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1 Introduction

The theory of H-surfaces (surfaces of prescribed mean curvature) in Riemannian manifolds

is an important and classical conformally invariant geometric variational problem. The Euler-

Lagrange equations are critical nonlinear elliptic systems. Extensive work has been devoted to

studying the regularity issue of weak solutions of such systems under various situations, e.g. [2,

4–6, 8–12, 16, 18–19, 23–24, 31]. A similar problem is the regularity theory for weakly harmonic

maps from surfaces into Riemannian manifolds, e.g. [3, 7, 13–15, 17]. Vast techniques developed

for the regularity problems of harmonic maps into Riemannian manifolds and H-surfaces into

Riemannian manifolds have led to a regularity theory for critical elliptic systems with an L2-

antisymmetric potential, e.g. [6, 17, 23–30, 32].

When the target manifold becomes non-compact or non-Riemannian, however, then the

L2-antisymmetric structure for harmonic map systems may not hold anymore. Therefore, we

need to develop a regularity theory for critical elliptic systems with the structure of potentials

being more general than L2-antisymmetric. This is partially achieved in [1, 20, 33] which can

be applied to harmonic map type systems into certain pseudo-Riemannian manifolds.

In this article, we shall explore this scheme further and apply it to investigate the regularity

of weakly H-surfaces into static Lorentzian manifolds.

To describe the problem, we shall first recall the notion of static Lorentzian manifolds. Let

(M, gM ) be a closed Riemannian manifold of dimension d and (R, dt2) be the 1-dimensional

Euclidean space. A static Lorentzian manifold is a product manifold R×M equipped with the

following metric:

g = −(dt)2 + gM . (1.1)
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By the Nash-Moser’s embedding theorem, we can embed (M, gM ) isometrically into a Euclidean

space R
n for some integer n. For more about Lorentzian manifolds, we refer to, e.g. [21–22].

We consider the case that the domain is the unit disk D in R
2. Let ω be a 2-form on

(R × M, g). Without loss of generality, we extend ω to some open neighborhood R × Mδ of

R×M in R × R
n. Here Mδ is a tubular neighborhood of M in R

n for some δ > 0, and let Π

be the projection from Mδ to M .

Let {yI}I=0,1,··· ,n be canonical coordinates of R× R
n and write

ω = ωml dy
m ∧ dyl, (ωml) ∈ C1(R×Mδ, so(n+ 1)),

where m, l = 0, 1, · · · , n. Moreover, we define

H0
ml := ∂0ωml, H

j
ml := ∂jωml, (1.2)

j = 1, 2, · · · , n. In this paper, we shall make an assumption as follows:

H0
ml, H

j
ml ∈ W 1,2 ∩ L∞(D). (1.3)

To define the notion of weakly H-surfaces into static Lorentzian manifolds (R × M, g), we

consider the following Sobolev space of maps:

W 1,2(D,R×M) := {(t, u) ∈ W 1,2(D,R)×W 1,2(D,Rn) | u(p) ∈ M a.e. p ∈ D},

and we introduce the following action functional:

Eω(t, u) = −
1

2

∫

D

|∇t|2 +
1

2

∫

D

|∇u|2 +
1

2

∫

D

(t, u)∗ω. (1.4)

Definition 1.1 We call a map U = (t, u) ∈ W 1,2(D,R×M) a weakly H-surface 1 from D

into a static Lorentzian manifold (R×M, g), if

d

dε

∣∣∣∣
ε=0

Eω(tε, uε) = 0, (1.5)

where tε := t+ εs, uε := Π(u + εv) for any s ∈ W
1,2
0 ∩ L∞(D,R), v ∈ W

1,2
0 ∩ L∞(D,Rn).

If the given 2-form is vanishing, ω ≡ 0, then the functional becomes

E(t, u) = −
1

2

∫

D

|∇t|2 +
1

2

∫

D

|∇u|2, (1.6)

and its critical points are called weakly harmonic maps from D into (R ×M, g). The interior

Hölder continuity of such weak solutions was proved again in a different and more general

setting in [1, 20, 33].

