map when ¢
is a completely positive contraction linear map. We say that a linear map ¥ : A — B is an
order zero map which means preserving orthogonality, i.e., ¥(e)y(f) = 0 for all e, f € M,, with
ef =0.

Fu and Lin introduced the asymptotically tracially approximation of C*-algebras in [15].

Definition 2.4 (see [15, Definition 3.1]) Let P be a class of C*-algebra. We say that a
unital C*-algebra A is asymptotically tracially in P, if for any finite subset F C A, any & > 0
and any non-zero positive element a, there is a C*-algebra B € P and c.p.c maps o : A = B,
Bn:B— A and vy, : A — A such that
1) |l — yn(x) — Bula(a))]] < e, for all x € F, and for all n € N,

2) « is an F-e approximate embedding,
3) lim [|Bn(zy) = Bu(2)Bn(y)| = 0 and lim |[Bu(2)|| = ||z]| for all x,y € B,
4) v, (1a) 2 a for all n € N.

(
(
(
(

The following theorem is in [15, Proposition 3.8].

Theorem 2.1 (see [15]) Let P be a class of C*-algebras. Let A be a simple unital C*-
algebra which is asymptotically tracially in P. Then the following conditions hold: For any
finite subset F C A, any € > 0 and any non-zero positive element a, there is a C*-algebra B in
P and c.p.c maps a: A — B, B, : B— A and v, : A — AN B, (B)* such that

(1) the map « is a unital completely positive linear map, B, (1) and v,(14) are projections
and B (1) + yn(14) = 14, for alln € N,

2) |z —yn(z) — Bn(a(x)|| <e, for allz € F, and for alln € N,

3) « is an F-e-approzimate embedding,

4) 1 [|B.(ey) — Ba(@)Bu(w)]| = 0 and lim [|8,(x)[ = ] for all 2.y € B,
5) Yn(1a) 2 a, for alln € N.

~~ I~

Lemma 2.1 (see [15]) If the class P is closed under tensoring with matriz algebras and
under passing to unital hereditary C*-subalgebras, then the class which is asymptotically tracially
in P is closed under tensoring with matriz algebras and under passing to unital hereditary C*-
subalgebras.

The following lemma is obvious, and we omit the proof.

Lemma 2.2 The m-almost divisible (or weakly (m, n)-divisible) is preserved under tensoring
with matriz algebras and under passing to unital hereditary C*-subalgebras.
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3 The Main Results

Theorem 3.1 Let P be a class of unital m-almost divisible C*-algebras. If a unital separable
stably finite simple C*-algebra A is asymptotically tracially in P, then A is m-almost divisible.

Proof We must show that there exists b € M (A)1 such that kb < a and (a — &)+ 3
(k4 1)(m + 1)b, for any given a € M (A)4 (in fact we must assume that a € My (A ® K) 4,
since there exist a’ € M (A)+ such that ||a — o'|| sufficiently small, we can replace a with a’)
any given € > 0 and any given k£ € N. We may assume that |la|| = 1.

By Lemmas 2.1-2.2, we may assume that a € A .

With F = {a}, any & > 0 with ¢/ < ¢, since A is asymptotically tracially in P, by
Theorem 2.1, there is a C*-algebra B in P, and c¢.p.c maps a : A — B, 5, : B — A and
Y i A= AN B, (B)* such that

(1) the map « is a unital completely positive linear map, 5,(15) and v,(14) are all projec-
tions, and B, (15) + Y (14) = 14, for any n € N,

(2) ||z — yn(z) — Bula(z))|| < €, for any z € F, and for any n € N,

(3) a is an F-¢’-approximate embedding,

(4) lim |[Bn(2y) = Bn(2)Ba(y)ll = 0 and lim ||, ()] = ||| for all z,y € B.

Since B is m-almost divisible, and given a(a) € B, given ¢’ > 0, given k € N, we may
assume that there exists b1 € B such that

kb1 2 ala)

and
(a(a) — €y 2 (k+1)(m + 1)b;.

Since A is a stably finite C*-algebra, we divide the proof into two cases.

Case 1 we assume that (a(a) —¢’)4 is Cuntz equivalent to a projection.

Case 1.1 If (a(a) — &’)4 is not Cuntz equivalent to (k + 1)(m + 1)b;.

By [23, Theorem 2.1 (2)], we may assume that there exist non-zero positive element ¢ € B
such that (a(a) — &)y + ¢ 3 (k+1)(m+ 1)by.

Since kby 2 «a(a), for any € > 0, there exists v € My(B), such that

[lv*diag(a(a),0 @ 1x—1)v — b1 ® 1| < E.

We assume that ||v]| < M(g), by (4), there exists a sufficiently large integer N7 such that for
any n > Nj, we have

||Br @ idas, (v*)diag(Bra(a),0 @ 15_1)B, @ idar, (v) — Bu(b1) @ 1] < €.

