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Abstract In this paper, the authors obtain two kinds of Kastler-Kalau-Walze type theo-
rems for conformal perturbations of twisted Dirac operators and conformal perturbations
of signature operators by a vector bundle with a non-unitary connection on six-dimensional
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1 Introduction

The noncommutative residue found in [1-2] plays a prominent role in noncommutative ge-
ometry. For one-dimensional manifolds, the noncommutative residue was discovered by Adler
[3] in connection with geometric aspects of nonlinear partial differential equations. For arbi-
trary closed compact n-dimensional manifolds, the noncommutative residue was introduced by
Wodzicki in [2] using the theory of zeta functions of elliptic pseudodifferential operators. In
[4], Connes used the noncommutative residue to derive a conformal four-dimensional Polyakov
action analogy. Furthermore, Connes made a challenging observation that the noncommutative
residue of the square of the inverse of the Dirac operator was proportional to the Einstein-
Hilbert action in [5]. In [6], Kastler gave a brute-force proof of this theorem. In [7], Kalau
and Walze proved this theorem in the normal coordinates system simultaneously. And then,
Ackermann proved that the Wodzicki residue of the square of the inverse of the Dirac operator
Wres(D™2) in turn is essentially the second coefficient of the heat kernel expansion of D? in [8].

In [9], Ponge defined lower dimensional volumes of Riemannian manifolds by the Wodzicki
residue. Fedosov et al. defined a noncommutative residue on Boutet de Monvel’s algebra
and proved that it was a unique continuous trace in [10]. In [11], Schrohe gave the relation
between the Dixmier trace and the noncommutative residue for manifolds with boundary. In
[12], Wang generalized the Kastler-Kalau-Walze type theorem to the cases of three-, four-
dimensional spin manifolds with boundary and proved a Kastler-Kalau-Walze type theorem.
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In [12-13, 15-17], Wang and his coauthors computed the lower dimensional volumes for five-,
six-, seven-dimensional spin manifolds with boundary and also got some Kastler-Kalau-Walze
type theorems. In [18], authors computed Wres[(r+D~2) o (7* D~"*2)] for any dimensional
manifolds with boundary, and proved a general Kastler-Kalau-Walze type theorem.

In [19], Wang and Wang proved two kinds of Kastler-Kalau-Walze type theorems for con-
formal perturbations of twisted Dirac operators and conformal perturbations of signature op-
erators by a vector bundle with a non-unitary connection on four-dimensional manifolds with
(respectively without) boundary.

The motivation of this paper is to establish two Kastler-Kalau-Walze type theorems for
conformal perturbations of twisted Dirac operators and conformal perturbations of signature
operators with non-unitary connections on six-dimensional manifolds with boundary. We know
that the leading symbol of conformal perturbations of twisted Dirac operators is not /—1c(€).
This is the reason that we study the residue of conformal perturbations of twisted Dirac oper-
ators.

This paper is organized as follows: In Section 2, we recall some basic facts and formulas
about Boutet de Monvel’s calculus. In Section 3, we give a Kastler-Kalau-Walze type theo-
rems for conformal perturbations of twisted Dirac operators on six-dimensional manifolds with
boundary. In Sections 4-5, we recall the definition of conformal perturbations of signature
operators and compute their symbols, and we give a Kastler-Kalau-Walze type theorems for
conformal perturbations of signature operators on six-dimensional manifolds with boundary.
The main results are Theorems 3.1 and 5.1 in this paper.

2 Boutet de Monvel’s Calculus and Noncommutative Residue

In this section, we shall recall some basic facts and formulas about Boutet de Monvel’s
calculus. Let

PR, - [ARy), F(u)(v) = /R ety (1)dt

denote the Fourier transformation and p(R+) = r*(R) (similarly define ¢(R~)), where ¢(R)
denotes the Schwartz space and

rT:C®R) - C°[R*¥), f— fIR¥, R+={z>0;zcR}. (2.1)

We define HT = F(p(R*)); Hy = F(o(R~)) which are orthogonal to each other. We have
the following property: h € H*t (resp. H; ) if and only if h € C°°(R) which has an analytic
extension to the lower (resp. upper) complex half-plane {Im & < 0} (resp. {Im¢ > 0}) such that
for all nonnegative integer [,

d'h — d' /c
@@~ (&) (2:2)

as €] = 400, Im& <0 (resp. Im¢& > 0).

Let H' be the space of all polynomials and H~ = Hy @ H'; H = H™ @& H~. Denote by
7+ (resp. 7~ ) the projection on H* (resp. H™). For calculations, we take H = H = {rational
functions having no poles on the real axis} (H is a dense set in the topology of H). Then on
H

3

ﬁ+h(§0):i hm/F &dg, (2.3)

27Tiu—>0* +§0+iu—§
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where I't is a Jordan close curve included Im ¢ > 0 suNrrounding all the singularities of h in the
upper half-plane and & € R. Similarly, define 7’ on H,

1

N 27T T+

7'h h(&)d¢. (2.4)
So, #/(H~) = 0. For h € HN L*(R), 7’h = 5= [, h(v)dv and for h € H* N LY(R), 7'h = 0.
Denote by B Boutet de Monvel’s algebra. For a detailed introduction to Boutet de Monvel’s
algebra see Boutet de Monvel [21], Grubb [22], Rempel-Schulze [23] or Schrohe-Schulze [24]. In
the following we will give a review of some basic fact we need.
An operator of order m € Z and type d is a matrix

7T+P—|—G K C (XaEl) C (XvEQ)
A: T S . @ — EB )
COO(BXaFl) Coo(aXvFQ)

where X is a manifold with boundary X and Ei, Es (resp. Fi, Fy) are vector bundles over
X (resp. 0X). Here, P : C°(Q, Ey) — C%(R, Es) is a classical pseudodifferential operator
of order m on (2, where (2 is an open neighborhood of X and E;|X = E; (i = 1,2). Then P
has an extension: £'(Q2, E1) — D'(Q, Ey), where £'(Q, E1) and D'(Q2, E5) are the dual space of
C>=(Q, Ey) and C§° (£, Esy), respectively. Let et : C°°(X, E1) — £'(Q, E1) denote the extension
by zero from X to Q and rt : D'(Q, Ey) — D'(Q, E3) denote the restriction from  to X, then
define
7t P =rTPet : C™(X,Ey) = D' (Q, Ey).

In addition, P is supposed to have the transmission property; this means that, for all j, k, «,
the homogeneous component p; of order j in the asymptotic expansion of the symbol p of P in
local coordinates near the boundary satisfies

Ok 9gp;(a,0,0,+1) = (1)~ 1*19F dgp;(2’,0,0,-1),

then 7+ P maps C*°(X, Fy) into C*°(X, F2) by [14, Section 2.1].

Let G, T be respectively the singular Green operator and the trace operator of order m
and type d. K is a potential operator and S is a classical pseudodifferential operator of order
m along the boundary (for detailed definition, see [11]). Denote by B™ the collection of all
operators of order m and type d, and B is the union over all m and d.

Recall B™9 is a Fréchet space. The composition of the above operator matrices yields a
continuous map: B™d x Bm’d’ _, pmtm’max{m’+d.d’} \Write

~ tP+G K ~ tP + @ ! ;o
A=(TRTO ) em a=(TST G )en

The composition AA’ is obtained by multiplication of the matrices (for more details see [14]).
For example 77 P o G’ and G o G’ are singular Green operators of type d’ and

atPort P =T (PP')+ L(P,P).

Here PP’ is the usual composition of pseudodifferential operators and L(P, P’) called leftover
term is a singular Green operator of type m’ + d. For our case, P, P’ are classical pseudodiffer-
ential operators, in other words 7t P € B® and 7t P’ € B® .
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In the following, write 7+ D~! = ( ”ﬂg’*l 8). Let M be a compact manifold with boundary

OM. We assume that the metric g™ on M has the following form near the boundary

1
M oM 2
= d 2.5
9=y e (2.5)
where g™ is the metric on M. Let U C M be a collar neighborhood of M which is
diffeomorphic to M x [0,1). By the definition of h(z,) € C*°([0,1)) and h(x,) > 0, there
exists h € C°°((—¢,1)) such that h|jg 1) = h and h > 0 for some sufficiently small € > 0. Then
there exists a metric § on M = M J OM x (—e,0] which has the form on U |J OM x (—¢,0],
oM oM

~ L om 2
g==——g"" +duz,, 2.6
o) (2.6)

such that §a; = g™. We fix a metric § on the M such that |y = gM.
Consider the (n — 1)-form

o(&) =Y (~1)Hgde A AdE A AdEy,

j=1

where the hat indicates that the corresponding factor has been omitted.

Restricted (&) to the (n—1)-dimensional unit sphere [£| = 1, o(&) gives the volume form on
|¢€] = 1. Denote by |¢’| =1 and o(¢’) the (n — 2)-dimensional unit sphere and the corresponding
(n — 2)-form.

Denote by B> the algebra of all operators in Boutet de Monvel’s calculus (with integral
order) and by B~°° the ideal of all smoothing operators in B*. We assume that £; = Ey = E,
Fy, = F», = F. Denote by b(z/, ¢, &, m,) the symbol of the singular Green operator G. Then

1 _
() = o= [ b )6, = 5 €)
27T T+
is the symbol on 0X and b,_, can be represented by b_,. Now we recall the main theorem in

10].