By straightforward calculations, we can derive the Euler-Lagrange equations of a weakly

H-surface U = (t, u) into the static Lorentzian manifolds as follows:

−div(∇t+ ωj0(U)∇⊥uj) = −H0
ml(U)∇⊥Um · ∇U l,

1The classical notion of H-surfaces in Riemannian manifolds requires the conformality condition, which is
satisfied when considering stationary critical points of the action functional. However, it turns out that the
conformality condition is not necessary for the study of the regularity of weak solutions. Here, for the case of
static Lorentzian manifolds targets, we still use “H-surface” to define critical points of the action functional
without imposing the extra conformality condition.
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−div
(
∇uj + ω0j(U)∇⊥t+ 2ωkj∇

⊥uk
)
= νz∇νz · ∇uj −H

j
ml(U)∇⊥Um · ∇U l,

where the indices m, l = 0, 1, · · · , n, j, k = 1, 2, · · · , n and z = d+1, d+2, · · · , n; see Proposition

2.1 for more details about the notations.

However, regularity results for weak solutions cannot be directly derived from the critical

elliptic system in the above preliminary form by applying classical regularity theory. Therefore,

we need to make some new observations. The main ingredient of the present paper is to explore

the structure of the above Euler-Lagrange equations for a weak solution U = (t, u) and rewrite

it into a critical elliptic system of the following special form:

−div
(
Q∇U

)
= Θ ·Q∇U +

2∑

K=1

FK curl ξK ·GK∇U. (1.7)

This is achieved in Theorem 2.1; see Section 2 for more details about the notations.

Now we state the main result of this paper.

Theorem 1.1 Any weakly H-surface (t, u) ∈ W 1,2(D,R × M) into a static Lorentzian

manifold (R×M, g) with g being of the form (1.1) is Hölder continuous in D.

The rest of this paper, which concentrates on Section 2, is to prove the main result Theorem

1.1.

2 The Euler-Lagrange Equation and the New Form

In this section, we shall first derive the Euler-Lagrange equation for a weakly H-surface

into a static Lorentzian manifold (R ×M, g). Then, we show that this elliptic system can be

rewritten into the special form of (1.7) and prove Theorem 1.1.

By Definition 1.1, we have the following result.

Proposition 2.1 Let U = (t, u) = (t, u1, · · · , un) ∈ W 1,2(D,R×M) be a weakly H-surface

into (R × M, g) with g being of the form (1.1). Then we have the following Euler-Lagrange

equations

−div(∇t+ ωj0∇
⊥uj) = −H0

ml(U)∇⊥Um · ∇U l (2.1)

and

−div(∇uj + ω0j∇
⊥t+ 2ωij∇

⊥ui) = νz∇νz · ∇uj −H
j
ml(U)∇⊥Um · ∇U l (2.2)

hold for m, l = 0, 1, · · · , n, i, j = 1, 2, · · · , n and z = d+ 1, d+ 2, . . . , n, where {νz}
n
z=d+1 is an

orthonormal frame for the normal bundle T⊥M .

Proof For any s ∈ W
1,2
0 ∩L∞(D,R) and for any v ∈ W

1,2
0 ∩L∞(D,Rn), we set tε = t+εs,

uε = Π(u+εv). Thus, we can write Uε = (tε, uε) = (t+εs,Π(u+εv)) as an admissible variation

for U .

Since the Euler-Lagrange equations for the functional (1.6) were already derived in [20, 33],

here, we mainly focus on the additional term

1

2

∫

D

U∗ω

in (1.4).
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By direct calculations,

U∗ω = ωml(U)(∂x1
Um∂x2

U l − ∂x1
U l∂x2

Um)dx1 ∧ dx2

= 2ω0j(U)(∂x1
t∂x2

uj − ∂x1
uj∂x2

t)dx1 ∧ dx2

+ 2
∑

i<j

ωij(U)(∂x1
ui∂x2

uj − ∂x1
uj∂x2

ui)dx1 ∧ dx2, (2.3)

where m, l = 0, 1, 2, · · · , n, i, j = 1, 2, · · · , n.

Define w := dΠ(u) · v, then we obtain w = d
dε

∣∣
ε=0

uε by

d

dε

∣∣∣
ε=0

(Π(u + εv)) = dΠ(u + εv) · v|ε=0 = dΠ(u) · v.

