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Abstract In this paper, the authors investigate the geometric rigidity of Riemannian
manifolds under suitable curvature restrictions. The authors first prove a new gap the-
orem for the Ricci curvature of compact locally conformally flat Riemannian manifolds.
Subsequently, the authors consider the Riemannian manifolds with the Cotton tensor C'
satisfying div C' = 0 and prove some integral curvature pinching theorems.
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1 Introduction

Let (M™,g) be an n-dimensional Riemannian manifold. The Riemannian curvature tensor
Rm of M can be orthogonally decomposed as Rm = W + V + U, where W is the Weyl
curvature tensor, V and U correspond to the traceless Ricci part and the scalar curvature part,
respectively. A manifold has constant sectional curvature if and only if Rm vanishes, where
Rm = Rm—U , or equivalently if and only if both W and V' vanish. A manifold with vanishing
V' is called Einstein. It is well-known that for n > 4, a manifold is locally conformally flat if
and only if W = 0, and for n = 3, one always has W = 0, and a manifold is locally conformally
flat if and only if C' = 0, where C' denotes the Cotton tensor (see e.g., [17] for the proof).

Based on the seminal work of Schoen [35] on the Yamabe problem (see [1, 27, 40, 46], etc.),
a compact n(> 3)-dimensional locally conformally flat Riemannian manifold is conformal to a
manifold with constant scalar curvature. There are many results on the rigidity and classifi-
cation of locally conformally flat Riemannian manifolds with constant scalar curvature. Tani
[39] showed that the universal cover of a compact oriented locally conformally flat Riemannian

manifold with positive Ricci curvature and constant scalar curvature is isometrically a sphere.
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Goldberg and Okumura [22] proved that for a compact locally conformally flat Riemannian

manifold M of dimension n > 3, if the scalar curvature R is a positive constant and the Ricci
s 2
curvature tensor Ric satisfies % < ﬁ, then M is of constant curvature. This pinching

theorem was later generalized to the case of complete locally conformally flat Riemannian man-
ifolds by Goldberg [21], Hasanis [24], Pigola, Rigoli and Setti [34], etc. In particular, Hasanis
[24] proved that for a complete locally conformally flat Riemannian manifold M of dimension
n > 3, if the scalar curvature R is a positive constant and the Ricci curvature tensor Ric satisfies
|Ric|? |Ric|?

75— < —1, then either M is of constant curvature or S5 = —L-. Cheng [10] proved that

for an n-dimensional compact locally conformally flat Riemannian manifold M with constant
scalar curvature, if the Ricci curvature is nonnegative, then M is isometric to a space form or
a product space S! x S"~!. When n = 3, Cheng, Ishikawa and Shiohama [11] classified com-
plete locally conformally flat three-dimensional Riemannian manifolds with positive constant
scalar curvature and constant squared norm of the Ricci curvature tensor. From the theorems

mentioned above, we know that an n(> 4)-dimensional compact locally conformally flat Rie-

s 2

mannian manifold with positive constant scalar curvature satisfying ‘RI;‘ < ﬁ is either a
S 2

space form or a product space S' x S*~!. As it always holds that IRI;I > %, this result can be

iewed as a pinching th that if L < B < 1 thon either RS = 1 o [Ricf® _ 1

viewed as a pinching theorem that if - < == < =5, then either —5— = ~ or “pp- = =

and all the manifolds satisfying the equalities are determined. There are also other versions of
pinching theorems for locally conformally flat Riemannian manifolds, see e.g., [10, 12].

The first purpose of the present paper is to investigate a new gap phenomenon for compact
locally conformally flat Riemannian manifolds with positive constant scalar curvature and con-
stant squared norm of the Ricci curvature tensor. Motivated by the geometric rigidity theorem
due to Peng and Terng [32] on the Chern conjecture for closed minimal hypersurfaces with
constant scalar curvature in the sphere and the new gap theorem due to Gu, Lei and Xu [23]
on the generalized Chern conjecture for closed hypersurfaces with constant mean curvature and

constant scalar curvature in the sphere, we prove the following new gap theorem.

Theorem 1.1 Let (M™,g) be an n(> 4)-dimensional compact locally conformally flat Rie-
mannian manifold with positive constant scalar curvature R and constant squared norm of the

Ricci curvature tensor |Ric|?. If

- 12
1 <|R1<:| <1+5(n)7
n—1—" RZ — n-1

L2
then M = L and M™ is isometric to a product space S* x S*~1 of round spheres.
R n—1

Remark 1.1 For the progress on the Chern conjecture, the generalized Chern conjecture
and related problems, see [8-9, 13, 15, 2829, 32-33, 4144, 47] and the references therein.