Theorem 2.1 (Fedosov-Golse-Leichtnam-Schrohe) Let X and 90X be connected, dim X =
n>3 A= (’TH;JFG Is() € B, and denote by p, b and s the local symbols of P, G and S,
respectively. Define

Wres(A) = /X /Iél—l trp[p—n(z,§)]o(§)dz
S0 N IR CECSIER)

+tre[si_n (2, )]} o (&) da’, (2.7)

then
(a) Wres([A, B]) =0 for any A, B € B;

(b) it is a unique continuous trace on B/B~°.
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3 Conformal Perturbations of Twisted Dirac Operator and
Noncommutative Residue

In this section we consider an n-dimensional oriented Riemannian manifold (M,g*)
equipped with a fixed spin structure. Let S(T'M) be the spinor bundle and F be an addi-
tional smooth vector bundle equipped with a non-unitary connection V. Let Sy, 82 € T'(F),
g¥ be a metric on F. We define the dual connection Vs by

g7 (VX S1,82) + g"(51, V™ S2) = X (g7 (51, S2))
for X € T'(TM) and define

A Ak A v

F —_—
v 5 , 5 , (3.1)

then V¥ is a metric connection and A is an endomorphism of F' with a 1-form coefficient. We
consider the tensor product vector bundle S(T'M) ® F, which becomes a Clifford module via
the definition

cla) =cla)®@idp, a€TM (3.2)

and which we equip with the compound connection

VSETMEF _ gS(TM) gidp + idgirar ® V7. (3.3)
Let
VITMSF = gSTM) @ idp + idseran @ V7 (3.4)
then the spinor connection VTP induced by VS(TMEF g Jocally given by
VIIMSF = gSTM) @ idp +idgeran ® VE +idsrar ® A. (3:5)

Let {e;}(1 <4,j <mn) (resp. {0;}) be the orthonormal frames (resp. natural frames) on T'M.
Set

Dp =" g7c(@)V5 M =3 c(ey) VTR, (3.6)

i,j=1 Jj=1

n
;1<V£Mej, er)c(ej)c(er), of is the connection

=

where ng(TM)@F =0j+o0;+ UJF and 03 =

J
matrix of V¥,

Then the twisted Dirac operators Dp and 5} associated with the connections V¥ and V>
satisfy that for ¢y @ x € S(TM) ® F, we have

Dp(y ® x) = Dp(¥ @ x) + c(A) (¢ ® X), (3.7)
Dy ®x) =Dp(¥ @ x) — c(A) (¥ ® x), (3-8)

where ¢(A) = > c(e;) @ A(e;) and ¢(A*) = > c(e;) @ A*(e;), A*(e;) denotes the adjoint of
i=1 =1
A(el)
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Then, we obtain

[M]=

Dp =3 cle) VTP + o(4), (3.9)

1

<.
Il

[M]=

Dy = c(e;) VITMSE _ (A7), (3.10)

1

<.
Il

Let VT™ denote the Levi-Civita connection about g™ . In the local coordinates {z;;1 <i < n}
and the fixed orthonormal frame {é7,--- ,e,}, the connection matrix (ws) is defined by

VTM(elv ' 7€;) = (évla co ag;)(ws,t)- (311)
Let ¢(€;) denote the Clifford action, g = g(da;,dz;), VAM9; = ZF Ok, T" = g"T%; and the

cotangent vector £ = > &;dz; and & = ¢¥¢;. By [13, Lemma 1] and [12, Lemma 2.1], for any
fixed point zp € M, choosing the normal coordinates U of xo in OM (not in M). Denote by
01(P) the l-order symbol of an operator P. By the composition formula and [12, (2.2.11)], we
obtain the following lemma (see [19, Lemma 2.6]).

Lemma 3.1 Let D%, Dp be the twisted Dirac operators on T'(S(TM) @ F), then
= V—1c(§)

o1(Dp) ™ =01 (Dp') = e (3.12)
W(Dp) = % 5—5 S ckda)fo, ONEF (00, (6P, (1
o a(Dp) = “”’% é—g S ey [0, [eE)EP — 00, (6P, (314)

where

M=

Zwst er)e(en)e(es)e(ed) + ) cle;) (o] — A*(e))), (3.15)

1

J

M=

:——Zwstel cle)c(es)cler) + Y cleg)(of + Aley)). (3.16)

Jj=1

For convenience, let A = Y- c(e;)(0f — A*(e;)), = Y c(e;)(of + A(e;)). Let M be a six-
Jj=1 j=1
dimensional compact spin manifolds with the boundary OM. In the following, we will compute
the more general case Wres[r (fDp')ort (f~1 (D)~ fDy'- f~1(D})~1)] for nonzero smooth
functions f, f~!. An application of [14, (3.5)—(3.6)] shows that

Wres[r* (fDp') o n (f 1 (Dj) ™" fDF' - f~H(Dj)~Y)]
= [ [ tracesanerlo-n((Drs - Def ) Blo(de+ [ @, @)
M J|g|=1 )

M

where

oo X j)lal+i+h+e o /
/£| 1/ 2 thraceS<TM>®F[8 O80¢ o (fDR)(',0,€, )

7,k=0
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x 02 0L 0F oy(f TN (Dp)h - fDE - FTHDR) (0,6 6n)dgna(§)da!,  (3.18)

and the sum is taken over r — k + |a| + —j— 1= —n=—6,r < -1,0 < =3.
Note that

SN DR) T DRt (D)
= (Dpf-Dpf™t Dpf)™
= (Dyf - DpDyf ™'+ f = Dipf - Dp - [Djp, f 71 )7
= (Dypf DDy — Dy f - Dpe(df~) )™
= (f - DyDpDj + [Dy, fIDpDy — D f - Dpe(df 1) f)~
= (f-DyDpDjyp + c(df)DpDj — Dy f - Dpe(df =) f)~?
= (f - DyDpDj + ¢(df)DpDj. — Dy Dpf - e(df 1) - f + Dy - e(df)e(df ) )™ (3.19)

In order to get the symbol of operators D wf- Dp ! . D% +f. We first give the specification of
D3DpD%, DipDp and DpDi. By (3.9)-(3.10), we have

DypD%
= D% — Dpc(A*) + ¢(A)Dp — c(A)c(A*)
i . n n S
=—¢"9,0; — ZUJS(TM)®F8J- + T, + Z[C(A)C(Ej) cle Z c(e;)o M@
j=1 j=1
. ij j i j k _k 11
xc(A%) =g [(81'US(TM)®F) + 0s(rmyeFrTs(raner Li0srner] + 1° + 3
x> R (eire5)clen)ele;) + > [e(A ST eleg)e (e(A7))
i#£] Jj=1 j=1
—c(A)e(AY) (3.20)
and
D:Dp
= D% —¢(A")Dp + Dpc(A) — c(A)c(A¥)
= —0"90:0; — 20% 1y p0i + TR0+ Y [e(ej)e(A) = c(A%)eley)]e; + Y elej)o; T
Jj=1 Jj=1
) 11
x c(A) - g"[(0; 05 Tvner) T US(TM)®FUS(TM)®F FZJUS(TM)®F] T15 T3
X Z RY (es,e)c(ei)c(ey) Z »(TM)®F + Z c(ej)e;(c(A))
by i=1 =1
— ¢(A")e(A). (3.21)

Combining (3.10) and (3.20), we obtain
D:DpD3%

= Z Z )er, day)( jal&-@ Z cler) er,dl“l{ Z(algij)aiaj_ Z g9
i,jl=1r=1

=1 ij=1 i,5,k=1
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n

x (40" S(TM) ®Fa —ork 01 3l} i cler)(ep, day) {—22 (819") S(TM)@Fa + Z g"

i,7=1 i,7,k=1
x (OT%) 0 — 2 Z g9 (007 TN+ N (G1gV )T 0 + Z [D(c i) —clej)
i,j=1 i,j,k=1 jk=1
x c(A"))(ej, da®)o + D (e(A)e(e;) — C(ej)C(A*))[al@j,d$k>]3k} + > cler)(er, day)
J,k=1 ril=1

_|_
RNy -
»

_|_
INgE
Q
=

X 81{ Z 9”1(9; Us TM)®F) + US(TM)®FUS(TM)®F F?jag(TM)t@F]

i,7,k=1 j=1
n n 1
x cfe)]o] TN =3 eles)es (e(A7) = Y eleg)oy T (A7) — e(A)e(4”) + 5
j=1 j=1
X ZR ei,ej)c(e;)c(e;) }+O’0 DF Z Zj&@ )+ Z cler) (e, dx;) {2 Z [c(A)
i#] =1 =1 Pt

x c(ej) — clej)e(A")(ei, dxk>}818k + ao(f);){ ~20% anerdi + TF0+ Y _[c(A)ele;)

=1
— clej)e(AM)]es — Y eles)es(e(A™) = 67 [(Di0L ranor) + TsranerTsriner
j=1

S(TM)®F S(TM)®F
— oS raner] + 75— c(A)e(d”) + 3 le(A)eeg)]o] T3 eles)a] M
Jj=1

Jj=1
ZR ei,ej)c(e;)c ej} (3.22)

175]

—_

Thus, using (3.19)—(3.22), we get the specification of 5}]‘ . 5Ff_1 5}]‘

Dyf-Dpf~' - Dif
= f+DpDpDy + c(df)DpDy — DyDpf - c(df ™) - f + Dy e(df)e(df ) f

= f{ Z Zc(eT)<er,dxl>(—gij8l8-8») c(er) (e, dx;) { (D199)0
i,4,l=1r=1 rl=1 =1
- Z g (40} S(TM) ®F8 - 21"]C k) 8;} Z cler)(er, day) { -2 Z (D1g™) S(TM)®F5
i,5,k=1 rl=1 3,J=1
+ 3 GO -2 g9 (00 T e+ N (BigV)T o) + Z [01(c
i k=1 i,j=1 i k=1 Jk=1

x c(ej) — cley)e(A)) (e, da®)al + Y (c(A)e(es) — C(ej)C(A*))[al@jadxkﬂak}

Jik=1

+ Z C(eT)<eT7d$l>8l{ - Z gij[(aifffg(TM)@F) + U%(TM)@F”?;(TM)@F Fk US(TM)®F]
r,l=1 i,j,k=1

s+i[c<A>c<ej>1af<TM>®F—Zdeg Jej(c Z o THEF (A%) — c(A)e(A¥)

j=1 j=1 j=1

_|_
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n n

+ = ZR (i, ej)c(ei)c(e;) }—i—oo Dj) Z 9"0;0;) Z ey, day) {2 Z [e(A)e(ey)
ke

25 i=1 1=1 Jok=1

— eleg)e(A")es, don) 10y + 00(Di){ = 208 gy p0 + TH 0 + Z[C(A)c(ej) — cley)

Jj=1

x c(A")]e; — Z c(ej)ej(c(A™)) — gij[(aigé(TM)@)F) + Ug(TM)@FUi”(TM)@F - Ffj”é(TM)@F]

- * - S * i j
+ Z[C(A)c(ej) — c(ej)c(A%)]e; — Z clej)ot T s e(A) — g 100G anyer)
i } 1
+ US(TM)Q@Fqu(TM)@F - Pfjag(TM)t@F] T8 3 Z R (ei,e5) x c(ei)c(e;)
7]

+ > le(A)elen)os T = 37 eleges(e(An)) = e(A)e(A4) |~ { ~ 9705 x

j=1 Jj=1
=20 payor®s + TR0k + Y le(ej)e(A) = c(A%)elej)]e; + Y eleg)as T e(4)
j=1 j=1
gij[(aiag’(TM)(@F) + Uf?(TM)@FUg(TM)(@F - Ffjag(TM)@)F] + ZS + 3 Z RF(ez'a ej)e(e:)
i#]
)= D le(4 IS LN clej)es(e(A)) = (A" )el(A) b f - e(df ) - f
Jj=1 j=1
{30 97e(0:)(8; + 0 TMT) — (A } - elafetdf (3.23)
i,j=1

Let 97 = ¢g9;,0" = g“o;. By the above formulas, we obtain the following lemma.