Therefore we have
k(Bn(b1) —4e) 1 3 (Bra(a) — 2¢7) 4.
Since (a(a) — &)y + ¢ Z (k4 1)(m + 1)by, there exists w € Mj11)(m41)(B) such that
[w* (b1 @ 14 1))ymenyw — diag((ala) — &)+ +¢,0® Li1yomn-1)l| <&

We assume that ||w|] < N(), by (4), there exists a sufficiently large integer N such that for
any Ny < n, we have

18 ® 1M 1) 41y (") Bn(b1) @ Lkt 1)(m+1) B0 ® 1M 1) 41y (w)
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— diag(Bpa((a) — ")y + ¢, 0® Lpp1ymay—1)|| <€’

Therefore we have

(Bua(a) = 8') 1 + Bu(e) 3 (k +1)(m + 1)(Ba(br) — 4.

For sufficiently large n > max{Ni, Nao}, with G = {v,(a)}, any &’ > 0, with £’ < &', let
E =7,(14)Av,(14). By Lemma 2.2, F is asymptotically tracially in P, by Theorem 2.1, there
is a C*-algebra D in P and c.p.c maps o/ : E — D, 8, : D — E and v}, : E — EN B, (D)*
such that

(1)’ the map o' is a unital completely positive linear map, 3, (1p) and +/(1g) are all
projections, 8., (1p) + v, (1g) = 1g, for any n € N,

(2) ||z — 7L (z) — Bl (a/(x))]] < &" for any x € G and for any n € N,

(3)" o is a G-¢”-approximate embedding,

(4)" Tim 157, (xy) = B (2)Ba(y)| = 0 and lim |5, (z)]| = [l for all z,y € D,

(5)" mn(1a) T ¥n(1a)Bn(c)¥n(1a) Za Bnlc) for all n € N.
Since D is m-almost divisible, and (/v (a) — 3¢’)4+ € D, there exists by € Dy such that

kby 3 (o' yn(a) — 3¢")+

and
(a'yn(a) —4e") 4 Z (k+1)(m +1)ba.

With the same argument, as above, we can get
k(B,(b2) —4e')+ 2 (Bra’yn(a) — 2¢")4

and
(B0 vn(a) — 8')1 3 (k + 1)(m + 1)(8, (b2) — 2¢/)-+.
Therefore, we have
k((Bn(b1) — 4€")1 & (B (b2) — 4e")4) ~ k((Bn(b1) — 4e")+ + (B, (b2) — 4€”)4)
3 (ﬁna(a) - 25/)4— S5 (B;O‘/Vn(aj) - 25/)4—
3 (Brala) — )4 & (B,0/m(a) — )+ + (v m(a) — 3¢)+
=<

a,

and we also have

(a—¢)s
3 (Buala) — 84 @ (B,0/m(a) — 8"+ @ (v m(a) —4e')+
3 (Bnala) —8) 4 @ (8,0 vula) — 8") 1 ® v ym(lk)
3 (Buala) — 84 @ (B,0/m(a) — 8)+ @ Bulc)
S (k+1)(m+1)(B(br) — &)+ & (k + 1) (m + 1)(8,,(b1) — 4€”)+.

")+ is Cuntz equivalent to (k -+ 1)(m + 1)b;.

Case 1.2 If (a(a) — ¢
) 2 a(a), for any € > 0, there exists v € Mo (B), such that

Since k(bl P by

||v*diag(oz(a), 0® 12k_1)v — b ® 12k|| < E.
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We assume that |[v|| < M(E), by (4), there exists a sufficiently large integer N7 such that for
any n > Np, we have

18 @ id sy, (v°)diag(Bna(a), 0 ® 1p—18n ® idary, (v) = Bn(b1) @ Lokl < €

Therefore, we have

k(B (b1) @ B (by) —4e") 3 (b + 1)(m + 1)(Bne(a) — 2¢')+.

With the same argument, we have

(Bna(a) = 8" 3 (k+ 1)(m + 1)(Bnala) — 4') 4

and
(Bna(a) - 65/)+ + Bn(c) j (Bn(bl) S ﬁn(bl) - 28’)4_.

For sufficiently large n > max{Ny, Na}, with G = {v,(a)}, any &’ > 0 with &” < &
sufficiently small, let E = ~,,(14)Ay,(14). By Lemma 2.2, E is asymptotically tracially in P,
by Theorem 2.1, there is a C*-algebra D in P and c.p.c maps o’ : E — D, 3/, : D — E and

E—)Eﬂﬁ’( )% such that

( )’ the map o is a unital completely positive linear map, £,,(1p) and v/,(1g) are projections,
BL(1p )—|—’yn(1E) =1pg, for all n € N,
2y ||x v () = B (x))|| < e”, for all z € G, and for all n € N,

(3) « is a G-¢”-approximate embedding,
(@) lim (18, (a9) — B4 ()3, ()] = 0 and lim [}8,(@)]| = [lo] for all 2,y € D,

(5)" M m(1a) 2 ¥ (1a)Bn(b1)n(1a) Za Bn(br) for any n € N.