Based on Theorem 1.1 and the pinching result for compact locally conformally flat Rieman-

. . . .. .. Ric|?
nian manifolds with positive constant scalar curvature under the condition % < ‘ };‘ < ﬁ,

we have the following general version of the gap theorem.

Theorem 1.2 Let (M™,g) be an n(> 4)-dimensional compact locally conformally flat Rie-
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mannian manifold with positive constant scalar curvature R and constant squared norm of the
Ricci curvature tensor |Ric|?. There exists an explicit constant e(n) > 0 depending only on n
such that if

|Ric|? - 1+¢(n)
R2 = n-—-1"

then M™ is isometric to a sphere or a product space S* x S*~1 of round spheres.

Next, we consider the manifolds satisfying integral curvature conditions. Hebey and Vaugon
[25] classified compact conformally flat manifolds that satisfy certain integral curvature pinching
conditions. Chang, Gursky and Yang [6] proved a sharp theorem that if a smooth closed four-
manifold M* with positive Yamabe invariant satisfies [,, [W[*du < 1672x(M), where x(M)
is the Buler characteristic of M, then M is diffeomorphic to either S* or RP?. They also
characterized the manifolds for the case of equality. There are many results of this type, under
optimal or non-optimal integral pinching conditions (see [2-4, 7, 16, 18-20, 30, 34, 36-38,
45], etc.). Recently, Catino [5] showed that an n-dimensional closed locally conformally flat

Riemannian manifold with positive constant scalar curvature R satisfies

/ IRic|*2 (R — \/n(n = 1)|Ric|)du < 0.
M

He also classified the manifolds that satisfy the equality. We investigate a general case in the
present paper. Recall that the Cotton tensor C' and the Weyl tensor W are related by the
equation divW = Z—:SC, n > 3, where W is considered as a (1, 3) tensor. Mastrolia, Monticelli
and Rigoli [31] provided some sufficient conditions for Riemannian manifolds to be Einstein by
employing the weak maximum principle at infinity, assuming that the Cotton tensor satisfies

div C' = 0. Inspired by the results mentioned above, we prove the following theorem.

Theorem 1.3 Let (M™,g) be an n(> 3)-dimensional closed Riemannian manifold. Suppose

that divC' = 0 and the scalar curvature R is a positive constant. Then

/M IRic|*(V2R — /3n(n — D)|Ric| — \/Tn = D)(n = 2)[W|)du < 0 (1.1)

for any a > 1. Moreover, if g is real analytic, then the equality holds if and only if M is
Einstein or M is S' x S~ with the product metric or with a rotationally symmetric Derdzinski

metric.
As a consequence, we obtain the following result.

Corollary 1.1 Let (M",g) be an n(> 3)-dimensional closed Riemannian manifold. Sup-

pose that divC' = 0, the scalar curvature R is a positive constant. If

. ) 1
IRic| + 1/ =—|W]| < R,
2n vn(n —1)

then M is Einstein.
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Motivated by the L Ricci curvature pinching theorems due to Xu and Zhao [45] for complete
locally conformally flat Riemannian manifolds, we prove the following theorem for complete

Riemannian manifolds satisfying divC' = 0 under L% curvature pinching condition.

Theorem 1.4 Let (M™,g) be an n-dimensional complete Riemannian manifold. Suppose

that div C' = 0, the scalar curvature R is constant and the Yamabe constant Y(M, [g]) is positive.

If
(i) R=0andn>5, or R>0andn=25,6, or R<0 andn >7, and

. n—2 8n—2) In—1
IRiclls + /" 21wy < 2022 M v, [g),
or if

(i) R>0andn>17, and
- n—2 4 n—1
Ric||z Wl < —— Y(M
Bl + /" 2wl < Py ).

Remark 1.2 On S' x S"~! with the product metric, the Weyl curvature tensor W = 0
and the scalar curvature R = \/n(n — 1)|Ric| # 0. Through direct computation, we find that
||R1c||§ = 4 /2=LY(M,[g]) on S' x S"~!. Hence in Theorem 1.4, the pinching constant

then M is Einstein.

4 "T_l for R > 0 and n > 7 is optimal.

n—2

The paper is organized as follows. In Section 2, we set our notations and recall the fun-
damental formulas, including the Simons-type equation. In Section 3, we provide the proof of
the gap phenomenon for locally conformally flat Riemannian manifolds. In Section 4, we derive
integral inequalities and characterize metrics that satisfy equality on more general manifolds
where the Cotton tensor C satisfies div C' = 0 and the integral pinching conditions are met. We
also prove that the manifold is Einstein if the LZ-norm of certain curvatures satisfy suitable

pinching conditions.