Lemma 3.2 Let 5}3, Dy be the twisted Dirac operators on T'(S(TM) @ F),

o3(Dipf-Dpf~t-Dipf) = fos(DpDpDy) = V—1e(€)|€*f, (3.24)
oo(Dyf - Dpf~' - Dpf) = fos(DyDpDy) + 2¢(df)[€], (3.25)

where 03(DypDp DY) = c(€) (4% —2T%)&), — L2 (0)c(dn ) +NE]? —2¢(€) c(A)e(€) —2/€|2e(A*).

For convenience, we write that o2(D5DpDj) = G + ME[? — 2¢(€)c(A)c(€) — 2/¢[%¢(A*). In
order to get the symbol of operators D wf- Dp ft . D% wf. We first give the following formulas

Dy = (—v—1)|“‘8§, U(ﬁ}f -Dpf~t. E?f)zm + p2 + p1 + Ppo,

o(Daf-Dpf~'-Dhf)” Zq ;- (3.26)
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By the composition formula of pseudodifferential operators, we have
1=0((Dyf - Dpf~" - Dipf)o (Dipf - Dpf~t - Dpf) "]
=(p3+p2+p1+po)(g-3+q-a+qs+--+)
+ Z(afjm + Og,p2 + Og;p1 + 0¢,00)(De;q—3 4+ Dy g4+ Dyyjq—5+---)

J

= P3q-3 + (p3Q—4 +p2q-3+ Z 3§jp3Dm]~Q—3) +o (3.27)
J

Then

q3=p5', qa=-p5 {png_l + > Oe,psDa, (p?Tl)] (3.28)
7

By [12, Lemma 2.1] and (3.24)—(3.25), we obtain the following lemma.
Lemma 3.3 Let D%, Dp be the twisted Dirac operators on T'(S(TM) ® F), then

aDif DDy = D DDy = Y (329)
(DS Def ™t Dpf) ™t = o a(DpDrD) T + —20(5);2('2{6)0(5)
ic(€) Yole(da;)[€]* + 2&5¢(§)]Da, (f1)e(€)
+ 2 , (3.30)

11°

where

o_4(DyDpDy)~!

- (5)”2@?;;1”% WZ )€+ 265¢(E))0s, [O)]IE]2 — 206D, (€]
c(&)Ge c(&)Ae 2¢(A A*)e c 9

) (£?§|8(€)+ (§|)§|6(£)_ | 5<|4>_ (6)c |é|6) (€)+|g(|§3>2[6(d“‘”'5' e
% (00, ()€ — 206D, (€2)] (3.31)

Locally we can use [19, Theorem 2.5] to compute the interior term of (3.17), then
/ / traces(ranerlo—n(Dpf - Drf ")~ %)]o(¢)dx
M J]gl=1
1
= 8n3 /M {trace{ - 1—82 +c(A")e(A) — 1 ;[C(A*)c(ei) — c(eg)c(A))?
1 1
—gzj:vg(c( ¢ —Ezjjcej )VE (e(A)] =277 A()
+4f trace[A(grad,, )] — f*[|lgrad,y, (f)]* + 2A(f)]}d volps. (3.32)

So we only need to compute [, ®.
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From formula (3.18) for the definition of ®, now we can compute ®. Since the sum is taken
overr+{0—k—j—]a|—1=-6,r < —1, £ < -3, we have fBM ® is the sum of the following
five cases:

Case (a) (I)r=-1,1=-3,j=k=0, |o| = 1.

By (3.18), we get

case

—+oo ~ ~ ~
/g| 1/ trace 85/7T£ o_ 1(fD Y x 880, 0_3(f T (Dp) " fDR - (D) Y]

|a]=1
(20)d&,o(¢)da’

—+oo ~ o~ o~
/£| 1/ trace 0gns (fo_1(DR")) x 030, (f'o_3(DyDpDi) ™)) (o)

|a\ 1
x d¢,o(¢)dx
+oo o
/ / S traceldg it oy (Dyl) x 0.0, 05(Dy D D)~ (o) dénor(€')da’
1€71=1 lor|=1
— > 0;(F / / > trace[dg s o 1(Dp') x 0,0 3(DiDrDy) " (o)
j<n |§71=1 la|=1
x dé,o(&)da’. (3.33)

By [12, Lemma 2.2] and (3.29), for ¢ < n, we have

00D} Dr D)) (an) = 00, [ )
= V10, [el€))1€] (o) — 2V 1€, 1€11E]~ (0) = 0. (3:34)

Thus we have

+oo o
/g 1/ trace 8£/7T£ o_ 1(D YY) x 0%0¢,0_3(DyDrDy) " (w0)
la|=1

x dépo(¢)da’ = 0. (3.35)

By (3.12) and direct calculations, for i < n, we obtain

gg e o-1(Dp")(@o)ljgj=1 = e, o—1 (D) (@o)l 111

__cdm) (6= 2VTDel€) + e(da) (5.36)
2(& — V1) 2(6n — V—1)? ’ '

and we get

~ o~ o~ _ _ / 2
6% 0_3(D}DFD})_1 _ \/_1|§|(fl'n) - 4\/_1[§n0(§|€)|6+ fnc(dxn)] (3'37)

Then for ¢ < n, we have
trace[(?fﬂr5 o_ 1( YY) x 0,0 3(DFDFDF) (o)

= —¢§;trace [M} _ 4\/—_1§n§itrace[ c(dw;)?

T 36— Vo) Y e 2
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c(§')? c(dzn)?
X trace[z(gn — \/__1)2|€|6} + 4\/—_15721§itrace[2(£n — \/__1)2|§|6] (3.38)

We note that i < n, f‘f,‘:l &a(€) =0, so

_fzaj /EI 1/ Z trace (95 7TE o_ 1( )Xaf o_ B(DFDFDF) ](1‘0)

j<n al=1

x dé,o(€)dz' = 0. (3.39)
Then we have case (a) (I) = 0.

Case (a) (II) r=-1,l=-3,|a|=k=0,j =1.
By (3.18), we have

case (a) (II)

—+o0
——5 [ [ tnacedn, w0 (1DFY) x 0, 0-a(s (D) £D5" - 5D o)
|€'|=1J—oc0
x dépo(€)da’
1 +ee
== o 1/ trace[d,, m¢ o (Dx Y x 02 o 5(DEDpDE) " (20)déno(¢)da’

“+o0
_ —f Lo, (f /§| 1/ trace| 7T5 o_1( )Xﬁg o_ 3(DFDFDF) (o)
x d&,o (&) dw (3.40)
By [12, (2.2.23)] and (3.12), we have

Wgﬁmm_1(5;1)(960)“5,‘:1 = O, [c(€)](0) + /IR0 )[ V=1c(¢)

2(¢n —V-1) 48 —V-1)
c(&) + v—1e(dzy,)

R Ty } (3.41)

By (3.29) and direct calculations, we have

- o — / — _ 2
(1+&3)
and
852n0'_3((13}5pﬁ})_1) _ \/__1[(205721 — 4)6(5/) + 12(57% — fn)c(dxn) ] (343)
(1+&3)

Since n = 6, traceg(rar)gr|[—id] = —8dim F'. By the relation of the Clifford action and

trace PQ = trace QP, we have

trace[c(¢')e(dzy )] =0, trace[c(dzy,)?]=—8dim F, trace[c(¢)*](xo)|er|=1 =—8dim F,
trace[0y,, [c(€")]e(dx, )] =0,  trace[dy, c(€)e(€)](20)|jerj=1 =—4h'(0)dim F. (3.44)

By (3.41)—(3.44), we get

trace[d,, 7 o1 (D) x 82 0_3((DpDrD3) ™)) (0)
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—8 — 24&,V/—1 + 4082 + 244/-1&3

= WO dim P e, + V=T

(3.45)
Then we obtain
1 +oo N -, , o I /
— 5 /fll_lf trace[aznﬂ'gng—l(DF ) X aEnU_g(DFDFDF) ](zﬂ)dgna(g )dZE
5, . ’
= -7 4dim Fdx’. '
K (0)Q4dim Fd (3.46)

16

On the other hand, by calculations, we have

~_1 c(& —1le(day,
nga'—l(D; )(@o)ljgrj=1 = — (52)(;5__(1) ) (3.47)

By (3.42), (3.44) and (3.47), we get

trace[ry o_1(Dy") x 02 o_3((DyDp D) ")) (x0)

SV -1 - V=1-38 +3¢,

e 6 VD

(3.48)

Then we obtain

_ lf_lawn (f)/ /+OO trace[wéF a_l(ﬁgl) X 852 0_3(ﬁ}ﬁpﬁ;)—l](xo)dﬁng(gl)dx/
2 lg/j=1J—o0 " "

v—1+44
= 5f_kwf_lﬁ% (f) - dim FQuda’, (3.49)

where €4 is the canonical volume of Sjy.
Combining (3.40), (3.46) and (3.49), we obtain

oV —1+44
4

1
case (a) (IT) = —1—27rh’(0)§24dim Pdy’ + wf10, (f) - Qudim Fd2'.  (3.50)

Case (a) (III) r=-1,1=-3,|a|=5=0, k= 1.
By (3.18), we have

case (a) (III)
+oo

1 ~— —1/ 7% \— n— —1/7y% \—
=73, trace[dg, 7 0-1(fDp') X 8¢, 0p,0-3(f " (DF) " fDR" - [TH(DE) )]
|=1J -0
X (w0)d&,o(¢)da’
+oo - o
_ _% y tracelde, 73 (0-1(Dp")) x Be, D, 0—3(DpDr D)~ (w0)dEnor(¢')da’
¢'=1J -
1 e n— NE Y Tk O\ —
- gfamn(f_l)/l ‘ / trace[(?gnwg;a_l(DFl) x 0¢,0_3(DpDpD3) (o)
¢'N=1J—oc0
x dépo(€)da’. (3.51)

By [12, (2.2.29)], we have

8§n7rglcr_1(5;1)(x0)||5f\:1 = _6(52/25: 51_6_(1()121:") (3.52)
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By (3.29) and direct calculations, we have

O, 0s,0-3((DpDrD}) ™)
_ VIO, eE) (20) | 12VETR(0)6ac(€) | V=12 = 1065)R' (0)c(den)

