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1 Introduction

The theory of H-surfaces (surfaces of prescribed mean curvature) in Riemannian manifolds
is an important and classical conformally invariant geometric variational problem. The Euler-
Lagrange equations are critical nonlinear elliptic systems. Extensive work has been devoted to
studying the regularity issue of weak solutions of such systems under various situations, e.g. [2,
4-6,8-12, 16, 18-19, 23-24, 31]. A similar problem is the regularity theory for weakly harmonic
maps from surfaces into Riemannian manifolds, e.g. [3, 7, 13-15, 17]. Vast techniques developed
for the regularity problems of harmonic maps into Riemannian manifolds and H-surfaces into
Riemannian manifolds have led to a regularity theory for critical elliptic systems with an L2-
antisymmetric potential, e.g. [6, 17, 23-30, 32].

When the target manifold becomes non-compact or non-Riemannian, however, then the
L2-antisymmetric structure for harmonic map systems may not hold anymore. Therefore, we
need to develop a regularity theory for critical elliptic systems with the structure of potentials
being more general than L?-antisymmetric. This is partially achieved in [1, 20, 33] which can
be applied to harmonic map type systems into certain pseudo-Riemannian manifolds.

In this article, we shall explore this scheme further and apply it to investigate the regularity
of weakly H-surfaces into static Lorentzian manifolds.

To describe the problem, we shall first recall the notion of static Lorentzian manifolds. Let
(M, gar) be a closed Riemannian manifold of dimension d and (R, dt?) be the 1-dimensional
Euclidean space. A static Lorentzian manifold is a product manifold R x M equipped with the
following metric:

g=—(dt)* + gu. (1.1)
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By the Nash-Moser’s embedding theorem, we can embed (M, gps) isometrically into a Euclidean
space R™ for some integer n. For more about Lorentzian manifolds, we refer to, e.g. [21-22].
We consider the case that the domain is the unit disk D in R?. Let w be a 2-form on
(R x M,g). Without loss of generality, we extend w to some open neighborhood R x Mj of
R x M in R x R™. Here My is a tubular neighborhood of M in R"™ for some ¢ > 0, and let II
be the projection from Ms to M.
Let {y'}1=0,1,....n be canonical coordinates of R x R™ and write

W= wp dy™ Ady',  (wmi) € CHR x Mg, so(n + 1)),

where m,l = 0,1,---,n. Moreover, we define
H%l = 80wml, sz = ijml, (1.2)
j=1,2,--- n. In this paper, we shall make an assumption as follows:
HY,, H), € W2 N L>(D). (1.3)

To define the notion of weakly H-surfaces into static Lorentzian manifolds (R x M, g), we
consider the following Sobolev space of maps:

WL2(D,R x M) := {(t,u) € W"*(D,R) x W"3(D,R") | u(p) € M a.e. p€ D},

and we introduce the following action functional:

1 1 1
E”(t,u):—§/D|Vt|2—|—§/D|Vu|2—|—§/D(t,u)*w. (1.4)

Definition 1.1 We call a map U = (t,u) € W12(D,R x M) a weakly H-surface' from D
into a static Lorentzian manifold (R x M, g), if

d

E“(t.,u.) =0, 15
= Bt (1.5)

e=0

where to ==t +es, ue := H(u+ev) for any s € VVol’2 NL>®(D,R), v e VVOL2 N L>®(D,R™).

If the given 2-form is vanishing, w = 0, then the functional becomes
1 2, 1 2
E(t,u)=—= [ |Vt|"+ = | |Vul|?, (1.6)
2Jp 2Jp

and its critical points are called weakly harmonic maps from D into (R x M, g). The interior
Holder continuity of such weak solutions was proved again in a different and more general
setting in [1, 20, 33].

By straightforward calculations, we can derive the Euler-Lagrange equations of a weakly
H-surface U = (¢, u) into the static Lorentzian manifolds as follows:

~div(Vt + wjo(U)VIe!) = —HY, (U)VEU™ - VU,

IThe classical notion of H-surfaces in Riemannian manifolds requires the conformality condition, which is
satisfied when considering stationary critical points of the action functional. However, it turns out that the
conformality condition is not necessary for the study of the regularity of weak solutions. Here, for the case of
static Lorentzian manifolds targets, we still use “H-surface” to define critical points of the action functional
without imposing the extra conformality condition.
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—div(Vud + woy (U)VEE + 2wy, V) = v, Vi, - Vol — H (U)VEU™ - VU,

where the indices m,l =0,1,--- ,n, j,k=1,2,--- ;nand z = d+1,d+2,--- ,n; see Proposition
2.1 for more details about the notations.