Let the symbol wk represent the k-th component of w, k = 1, 2, · · · , n. Noting that

ωij(∂x1
ui
ε∂x2

uj
ε − ∂x1

uj
ε∂x2

ui
ε) = 2ωij(∂x1

ui
ε∂x2

uj
ε),

we have

d

dε

∣∣∣
ε=0

∂x1
ui
ε∂x2

uj
ε = ∂x1

wi∂x2
uj + ∂x1

ui∂x2
wj . (2.4)

Similarly,

ω0j(∂x1
tε∂x2

uj
ε − ∂x1

uj
ε∂x2

tε) = 2ω0j(∂x1
t∂x2

uj
ε + ε∂x1

s∂x2
uj
ε),

we get

d

dε

∣∣∣
ε=0

(∂x1
t∂x2

uj
ε + ε∂x1

s∂x2
uj
ε) = ∂x1

t∂x2
wj + ∂x1

s∂x2
uj . (2.5)

Then, by uniting (2.3)–(2.5), we calculate that

d

dε

∣∣∣
ε=0

∫

D

U∗

εω

= 2
∑

m<l

∫

D

s∂0ωml(U)(∂x1
Um∂x2

U l − ∂x1
U l∂x2

Um)

+ 2
∑

m<l

∫

D

wk∂kωml(U)(∂x1
Um∂x2

U l − ∂x1
U l∂x2

Um)

+ 2

∫

D

ω0j(U)(∂x1
s ∂x2

uj + ∂x1
t ∂x2

wj − ∂x2
s ∂x1

uj − ∂x2
t ∂x1

wj)

+ 2
∑

i<j

∫

D

ωij(U)(∂x1
wi∂x2

uj + ∂x1
ui∂x2

wj − ∂x1
wj∂x2

ui − ∂x1
uj∂x2

wi)

= 0, (2.6)

where k = 1, 2, · · · , n. In the sequel, we default m < l, i < j, and omit the summation signs.

To derive the Euler-Lagrange equations for U = (t, u), we shall consider the following two

cases.

Case 1 Take v ≡ 0, then w ≡ 0. Recall ∇⊥ = (−∂x2
, ∂x1

), thus, we have

0 =
d

dε

∣∣∣
ε=0

1

2

∫

D

U∗

ε ω
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=

∫

D

s∂0ωml(U)∇⊥Um · ∇U l +

∫

D

ωj0(U)∇⊥uj∇s

=

∫

D

sH0
ml(U)∇⊥Um · ∇U l −

∫

D

s · div(ωj0(U)∇⊥uj), (2.7)

where we use the notation in (1.2).

For the functional (1.6), recall that

0 =

∫

D

−∇t · ∇s (2.8)

in [33, p. 116]. Combining (2.7) with (2.8), we obtain (2.1).

Case 2 Taking s ≡ 0, it yields

0 =
d

dε

∣∣∣
ε=0

1

2

∫

D

U∗

ε ω

=

∫

D

wkHk
ml(U)∇⊥Um · ∇U l +

∫

D

ω0j(U)∇⊥t∇wj + 2

∫

D

ωij(U)∇⊥ui∇wj

=

∫

D

wjH
j
ml(U)∇⊥Um · ∇U l −

∫

D

div{ω0j(U)∇⊥t}wj − 2

∫

D

div{ωij(U)∇⊥ui}wj , (2.9)

where we use the notation in (1.2) and the identity

ωij(∂x1
wi∂x2

uj + ∂x1
ui∂x2

wj − ∂x1
wj∂x2

ui − ∂x1
uj∂x2

wi)

= ωij(∇
⊥ui∇wj +∇⊥wi∇uj)

= ωij(∇
⊥wj∇ui −∇⊥wi∇uj)

= 2ωij∇
⊥ui∇wj ,

which is established due to

ωij = −ωji.

For any v ∈ W
1,2
0 ∩ L∞(D,Rn), we recall

0 =

∫

D

(−div∇u) · dΠ(u)v (2.10)

and

−div∇u−A(u)(∇u,∇u) = 0 (2.11)

for the functional (1.6) as shown in [33, p. 116], where A is the second fundamental form of

M ⊂ R
n. Moreover,

A(u)(∇u,∇u) = ν∇ν · ∇u,

where we continue to use νl (l = d + 1, d + 2, · · · , n) to represent the corresponding normal

frame along the map u. Through the integration of (2.9) and (2.11), we derive (2.2).