(1+&2)3 T+t (1+&2)* - 039
Combining (3.44) and (3.52)—(3.53), we have
trace[dg, ¢ 0_1(Dy") x O¢, 00, 0—3((D3DrD3) ™) (w0)jerj—1
v 8V =1 =326, — 8V/=1¢2
= h'(0)dim F’ G —V-IE ) (3.54)
and
trace[dg, 7¢ o1 (D) x 9e,0-3((D3DrDy) ™ )](w0)] =1
. 416, +1 - 3¢2
= —4dim F . 3.55
e = V1€ - Ty 559
Then
o0 o
- = /£ . / trace[ amnwg o_ 1( ) x 8¢, 0p,0_3(DpDrD}) " (20)dé,0(¢)da’!
1
= Eﬂ'h/( )Qdim Fda' (3.56)
and

1 oo U
— —f@xn /5 ‘ 1/ trace| 8§nﬂ'£ o_ 1( Y x 8¢, 0_3(DpDpD3) " (20)

x d&,o(¢')da
- ”‘{6_ £ 0., (F~HQudim Fda', (3.57)
where ()4 is the canonical volume of Sy.
Then
case (a) (III) = [1—6 7h' (0) + ”‘1/6__1 f -8, (F7 )] Qudim Fdz'. (3.58)

Case (b) r=-1,l=-4,|a|=j=k=0.
By (3.18), we have

case (b)
+o0 B N ) )
=i [ el o D) < 06, ald D) £D - £ (D) i)

¢|=1 /o0

X dgno(g/)dil'/

_i/ /+OO trace[ﬂg o 1(fDpt) x e, (f_10—4(ﬁ}5171~)})_1 " w
l¢'|=1J —o0 " 7]

ic(€) Yle(da; ) €]? + 26;¢(€)] Da, (f1)e(€)

e € )] (@o)déuo (€)'
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+oo - -
i / / tracelrf o1 (Dyl) x e, (o4(Dj D Dj) )] (o) déno (€)da’
gl=1 '

_ Zif—l /E,|1 /_;OO trace [Trg;cr_l(fjgl) x e, (%” (QTO)dfnU(f/)dx/

ic(§) Yole(da;)[]% + 28;¢(§)]Da, (7 1)e(6)

—f1/£ 1/Jrootrabce o- 1( )Xafn( : €8 )]

X (z9)d&no( (3.59)

In the normal coordinate, ¢¥/(zo) = &’ and 9, (9%P) (o) = 0, if j < n; 9a, (9% (20) =

h'(0)0g, if j = n. So by [12, Lemma A.2], we have I'"(zg) = 21/(0) and I'*(zq) = 0 for k < n.

By the definition of 6* and [12, Lemma 2.3], we have 6"(z0) = 0 and 6* = 11/(0)c(€x)c(e,,) for
k < n. By (3.30), we obtain

o_4(DyDpDy) ™!

_ 3
— TSRO elda)el€) + S 01l + TR 0)c(d,)
+ ﬁc(gl)c(dxn)amn [0(5/)](550) — %Bwn [0(5/)](550) g +€22) (O)fnc(g’)(l'o)
—e AONAE)  2e(E)e(A)ele)  2e(A)
T e Ocde)l) T g o e (3.60)
Then

Oe, (0-4(DpDrD3) ) (10)
— 559571 +427§:h/? )ifl)c(d:z )C(é-l) + 33 — 18052 - 85571 h/( ) (51) + 49571 - 975731 — 505751
I " 21+ ) 21+ €27

3 — 15¢2

' A€ — 86

e e(€)e(d )0, (€ () ~ .
c(dzp)Ae(€) + c(&)Ae(dxy) + 26 c(day ) Ae(day,)

(1 +£2)
— 10¢2

x h'(0)c(dzy,) —

x B'(0)c(dwy) + ( e )n W (0)e(€) + (1+e2)p
66 e(ONAE) el )e(A")e(E) + el€)elA)eldr,) + 28c(dr)e( A" )eldr)
(I TENTIE
66,0()c(A)e(S)  26,0(A)
TTurer rer (361

By (3.47) and (3.61), we obtain

trace[wf o_ 1( )X 85 o_ 4(DFDFDF) ](x0)|‘§/|:1
4i(—17 — 42i&,, + 50£2 — 1612 + 29¢2)

= h/(0)dim F E T
46,1+ 2)i , 4€,1 + 2
2(§n(fi) (41' +)€%)3 trace[c({')A] + i —i—fi) (41'_’_ e trace[c(day, )]
+ 2(571(4_:573(—’1_ _2|—)l€721)3 trace[c(gl)c(A*)] + 2(€n ilfzz)l('li‘i gg)gtrace[c(dxn)C(A* )]
+ T _—1)2(51n+ e trace[c(&')c(A)] + 2, __5811_’_ 52)3trabce[c(dacn)c(A)]. (3.62)
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By the relation of the Clifford action and trace QP = trace PQ, we have the following equalities

trace[c(dz, )\ = trace :c(dxn) Zc(ej)(a'f — A*(ej)):|
= trace[—id ® (o — A*(e,))], (3.63)

trace[c(£")\] = trace :0(5') Z c(ej) (o] — A* (ej))}

= trace - i:fj (O'JF — A" (ej))}, (3.64)

trace[e(dan )e(A*)] = trace :c(dxn) 3 eley) ®@ A*(ej)]

= trace[—id ® A*_(en)], (3.65)
trace[e(dzn )e(A)] = trace :c(dxn) 3 eley) @ A(ej)] — trace[—id ® A(e,)], (3.66)

trace[c(&")c(A¥)] = trace ic (ej) ® A*(e; } = trace[ Z@ (e;) ] (3.67)

trace[c(¢')c(A)] = trace i c(e;) ® Alej } = trace[ - Z @A(ej)}. (3.68)
j=1 j=1

We note that i < n, fl ¢r)=1 §i0 (&) =0, so trace[c(£)c(A*)] has no contribution for computing
case (b).
By (3.24), we have

+oo N o
— 1/ _ / trace[ﬂg;Uq(D;l) x Ok, (0_4(D%DpD%) ™ H(z0)dEna (&)’
[§']=1

- { - 1—29h/( 0) + gtrace[af — A*(en)] — 3trace[A* (en)] — trace[A(en)]}w

x dim FQqda’. (3.69)
Since
P (C(ﬁ)c(df)c(ﬁ)) _ c(dan)e(df)e(€) + c(§)e(df)e(dan) + 26nc(dan)c(df)e(dan)
AT (1+&)°
 6ac()e(df)ele)
(1+&2)*
and

ie(€) Slelday P + 265¢(€)] D, (F~)el€)
35”( GE )
{ () Y lelckz; IEP + 2650(€)]Day (7)€ + e(€)) Yleld Il + 265e(€)]

J

oy (F71)e(dmn) + 26ne(dan) Y le(da) € + 265¢(6)) Dy, (f_l)C(den)}(l +&)™

J
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— i{86,0(6) Y le(day € + 265¢(€)]Da (f1)el®) b1 +€2) 7, (3.70)
J

we have

trace [w; o_1 (5;1) X O, (%)] (z0)

(46ni + 2)i trace[c(fl)c(df)] +

T 26 +1)(1+&2)8

A€ni+2
2(6n +1)(1 +€2)3

trace[c(dzy,)c(d f)]

and

- ie(€) Xole(da;)[€[* + 28;¢()]Da, (f7)e(€)
trace wgla_l(Dgl) X afn( ] B )] (z0)
&)
(& +1)(1+ &)
et N
(&n +1)(1+E3)*

trace|e(¢') Y [elda;)IE[? + 2,¢(€)] D, (F7Y)]
J
trace c(dwn) Y [e(da; )€1 + 2€e(©)]Da, (F71)]. (3.71)
J
By the relation of the Clifford action and trace QP = trace PQ, we have the following

equalities

trace[c(dx, )e(df)] = —g(day,, df)

and
trace [c(dxn) Z[C(dxj”ﬂ? +2€;¢(§)] Dy, (f_l)}

= trace(—id)[¢|*(—10x, (f) ") + 2 Z%trace(—id)(—iamj )

= —8dim F|* (=10, (f)f 1) +2)_ &éatrace(—id)(~idy, (f)f )

We note that i < n, flﬁ/lzl &o(€') =0, so trace[c(¢')e(df)], trace[c(&’) Yo[e(dx;)|E* 4 2&;¢(€)]
) J
Dy, (f1)] and 2iY"&;€,0,,(f)f'trace[—id] have no contribution for computing case (b).
J

Then we obtain

—2f" /5 - /+OO trace 775 o_1(Dp') x O, (M)} (20)d&,o(¢)da’

€16
= gwg(dxn,df)ghdx (3.72)
and
o ic(€) 2le(da;)[E1* + 28;¢(§)]Da, (f~)e(€)
_fi/w—l/_; trace|f o1 (D) x O, (—— G )]
X (20)d€no(&)da’
151

= -0, (f)ndim FQuda’. (3.73)
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Thus we have

case (b)
129 / 3 F * * : /
= { - 1—6h (0) + §trace[a — A*(ey,)] — 3trace[A* (e,)] — trace[A(en)]}wdlm FQudx
1
+ gwg[dxn ,df]Quda’ — E(%Cn(f)wdim FQuda’. (3.74)

Case (¢) r=-2,1=-3,|la]=j=k=0.
By (3.18), we have

case (c)
“+o0 - . - .
= i / / tracelnf o_o(f D) % 0,0 s(f 1 (D)1 - £ (D)) (o)
[£/]=1J —c0
x dgno(€)da’

+oo . o
- /E 1 / tracelrf o_o(DyL) x 8e,0_3((Df D Dy)~)](wo)deuo(€)da’.  (3.75)

By (3.14), we have

=— c(§)o (D c(§) 2 2
7T;;LO'_2(DF1)=7T2_ (O|§—HF ?XJ:C dajj |€| _C( )896](|£| )])
=T — Ty + 77 ( |€|4 ) (3.76)
where
TG, o (2 +i6)el€)oo(Dr)e() +ineldea)oo(Dr)e(dea) + (2 +i6n)e(€')
X c(din) e, (&) + ic(dn)oo (Drp)e(€) +ic(€)oo(Dr)e(drn) — 0, [c(€)]
= T 31 O)elda) = S Ol€) = (24 i€ )el€ el )0, (€]
+ 0, (€] (3.77)
5= e 2 S e ) )] @

On the other hand,

W; (C(fﬁgi(f) ) (960)‘ ol

_ (& = 2)c(§)pe(€) — i[C(dilfn)Aifzf’):;(i’)uC(dwn)] — &nc(dzp)pe(dan) (3.79)

By (3.42), (3.44) and (3.76), we have

tr[T1 x O¢, 0-3((DpDr D)~ ]ljerj=1

= tr{ g 51 Oeldza) = SHO)l) = (24 i€ )el€ ), ) + i, ()]
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)+ — Biel )