2 Preliminaries

Let (M™, g) be an n(> 3)-dimensional connected Riemannian manifold. Choose a local
orthonormal frame field {e, ea,- - , e, } and the dual coframe field {wy,wa, - - ,w,} adapted to
the Riemannian metric of (M™, g). The connection 1-forms {w;;} of (M™, g) are characterized

by the structure equations

dwi:— E wij/\wj, Wij +wji:0,
J

1
dwij = — Zwik Nwgj + 3 ZRijklwk N wy,
& k.l

where R;ji; are the components of the Riemannian curvature tensor Rm of (M™, g).
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Let W;jx; denote the components of the Weyl curvature tensor W of (M", g). We have

1
Wijki = Rijr — m(Rik(Sjl + Rjidix — Rudji — Rjrdir)
R

* Ty o) Ol — dudsw), (2.1)

where R;; = > Rikji gkl and R =) Rijgij are the components of the Ricci curvature tensor
k,l ,J
Ric and the scalar curvature R of (M™, g), respectively.
Let V denote the covariant differentiation on M™. For simplicity of presentation, let R ; =
ViR, Rij, = ViRij and Ry = ViViR;j;, etc. Denote by Cyj, the components of Cotton
tensor C of (M™, g). We have

1
Cijk = Rij e — Rik,j — Q(T—l)(R’k&j — R jdir),
n—3
Wikii = ———Cijg.
; Jkl,l n_2 gk
The traceless Ricci curvature tensor Ric is defined as Ric = > ]%ijwi ® w; with Io%ij = R;; — %.
i
From the definition, we have |Ric|> = 3(R;;)? = |Ric|? — R{. Moreover, we have the following
,J
Simons-type equation as referenced in [31]:
o 3 .
—A|R1C|2 |VRic|? + —R|R1c|2 2tr(Ric )+ > RijCijik
.5,k
o o n—2 o
+ ijzk:l Wit R R + mtr(Rlc o Hess(R)). (2.2)

From [26, Lemmas 2.4 and 3.4], we have the following inequalities

Z szgleleg < 1/ |VV||RIC|2 (2.3)
i,7,k,l

|tr(R1(: )| < 7|R1C|3 (2.4)
n(n—1)
To analyze the equality case of (2.3), we briefly recall the proof that was given in [26]. For

the given local orthonormal frame, the traceless Ricci part V' of Rm is given by
1 - . . .
Vijr = m(Rik(Sjl + Rji6ir — Riudji — Rjidir).

Hence 02
wvovy= 2w

o n — 2)2
Z Whiji R Ry = (n=2¢
ikl

where T is the Weyl part of V o V. Therefore,

. n —2)2
Z Wit R R < %|W”T|
ikl
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The equality holds if and only if |[W||T| = 0, or |W||T| # 0 and W = ¢1T for a positive constant

¢1. Based on the computation in [26], one has

n?—3n+3

32
2—7 —
7l _(n—2)5( nZt T

[Ric|').

where Z = ) Io%ij ]%jklo%kl]%li. Choose the local orthonormal frame field {ej, - - ,e,} such that
igkil

the traceless Ricci tensor R” is diagonalized, i.e., R” = \;0;;. Within this orthonormal frame,

we have Z = > A}, By the Cauchy-Schwarz inequality, one has

(Zi:/\f)Q gZi:A;*-ZijlznZ.

Hence,

32 -
= |Ricl%,

I e VT ey

o 2 o 2
and the equality holds if and only if Ric = cog for a nonnegative constant co. Here Ric =

> }O%U}D%jkwi ® wg. This inequality implies (2.3).
1,5,k
From the brief proof above we see that if (2.3) is an equality at a point, then either W = 0,

or W # 0 and Roic2 = ¢g for a nonnegative constant ¢ at that point. Additionally, the equality
in (2.4) holds at a point if and only if at least n — 1 numbers of the eigenvalues of Ric are the
same with each other at this point.

Now we consider a locally conformally flat Riemannian manifold (M™, g) of dimension n(>

4). Using the Ricci identity, we have
Rij i — Rijan = Z RijRiirt + Z RitRyijki- (2.5)
t t

For n > 4, we know that M" is locally conformally flat if and only if Wi = 0 on M™. We
assume that the scalar curvature R is constant. From the second Bianchi identities and (2.1),

we know that the Ricci curvature tensor is a Codazzi tensor, i.e., the following identities hold
Rijr = Rir ;- (2.6)

Combining (2.5)—(2.6) with the Ricci identity, we calculate that

ARij = Z Riju = Z Ry Ryiji + Z Ri Ry
1 t,l t

R
- L 5 (nzt: RiRej — ; 3o, — ——RR,; + méij). (2.7)

Therefore,

1 ° 19 ° 19 n o o o 1 19
5AIRic|” = |VRic| +E;Rinijki+mR|Rm|. (2.8)
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(2.8) can also be derived from (2.2).