However, regularity results for weak solutions cannot be directly derived from the critical
elliptic system in the above preliminary form by applying classical regularity theory. Therefore,
we need to make some new observations. The main ingredient of the present paper is to explore
the structure of the above Euler-Lagrange equations for a weak solution U = (¢, u) and rewrite
it into a critical elliptic system of the following special form:

2
—div(QVU) =0 -QVU + Y Fx curl & - G VU. (1.7)
K=1

This is achieved in Theorem 2.1; see Section 2 for more details about the notations.
Now we state the main result of this paper.

Theorem 1.1 Any weakly H-surface (t,u) € WH2(D,R x M) into a static Lorentzian
manifold (R x M, g) with g being of the form (1.1) is Hélder continuous in D.

The rest of this paper, which concentrates on Section 2, is to prove the main result Theorem
1.1.

2 The Euler-Lagrange Equation and the New Form

In this section, we shall first derive the Euler-Lagrange equation for a weakly H-surface
into a static Lorentzian manifold (R x M, g). Then, we show that this elliptic system can be
rewritten into the special form of (1.7) and prove Theorem 1.1.

By Definition 1.1, we have the following result.

Proposition 2.1 Let U = (t,u) = (t,u1, - ,u,) € WH2(D,R x M) be a weakly H-surface
into (R x M,g) with g being of the form (1.1). Then we have the following Fuler-Lagrange
equations

—div(Vt + w;oV*iu!) = —HS (U)V+U™ . VU (2.1)
and
—div(Vu? + wo; V4t + 2w, V') = vV, - V! — H? (U)VEU™ - VU! (2.2)
hold for m,l =0,1,--- ,n,4,j=1,2,--- ,n and z =d+1,d+2,...,n, where {v.}7_,; | is an
orthonormal frame for the normal bundle T+M.

Proof For any s € W, >NL>®(D,R) and for any v € W, *NL®(D,R"™), we set t. =t +¢s,
ue = H(u+ev). Thus, we can write U, = (te,u:) = (t+es,[I(u+ev)) as an admissible variation
for U.

Since the Euler-Lagrange equations for the functional (1.6) were already derived in [20, 33],
here, we mainly focus on the additional term

1
—/U*w
2/p

in (1.4).
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By direct calculations,

U*w = wpni(U)(0y, U0, U' — 9, U'D,, U™)dy A diy
= 200, (U)(0i, 10z, ? — Oy u? Dy t)dy A dao
+2 Zwij(U)(ﬁzluiﬁmuj — Oy ! Opyu")dzy A dvs, (2.3)
i<j

where m,1=0,1,2,---,n,i,j=1,2,--- ,n.

Define w := dII(u) - v, then we obtain w = &

de a:Ous by

d

d_E 5:O(H(u + €’U)) = dH(u + El}) . U|€:O — dH(u) ..

Let the symbol w” represent the k-th component of w, k = 1,2,--- ,n. Noting that

- i J_ J 1) — - i J
w” (6$1u58$2u5 aﬂﬂluaawzua) - wa (6$1u58$2u5)7

we have
d Oyt Dp,ul = O 9 w0 uto. w!
& e=0 w1 Ug Oy Ug = Oy W Oy U + Oy U Oy W (24)
Similarly,
woj (azltsa:zmug - 8I1u2812t6) = 2w03 (azlt8r2u2 =+ 68x15812ug)’
we get
d ) j j j
d_E 6:0(811t312u6 + 58118895211’5) = 03,10z, W + Op, 805,07 . (25)

Then, by uniting (2.3)—(2.5), we calculate that

4 / Uiw
dele=0 Jp
=2 [ $300wmi(U)(0a, UM 0r, U — 05, U0, U™)
m<l D
+2>° / WF Owint (U) (0, U0y, Ut — 85, U0, U™)
m<l D