(1+&)°
3+ 12i¢, + 3£2

= W(O)dim Fre—— (3.80)
Similarly, we have
trace[Ts x Jg,0—3((DpDrD3) ™ H]|jerj=1
B (0 dz, day,) —ic(¢ 3n =T .,
= trace{ é ) [4f((§nx_)i) + d ;(52 _152 ) + 8, = 1)13 (ic(&") — c(dzy))
 ZHEl€) + (3} )eld)
(1+&3)°
e A= 11€, — 6162 + 363
= h'(0)dim F =7, £ (3.81)
By (3.79)—(3.80), we obtain
+oo — -~
- 1/ / trace [(Tl - Tg) X aan'_g((D}DFD;)_l) (xo)déna(fl)dx'
[€"[=1
o , oo 7+ 26§n + 1515,% ,
= —idim F'h'( /gl 1/ G — )P (en 1107 d&no(¢')da
= —idim F'h'(0 )2;1 [ n _226%: i_):l&fn} En_lQ4dar/
= %dim Frh'(0)Qda’. (3.82)
By (3.55)—(3.56), we have
trace |, (- “ﬁ;,z(@) x 8fna_3<(ﬁpﬁpﬁ;>—l>} (o)
(3&n — )i trace[c(da, )u] + 36n — s trace[c(¢)pl. (3.83)

C 206 -1+ €2)° (fn—l)(1+€2)
By the relation of the Clifford action and trace PQ = trace QP, we have the equalities

n

trace[c(da, )] = trace {c(dxn) Z c(ej)(UJF + A(ej))]
Jj=1
= trace[—id ® (¢ + A(en))], (3.84)

trace[c(€)u] = trace{ z”:c (e5)( CT + A( ea))}

n—1
—trace{ ij a + A(e;j) } (3.85)
j=1

We note that i < n, f‘f,‘:l &o() =0, so trace[c(¢')u] has no contribution for computing
case (c).
Then, we obtain

Hoo c C ~ o~ o~
-, 2 1/ “’“e[ﬂa(%) x D¢, 0-3((Dp DrDy) ™) | (0)dénor(€)da’
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+o00 _;
/£| 1/ 2(&n ifln 14352) tracelc(dzn ) udéno (£)da’

= —2ndim Ftrace[o! + A(e,)]Quda’.
Then
55 . / ! . ! F /
case (¢) = Edlm Frh'(0)Qq4da” — 2wdim FA'(0)trace(o,, + A(ey)]adz’.
Now @ is the sum of the case (a), case (b) and case (c), then

o = [ — 4R/ (0) — trace(A(e,)) — 3trace(A*(en)) + gtrace(og — A*(en))

— 2trace(ol + Ale,)) + (1—%1 + 11) S Bwn(f)} rdim FQudz’

151

+ iwg(dxn,df)ﬂ4d ! 5

T — 0y, (f)mdim FQuda’.

By [12, (4.2)], we have

K = Z Kij95h, Kij=-T7,

1<i,j<n—1
and K ; is the second fundamental form, or extrinsic curvature. For n = 6, we have
. 5 5
K(zo)= Y Kij(zo)gsl(zo) =D Kiizo) = —5h'(0).

1<i,j<n—1 i=1

Hence we conclude the following theorem.

Y. Wang

(3.86)

(3.87)

(3.88)

(3.89)

Theorem 3.1 Let M be a siz-dimensional compact spin manifolds with the boundary OM .

Then

Wres[r* (fDp) ot (f 71 (D)~ - fDR' - f~H(Dj)~Y)]
8 /M {irace] — ==+ e(A%)e(4) ~ %;[C(A*)c(ei)

— cle)e(A)P - 5 SV (el4")

x cles) — 5 3 elen) VE (e(A)] -

J

+ 2A(f)]}dvolM +/

1%}

2A(f) n dtrace[A(grady, f)]
f f

{ Btrace( A% (en)) — 41(0) — trace(A(en)) — 3
M

199 11 151

x trace(A*(en)) — 2trace(o + A(en)) + (ﬁ t- 7)amn( f)] rdim FQ,

3rg(dx,,df)
+ T

where s is the scalar curvature.

0, }d volar,

F?llgrady, ()

(3.90)
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4 Twisted Signature Operator and Its Symbol

Let us recall the definition of twisted signature operators. We consider an n-dimensional
oriented Riemannian manifold (M, g*). Let F be a real vector bundle over M. Let gf" be a
Euclidean metric on F. Let

N (T*M) = P A (T M) (4.1)
i=0
be the real exterior algebra bundle of T*M. Let

Q' (M, F) = é QY(M,F) = é C®(M,N(T*M)® F) (4.2)
i=0 =0

be the set of smooth sections of A*(T*M) ® F. Let * be the Hodge star operator of g?™. Tt
extends on A*(T*M) ® F by acting on F as identity. Then Q*(M, F') inherits the following
standardly induced inner product

() = /M<<A wn)p, G € (M, F). (4.3)

Let V¥ be the non-Euclidean connection on F. Let df be the obvious extension of VE on
Q*(M, F). Let 6 = d¥* be the formal adjoint operator of d¥" with respect to the inner
product. Let DF be the differential operator acting on Q*(M, F') defined by

DF = df + 4. (4.4)
Let
_ _ 1
w(F, gy =vE* —vF, vhe=vF 4 5@ (F, g5). (4.5)

Then V¢ is a Euclidean connection on (F, g%).

Let VA" (T"M) he the Euclidean connection on A*(T*M) induced canonically by the Levi-
Civita connection VI'M of g"M_ Let V¢ be the Euclidean connection on A*(T*M) ® F ob-
tained from the tensor product of VA (T"M) and V¢, Let {ey,---,e,} be an oriented (local)
orthonormal basis of TM. The following result was proved by [20, Proposition 4.12].

The following identity holds

n n

dF + 67 =3 e(e)VE, - % S alen)w(F, g7 )(es). (4.6)

=1 =1

Let D = >~ c(e;)Ve, and w(F, g%) be any element in Q(M,End F), then we define the
j=1
generalized twisted signature operators D, D} as follows.
For sections ¢ @ x € A*"(T*M) ® F,

Br(v @) = Db @) — 3 D alew(F ")) (0 ® ), @.7)

D ) = Dt @) — 5 S ale” (Fg")(en) (0 0 x). (45)
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Here w*(F, g7')(e;) denotes the adjoint of w(F, g')(e;).

In the local coordinates {z;;1 < i < n} and the fixed orthonormal frame {é1,--- ,e,}, the
connection matrix (ws ) is defined by

V(er, &) = (€1, en)(Ws)- (4.9)

Let M be a six-dimensional compact oriented Riemannian manifold with boundary M. We
define that Dp : C¥(M,AN*(T*M) @ F) — C®(M, N"(T*M) ® F) is the generalized twisted
signature operator. Take the coordinates and the orthonormal frame as in Section 3. Let £(e;*),
t(e;*) be the exterior and interior multiplications, respectively. Write

c(€5) = elejx) —ulej*),  ele;) = eejx) + u(ej*). (4.10)

We will compute trp-(p«n)er in the frame {ej A---Aef | 1 <idp <--- <ip <6} By [12,
(3.2) and (4.8)], we have

N n 1 n N
Dp = Zc(ei)va ~3 Zc(ei)w(ﬂ g7 (es)
i=1 i=1
NS oA (T : Fey 1N~
= ele) (V0 ©idp +idne(rean © Vo) = 5 > elenw(Fr g™ ) (e:)
i=1 i=1
—~ s, 1 NSO ] e . e
= Z c(&) [ei + 1 Zws,t(ei)[c(es)c(et) —c(es)e(er)] ®idp + idp«(p=ar) ® ol }
=1 s,t
1 n
_Z le))w(F, g™ (e;). 4.11
2;46)6‘1( 9" )(eq) (4.11)

ZE(ei)w*(F, g )(es). (4.12)

For convenience, let c(w) = Y. ¢(e;)w(F,g")(e;) and c(w*) = > cleg)w™ (£, g")(e;), by the
composition formula and [12, (2.2.11)], we obtain the following lemma (see [19]).

Lemma 4.1 Let ﬁ}, Dy be the twisted signature operators on T(A*(T*M) ® F), then

01(Dr) = 01(D}) = V=1c(€), (4.13)
oo(Dr) =3 ¢(&) E ws,t(E)[E(E)EE) — e()el@)] @ idp +id e reary @ 0]

i=1 s,t

3 &;) (4.14)
oo(Dy) = > () [1 D we (@) [E(E)EE) — c6x)e(r)] @idp + idps (rear) @ afﬂ

i=1 s,t

_ ) (4.15)
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By the composition formula of pseudodifferential operators in [12, Section 2.2.1], we have
the following lemma.

Lemma 4.2 The symbol of the twisted signature operators ﬁ}, Dp are as follows :

N - Vo)

o_1(Dp")=o_1((D}) ) = TR (4.16)
o a(D) = w n %Z (d;)[0n, ()P — (&), (€7)],  (4.17)

a_2<<ﬁ;>-1>=W+$Z () [0n, ()P — (&), (€)].  (4.18)

Since ¥ is a global form on 0M, for any fixed point zyp € OM, we can choose the normal
coordinates U of 2o in OM (not in M) and compute ¥(zg) in the coordinates U = U x [0, 1)

and the metric h(l )gaM + dz2. The dual metric of g? on U is E(i )gaM + d?. Write

gz] =9 (3117 311) gM =g (dl'i,dxj), then

o] = {Miﬂo[g?f”] ﬂ = {h(xn% [9350] ﬂ (4.19)

and
0o, g2 (0) =0, 1<ij<n—1, gM(zo) =70 (4.20)
Let {e1, -+ ,en,_1} be an orthonormal frame field in U about ¢ which is parallel along

geodesics and e; = a%i(xo), then {1 = /h(z,)e1, -+ ,en_1 = \/h(xn)en_1,6n = dz, } is the
orthonormal frame field in U about ¢™. Locally N(T*M )|U U x /\C( ). Let {f1, -+, fu}
be the orthonormal basis of Af(%). Take a spin frame field o : U — Spin(M) such that
wo = {éy, - ,e,} where w : Spin(M) — O(M) is a double covering, then {[o, fi],1 < i <4} is
an orthonormal frame of A*(T*M)|g. In the following, since the global form ¥ is independent
of the choice of the local frame, we can compute traces«(r«ar) in the frame {[o, fi], 1 < i < 4}.
Let {E1,- -+, Ey,} be the canonical basis of R" and ¢(E;) € cla(n) = Hom (AL (%), A& (%)) be
the Clifford action. By [12], then

@) = e BN @l s = BN 5= [(npn)]. @2

we have %c(é‘i) = 0 in the above frame. By [12, Lemma 2.2], we have the following lemma.