For a Riemannian manifold (M™, g), the Yamabe constant Y (M, [g]) is defined as
/ |Vu|?du T / Ru2du
Y (M, = inf
( [g]) ueCge (M)\{0} n
(/1 2du)

where dy is the volume form with respect to the metric g. The Yamabe constant Y(M, [g]) is
invariant under the conformal change of g. As a result, it is also referred to as the Yamabe

invariant.

3 A New Gap Theorem for Locally Conformally Flat Riemannian
Manifolds

Let (M™, g) be an n(> 4)-dimensional locally conformally flat Riemannian manifold. Sup-
pose that A is an eigenvalue of the Ricci curvature whose multiplicity is 1 at some point x € M.
Then A is smooth in a neighborhood U of x. Let u be the unit eigenvector corresponding to A,

ie.,
ﬁlz(u) = Au,
where Ric is given by (ﬁ?:(u), v) = Ric(u,v) = {(u, /R\I(;(U» Then for any vector field X on U,
Vx (Ric(u)) = X(A\)u + AV xu.
On the other hand,
(VxRie)(u) = Vx (Ric(u) — Rie(Vxu).
Combining the two equations above yields
X(A\)u+ AVxu = (VyxRic)(u) + Ric(Vxu). (3.1)

Let V be the linear subspace of T, M that is orthogonal to . Then V is an (n—1)-dimensional
Ric-invariant subspace. Given that |u| = 1, it follows that Vxu € V, and consequently,
ﬁi?:(vxu) € V. Let (-)V denote the projection onto V. From (3.1), we obtain

(Vx (Ric(u)) — AV xu, u)
((VxRic)(u), u) + (Vxu, Ric(u))
(VRic)(u,u, X) (3.2)

X(N)

and

(Md — Ric)(Vxu) = [(VxRic)(u) — X (\)u]"
= (VxRic)(u) — ((VxRic)(u), u)u. (3.3)
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From the above analysis, we know that A\Id — Ric is invertible. Therefore, (3.3) can be rewritten

as
Vxu = (Md — Ric) " [(VxRic)(w)]V. (3.4)
Furthermore, for the vector field Y on U,

Y (X(X) = Vy[(VRic)(u, u, X)]
= Vy (VRic)(u, u, X) + 2(VRic)(Vyu, u, X) + (VRic)(u, u, Vy X)
— (V2Ric)(u, u, X, Y) + 2(VRic)(Vyu, u, X) + (VRic)(u, u, Vy X).

Choose the local orthonormal frame field {e1, ez, -+ ,e,} on U. Combining the above identity,

we derive that
ej(ei(N) = (VRic)(u, u, e;, ;) + 2(VRic)(Ve, u, u, e;) + (VRic)(u, u, Ve, ;).
Similarly, (3.2) yields
Ve, ei(A) = (VRic)(u, u, Ve, €;).
Taking the trace of the above equation, we obtain
AN = Z[ei(ei(/\)) = Ve,ei(N)]

= Z[(v?m:) (u, u, €, ;) + 2(VRic)(Ve, u, u, €;)]. (3.5)

Let Ay < Ay <--- < A, be the eigenvalues of the Ricci curvature tensor, with corresponding
eigenvectors uy,ug, - ,u,. At the point x under consideration, {ui,us, - ,u,} forms an
orthonormal basis of T, M. Without loss of generality, let Ay = A and u; = u denote the first
eigenvalue and its corresponding eigenvector, respectively.

Assume [(V xRic)(u)]Y = i a’uj. Then

j=2

a’ = ([(VxRic)(u)]Y, u;) = (VRic)(u, uj, X).
Hence
[(VxRic) (u)]V

(VRic)(u, u2, X) 0 e 0 Ug
0 (VRic)(u,ug, X) - 0 us

0 0 -+ (VRic)(u,un, X)) \up
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Substituting the above identity into (3.4), we obtain
(VRic)(u, ug, X)