Since D is m-almost divisible and (8],a’y,(a) — ')+ € B, there exists by € Dy such that
kba 3 (Bra’yn(a) — &)y and (8,0 yn(a) —2¢") 1 3 (k4 1)(m + 1)ba.

With the same argument as above we have

k(B (ba) —4e") 4 3 (B vn(a) — 28") 4

and
(B0 vn(a) — 8')1 3 (k + 1)(m + 1)(8, (by) — 4<)-+.

Therefore we have

k((Bn(b1 ®b1) — 4e") 4 @ (By,(b2) — 4€')4)
~ k((Bn (b1 ® b1) — 41 + (B, (b2) — 4€')+)
= (Buafa) - 2¢’ )+ @ (ﬁ Q 'Yn( ) — 2¢’ )+
3 (Baa(a) = €)1 @ (B yn(a) — ")+ + (yynla) — 3¢")+
=<

e

and we also have

(a) = 6€")+ @ (Bra/m(a) — 8¢')+ @ (v m(a) — 4e')+
Bro(a) — 65/)+ S (B;Za/’yn(a,) - 85/)+ S 'Y;ﬂn(lE)
(a) = 6€")+ @ (B,0/m(a) — 8")+ @ Bn(b1)

~~ ~ ~

LA A A
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(k+1)(m+1)(Ba(b1) — 4€")+ & (k+ 1)(m + 1)(B,(b1) — 4e”)+
(k+1)(m+1)(Ba(br @ by) —4e') 1 @ (k+ 1)(m + 1) (B, (b1) — 4e’) 1.

Case 2 we assume that (a(a) —€’)4+ is not Cuntz equivalent to a projection.
By [23, Theorem 2.1(4)], there is a non-zero positive element ¢ such that (a(a) —2¢")+ +¢ 3

(afa) =€)
Since (a(a) — ')y 4+ ¢ 3 (k+1)(m 4 1)by, for any € > 0, there exists w € M j41)(m1)(B)
such that

[w* b1 @ 1(pg1ymenyw — diag(a(a) — €)1 +¢,0 @ 11y (m1)—1ll <E
We assume that ||w]| < N(g), by (4), there exists a sufficiently large integer n such that

(81 (w*) B (b1) @ 1 (k1) (m1) Bn(w) — diag(Bpa((a —€') 1) + Bn(€)), 0 @ Lis1)ymn) | <E.

Therefore we have
(ﬁna(a) - 68/)4— + ﬁn(c) j (ﬁn(bl) - 45/)4-'
Since kb; 3 afa), for any € > 0, there exists v € My (B) such that

[v*diag(a(a), 0 @ 1y—1)v — b1 @ 1x[| <E.

We assume that ||v]| < M(E), by (4), there exists a sufficiently large integer N7 such that for
any n > Nj, we have

||Bn 02y 1de (v*)diag(ﬁna(a), 0® 1k—1)ﬁn 02y 1de (U) - ﬂn(bl) ® 1k|| <.

Therefore we have
k(Bn(br) —4e') 1 3 (Bnala) —2¢") 4

and
(Bra(a) = 8") 4 Z (b +1)(m + 1)(Bn(b1) — 4€’)+.

For sufficiently large n > max{Ny, N2}, with G = {v,(a)}, any ¢” > 0 with ¢’ < &', let
E =7,(14)Av,(14). By Lemma 2.2, F is asymptotically tracially in P, by Theorem 2.1, there
is a C*-algebra D in P and c.p.c maps o : E — D, 8, : D — E and v}, : E — EN B (D)*
such that

(1)’ the map o' is a unital completely positive linear map, £, (1p) and 7/ (1g) are all
projections, g, (1p) + v, (1g) = 1g, for all n € N,

(2) ||z — v, () — B, (e (x))|| < &”, for any x € G, and for any n € N,

(3) o is a G-¢”-approximate embedding,

(4)" lim |5, (zy) = B;, ()3, (y)]| = 0 and lim [|5(z)|| = [|z[|, for all 2,y € D,

(5) Y (1a) T m(1a)Bn(c)1n(14) Za Bn(c), for all n € N.

Since D is m-almost divisible and (8),a/v,(a) — ')+ € B, there exists bo € D4 such that

kba 3 (Bra/ym(a) — ')y

and
(Bra'vn(a) — 26"y 2 (k+1)(m + 1)ba.