Lemma 4.3

) i
Or, (€l ) (o) = {h'<o>|£’|2 A, @22
gakli b

0, if j<mg

B, c(6)) (o) = { (4.23)

Oz, (c(§))(20), if j=m,
where £ = &' + £, day,.

Then an application of [12, Lemma 2.3] shows the following lemma.
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Lemma 4.4 The symbol of the twisted signature operators ﬁ}, D r are as follows:

o0(D%) = 0 + 9", (4.24)
oo(Dp) = 6+ 9, (4.25)
where
0 =—"h(0)c(day) + ih’(o) Z_j c(&)e(e)e(E) (o) ® idp,
1=1
0= Y el@ol — 5 > e (B (e,
9= c@al - % > el (Fg") (e, (4.26)

In order to get the symbol of operators ﬁFf . ﬁpf_l . ﬁ}f, similar to (3.19)—(3.23), we
give the specification of D%.f - Dpf~' - Dif.
Combining (4.11) and (4.12), we have

Dpf-Dpf~' Dif
= f-DpDpDj +c(df)DpDy — DpDpf - c(df ™) - f + Djp - e(df)e(df 1) f

n

:f.{ Z ZC(eH(er,dxl)(_giﬂ'alaia Z cler) er,dxz{ Z(algij)aiaj

igi=17r=1 =1 nI=t
_ Z g”(4 AN*(T™ M)®F8 2Fk « 8k)8l} + 09 DF ( Z 9”88 ) — Z C(e )
ik j=1 nI=t it

x (er,dzy) Y [e(w)ele;) + eleg)e(w™){es, da®) x 1ok + Y cler)(er, da1)0;

g k=1 rl=1
" 1
k_k
X { - > g7l TN e an@r) T O (T e FT s (e an@re — LThe (raner] F 25
i, k=1
I~ ‘T meFe 1 1 c
=3 2 ew)eley)of IR~ 2% Tele)e; @) + 5 3 R (en eg)elen)ele)
=1 i=1 i+
1. ., 1< (T*M)QF, e~ -
+ Zc(w)c(w ) — 3 Z c(ej)og\ S ( )} + Uo(DF){ A*(T*M)@)Fa + 10,
j=1
1 ~ i Jjre
3 Z[C(W)C(ej) + clej)c(w™)]e; — [(8 0/\* T*M )®F) + O (T MYRF TN (T* M) Fe
j=1
kK L, o I AT neFe 1w
- FijoA*(T*M)®F] + ZC(W)C(W ) — B) ZC(W)C(GJ)UJ‘ 3 Z c(ej)e;(cl
Jj=1 Jj=1
1< A (T*M)@F,eny sy | | 1 Fe S
-5 Zc(ej)aj cw) + 15 + 5 ZR (e, e5)c(ei)c(e; } + Z cler)(er, dzy)

i£] ril=1
n

=1
Z gij(alrécj)ak _9 Z gij(alUiA*(T*M)t@F)aj _9 Z (algij)a';\*(T*M)@Faj

i,5,k=1 i,j=1 i,j=1
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n

S [u(@tweles) + ele)ew Des, dat)ak + D2 g0k — 5 D @wleles)
k=

Ji.k=1 ,5,k=1 Jik=1

(ej>6<w*>>[al<ej, Aak)on } |+ c(df)] = 9700 = 2] oy o0y + 0

NJI)—l

- _ Z >< C 63 + C(ej)c(w*)]ej — gU[(alUg\’f(T*M)(@F) + Uﬁ\*(T*M)@Fag\’f(T*M)®F,e
J

I T*M)eFe 1 -

—Thokeeaner] = 5 D eweleg)o T 2% e(e)e; @)
J J

1 | SO 1 A (T*MYQF,e~ 1 Fie

+ g5+ AW = 5 3 ele))o] ) + 5 2 R7(enes)elenele;) }

J i#]
i . 1 . ~
— { —¢"0;0; — QJJA*(T*M)@)F@- +T%9;, — 3 Z[c(w)c(ej) + c(ej)c(w™)]e;
J
koo ok
- g [(3 UA (T*M)®F) + UA (T*M)®FU/\*(T*M)®F6 Fij X C’A*(T*M)®F]

3 Z/C\(W)C(ej)(?]/»\ (I"M)@Fe _ % Z clejej(c(w™)) + ES 4 l’c‘(w)a(w*)

4 4
3 S eleg)ol T ) ZR eies)elen)eleg) L f - e(df ™) f
J Z;éa
+{ > g7 x e [ ( Zwst &) [E(E)A(&) — c(éx)e(6)] ® idp
i,j=1
+idpe (e ® aﬁe)] - C(%)} x e(df)e(df 1) f. (4.27)

By the above composition formulas, we obtain the following lemma.

Lemma 4.5 Let ﬁ}, Dy be the twisted signature operators on T(A*(T*M) ® F), then

03(Dyf-Dpf~' Dpf) = fo3(DpDpDy) = fV/—1c(€)[¢, (4.28)
03(Dyf - Dpf~' Dipf) = foa(DyDpDy) + 2¢(df)[€?, (4.29)
where o3(DsDpDy) = c(€)(40* —20%)&), — L€[2R (0)e(day) + 1€ (21(0) i c(&;)e(en)e(E:) (o)

+ 0* — E(w*)) + c(&)e(w)e(€).

For convenience, we write that oo(D5EDpD%) = G + [€]2(p + 9F — S(w*)) + c(&)E(w)e(£).
By (4.28)—(4.29), [12, Lemma 2.1] and the composition formula of pseudodifferential operators,
similar to (3.26)—(3.28), we obtain the following lemma.

Lemma 4.6 Let 5}, Dy be the generalized twisted signature operators on DN (T*M)RF),
then

N A (430)
os(Dpf - Drf™" Dpf)™ = f~ o_a((DpDrDy) ™) + W
ie(€) Sle(day) €] + 26;¢(€)] Da, (F1)el€)
+ ! : (4.31)

€1°
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where

o_4((DyDrDy)™)

- (5)”2@?;;1”% + S8 Skt 6 + 2650, [T ~ 200, 1)
c(§)Ge c 9* —e(w* c(w 5
X [0, [e(€)]1€]* = 2¢(€)Dn, (I€17)]- (4.32)

Hence we cite the following theorem.
Theorem 4.1 (see [19]) For even n-dimensional oriented compact Riemannian manifolds

without boundary, the following equality holds:

Wres(Dif - Dpf~ )( =52)

= ((27T)22) / {trace[ - — + %[A( w*) _E(w)]Q - EE(W*)E(W) - izvi (@w™))e(e;)

+iZceJ VE(@w)] +4F T ACS) + 8lgrady f,grady (7)) = 5 [lerady I
J

+2A f]}dvolM. (4.33)

5 Conformal Perturbations of Twisted Signature Operators and Non-
commutative Residue

In the following, we will compute the more general case \/7\_7I"ez/s[7r‘F (fﬁ;l) omt(f! (ﬁ})_l .
fDR' - f~Y(D})™1)] for nonzero smooth functions f, f~*. An application of [14, (2.1.4)] shows
that

Wres[nt (fDpY) ont (f 1 (D)~ - fDp' - fH(Dp) ™)
— [ [ taceraner(@if Do) (ot [ w. (5.1)
M J|g|=1

oM
where

too = Ylal+ith+e T
/5'| 1/ szmemw wnerl, 080F, o (f Dp ) (o', 0,€',€n)

7,k=0

x 9 911108 ou(f (D) fDE - fTHDR) T, 0,€ )] dEn o (¢)da (5:2)

and the sum is taken over r —k + |a| + 0 —j—1=—n,r < -1, < —1.
Locally we can use Theorem 4.7 to compute the interior term of (5.1), then

// traceA*(T*M)®F[U—4((lA)*pf-lA)Ff_l)_Q)]U(f)dx
M J|gl=1

8 /M {irace| - = + Z[ (@) — E(w))? - i@(w*)@(w) - iz VE (@w")e(e;)
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D ele)VE (@)] + 47 A + Starad sy (1), grady, (F71) = 51 2(lgrady, ()P

+ 2A(f)]}dvolM (5.3)

So we only need to compute |, on Y. From the remark above, now we can compute ¥ (see
formula (5.2) for the definition of ¥). Since the sum is taken over r + /¢ —k —j —|a| — 1 =
—6, r < —1, £ < —3, we have faM U is the sum of the following five cases:

Case (a) (I) r=-1,1=-3,j=k=0,|a| =1.

By (5.2), we get

case (a) (I)

o0 R ~ R
_/'I 1/ Z tface[a?fﬂaa-l(ngl) x 0% 0, 0_3(f 1 (Dp)"t - fDR!
al=1
~{(Dy)” )](fo)dﬁn (&")da!

+oo PN

/5| / S tracedgmt oy (Dyl) x 020, 0—s(D D D)~ (o) dgno (€' da’

1
[a]=1

1 ou™ |

+oo
. / > trace[dg s o 1(Dp') x Oe,0-3(DrDrDy) " (0)
j<n STI=

< al=1

x dépo(¢)da’. (5.4)

By (3.24) and (4.29), we have o_3((D%DpD3)™Y) = 0_s((D3DpD})™Y).
By (3.34) and [12, Lemma 2.2], for ¢ < n, we have

Op.0_3((DeDpD%) ") (20) = 0. (5.5)

Thus we have

“+o0

/5 . / trace 8£/7T£ o_ 1(D Y)Y x 0%0¢,0_3(DyDpDy) | (w0)

1
la]=1

X dé,o(¢')da’ = 0. (5.6)

By (3.12) and (4.16), we have o_1(Dp)~* = o_1(Dp)~!. Similar to (3.36)(3.38), for i < n,

we have
trace[dg " o_1(Dp') x 8, 0_3(DpDp D) (o)

oo ] e o] s
_—é}trace[z(gn_\/_—l)g} 4\/_1§n§ltrace{2(£n_\/_—1)|€|6

c(§')? c(dzn)?
_ 2\/—_1)trace{2(€n — \/__1)2|€|6} + 4\/—_15721€itrace{2(§n — \/__1)2|§|6] (5.7)

We note that i < n, f‘f,‘:l &o(€) =0, so

| +4v-T6si (6

_fzaj(f /E/I 1/ Z trace 85,7r§ o_ 1( )Xaf o_ B(DFDFDF) ]( 0)

j<n o] =1

x dé,o(&)da’ = 0. (5.8)
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Then we have case (a) (I) = 0.
Case (a) (II) r=-1,1=-3,|a|=k=0,5=1.
By (5.2), we have

case (a (IT)