+ 2/ wo; (U)(0z, 8 szuj + Oy, t szwj — Oz, 8 Bwluj — Oyt Bwle)
D

+2 Z/ Wi (U) (O, W Oy tt? + Oy Oy’ — Oy w? Dpytt’ — Oy Dpyw®)
i<j /D

=0, (2.6)

where k = 1,2,---  n. In the sequel, we default m < [, i < j, and omit the summation signs.
To derive the Euler-Lagrange equations for U = (¢, u), we shall consider the following two

cases.
Case 1 Take v =0, then w = 0. Recall V' = (-0,,,0,,), thus, we have

d 1
20 2
dele=02 /D ¥
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= / sowm(U)VU™ - VU + / wjo(U)V+ulVs
D D

:/ ngl(U)lem~VUl—/ s - div(wjo(U)V+ud), (2.7)
D D

where we use the notation in (1.2).
For the functional (1.6), recall that

0:/D—w~vs (2.8)

in [33, p. 116]. Combining (2.7) with (2.8), we obtain (2.1).
Case 2 Taking s =0, it yields

d 1
—/ Uw
6:02 D

T de
:/ w’“H,’;l(U)lem~VUl+/
D D

wo; (U)VHVw? + 2 / wii (U) V'V
D

= / w H) (U)VEU™ .- VU — / div{wo; (U) V-t wd — 2 / div{w; (U)Vru'lw?,  (2.9)
D D D
where we use the notation in (1.2) and the identity

Wi (O W Oy ut? + Oy U Dy ! — Dy Dy’ — Oy u? Dy ")
= wjj (VLuinj + VLinuj)
= wi (V! Vu! — Viw'vad)
= QwijVLuinj,
which is established due to
wij = —Wji.

For any v € Wy'> N L>®(D,R"™), we recall
0= /D(—diVVu) - dIT(u)v (2.10)
and
—divVu — A(u)(Vu, Vu) =0 (2.11)

for the functional (1.6) as shown in [33, p. 116], where A is the second fundamental form of
M C R™. Moreover,
A(u)(Vu,Vu) = vV - Vu,

where we continue to use v; (I = d+ 1,d +2,---,n) to represent the corresponding normal
frame along the map w. Through the integration of (2.9) and (2.11), we derive (2.2).

Next, we shall rewrite the Euler-Lagrange equations into some elliptic system with a special
structure.

Theorem 2.1 Let U € WY2(D,R x M) be a weakly H-surface into a static Lorentzian
manifold (R x M, g) with g satisfying (1.1), then there exist © € L?(D,so(n + 1) ® A'R?),



276 Z. J. Wang and M. M. Zhu

Fr, Gk € W2 n L*®(D,M(n + 1)), é&x € WH3(D,M(n + 1) ® A’R?), K = 1,2, and
Qe WH2N L>(D,GL(n+1)) such that U is a weak solution of the following system

—div(QVU) =0 -QVU + F; curl & - G1VU + Fs curl & - Go VU. (2.12)

Moreover, the coefficients satisfy

2
IVU||L2py + 1Ol 20y + Z lcurl Exllz2(py + [IVQ|l L2y

K=1
2 2
+ > IVFxlz2m) + Y VG2 < (M) (2.13)
K=1 K=1
and
2 2
QI+1Q7Y+ Y IFx|+ Y |G| <A ae. in D (2.14)
K=1 K=1

for some A > 0 depending on (R x M, g) and for some e(A) > 0 depending on A.

Proof We may write (2.2) as
—div(Vu? + wo; V4 2w, VEut) = @F . vk — gl viu™ . vU! (2.15)
with
o = Vleulk — VlkVVlj.

Combining (2.1) with (2.15), we obtain the following system for a weak solution U = (¢, u)
by transforming the original combination of equations into some matrix form:

div {Q (gi)} ~ div {N (gii)} - 0.Q (gi) CHVAV LV, (2.16)

where I,,11 is an identity matrix of order n + 1, and we define some matrices of order n + 1 as
follows. @ is an identity matrix:

~ 1 O ~
Q':<O In)’ Q::QOUJ
then
Qe Wh?NL>(D,GL(n+1)). (2.17)

O is defined by

It is easy to verify that

O € L*(D, so(n+ 1) ® A'R?). (2.18)
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Meanwhile, we set
0 wio
N = ,
wWoj Zwij
where
w11 e Win
T
wOj = ((UO]_,"' aWOn) 9 wio = (wloa"' 7wn0)7 wl] =