0 0
A1 — A2
(VRic)(u, us, X) Uz
0 SV 0 s
VXU — 1 — N3 )
Un
0 0 (VRic)(u, tn, X)
A1 — A
"~ (VR X
-y MW' (3.6)
j=2 Aj
Combining (3.5)—(3.6), we get
A/\l = Z(V2Ric)(u1, UL, Ugy ul)
i=1
AL ./ (VRic)(uq,uj, u;)
+2ZZ(VR1(:)( N /\jj uj,ul,ui)
=1 j=2 -
= AR +2 Z Z 1” .
i=1 j=2 J
From (2.7), we deduce the following identity
1 9 . 19 n R?
ARll—n_Q(n;Rtl—E{lCl —mRR11+n_l)
_ ! 2 -2 n R
_n—2(n/\1 [Ric] n—lR/\l+n—1)
Rearranging the above equation, we obtain
1 n R? " &\ R
AN = (n23 = [Ricf? — —“—Rx ) +2 i,
1= 5\ |Ric| n—1 1+n—1 + ;;/\1_)\]
1 / R? n 1 o~ BRI
= ~ [Ricf?) (38— —Rx) +2 i
n—2(n—1 [Ric| o\t ;;/\1—/\]-
1 R? : n 1 - R
SR N W S T
n—2(n(n—1) [Ric] +n—2 I * ;;Al—/\j (87)
Letting N=MN—Z and Wi = ‘P; E

Zﬂi=07 Zﬂf =L

We define some new quantities as

n 1 \213
e o[t
¢ = Zul U] Skt o Zu+n_1

n—l =2

From Gu, Lei and Xu [23], we derive the following algebraic inequalities.
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Lemma 3.1 (see [23]) (1) As previously defined, ¢, n and o satisfy

n(n—1) o2
~ - TH>n> —.
w2 7125
(2) Letn>4. If¢§% e, then

- /n—1¢ _ >g n
>~ n 3 2 M1 3 Tl—l

Now we present the proof of Theorem 1.1.

Proof of Theorem 1.1 Given that |Ric|?> = constant and R = constant, it follows that
ARic|? = 0 and |VRic| = |VRic|. Consequently, the formula (2.8) implies

_ 12 n Z 13 1 %12

0= |VR1C| + m i )‘i + ER|RIC|
_ - 12 n ¥ 32 3 1 %12
= |VR1C| + m|RlC| : Wy + leRlCl

= |VRic|? + —|R1c| ¢ — 1/ |R1c|3 R|R1c|2 (3.8)

Based on the above equation, we obtain the identity concerning |Roic|2,

8 1 n —
Ric|? V Ric |? +— Ric|®¢ + —R Ric
Ricl = ey ™ L(1v e 5 Ricl*o [Ricl?).

Assuming |Ric|? < n(ﬁj_al)RQ, where € > 0 is to be determined, we have

n o o n 1 R
VRic|]? + ——|Ric|*¢ = |Ric|*( 4/ = .
[VRic| +n—2| icl*¢ =1 1C|( n—1 n—1|Ric|)
< |Ric? ,/ — )
\/nn 1)
n o 1
=, /——|Ricl*(1 - ——). 3.9
V! 1c|( Ta) (3.9)

Then we obtain the boundedness of ¢ that

b < n—2 n ( 1 1 )
~ n \n-1 Vitel
Choose an appropriate £y > 0 such that the following equality is satisfied
n—2 n ( 1 1 ) 1 n
n n—1 Vite/ 6\Vn—-1

Through a direct calculation, we obtain g9 = (22:13)2 — 1. Hence, if

1+4+¢o R2

o
<
|Ric|]® < Y p—
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or equivalently,

1+e(n )R2
n—

|Ric|? <

where e(n) = 22, then ¢ < ¢,/-". Under this condition, based on Lemma 3.1, we obtain

po — pn > 3,/
Since po > pq, it follows that Ay < Ao < --- < \,,. This implies that \; is of multiplicity 1

at every point and hence is a smooth function on M. By the definitions of \; and uq, we have

° R In R
A1:A1+E:(T]—1) |R1C|+_

Substituting this into (3.7), one has

o~ Ri; 1 R? : n 1
ANy =2 & ( ~ [Ric]?) (A = —=RA)
! ;;Al—/\j—’—n—Z n(n—1) [Ric] +n—2 R
n n R% ) 1 RQ 3
—2 & ( — |Ri 2)
;;Al—/\j—’—n—Z n(n—1) [Ric]
+ - ﬁ 2 \/ |R1(3| \/ |R1(3|
lz,j 2
=2 + |Ric|? — 7R|R1C|
;; A1 — A vn(n—1)
7 . n—2 °.
+ |R1(3|( R+ (n—2)(n— 1)|R1c|). (3.10)
2 n(n —1)
For the first terms on the right-hand side, based on the assumption ¢ < % —, by using