“+o0 . N N N
S / trace(ds, m¢ o1 (f D7) x 02,0_o(f 1 (D)1 - fDEt - 1 (D)) (o)
"N=1J-

1€’ 00

x €0 (¢')da’
1 oo - PP
— 5 [ [ wmacln, w0 (DF) x 02,0-4( D D D) (ao) g (¢ s’
|€|=1J =00
“+o0
_ —f 1(9% / / trace| 7T5 o_ 1( )>< Bg o_ 3(DFDFDF) ](xo)
/| 1
x déo(¢)da (5.9)
Since n = 6, trace,-(r-ap[—id] = —64dim F. By the relation of the Clifford action and

trace PQ) = trace QP, we have

trace[c(&")c(dz,)] = 0, trace[ (dz,)?] = —64dimF, trace[c(£')?](20)|erj=1 = —64dim F,
trace[dy,, [c(£)]e(dzy,)] = trace[d,,, ¢(&")e(€)](z0)|jerj=1 = —32h/(0)dim F. (5.10)

Similar to (3.41)—(3.45), we obtain
trace[@znﬂ'g; o_1(D3") x 02 0_5(DpDr D)~ (w0)d€no(€)da’

— 24£,1 + 40€2 + 24i¢3

/ /_

2 Jlg=1
1/ - /
2 Jigr1=1

8K’ (0)d (fn (e + 1) d¢&,o(¢)da’
o (8 + 2461 — 4062 — 24i€37(5) ,
= 8h'(0)dim FQy [ e ] Ll
= —?Wh'(())fhdim Fd'. (5.11)

Similar to (3.47)—(3.48), we obtain

+oo PR
- —f L., (f / / trace| 775 o_ 1(D by x 352na_3(D}DFD})_l](xg)dﬁna(ﬁ’)dx’
[€']=1
= (1071 + 887)Qudim F - £, (f)da’, (5.12)

where ()4 is the canonical volume of Sy.
Then

1
case (a) (IT) = —;wh’(0)§24dim Fda' + (1071 + 887)Qudim F - f719, (f)dz’,  (5.13)

where €4 is the canonical volume of Sjy.
Case (a) (III) r=-1,1=-3,|a|=7=0, k= 1.
By (5.2) and an integration by parts, we have

case (a) (IIT)
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= _1/ /+OO trace[aﬁnﬂg Uq(fﬁ?) X 3&3%0._3”—1(13})—1 . ff);l . f—l(ﬁ})—l)](zo)
2 Jig1=1 /o0 "
x d&,o(&")da’

“+o0 . PN
-1 / / tracele, 7f (0_1(D5")) X O, Or0—s(DyDp D) 1] (o) dgnor (€)'
/| 1

_—faacn f 1 /§| 1/+Ootrace85n7rf (o 1( )X(?gnU B(DFDFDF) ](I'Q)dfn
x o(¢)da’.

(5.14)
Similar to (3.52)—(3.53) and combining (5.10), we have
trace[afnﬂg o_ 1( Y X Oe, 0, 0_3(DpDp D)~ (@)l o1
3 B 32571 - 8152
= 8h/ O dlmF.—.n' 5'15
v (& —1)°(E+1)4 ( )
Then
1 +o00 . o
-3 /5| 1/ tl"aCe[afnﬂ-;_n(O'_l(DFl)) X O¢, O, 0_3(DpDpDF) 1](x0)d§n0(§')dx’
1/ /+<>o ' — 32¢, — 8ig2 )
=—— 8h'(0)dim F g, 0 (¢ )da
2 Jigi=1 6 i)
- LT s
= %Wh/( )Qudim Fda' (5.16)
and

—+oo
__fawn (F Y /5 1/ trace| Bgnﬂ'f o_ 1( Y x 0,0 3(DFDFDF) (o)
x dépo(¢)da’
= %1 f 0y (fYH)Qudim Fd, (5.17)

where €4 is the canonical volume of S;. Then

case (a) (II1) = 22—57Th’(0)ﬂ4dim Fdz' + %1 f - 0, (fHQudim Fda’. (5.18)

Case (b) r=-2,1=-3,|la|=j=k=0.
By (5.2) and an integration by parts, we have

case (b

)
“+oo N R N R
= i / / tracelrf o_o(fDy) % Oe,0s(f 1 (Dp) 1 - fDEE - 1 (D)) (o)
€/1=1J—oc
x A€o (€)da’

+oo N L
—i /E ‘ / trace[wg;cr_g(D;l) X ancf_g((D}DpD})—l)](xo)dfna(fl)dz/' (5'19)
"1=1J -0
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Then an application of Lemma 4.3 shows

a_z<B;1><xo>
c(€)oo(Dr)(wo)

= e |§|6 S (a0, (A)IEP — (), (EP)] o)
= C(&)UO(-D|£|‘2(!WO) (5) + %c(dx )[amn(c(ﬁl))(ﬁfo) o c(é—)h/(o)|§/|3aM] (520)
Hence,
¢ 0_2((Dp) ") (wo) == By + Ba + Bs + By, (5.21)
where
Bi= e il) |2+ )€~ %h/(O)c(dxn))C(fl) Figne(dan)( - %h'(())c(dxn))c(dxn)

+ (24 i€)el€)e(den) O, e(€)) + ie(dan) (— Zh’(o)c(dm)c(&’) +ie(€)( - ZWO)
x c(dxn))c(dxn) - iamnc(fl)}

= e 51 Oldn,) = W) = (24 i€ )el€ (),
+ide, 0(5')} : (5.22)
B, =20 41?2903)@ + C(C?(Z :1525/) 4 ?é = 17)1 ie(€') — e(dz,)]] (5.23)
By = g a2 +6)e(€ Ipe(e) + i€ueldm)pe(d) + (2 4+ 16l ()0, el
T ie(dwn)pe(€') +ie(€ Jpe(dan) — 0, o(€), (5.24)
Bi— ﬁ[@ +16)e(€)96(E) + iEnc(dan)de(dan) + ic(dan )Ie()
Fie(€)de(dan)]. (5.25)

On the other hand,

—4igue(€) | i1 - 3¢2)c(dwn)
(14&2)3 (1+&)3

O¢,0_3(DeDpDy) 1) = (5.26)

From (5.22) and (5.26), we have

tracel B, x 0, 0-5((D D D)™)ol
- tr{m (21 O)cld) — DH(O)c(€) — 2+ iE)el€ ye(dra), o(€') + 10, (€]
—4i&,e(&) + (1 — 3i€2)c(dxy,)
) a+ay }
3 4 12i¢, + 3¢2
(&n = )& +1)*

Similarly, we obtain

=81/(0) (5.27)

trace[Bs x 8¢, 0_3((DpDp D)™ (x0)]|jer1=1
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W) r c(dx, c(dz,) —ic(€’ 3¢, — 71
= - [4i<(§n —)i> | 8(&3 = i)gg '+ sén —ip
" —4i€pc(€) + (1 — 3i€2)c(day,) }
(1+&2)?
4i — 11¢,, — 6i€2 + 3¢3
(€n —1)%(&n +1)3

For the signature operator case,

trace[c(&)pe(€’)e(dzn)](xo) = trace[pe(€)e(dwn)e(€)](zo) = [€'[Ptrace[p(ao)c(dzn)]  (5.29)

lic(¢) — c(dzn)]

= —8K'(0) (5.28)

and
(o )p(ao)
= 1K 0) Y e(E@aE el eEn)
n—1
— 1 (0) Y G - () — @) (530
i=1

By [12, Section 3], we have

trace,m (- ar) {e(eix)e(eix) — v(ei)e(ex)][e(enx)i(ent) — tlent)e(en)]}

= Gn,m (€%, en*>2 + bpmlei * |2|en * |2 = bn.m, (5.31)

where bg m = <m4—2> + (i) -2 (m4—1>'

Then
6
tepe (e an) L (@5)0(6%) — o(@)e(@)le @nm)u(ens) — uenRe@i]} = 3 bom = 0. (5.32)
m=0

Hence in this case,
tracen« (7« ar)[c(day )p(20)] = 0. (5.33)

We note that f\f’lzl &1 Eaqr10(E) = 0, then traces-(7«ap [c(€)p(w0)] has no contribution
for computing case (b).
So, we obtain

trace[Bs x Jg,0—s((D3Dr D7) ™) (20)]ljerj=1

= trace{ﬁ[(? +i&n)e(E)pe(€)) + inc(day )pe(dry,) + (2 + i) (€ e(dxy, )0y, (&)
. / . / . / _4i§nc(§/) + (i B 315121)6((1‘%71)
+ ie(dan )pe(€’) + ie(¢ hpe(da,) — 10, (€)] x Y }
= 8h/(0)dim F 36, — 36 — 2 (5.34)

(En — ) (& +1)*
Then, we have

trace[(By 4+ By + Bs) x 9¢,0_3(DpDpDi) 1] (z0)de, o (& )dz!
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3E3 +9i€2 + 21¢, — 5i
(& —1)5(& +1)3
By the relation of the Clifford action and trace PQ = trace QP, we have the equalities

= 81/ (0)dim F

(5.35)

trace[c(e;)c(dz,)] =0, i <n; tracele(é)c(dz,)] = —64dimF, i=n; (5.36)
trace[c(e;)c(¢)] = trace[c(e;)e(dx,)] = 0. (5.37)

Then trace[dc(¢)] has no contribution for computing case (b).
Then, we have

trace[By x ¢, 0_3((DpDp D)™Vl 1111
512+ i&n)e(€)0e(€) + inc(dan)de(da,) + ic(dr,)de(E)

—4i&,c(¢') + (i — 3i€2)c(dwy) }
(1+¢2)°

s trace[c(dw,, )]

-1
—trace{ (fn )
+ic(&)de(dwy,)] x
_ i(36, — i)
2(&n — 1) (& +1)?
= —32dim 1+ 36 r Fie
= -32d F(gn_l) e T )tace[ ]

From (5.35), we obtain

(5.38)

+oo
i / . / trace[(By + By + Bs) x 8¢, 0_3(DpDpDs) )] (w0)dé o (& )da!
ler|=1

+oo 3 2 _
— —8idim FK/( / / 36n + 90 1+ 260 — 51 je o(¢)da!
j&/]=1

fn - 1 (fn + 1)
o 2mi 365 + 9621 + 21&, — 5114
= —8idim F'h’(0) m [ (€0 +1)3 } ,n:imdx
= 475dim Frh'(0)Qda’. (539

From (5.38), we obtain
“+o0 PN
i / / trace[By x e, 0—a((DoDrD3) ) (w0)d€na (€)da
&r1=1

“+o0
= 32idim F'trace[o / / ! + 3n dfncr(fl)dx/
ler|=1 (& +1)°

- 2mip 1+ 3¢
— Fe n
= 32idim Ftr&Ce[O’n ]? [m} En:iQ4de/
= —16dim Ftrace[ot>¢]Q,dz’. (5.40)
Combining (5.19) and (5.39)—(5.40), we have
45
case (b) = [Eh (0) — 16trace(c’ )} wdim FQuda’. (5.41)

Case (¢) r=-1,l=—4, |a|=j=k=0.
By (5.2) and an integration by parts, we have

case (c)
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“+o0 N . N R
=i /E | / tracelrf o 1(fDpY) x e, 0a(f 1 (Dp) " - fD5t - £~ (D3) )] (o)
/=1 (o'
x dguo(¢')da’

+OO ~ ~ ~ ~
- i / | / trace [wgn o_1(Dzt) x 0, (0_4(D;DFD;)—1)] (20)d€na(€')da’
&'=1J -

421 /|§/1 /_ j trace[wgn o_1 (D7) xafn(%)}(xo)dﬁnd{/)dx’. (5.42)

By direct calculations, we have

c(&) + ic(dxy,)
2(571 - i) .