Next, we shall rewrite the Euler-Lagrange equations into some elliptic system with a special

structure.

Theorem 2.1 Let U ∈ W 1,2(D,R × M) be a weakly H-surface into a static Lorentzian

manifold (R × M, g) with g satisfying (1.1), then there exist Θ ∈ L2(D, so(n + 1) ⊗ ∧1
R

2),
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FK , GK ∈ W 1,2 ∩ L∞(D,M(n + 1)), ξK ∈ W 1,2(D,M(n + 1) ⊗ ∧2
R

2), K = 1, 2, and

Q ∈ W 1,2 ∩ L∞(D,GL(n+ 1)) such that U is a weak solution of the following system

−div(Q∇U) = Θ ·Q∇U + F1 curl ξ1 ·G1∇U + F2 curl ξ2 ·G2 ∇U. (2.12)

Moreover, the coefficients satisfy

‖∇U‖L2(D) + ‖Θ‖L2(D) +
2∑

K=1

‖curl ξK‖L2(D) + ‖∇Q‖L2(D)

+

2∑

K=1

‖∇FK‖L2(D) +

2∑

K=1

‖∇GK‖L2(D) ≤ ε(Λ) (2.13)

and

|Q|+ |Q−1|+

2∑

K=1

|FK |+

2∑

K=1

|GK | ≤ Λ a.e. in D (2.14)

for some Λ > 0 depending on (R×M, g) and for some ε(Λ) > 0 depending on Λ.

Proof We may write (2.2) as

−div
(
∇uj + ω0j∇

⊥t+ 2ωij∇
⊥ui

)
= Θjk · ∇uk −H

j
ml∇

⊥Um · ∇U l (2.15)

with

Θjk := ν
j
l ∇νkl − νkl ∇ν

j
l .

Combining (2.1) with (2.15), we obtain the following system for a weak solution U = (t, u)

by transforming the original combination of equations into some matrix form:

−div

{
Q

(
∇t

∇u

)}
− div

{
N

(
∇⊥t

∇⊥u

)}
= Θ ·Q

(
∇t

∇u

)
−H∇⊥V · In+1∇U, (2.16)

where In+1 is an identity matrix of order n+ 1, and we define some matrices of order n+ 1 as

follows. Q̃ is an identity matrix:

Q̃ :=

(
1 0
0 In

)
, Q := Q̃ ◦ u,

then

Q ∈ W 1,2 ∩ L∞(D,GL(n+ 1)). (2.17)

Θ is defined by

Θ :=

(
0 0
0 (Θjk)

)
, j, k = 1, 2, · · · , n.

It is easy to verify that

Θ ∈ L2(D, so(n+ 1)⊗ ∧1
R

2). (2.18)
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Meanwhile, we set

N :=

(
0 ωi0

ω0j 2ωij

)
,

where

ω0j = (ω01, · · · , ω0n)
T, ωi0 = (ω10, · · · , ωn0), ωij =



ω11 · · · ω1n

...
...

...
ωn1 · · · ωnn


 .

For the last term of (2.16), to be more precise,

H∇⊥V · In+1∇U =

{
H0

ml∇
⊥Um · ∇U l,

H
j
ml∇

⊥Um · ∇U l, j = 1, 2, · · · , n,

we set

H :=




H1 0 · · · 0
0 H2 · · · 0
...

...
...

...
0 0 · · · Hn+1


 ,

∇⊥V :=




R R · · · R

R R · · · R
...

...
...

...
R R · · · R


 ,

where

R :=

n∑

r=0

∇⊥U r = ∇⊥t+∇⊥u1 + · · ·+∇⊥un.

Then for the second term of the left-hand side in (2.16), we have

div

{
N

(
∇⊥t

∇⊥u

)}
= ∇N ·

(
∇⊥t

∇⊥u

)
+N · div

(
∇⊥t

∇⊥u

)
= −∇⊥N · ∇U. (2.19)

Therefore, (2.16) becomes

−div

{
Q

(
∇t

∇u

)}
= Θ ·Q

(
∇t

∇u

)
−∇⊥N ·

(
∇t

∇u

)
−H∇⊥V · In+1

(
∇t

∇u

)
. (2.20)

Take ξ1, ξ2 such that

curl ξ1 = ∇⊥N, curl ξ2 = ∇⊥V.