Wn1 e Wnn

For the last term of (2.16), to be more precise,

HO, VU™ . VU,

HVYV - 1,.,VU = .
i {HﬁnlleM-VUl, j=1,2--n,

we set
H! 0 0
0 H? 0
H = . 9
0 0 Hn+1
R R R
R R R
ViV o= . ;
R R - R
where

Ri=> VU =Vt+Viu' 4+ 4 Vi,
r=0
Then for the second term of the left-hand side in (2.16), we have

. V-t V-t AR |
le{N <vLu)} =VN- <vlu) + N -div (viu> =_VIiN.VU.

Therefore, (2.16) becomes

~div {Q (;i)} ~0-Q (gi) ~ VN (gi) — HVV L (gz) .

Take &, & such that
curl & = VAN, curl & = V41V

Then we can rewrite the above system (2.20) as follows
—div(QVU) = ©-QVU + F; curl & - G1VU + F; curl & - GoVU,
where we set

Fi =11, Gi=I1, Fo=-H, Gy=I,41,
{x = diag (§k, &k, ..., €x), K =1,2.

It is easy to check that

Fr,Grg € WH2NL®(D,M(n+1)), &x € WH(D,M(n+ 1) @ A*R?).
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(2.19)

(2.20)

(2.21)

(2.22)
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There exist some positive constants
Cy >0, Cy>0
depending on the target (R x M, g) such that
Q|+ Q7 <Cy ae. in D (2.23)

and

| -H| <Cy ae inD (2.24)
with (2.24) being deduced from (1.3). Taking

A=3+C1+C2>0

from (2.23)—(2.24), we have (2.14).
By (2.17)—(2.18) and (2.22), there exists positive constant C5 > 0 depending on the target
(R x M, g) such that

2
1©1l2py + Y llewrl Exllz2(p) + IVQIlz2(p)
K=1
2 2

+ Y IVFklo) + D IIVGkllzeapy < Csl|VU||z2(p)- (2.25)
K=1 K=1

Then

2
IVUz2(py + [1Ollz2(py + Y lewrl €k llz2py + IVQIlz2(p)
K=1
2 2

+ Y IVEkley + D IVGkllzapy < (14 Cs)[[VU | L2(p).- (2.26)
K=1 K=1

If VU] z2(py < €1 for some g1 > 0, and we take
E(A) = (1 =+ 03)61,

where A > 0 depends on (R x M, g), then (2.26) yields (2.13).
This completes the proof.

Now we recall the following regularity theorem for such elliptic systems, which is built upon
the substantial works developed for a regularity theory for critical elliptic systems with an L?
potential, e.g. [6, 17, 23-30, 32-33].

Theorem 2.2 (cf. [33, Theorem 1.2]) (for K = 1) Let M(n+1) denote the set of (n+1)
X (n 4 1) real matrices. For any constant A > 0, there exists ¢(A) > 0, such that for any © €
L*(D,so(n+1)® A'R?), g € WHA(D, M(n+1) @ A*R?), Fg,Gxg € WH2NL>®(D, M(n+1))
(K =1,2), Q e Wh2N L>(D,GL(n + 1)) and for any weak solution U € WH2(D,R**1) of
the following system

2
~div(QVU) =©-QVU + Y Fx curl &k - G VU (2.27)
K=1
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with the coefficients satisfying the following conditions

2
IVU|L2py + IOl L2(py + Z lcurl €xllz2py + [IVQ|lL2(p)

K=1
2 2
+ Y IVFklamy + Y IVGkllzapy < (M) (2.28)
K=1 K=1
and
2 2
QI+1Q7' 1+ D [Fx|+ D |Gx| <A ae. in D, (2.:29)
K=1 K=1

we have that U is Holder continuous in D.

Compared to the statement in [33, Theorem 1.2], here in Theorem 2.2, the dimension of the
domain is 2 and there are two terms in the second part of the right-hand side of the system

(2.27), namely,
2

> Fi cwl &k - Gi VU.

K=1
It is easy to see that Theorem 2.2 can be proved by slightly adapting the arguments in the
proof of [33, Theorem 1.2].

Proof of Theorem 1.1 By utilizing Theorem 2.2 on the elliptic system (2.12), we can
deduce the conclusion.
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