Lemma 3.1, we estimate

n n 11)] B n o n 117]
; ; - |R1c| Z Z p1—

1=1 j=2

~ 9|Ric| FZZ R

=1 j=2

! 2 |VRm|2 (3.11)
2|R1c|

Combining (3.9)—(3.11), we derive the following estimate for A)q,

ANy > — |VR1<:|2 + |Ric|? —

C| vn ( 1)

+ p— |R1(:|( e E 1)R +(n=2)(n- 1)|R1C|)

Based on the identity concerning |Roic|27 we can further refine the above estimate

AN > ——U |VR1c|2 R|Rlc|
Ric| ( 1)

—— R|Ric|
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+ |R1 | n- (|VR1C|2 |R1(3| o+ —R|R1(:| )
) 5
+ — |Ric |(ﬁR + (n—2)(n — 1)|Ric|)
_ n(n_l) . 12 n °, n—2 o
= Y Ric?g + |R1c|( — 1)R +(n—2)(n— 1)|R1c|). (3.12)

From the assumption of Theorem 1.1, we estimate the term within the brackets in the last
line of the above equation
_9 §
—— = _R+(n—2)(n—1)[Ric|
n(n—1)
> L_2|Roic| —2(n — 1)|Ric| > _3—"|R’1c| (3.13)
“ V1i+e - 2 ’ '
Based on (3.13), we simplify (3.12) as follows

n(n 1) 3n17
n—

2(n —2)

Since we previously chose an appropriate €y so that Lemma 3.1 is applicable, we obtain the

AN > IRic|?¢ — ————|Ric|. (3.14)

following estimate

11
Vvn(n—1)¢p > 5"
Substituting the above inequality into (3.14), we have
2 4/ —-1), .
A > 2 V=D by (3.15)
11 n—-2
Since M is compact, by the maximum principle, we obtain that A; is a constant function.
Consequently, (3.15) implies that ¢ = 0. By Lemma 3.1, it follows that 7 = 0 and o = 0. Hence

- n—1 - - - 1
21 w 2 Hn n(n—l)'

From the definition of u;, one has

1 - R . R

[Ric| + —, X2 =--- =\, = ———=|Ric| + —.

n 1 n
Therefore, one has VRic = 0. Substituting this into (3.8), we obtain

1/ |R1c|3 = —R|R1c|2

This implies that |Ric|? = HR% on M. Consequently, M™ is isometric to the product space

1
St x §n1,
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4 Integral Curvature Pinching Theorems for Manifolds with divC = 0
Let (M™, g) be an n(> 3)-dimensional Riemannian manifold. Since divC' = 0 and the scalar

curvature R is a positive constant, the Simons-type equation (2.2) implies that

n

p— 2tr(Roi(33)

1, . 1 . L
5A|Ric|2 = |VRic|* + mmmcﬁ’ + .Zk:l Whiji R Rij +
VAL

> |VRic|? + ﬁmr&q? - /%WHP&CF - \/gu&cﬁ, (4.1)
where for the inequality we have used (2.3)—(2.4). We first give the proof of Theorem 1.3.
Proof of Theorem 1.3 Set f, = {/|Ric|? + 72 for 7 > 0. By the Kato inequality, one has
|VRic|> > |V /]2

Note that we cannot obtain the stronger inequality |VRic|? > 2b2|7 f |2, as in this case Ric is

not necessarily a Codazzi tensor. From the definition of f; and (4.1), we get
AL > VP + —RIRie) — [~ w|[Ricf — | —"—|Ric] (4.2)
2 7T~ T n—1 2(n—1) n—1 ' '
Multiplying both sides of (4.2) by f&=2 for a > 1 and integrating by parts, we get
1 1 5
02— [ gafdes [ VR [ RIRa
2 M M n—1 M
n—2 o n o
_ WIIRi 2 oc—2d _ / Ri 3 oc—2d
Vi L W= [ [ Rl g
1 o
—(@-1) [ VAP [ RiRiR g
M n—1Ju

_ | n=2 G2 pa—27, ”/"'30[—2
Vi | wimieRreRan [ | et re2ap

Letting 7 — 0, the above inequality implies

/M IRic|*(V2R — \/(n — 1)(n — 2)|W| — v/2n(n — 1)|Ric|)dp < 0. (4.3)

If the equality in (4.3) holds, the proof shows that either at every point Ric = 0, or at some
point Ric # 0, where Ric has an eigenvalue of multiplicity n — 1 and another of multiplicity
1. Now we consider the latter case. Assume Ric # 0 at the point € M. Since the equality
in (2.3) also holds at z, we have that either W = 0, or W # 0 and Roic2 = cg at x for a
nonnegative constant ¢. We can choose an orthonormal basis of the tangent space at x such
that Ric = diag(\, -+ , A, —(n — 1)A) for some A # 0. It is evident that Ric’ = cg cannot hold
for a nonnegative constant c. So we have W = 0 at . Due to the smoothness of Ric, there
exists a neighborhood U, of z such that Ric #0and W =0 on U,. If we assume that ¢ is real
analytic, then the function |W] is also real analytic. Hence W = 0 on M. Therefore, either M
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is Einstein, or M is locally conformally flat but not Einstein. According to the argument in [5],
we see that for the second case, M is S* x S"~! with the product metric or with a rotationally

symmetric Derdzinski metric. This completes the proof.
Next, we give the proof of Theorem 1.4.