With the same argument, as above, we have

k(B (b2) —4<") 4 2 (Bra'vn(a) —2¢") 4
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and
(Bra'vn(a) = 8" Z (k+ 1)(m + 1) (B, (b1) — 4e)+.
Therefore we have
k((Ba(b1) — 4€")+ @ (B, (b2) — 4€")4) ~ k((Bn(b1) — 4€")+ + (B, (b2) — 4€)+)
3 (Buala) —2¢')+ @ (B, vn(a) — 2¢")+
3 (Buala) — )4 @ (B,a/m(a) — )+ + (v m(a) — 3¢)+
< a,

and we also have

(a—¢)s
3 (Bra(a) = 6¢") 1 @ (B0 yn(a) — 8')+ @ (v ym(a) — 4€') 4
3 (Brala) = 6¢')4 @ (Bra'm(a) — 8)+ @ 17 (1E)
3 (Bra(a) = 6¢') 4 @ (Ba'vn(a) — 8)+ ® Bulc)
S (k41D (m+1)(Ba(br) — 4€')+ ® (b + 1)(m + 1)(8,(b2) — 4€)+.

Theorem 3.2  Let P be a class of unital weakly (m,n)-divisible C*-algebras. If a unital
separable stably finite simple C*-algebra A is asymptotically tracially in P, then A is weakly
(m, n)-divisible.

Proof We must show that for any given a € M (A)4+ (as Theorem 3.1, we may assume that
a € Moo (A)4), any given € > 0, there are x1, 2, -+, T, € Moo (A) 4 such that z;&z,;8- - Bz, 3

n
a, for any 1 < j < n, where x; repeat m times, and (a —€)4+ 3 D .

By Lemmas 2.1-2.2, we may assume a € A4 and [ja] < 1.

With F = {a}, any & > 0 with ¢/ < ¢, since A is asymptotically tracially in P, by
Theorem 2.1, there is a C*-algebra B in P, and c¢.p.c maps a : A — B, 5, : B — A and
Y i A= AN B, (B)* such that

(1) the map « is a unital completely positive linear map, 5,(15) and v,(14) are all projec-
tions, and B, (15) + Y (14) = 14, for any n € N,

(2) |z — yn(z) — Bn(a(x))]| <€, for any « € F, and for any n € N,

(3) « is an F-¢’-approximate embedding,

() T [|8(zy) - Bu(@)Bu(w)]| = 0 and lim [|8,()] = [la]. for all 2,y € B.

Since B is weakly (m,n)-divisible, there exist '/, x}, - ,x!, € My (B)4+ such that
/ /
zj@zj@"'@ilfj joz(a)

where z; repeat m times and
n
(a(a) — ")y 3P
i=1

Since A is a stably finite C*-algebra, we divide the proof into two cases.
Case 1 we assume that (a(a) — ')+ is Cuntz equivalent to a projection.
n
Case 1.1 If (a(a) — ')+ is Cuntz equivalent to € .
i=1
Case 1.1.1 If zf,2h,--- 2}, € Mo (B)+ are all Cuntz equivalent to projections and

rn

n
(a(a)—¢€")+ @ ;, then there exist some j and a nonzero projection r such that (z; &r)® (2} @

DD (x @) < a(a), where z; @ r repeat m times.
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Since (z; @ 1) @ (z; ©7) @ --- ® (¢ ©r) T afa), for any E > 0, there exists v € M (B)
such that

[v*diag(a(a),0 ® L,1)v — (2 @ 7) @ (2 @7) D --- @ (2] & 7)|| <E
We assume that ||[v]| < M (), by (4), there exists a sufficiently large integer n such that
180 (v*)ding(Ba0x(@),0 @ Ln—1)8a(v) = Bul(@ & 1) & (@) & 1) @ - & (o 1)) < <.
Therefore we have

(Bn (2 @ 1) = 36") + D(Bn(zj 1) =3¢ )4 @ -+ @ (Bu(aj B 1) = 3)4 T (Bner(a) — 2¢)4.

n
Since (a(a) — 2¢’)+ 3 € }, with the same argument as above, we have
i=1

(Bna(a) — 6¢') 1 3 (Bn(2f) = 36") 4 © (Bn(x) = 36)4 @+ @ (Bn(a}) — 3"+

With G = {y,(a)}, any ¢” > 0 with ¢’ < ¢, let E = 7,(14)Ay,(14). By Lemma 2.2, E
is asymptotically tracially in P, by Theorem 2.1, there is a C*-algebra D in P, and c.p.c maps
o :E—D,B :D— Eand«,: E— ENR,(D)" such that

(1)’ the map o' is a unital completely positive linear map, 3, (1p) and 7/, (1g) are all
projections, 8, (1p) + v, (1g) = 1g, for any n € N,

(2) |l — v, (z) — Bl (! (x))]] < &”, for any x € G, and for any n € N,

(3)" o’ is a G-¢”-approximate embedding,

(@) Jim 134) ~ B)B ) =0 and Jim_ 13,2l = ], for al 2,y € D,

(5)" Ypm(14) T (14)Bn(r)vn(la) Za Bu(r), for all n € N.

Since D is weakly (m,n)-divisible, there exist z7, x5, -,z € My (D)4 such that

ol @ ©---oaf Z(dn(a) =€)y,

where z// repeat m times and

n

(@' ya(a) = 2¢)4 3 P af.

