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The General Theory of Sy-Graded Modules and
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Abstract In this paper, the authors develop the theory of Sr-graded modules to study
some kinds of graded structures on reducing subspaces. They introduce some concepts and
find an effective way to study Sr-graded modules, which they name the kernel method.
For its application, they define standard models for some multiplication operators and
special Toeplitz operators, and show that these standard models can be solved by the
kernel method. The authors also generalize the kernel method to arbitrary Hilbert spaces
without any Sr-graded condition. Finally, for any bounded operator T', they can find a
reducing subspace that is Sy-graded.
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1 Introduction

Many results of reducing subspaces of multiplication operators with the symbol z + w on
various function Hilbert spaces such as weighted Hardy and weighted Bergman spaces are well
known, and then Toeplitz type operators with symbols z + w and zw are also studied. For
a list of classical and more recent results, we refer to [1-3, 6, 13-17, 22], for more general
Toeplitz operators see [4-5, 7-12, 20-21, 23]. In [14], we have introduced a unified framework
for the graded structure induced by operators. Then we successfully characterize the unitary
equivalence among the reducing subspaces of M« clearly, which was not mentioned in [19] and
it turns out that a multiplication operator induced by a much wider class of polynomials always
has a minimal reducing subspace.

The purpose of this paper is to present our new progress on the theory of Sp-graded modules.
We will make more precise statements on some key concepts and reformulate many propositions
more clearly. We then present some more streamlined proofs for classical results. The general
results about reducing subspaces of multiplication operators with the symbol z + w in abstract
Hilbert spaces can then be treated directly.

This paper is organized as follows. In Section 2 we give some notions about S-calculus and
state some important propositions without any graded conditions. Such concepts as Sp-strict,
Sp-regular and Sp-codimension one property are discussed. Then the theory of Sp-graded
modules is entirely reformulated in Section 3. We simplify this theory by using Sr-grading
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to define Sp-graded modules. The role of boundedness and stability in Sp-grading is quickly
surveyed. We find that a bounded Sp-graded module can be decomposed as a direct sum of
stable Sp-graded submodules. We also make a generalization about isomorphism between Sp-
graded modules. Then a main theorem about S-graded isomorphism is presented. The two
sections establish the elementary part of our work.

Section 4 starts with a new method. We define the invariant ker S} and relate it to the
von Neumann algebra V*(T) := {T,T*}'. We point out that the kernel can be considered as
another description for an Sp-grading.

In Section 5, we show that this method is efficient in many examples, and these examples will
be called standard models. As applications, we give a new and quick proof about the unitarily
equivalence of unilateral weighted shifts. We investigate deeply the general structure of the
reducing subspaces of the multiplication operator M,,,, on any analytic function subspaces.
We also introduce the general Toeplitz operator with the symbol z + w as a kind of standard
models. Finally, we explain why we need to define these standard models.

As a by-product of the kernel method, we conclude that the kernel method can be working on
any bounded operator at the end of Section 4. Then we conclude that any bounded operator T’
has a reducing subspace which is a stable Sp-graded module. Furthermore, we have a necessary
and sufficient condition that a bounded operator T' can make the Hilbert space H be bounded
below Sp-graded if and only if H is Sp-regular!

2 The S-Calculus

Throughout this paper, we will use Z, Z, and N to denote the set of integers, non-negative
integers and positive integers, respectively.

Let H be a Hilbert space and B(H) be the set of bounded linear operators on H. Suppose
that T € B(H). Let us begin with the following definition.

Definition 2.1 By the S-calculus for T', we mean

N N
Spi= { [[ 7747 N e Nyix,jix € Zy = > (in — i) = n}

k=1 k=1
for each n € Z. If n =0, then we make the convention that I € S%.

For any F C H and A C B(H), denote by [F] the closed subspace spanned by F'. Define
=[{Af: A€ A feF}.

If FF' = {f}, then we write Af for A{f}. Note that if T € B(H), then TF C {T}F, and the
equality holds if and only if T'F' is a closed subspace.
We record an important proposition about S-calculus as follows (see [14, Proposition 2.2]).

Proposition 2.1 For the S-calculus for T € B(H), we have the following results:
(i) 8% is a monoid (i.e., a semigroup with a unit).

(i) (Sp)* =S8p" for any n € Z.

(iii) SPSEC Sm+ for any m,n € Z.

(iv) If mn >0, then SPSE = Sy,

(v) If F C H, then (SES})F = SEH(SRF) C SPHF for any m,n € Z.
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Then we will inspect the relationship between reducing subspaces and S-calculus. A closed
subspace M C H is called a reducing subspace of T if TM C M and T*M C M. It is easy
to see that M is a reducing subspace of 1" if and only if S3 M C M for all n € Z. Therefore
the reducing subspace of T is referred to as an Sp-module. If ¥ C H is a subset, then the

reducing subspace of T' generated by F is denoted by [F|r and it is equal to [ \/ SEF]. If all
nez

SRF are orthogonal to each other, then [F]r = @ SZF, and we have SI*(SEF) C ST F for
ne”z
all m,n € Z. This is the main motivation for the definition of Sp-grading.

Some new notions are introduced as follows.

Definition 2.2 Let M be a closed subspace of H.
(a) If for all nonzero closed subspaces K C M, SLK # K, then M is said to be Sp-strict.

(b) If there exists k € Z such that () SEM =0, then M is said to be Sp-regular at k.
n>k

c) If M reduces T and dim M © StM = 1, then M is said to have the Sp-codimension
T
one property.

A nonzero reducing subspace M of T is called minimal if each nonzero reducing subspace
N C M of T is equal to M. If H is minimal, then 7T is called irreducible.

Proposition 2.2 Let T € B(H), M be a closed subspace of H.