In the normal coordinate, g% (z0) = 67 and 9, (9*7)(x0) = 0, if j < n; du, (9*7)(20) = n'(0)d5,
if j = n. So by [12, Lemma A.2], we have I‘”(xo) = 21/(0) and T'*(z¢) = 0 for k < n. By the
definition of 6% and [12, Lemma 2.3], we have 6"(zo) = 0 and §* = 11/(0)c(éx)c(ey,) for k < n.
By [19, (3.15)], we obtain

md o1 (Dp') = — (5.43)

o_4(DyDp D)~ (o)

_—17-9¢ N 33&, + 1783
T R (0)e(€)e(dan)e(€) + 20ty

! / / 3§n Y
+ mc(f Ye(dwy, )0z, [e(€)] (o) — Waz" [e(EN](z0) —

g ()(p + 9 — 2w ))el) | Aw)
T Oelden) + e TR

49¢2 + 25¢8
Wh( Je(dzn,)

26n
(1+&3)°

R (0)e(€') +
R'(0)énc(E")

(5.44)

Then

+o0
_1/ €'1= 1/ trace[rf, o-1(D5") x 9, (0-4(Dy Dr D) ™) (wo)dénor(€)da’

12
= —7971'}1/( Ydim FQquda’ + 12ntrace[o>¢)dim FQuda’ + 4rtrace[w(F, g©') (e, )]dim FQyda’

— 12ntrace[w* (F, g*')(e,)]dim FQuda’. (5.45)

By 0_1(5;1) = 0_1(5;1), similar to case (b) in Section 3, and we get

trace {772:10_1(13;1) X O, (70(5)1(?'];)0(6))} (zo)

Ul + 2 cele(€)e(df)] +

T 26 +1)(1+&2)8

A€+ 2
2(6 +1)(1+£2)3

trace[c(dz,)c(d f)]

and

- ic(€) Sle(dz;) €] + 2€;¢(€)] D,y (f1)e(€)
trace|md o_1(Dp') x 8§n( ] eF )} (z0)
C
(En +1)(1+E3)*
St N
(En + D)1 +&5)1

trace[e(€') 3 [elda;)IE[ + 265¢(€)] D (£ )]

J

trace|e(dwn) Y [e(da;)[¢[ + 265e(€)1 D, (/7)) (5.46)

J
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By the relation of the Clifford action and trace QP = trace PQ, we have the following
equalities
trace[e(day, )e(df)] = —g(day,, df)
and

trace[c(dan) Y lelde €[ + 265e(€))Ds, ()]

= trace(—id)|¢|*(—10a, (f) 1) +2 ) _ & éntrace(—id)(—ids, (£) )
J

= —64dim F|¢|* (=10, (f)f ") + 2 _ & éntrace(—id)(—ida, (f) ).
J

We note that i < n, f\f/\:l &o(€) = 0, so trace[c(¢)c(df)], trace[c(f’)Z[C(dxj)|£|2 +
26;¢(€)]Dg, (f71)] and 2i Y- &;€,0,,(f)f " trace[—id] have no contribution for cjomputing case
J

(b). Then we obtain
o~ c(€)e(df)e() !
—2if~ /£ . 1/ trace 7rE o_ 1(D Y x O, (7)] (x0)d&po(&)dx

= 8f wg[da,, df]Quda’ (5.47)

and

oo ic(€) 2ole(dz;) €] + 26;¢(§)] Day (fH)e(€)
/fl 1/ trace 775 o_1(Dy )xaén( d HE )}

X (x9)dé,o(€)da’
= —60i0,, (f)rdim FQudz’. (5.48)

Then we have

case (¢) = {12trace[ Fel 1_§£)h,(0) + 4trace[w(F g (en)] — 12trace[w* (F, g7)(en)]

— 60id,, ( f)}wd1mFQ4da: + 2 g(dwn, df)rQude’. (5.49)

f

Now U is the sum of the case (a), case (b) and case (c¢), then

U= {4trace[w(F, ") (en)] — 37H'(0) — 4trace[o Fe] 12trace[w* (F, g%")(en)]

19 88
(@ +p - 601) 0%, (f) prsdim Fda' + —f g(dzn, df)rQuda. (5.50)
By [12, (4.2)], we have
K= Y K5, K,;=-T},
1<i,j<n—1

and K ; is the second fundamental form, or extrinsic curvature. For n = 6, we have

K(zo)= Ki,j(xo)ggig(xo):ZKM(Q;O)z_gh’(o), (5.51)

1<i,j<n—1 i=1

Hence we conclude the following theorem.
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Theorem 5.1 Let M be a siz-dimensional compact manifolds with the boundary OM . Then

Wres[nt (fDpY) o n (f1(Dy)~ - fDF* - f~H(D3) 1Y)
3

= 8n3 /M {trace[ - 1—82 + g[/c\(w*) —W)]? — iﬁ(w*)’c\(u)) - i Z ij (c(w*))e(ey)

D ele)VE (@) + 47 A + Starad sy (1), gradyy (1)) = 57 2(Jgradyy ()P

+ 2A(f)]}d volys + /BM {{4trace[u;(F, ") (en)] — 4trace[ol ] — 12trace[w* (F, ™) (en)]

— 37h'(0) + (% + % — 601)8% (f)}dimF + %g(dxn, df)}ﬂ'Q4dVO].M, (5.52)

where s is the scalar curvature.

Acknowledgement The authors would like to give their thanks to the referee for his/her

many helpful suggestions on the original version of this paper.

Declarations

Conflicts of interest The authors declare no conflicts of interest.

References

1]

2]
[3]

Guillemin, V. W.,; A new proof of Weyl’s formula on the asymptotic distribution of eigenvalues, Adv. in
Math., 55(2), 1985, 131-160.

Wodzicki, M., Local invariants of spectral asymmetry, Invent. Math., 75(1), 1984, 143-177.

Adler, M., On a trace functional for formal pseudo-differential operators and the symplectic structure of
Korteweg-de Vries type equations, Invent. Math., 50, 1979, 219-248.

Connes, A., Quantized calculus and applications. XIth International Congress of Mathematical Physics
(Paris, 1994), International Press, Cambridge, MA, 1995, 15-36.

Connes, A., The action functional in noncommutative geometry, Comm. Math. Phys., 117, 1988, 673-683.
Kastler, D., The Dirac operator and gravitation, Comm. Math. Phys., 166, 1995, 633-643.

Kalau, W. and Walze, M., Gravity, non-commutative geometry and the Wodzicki residue, J. Geom. Phys.,
16, 1995, 327-344.

Ackermann, T., A note on the Wodzicki residue, J. Geom. Phys., 20, 1996, 404—406.

Ponge, R., Noncommutative geometry and lower dimensional volumes in Riemannian geometry, Lett. Math.
Phys., 83, 2008, 19-32.

Fedosov, B. V., Golse, F., Leichtnam, E. and Schrohe, E., The noncommutative residue for manifolds with
boundary, J. Funct. Anal., 142, 1996, 1-31.

Schrohe, E., Noncommutative residue, Dixmier’s trace, and heat trace expansions on manifolds with bound-
ary, Contemp. Math., 242, 1999, 161-186.

Wang, Y., Gravity and the noncommutative residue for manifolds with boundary, Lett. Math. Phys., 80,
2007, 37-56.

Wang, Y., Lower-dimensional volumes and Kastler-Kalau-Walze type theorem for manifolds with boundary,
Commun. Theor. Phys., 54, 2010, 38-42.

Wang, Y., Differential forms and the Wodzicki residue for manifolds with boundary, J. Geom. Phys., 56,
2006, 731-753.

Wang, J. and Wang, Y., A Kastler-Kalau-Walze type theorem for 7-dimensional manifolds with boundary,
Abstr. Appl. Anal. Art., 2014, Art. ID 465782, 18 pp.



794
[16]
[17]
18]
[19]
[20]

(21]
(22]

(23]

[24]

S. N. Wei, J. Wang and Y. Wang

Wang, J. and Wang, Y., A Kastler-Kalau-Walze type theorem for five-dimensional manifolds with bound-
ary, Int. J. Geom. Methods Mod. Phys., 12(5), 2015, 1550064, 34 pp.

Wang, J. and Wang, Y., The Kastler-Kalau-Walze type theorem for 6-dimensional manifolds with bound-
ary, J. Math. Phys., 56, 2015, 052501, 14 pp.

Wang, J. and Wang, Y., A general Kastler-Kalau-Walze type theorem for manifolds with boundary, Int.
J. Geom. Methods Mod. Phys., 13(1), 2016, 1650003, 16 pp.

Wang, J. and Wang, Y., On K-K-W type theorems for conformal perturbations of twisted Dirac operators,
2021, arXiv: 2108.03149.

Bismut, J. M. and Zhang, W., An extension of a theorem by Cheeger and Miiller, Astérisque., 205, 1992,
235 pp.

Boutet de Monvel, L., Boundary problems for pseudo-differential operators, Acta Math., 126, 1971, 11-51.

Grubb, G., Functional Calculus of Pseudodifferential Boundary Problems, Birkh?user Boston, Inc., Boston,
MA, 1986.

Rempel, S. and Schulze, B. W., Index Theory of Elliptic Boundary Problems, Akademie-Verlag, Berlin,
1982.

Schrohe, E. and Schulze, B. W., Boundary value problems in Boutet de Monvel’s algebra for manifolds
with conical singularities. I, 5, Pseudo-differential Calculus and Mathematical Physics, Akademie Verlag,
Berlin, 1994, 97-209.