=1

With the same argument as above, we have
(B (a) —3')+ © (B(al)) —3) & - & (B(a) — 3") 4 3 (Baovm(a) — 2¢')

and
n

(Be/yn(a) — 6¢") 4 3 EP(B) () — 3¢) .

i=1

Therefore we have

(Bu(@; @ 1) = 3¢")4 @ (B (2}) — 3¢")+ @ (Bu(a ®7) — 36" @ (B,(2]) — 3 )+ @ -+
@ (Bn(zj ©r) —3¢")+ @ (B, (2]) — 3¢')+
ﬁna(a) - 28/)4‘ D (ﬁ;alp)/n(a) - 25/)4‘

N
< a



704 Q. Z. Fan and J. H. Wang
where (8,,(z} © 1) — 3¢")4 @ (B, (2]) — 3¢’)4 repeat m times,
(Bn(af) — 3¢")+ ® (B (@) — 3¢ )+ ® (Bula;) — 36")4 @ (B, (a7) —3e)+ @ -+
@ (Bn(x;) = 3e") 1 @ (B () — 3)+
3 (Bnafa) —2¢') 4 @ (Bna Yn(a) —2¢")+

Za

for all i # j and 1 <4 < n, and (B,(x}) — 3e')+ @ (B, (z}) — 3¢’)+ repeat m times.
We also have

(a—e)+
3 (Bra(a) = 6')+ @ (Bra'ym(a) — 66")+ @ (v m(a) —4e')+
3 (Bnala) = 6€') 4 @ (Bra'yn(a) — 6€) 1 ® (v yn(la) — &)+
3 (Bnafa) = 6¢") 4 @ (B, n(a) — 6€") 1 @ Bu(r)

1
® (Bu(eh @) — 32) 1 ® (Bp(af) — 3¢')+.

k
Case 1.1.2 If 2, ), -, 2}, € Moo(B)4 are all projections and (a(a) —¢’)4 < @ z}. By
i=1

n

[23, Theorem 2.1], then there exists a nonzero projection s such that (a(a) — ')y s 3 P 2.
i=1

n

Since (a(a) — &y @ s 2 P} and (afa) — )y I

~

=1 i=1

P=

xf, for any € > 0, there exist

v, w € Moo (B) such that

3

Hw*diag((a(a) N 00 1w — Dl
=1

and
n

0" ding((a(a) = £)1,5,0@ Lo-2)v — P}
i=1
We assume that ||v|, ||w]] < M(E), by (4), there exists a sufficiently large integer n such that

< E.

B )ding((Bacx(a) = &)4,0 @ Ln—2)Bn(w) — B ( @ 1)
i=1

and

S

Therefore, with the same argument as Case 1.1.1, we have

B0 )ding (Bcx(@) = ') Bu(5). 0@ 1x—2)Bu(v) — B (D))

i=1

‘<a'.

n

@(ﬁn(xé) —3¢")4 3 (Bnafa) — 2¢")4

i=1

and

(Bna(a) = 6¢")4 + Bn(s <@6n -
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With G = {y,(a)}, given £’ > 0 with £’ < &', let E = ~v,(14)Ay,(14). By Lemma 2.2, E
is asymptotically tracially in P, by Theorem 2.1, there is a C*-algebra D in P and c.p.c maps
o :E—D,B:D— Eand«,: E— ENR,(D)" such that

(1) the map ' is a unital completely positive linear map, 8/, (1p) and ~/,(1g) are all
projections, 8, (1p) + v, (1g) = 1g, for any n € N,

(2) |l —vh(z) — Bl (! (x))]] < &”, for any x € G, and for all n € N,

(3)" o is a G-¢”’-approximate embedding,

(4)" Tim 157, (xy) = B, (2) B, ()] = 0 and lim |5, (z)]| = [, for any z,y € D,

(5)" Ypym(1a) T 9n(14)Bn(8)7n(1a) Za Ba(s), for any n € N.
Since D is weakly (m,n)-divisible, there exist z},af,- -+, 2!/ € Mo (D)4 such that

B (25) ® B (2f) @ - @ B, () 3 (B wm(a) — &)+,

where z// repeat m times and
(Bra/vn(a) — 2¢") 4 3 EP Brlaf).

With the same argument as above, we have
(B («}) —3)+ & (B(al) —3)+ & - & (Bh(a) — 3') 4 3 (Bhovm(a) — 2¢')

and
n

(Bra'yn(a) = 6')+ 3 DB, (x)) — 3')+.

i=1

We have

(Bn(x;) = 3"+ @ (B (27) — 3€")+ ® (Bu(ay) — 36"+ @ (B (27) =3+ @ -+
@ (Bn(2}) = 3¢")+ @ (B (2]) — 3¢")+
3 (Buala) —2¢')+ ® (B0 vn(a) — 2¢")+
Za
for 1 <i <n, where (8, (z}) — 3¢’)+ @ (8., (z}) — 3¢’) + repeat m times.
We also have