Proof of Theorem 1.4 We choose a cut-off function ¢, € C*°(M) with the following

properties:

1, if z € B,.(q),
Or(@) = o,@) € 0,1), Vol < 2, ifwe Bola)\ Bro)
0, if x € M\ Ba,(q),

where B,.(q) is the geodesic ball in M with radius r centered at ¢ € M. In particular, if M is
compact, and if r > d, where d is the diameter of M, then ¢, =1 on M. From (4.2), we get
the inequality that

1 o n—2 o n o
0> -7 Af + ——R|Ri 2 _ [ —/———1W|IRic|]®> = ;| ——|Ric|>. 4.4
> —foAfy R = [ - i (4.4

We set f = |Ric| and w = |W|. Multiplying both sides of (4.4) by ¢2 £277 and integrating by

parts, we get

n_ 8(n — 2 n
022 [ 6o Vi 22 [ v pay

R n_3 n—2 n_9
b e e s | tert
n 252,03
R R

n_q

— (0 +2) /M 61 Vo, V) — o /M 615 (Ve VI

8n—2 n R no_
+(72> / G2V £ Pdp + —— / ¢ 12 2 Py
n M n_l M

n—2 2 B2, n 2,52 .3
—Hm/M(brwfr Jfodu ”n—l/M(brfT fodu, (4.5)

where ¢ is an arbitrary positive constant. To estimate the second term in the first line on the

right-hand side, we apply Young’s inequality as follows:
n_q p n_o 1 n
[ ot worian<t [ GEwRPar o [ 9ol
M 2/m 2p Jur
8p n 1 n
=2 [ veiPans o [ F 90,
nsJm 2p Ju

where p is also an arbitrary positive constant. Substituting the above inequality into (4.5), we
get
2(c +2 n n_q o n
0> 2722 [ 26 12 o Vhdan— 2 [ HVe.Pas
M 2 2p Jr

n
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(B2 Sy ) [ vt Pans 2 [ i

\/7/ drof? P F/ O2FE 7 FPdp. (4.6)

By a direct computation, we have

V(6 f = 12 IVoul? + 56087~ (Vor, VI) + GV I 2 (4.7)

8(n=2) _ 8op _ 2(0+2)
n2

4 ==, le,p= 2n—8-no  For p > 0, it is necessary

4o

Choose p > 0 such that

that o < 2 — 2. This inequality implies that n > 5. From (4.6)—(4.7), we obtain
2(c +2 n n_q n

> 202D [ (B 1000 0 + VP

n

0

_—/ FE V6,2 At —— /¢2fT *fdp

. \/7/ Gt fdu - F/ Gt

_ %’T“ /M V(6 £)Pdp (Z(C’T” + 2%) /M 17 1V 6, P
T /M 1f2 7 P — \/% /M prwfE 7 Py
- \/z | i

Combining the definition of the Yamabe constant and the positivity condition, we obtain

Y(M,[g])(/Mu%du)nnz /|Vu| dpt+ g—r /Rquu

for all u € C§°(M). Hence we get

O>M(

Y, [GDII62S [y — % /M ran)

g z R n_
o) [ Ve a5 [ a2pd
n n—1Ju

2
n )
R T R sy 2

Now letting 7 — 0, the above inequality implies

B (2(0+2)

YLD + (50— T D oz,

n—2 2, 0o n 2 ¢ 241
= | i [ [ it

_ (M + i) /Mf%|v¢r|2du, (4.8)

n

0> 2(c +2)
n
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(i) When R =0, (4.8) implies

2(c +2) 2 200+2) o 2
OZTY(M,[Q])Hqﬁf s = (B2 ) [ 73190,
_ / S / d2wfF dﬂﬂ/nﬁl/ G2 fEH1dy
> 202y (0t g)) 16254 ) (2("—+2 ) [ riwe e
—\ m el 192 715 16272 2,
Z\/,ﬂb_l(\/n;m(a+2 Zlally 1715 ) 16273
4 o
_T2(2( =2 /f?du (4.9)