Then we can rewrite the above system (2.20) as follows

−div(Q∇U) = Θ ·Q∇U + F1 curl ξ1 ·G1∇U + F2 curl ξ2 ·G2∇U, (2.21)

where we set

F1 = −In+1, G1 = In+1, F2 = −H, G2 = In+1,

ξK = diag (ξK , ξK , . . . , ξK), K = 1, 2.

It is easy to check that

FK , GK ∈ W 1,2 ∩ L∞(D,M(n+ 1)), ξK ∈ W 1,2(D,M(n+ 1)⊗ ∧2
R

2). (2.22)
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There exist some positive constants

C1 > 0, C2 > 0

depending on the target (R×M, g) such that

|Q|+ |Q−1| ≤ C1 a.e. in D (2.23)

and

| −H | ≤ C2 a.e. in D (2.24)

with (2.24) being deduced from (1.3). Taking

Λ = 3 + C1 + C2 > 0

from (2.23)–(2.24), we have (2.14).

By (2.17)–(2.18) and (2.22), there exists positive constant C3 > 0 depending on the target

(R×M, g) such that

‖Θ‖L2(D) +
2∑

K=1

‖curl ξK‖L2(D) + ‖∇Q‖L2(D)

+

2∑

K=1

‖∇FK‖L2(D) +

2∑

K=1

‖∇GK‖L2(D) ≤ C3‖∇U‖L2(D). (2.25)

Then

‖∇U‖L2(D) + ‖Θ‖L2(D) +

2∑

K=1

‖curl ξK‖L2(D) + ‖∇Q‖L2(D)

+
2∑

K=1

‖∇FK‖L2(D) +
2∑

K=1

‖∇GK‖L2(D) ≤ (1 + C3)‖∇U‖L2(D). (2.26)

If ‖∇U‖L2(D) ≤ ε1 for some ε1 > 0, and we take

ε(Λ) =
(
1 + C3

)
ε1,

where Λ > 0 depends on (R×M, g), then (2.26) yields (2.13).

This completes the proof.

Now we recall the following regularity theorem for such elliptic systems, which is built upon

the substantial works developed for a regularity theory for critical elliptic systems with an L2

potential, e.g. [6, 17, 23–30, 32–33].

Theorem 2.2 (cf. [33, Theorem 1.2]) (for K = 1) Let M(n+1) denote the set of (n+1)

×(n+ 1) real matrices. For any constant Λ > 0, there exists ε(Λ) > 0, such that for any Θ ∈

L2(D, so(n+1)⊗∧1
R

2), ξK ∈ W 1,2(D,M(n+1)⊗∧2
R

2), FK , GK ∈ W 1,2∩L∞(D,M(n+1))

(K = 1, 2), Q ∈ W 1,2 ∩ L∞(D,GL(n + 1)) and for any weak solution U ∈ W 1,2(D,Rn+1) of

the following system

−div(Q∇U) = Θ ·Q∇U +
2∑

K=1

FK curl ξK ·GK ∇U (2.27)
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with the coefficients satisfying the following conditions

‖∇U‖L2(D) + ‖Θ‖L2(D) +

2∑

K=1

‖curl ξK‖L2(D) + ‖∇Q‖L2(D)

+

2∑

K=1

‖∇FK‖L2(D) +

2∑

K=1

‖∇GK‖L2(D) ≤ ε(Λ) (2.28)

and

|Q|+ |Q−1|+

2∑

K=1

|FK |+

2∑

K=1

|GK | ≤ Λ a.e. in D, (2.29)

we have that U is Hölder continuous in D.

Compared to the statement in [33, Theorem 1.2], here in Theorem 2.2, the dimension of the

domain is 2 and there are two terms in the second part of the right-hand side of the system

(2.27), namely,
2∑

K=1

FK curl ξK ·GK ∇U.

It is easy to see that Theorem 2.2 can be proved by slightly adapting the arguments in the

proof of [33, Theorem 1.2].

Proof of Theorem 1.1 By utilizing Theorem 2.2 on the elliptic system (2.12), we can

deduce the conclusion.
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