(a—e)+
S (Brafa) = 62")+ @ (8,0 vn(a) = 66") 4 ® (v, 7m(a) — 4€') 4
3 (Brala) = 62")+ @ (8,0 yn(a) = 66") 4 ® (v 7n(la) — &)+
3 (Brafa) = 6¢') 4 @ (B,0/n(a) = 62")4 © Bn(s)
3P Ba}) -3¢ ) BB () — 3e) 4.

i=1 i=1

n
Case 1.1.3 we assume that there is a purely positive element z7. Since (a(a)—¢")+ 3 D 27,

for any € > 0, there exists § > 0, such that (a(a) — 2¢’); 3 (2) — )+ P .
i=2
By [23, Theorem 2.1(4)], there exists a nonzero positive element d such that (2} — )+ +d 3
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Since (a(a) —2¢')+ +d 2 P} and (ala) — ')y 3 P}, for any € > 0, there exist
i=1 =1

v, w € Moo (B) such that -

| ding((ata) = )4, 0@ 100w - Pt <2
i=1
and ;
‘ vidiag((a(a) — 2¢")4,d, 0 ® 1p_2)v — @x; <E.
i=1

We assume that ||v]], ||w|| < M(2), by (4), there exists a sufficiently large integer n such that

|

‘<E’

B )ding((Bax(a) = &)4,0 @ Ln-1)Bn(w) — B ( P a1)

1=

and
n

Bu(v")diag((Baa(@) = ), Bu(d), 09 Lu-2)u(v) = B (Pt

=1

Therefore, with the same argument as Case 1.1.1, we have

’<a’.

n

@(@z(x;) —3¢")4 3 (Bnafa) — 2¢")4

i=1

and
n

(Bna(a) = 6€')y + Bu(d) 3 D (Bal}) — 3¢+
i=1

With G = {v,(a)}, any €” > 0 with ¢’ < &/, let E = v,(14)Av,(14). By Lemma 2.2, F
is asymptotically tracially in P, by Theorem 2.1, there is a C*-algebra D in P, and c.p.c maps
o :E—D, B :D— Eand~,: E— ENpA,(D)* such that

(1)’ the map o' is a unital completely positive linear map, £, (1p) and 7/, (1g) are all
projections, 8. (1p) + v, (1g) = 1g, for any n € N,

(2) ||z — v, (x) = B, (! (x))|| < &” for any = € G, and for any n € N,

(3)" o is a G-¢"-approximate embedding,

(4)" Tim 157, (xy) = B (2) B ()] = 0 and lim |5, (2)]| = [l for all z,y € D,

(5)" Y (1a) T n(1a)Bn(d)yn(la) Za Bn(d) for all n € N.

Since D is weakly (m,n)-divisible, there exist x7,x%, -+, 2/ € My, (D)4 such that

o @af @i 3 (Ypmla) — 2y,

where z// repeat m times and

(Ym(a) =34 3 Pt
i=1

With the same argument as above, we have

(Bn(z]) = 3¢")+ @ (B,(2) —3") 1 @ - @ (B (a}) — 36"+ 2 (Bra'vm(a) —2¢")4
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and
n

(Bl yula) — 6') 3 (B (Pat) —3¢')

i=1

(Bn(x;) = 3¢")+ @ (B, (x]) — 3¢")4+ @ (Bu(x}) — 3¢")+ @ (B, (2]) =3 )+ @ -+
@ (Bn(2]) = 3¢")+ @ (B, (2]) — 3¢")+

,j Bna(a) - 25/)+ S (57/10/%1 (a) - 25/)4—
Za

for 1 <4 <n, where (8,(z;) — 3¢")+ ® (8, («}) — 3¢’)+ repeat m times.
We also have

(a—¢)+
3 (Buala) = 6€")+ @ (B,0"vn(a) — 6¢") 1+ ® (v, 7m(a) — )+
3 (ﬁna(a) - 68/)4— 2] (B;lo/*yn(a) - 65/)4— 2] ('Y;z'yn(lA) - E/)-i-
S (Bnala) = 66")+ @ (B0 (a) — 6) 4 © Bn(d)
S5 e) 3, A1) — 3

i=1

N
Il
-

Case 1.1.4 We assume that there exists a nonzero projection s such that (a(a)—2¢’) ;45 =
(@) — &)+
Since (a(a) — 2¢)+ +s 3 P2 and (afa) — &)y 3
i=1
v, w € Moo (B) such that

P=

af, for any € > 0, there exist
1

.
Il

3

|w*diag((a(a) ~ £)4,0@ Lo-1)w — P
=1

and

vidiag((a(a) — 2¢’)4,8,0® 1p_2)v — @x;
i=1

|

We assume that ||v|, |w] < M(E), by (4), there exists a sufficiently large integer n such that

B )ding((Bucx(@) = )1,0 0 Lu1)u(w) = B ( Pat)

1=

and
n

Bu(v")diag((Baa(@) = )1, Bu(5), 0 @ 1-2)8u(v) = B (D)

i=1

‘<a'.