Put ¢ = 2 — % — ¢, where ¢ is a small positive constant. It follows from the assumption

I fllz + "2—:12Hw||g < oo that

4 /2(c+2) o N
Jim S(REE 4 T) [ rrau-o (4.10)

Combining (4.9)—(4.10), we get

n—12(4—%—5
0> (/= : Zlully ~ 1) w622 e,

for any small ¢ > 0. As € — 0, we have

8n—2) /n—1 n—2 . n
0> (2022 P v n g - /" R hwlly — 1615 B 622 g

If we assume
n—2) In—1
n

Iflls +

then hIJP |¢2f%]|_=, =0, which implies f = 0. This means that M is a Ricci flat manifold.
r—+00 e

ii) When R > 0 and n > 7, we have —2- < 2 — & We pick 0 = -2, then £ —
n n n—2

2 n—1
%7”3)3 = 0. Then (4.8) implies

Jwllg < Y (M, [g]),

0> S VOLDIGE oy = (R ) [ 8190, Pa

p
= | et [ [ it (411)

It follows from the assumption |||z + /%2 [lw||z < oo that

lim i(M + 25[)) /M FEdu = 0. (4.12)

r—+oo 12 n

2(0+2)
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Combining (4.11)—(4.12), we get

n — 2 n—2

4 n—2 . 9 ,n
> — n — n n
0> (5 YO [g) /" lwllz — Ifll5)  tim (16272

If we assume

I£lls +

then 11111 o2 f2 | =, =0, which implies f = 0. This means that M is an Einstein manifold.
T—+00 n-

2 4
n < ——Y(M
lwlly < —5 (M. [g)),

WhenR>0andn<7,wehave%>2—%. Wepickoz2—%—6f0rsma11£>0. Then

R (c+2)(n—2)R

we also have > 0. By a similar argument, we get that if

n—1 2n(n—1)
2) In—1
Ifll2 + Jwl[g < —Y(M, [g]),
then f =0 and M is an Einstein manifold.
(iii) When R < 0 andn > 7, we pick 0 = 2— £ —¢ for small ¢ > 0 such that 25 <2—2 —¢.
Then £ — %77:?)]% > 0. Using a similar argument, we find that if
2) In—1
£z + Jwl[g < —Y(M, [g]),

then f =0 and M is an Einstein manifold.

At last, we consider a special case that the manifold has harmonic curvature, i.e., M satisfies
> ViR;jr = 0, or equivalently V,Rj = V;Rj;. According to [14], a metric with harmonic
i
curvature is real analytic. Furthermore, by the Bianchi identity, the scalar curvature R is

constant. As Ric is a Codazzi tensor, one has |VRic|? > 22| f 2. Then

1 n+2 R 8 n—2 8 n .
AR PN 2y B R - 22 2 — " RGel3.
GO 2 IRV T Rl — S W Rl — T R

With the aid of this improved inequality, the following theorems can be proved by using a

similar argument as in the proofs of Theorems 1.3-1.4.

Theorem 4.1 Let (M", g) be an n(> 3)-dimensional closed Riemannian manifold with

harmonic curvature. Suppose that the scalar curvature R is positive. Then

/ |Ric|( —/2n(n — 1)|Ric| — v/(n — 1)(n — 2)|W|)dp <0

for all a > "—;2, and the equality holds if and only if M is Einstein or M is S' x S"~1 with the

product metric or with a rotationally symmetric Derdzinski metric. In particular, if

|R1C| + \/ |W| < R,
V/n(n —1)

then M s either Einstein or isometric to S' xS"~1 with the product metric or with a rotationally

symmetric Derdzinski metric.
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Theorem 4.2 Let (M",g) be an n(> 3)-dimensional complete Riemannian manifold with
harmonic curvature. Suppose that the Yamabe constant Y (M, [g]) of M is positive. If
(i) R=0andn >3, or R>0 andn=3,4,5, or R<0 and n > 6, and

. n—2 8(n?—2n+4) [n—1
[Ricl[z + 4/ 5 Wiz < — " Y (M, [g]),
or if

(i) R>0 andn > 6, and
5 n—2 4 n—1
Ric||z Wl < —— Y(M
Bl + /" 2wl < Py ).

then M is Einstein.
Similar to Theorem 1.4, the product manifold S' x S*~! shows that the pinching inequality

in Theorem 4.2 is optimal for R > 0 and n > 6.

Remark 4.1 Theorem 4.1 for o = ”T_2 and a similar result as Theorem 4.2 for positive
scalar curvature were proved previously by Fu [18]. Fu and his collaborators also proved several

other interesting rigidity theorems (see [18-20], etc.).
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