Therefore, with the same argument as Case 1.1.1, we have

n

D Bala}) = 3')+ 3 (Buala) —2¢)4

i=1
and

(Bna(a) = 6¢")4 + Bn(s <@6n -
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With G = {y,(a)}, any ¢” > 0 with ¢’ < &, let E = v,(14)Ay,(14). By Lemma 2.2, E
is asymptotically tracially in P, by Theorem 2.1, there is a C*-algebra D in P and c.p.c maps
o :E—D,B:D— Eand«,: E— ENR,(D)" such that

(1)" the map ' is a unital completely positive linear map, 8/, (1p) and ~/,(1g) are all
projections, 8, (1p) + v, (1g) = 1g, for any n € N,

(2) |l — v, (z) — Bl (! (x))]] < &”, for any x € G, and for any n € N,

(3)" o is a G-¢”’-approximate embedding,

(4)" Tim 157, (xy) = B, (2) B, ()] = 0 and lim |5, (z)]| = [l for all z,y € D,

(5) Ynn(1a) T ¥n(14)Bn(s)1n(1a) Za Bu(s) for all n € N.

Since D is weakly (m,n)-divisible, there exist z}, 2%, -+, 2!/ € Mo (D)4 such that

di@a] @ @] 3 (ymla) -2,

where z// repeat m times and

n

(vym(a) = 3¢")+ S EPat.

i=1
With the same argument as above, we have
(B () = 3"y @ (B (2]) = 3" )+ @ --- @ (B (2]) — 36")+ 2 (Bra’ym(a) —2¢") ¢

and
n

(Bra/mm(a) = 6¢") 3 (B (2] = 3¢))4-

i=1
We have

(Bn(x}) = 3" )y @ (B (27) = 3¢") 4y @ (Bu(a}) — 3" )4 @ (B (af) =3 )y -~
® (Bn(z;) = 3" )+ @ (B (2]) — 3¢) 4
Bnafa) —2¢") 4 @ (B, yn(a) —2¢") ¢

~
Za

for all 1 <i <mn, where (8, (x}) — 3e")+ @ (8}, (z}) — 3¢’)+ repeat m times.
We also have

—
Q
|
L)
~—
+

6')+ ® (Bl (@) — 6') 1 @ (v (@) — 4')
6')+ @ (B va(a) = 6)+ @ (hyn(1a) — ')

=
]
Q

IONRINRIN
=

3
AE\/—\
s s &
|

(Bna a) — 65/)—}- 2 (6410/’771(0’) - 65/)+ S3) Bn(s)
3B () 3¢ ) P (B (2]) — 34
i=1 1=1

n
Case 1.2 If (a(a) — &’)+ is not Cuntz equivalent to € ;.
i=1
By [23, Theorem 2.1(2)], we may assume that there exists a non-zero ¢ € By such that

(a(a) — )+ + e 3 D al.

1=1
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n n
Since (a(a) — &)y +¢ 3 P} and (afa) — ')y 3 P}, for any € > 0, there exist
i=1 ;

v, w € Moo (B) such that

3

|w*diag((a(a) ~ £)4,0@ Lo-1)w — P

and N
v*diag((a(a) — &")4,¢,0 @ 1p_2)v — @ Tl <&
i=1

We assume that ||v]], ||w|| < M(2), by (4), there exists a sufficiently large integer n such that

|

‘<E’

B )ding((Bax(a) = &)4,0 @ Ln-1)Bn(w) — B ( P a1)

1=

and

B (v")diag((Ba0(@) = ) Bu(e), 0@ Lu-2)Bu(v) = B (D)

=1

Therefore, with the same argument as Case 1.1.1, we have

’<5’.

n

@(Bn(xé) —3¢")4 3 (Bnafa) — 2¢")4

i=1

and
n

(Bnar(a) = 6¢') 1 + Ba(c) 3 ED(Bnlaf) — 3¢) 4.
i=1

For sufficiently large n > max{Ny, N2}, with G = {v,(a)}, any ¢” > 0, with ¢” < ¢, let
E =~,(14)Av,(14). By Lemma 2.2, E is asymptotically tracially in P, by Theorem 2.1, there
is a C*-algebra D in P and c.p.cmaps o : E — D, 8, : D — Eand v/, : E — EN g, (D)
such that

(1)’ the map o' is a unital completely positive linear map, 3, (1p) and 7/, (1g) are all
projections, 8, (1p) + v, (1g) = 1g, for any n € N,

(2) ||z — v, () — B, (e (x))|| < &”, for any x € G, and for any n € N,

(3) ' is a G-¢”-approximate embedding,

(4)" lim |57, (zy) — B ()5, (y)[| = 0 and lim {57, (2)[| = [|z[| for all z,y € D,

(5) YnY(LE) S ¥n(1a)Bn(c)1n(1a) 3 Bnlc) for all n € N.

Since D is weakly (m,n)-divisible, there exist z{, x4, -,z € Mo (D)4 such that

o @af @0 af 3 (vpmla) — 2"y,

where 2/ repeat m times and

(Vi m(a) = 38") . S Py

=1

With the same argument, as above, we have

(Bi(ef) = 3')4 @ (Ba(af) = 31 &+ & (B(e) — 3')4 3 (Brovmla) — 26')-
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and
n

(Bra'yn(a) = 6')+ 3 DB, (x)) - 3')+.

i=1
We have
(Bn(x}) = 3" )+ ® (B (x7) = 3¢") y @ (Bula}) — 3" )+ ® (B (a) =3 )y D -

@ (Bn(x;) = 36"+ @ (B () — 3¢)+
3 (Brafa) = 2¢") 4 © (B0 y(a) — 267) 4
=<

for 1 <i <n, where (8, (z}) — 3¢’)+ @ (8., (x}) — 3¢’) + repeat m times.
We also have

—
S
I
™
~—
+

6e")+ @ (B0 vn(a) — 6")+ & (v 7n(a) — 4¢')+
6e")+ @ (B0 vn(a) — 6e")+ & (v m(la) — &)+

=
]
Q

IONRINRIN
=

3
AE\/—\
s & &
|

(Bna(a) = 6¢") 4 © (B, vn(a) — 6") 4 @ Bnlc)
3 P Bulah) - 3)+ P (f) =3¢+
i=1 i=1
Case 2 If (a(a) —€’)+ is not Cuntz equivalent to a projection.

By [23, Theorem 2.1(4)], there is a non-zero positive element d such that (a(a) —2&"); +d 3
(aa) ~ <)+ ) )
Since (a(a) — 2¢)+ +d X P} and (a(a) — ')+ 3 P}, for any € > 0, there exist

i=1 i=1
v, w € Moo (B) such that

Hw*diag((a(a) ) 0@ Lyt )w — é z!

and
v*diag((a(a) — 2¢")+,d,0® 1—2) @

We assume that ||v]], ||w|| < M(2), by (4), there exists a sufficiently large integer n such that

B )ding((Bacx(a) = &)4,0 @ Ln-1)Bn(w) — B ( P at)
i=1

and
n

B (v*)diag((Bna(a) — ')y, Bn(d),0 @ 1,_2)B, (v) — ( ' )

i=1

’<E’.

Therefore, with the same argument as Case 1.1.1, we have

n

P Ba(a) -3¢+ 3 (Baala) — 2¢)+

=1
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and
n

(Buor(a) — 6') + Buld) < D (Bulel) 3.
i=1

With G = {v,(a)}, any &’ > 0,1let E = 7,,(14)Av,(14). By Lemma 2.2, F is asymptotically
tracially in P, by Theorem 2.1, there is a C*-algebra D in P and c.p.c maps o : E — D,
Bl :D— FEand v, : E— ENp (D) such that

(1)’ the map o' is a unital completely positive linear map, 3, (1p) and 7/ (1g) are all
projections, 8, (1p) + v, (1g) = 1g, for any n € N,

(2) ||z — v, (x) = B, (! (x))|| < &” for any z € G, and for any n € N,

(3) o is a G-¢”-approximate embedding,

(4)" lim |57, (zy) = By ()5, (y)[| = 0 and lim |57, (2)[| = [|z[| for all z,y € D,

(5)" Yn(Y(1a)) 10 (14)Bn(d)yn(1a) 3 Bn(d) for all n € N.

Since D is weakly (m,n)-divisible, there exist xf,af, -+, 2! € My (D)4 such that

i @af @] 3 (Y mla) — 2"y,

where z// repeat m times and

n

(v (a) = 38") 4 S Py

=1

With the same argument as above, we have
(B (@) = 3¢') 1 @ (B (@) = 3 )4 @ - & (B (a)) — 3')4 3 (Boa/vm(a) — 2¢')

and
n

(Bra'yn(a) = 6')+ 3 DB, (x)) - 3')+.

i=1

(Bn(@;) = 3"+ @ (B (27) — 3€")+ ® (Bu(ay) — 36"+ @ (B (27) =3+ @ -+
@ (Bn(a;) — 36"+ @ (B (a7) — 3¢)+

3 (Brafa) = 2¢") 4 & (B0 yn(a) — 26)+

Za

for 1 <i < n, where (8, (z}) — 3¢’)+ @ (8., (x}) — 3¢’)+ repeat m times.
We also have

(a—e)+
3 (Brala) — 6¢')+ @ (B0 yn(a) — 66") 4 & (vhyn(a) — 4¢') 4
3 (Brala) — 62')+ @ (B0 ynla) — 66") 4+ & (v yn(la) — ')+
2 (Buala) — 6") 4+ @ (B,0'vn(a) — 6") 4 & Bu(d)
2P (Ba(a}) —3¢)+ @(ﬁ;(a«"i—’) —3¢')4.
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