(i) If M is Sp-regular at some nonnegative integer, then M is Sp-strict.

(i1) If M is an Sp-strict reducing subspace of T and has St-codimension one property, then
M is minimal.

Proof (i) If M is not Sr-strict, then there is a nonzero closed subspace K C M such that
SEK = K. Tt results that for any k > 1, SEK = K. Of course S2K D K. Thus for any k > 0,

N SEM D (| S$K = K # 0 and M is not Sp-regular at any nonnegative integer.
n>k n>k

(ii) Suppose that M is an Sp-strict reducing subspace of T, and dimM & St M = 1.
Let K C M be any nonzero reducing subspace of T and L = M © K. It is easy to check
that dimM & SEM = dim K © SEK + dim L © SEL. Since M is Sp-strict, we must have
dim L & 8L = 0. Then L = SLL. By M’s Sp-strict property again, L = 0. Thus M = K and
M is minimal.

If M is Sp-regular at any nonnegative integer, then M is Sp-regular at any integer. In this
case, M is called Sp-regular.

3 Sr-Graded Module

Definition 3.1 Let H be a Hilbert space and let T € B(H). An Sr-grading of H induced
by T is a family of closed subspaces H, C H such that
+oo
(a) H= @ Hn;

n=—oo

(b) SF¥H, C Hyiy, for any m,n € Z, where St is the S-calculus for T.
H is called an St-graded module if H is equipped with an Sr-grading {Hp}nez, and then

“+o0
H= & H, is called the Sp-decomposition of H.

n=—oo
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Fix an Sy-grading {H,, }nez of H, we can define
ni(H) :=inf{n: H, # 0}, n,(H):=sup{n: H, # 0}.

Then we will introduce some concepts that were originated in [14].

For boundedness, we say that an Sp-grading {H,, } ez is bounded below if n;(H) is finite;
it is said to be bounded above if n,.(H) is finite; it is said to be bounded if it is bounded below
and above; and it is said to be unbounded if n;(H) = —oo and n,.(H) = +oo.

For stability, we say that an Sp-grading {H, }nez is stable if SP'H,, = Hy4p, for all n >
ny(H) and m > 0; it is said to be reverse stable if ST H,, = Hy, 4y, for all n < n,(H) and m < 0;
and it is said to be double stable if it is stable and reverse stable.

Remark 3.1 When no confusion will arise, we say that H is bounded or stable in some
sense when its Sp-grading is specified.

Proposition 3.1 If H has a bounded below St-grading {Hp}nez , then H is Sp-reqular.

Proof Taking ng = n;(H) and any integer k > 0, and then

m SrH = ﬂ @ StHng+m C ﬂ @ Hygnem = 0.

n>k n>kmeZy n>kmeZy

Of course, H is Sp-regular.

By an Sp-submodule M of H, we refer to that M is a reducing subspace of T'. Note that if
M is an Sp-submodule of H, then H © M is an Sp-submodule too.

Proposition 3.2 Suppose that H has an Sp-grading {Hy}nez. If M is an Sr-submodule
of H, then the following statements are equivalent:

(i) Foranyme M, if m = > my, such that m, € H,, n € Z, then m,, € M;
nez
(it) {M,, := H, N\ M}, ez is an Sp-grading of M;

(iii) {ﬁn = H, © M },ez is an Sp-grading of H S M.
Of course, H, & M = H,, & M,,.

We leave its proof to the reader and introduce the following definitions immediately.

Definition 3.2 Suppose that H has an Sr-grading {H,}necz and M is an Sp-submodule
of H. If M has one of the above properties, then we call M an St-graded submodule of H and
{M,, = H, " M}, ez the Sr-subgrading.

Definition 3.3 Suppose that H has an Sy-grading {H,}nez, F € H. We say that F is

Sr-homogeneous, if for any f € F, f = > fn, fn € Hy, n € Z, then f, € F. That is, F is
ne”z
Sr-homogeneous if and only if F C > (F N Hy).
nez

Roughly speaking, an Sp-submodule has an Sp-subgrading if and only if it is Sp-
homogeneous. And for an Sp-homogeneous subset we can make an Sp-graded submodule
from it in a natural way.

Proposition 3.3 Suppose that H has an Sr-grading {H,}nez, and F C H is Sr-
homogeneous, then [Flr is an Sr-graded submodule of H. Moreover, if there exists k € Z
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such that ' C H}, and S;lF = 0, then [F|r is stable. If there exists | € Z such that F C H,
and SLF = 0, then [F|r is reverse stable.

Proof
Flr =\ stF=\/ Y (FnH,) =\ 3 SpFNH,) =P ( 3 sgg-m(FmHm)).
nez nez MmeZL neELZmMEeL neZ mez

If there exists k € Z such that F C Hj, and Sle = 0, then
[Flr =S}F&StF@ - .

But for any m > 0, SPSHF = SET™F for all i > 0, thus [F]r is stable.
If there exists | € Z such that F' C H; and SLF = 0, then

[Flp = & S;'F @& SYF.

But for m <0, SPSLF = Séj'mF for all i < 0, thus [F|r is reverse stable.

For duality, we consider the adjoint 7. Then we have S. = S;" for each n € Z. Put
H: = H_,, for each n € Z. Then the family {H}},cz is an Sp«-grading of H induced by
T*. Of course, the Sp-submodules and the Sp«-submodules are the same things. We have the
following proposition for the duality.

Proposition 3.4 (i) ni(H) = n,.(H*), n.(H) = ni(H*).

(ii) The Sr-grading {Hp }nez is bounded below (resp. above) if and only if the Sr+-grading
{H}}nez is bounded above (resp. below).

(ili) The Sp-grading {H, }nez is stable (resp. reverse stable) if and only if the St--grading
{H}}nez is reverse stable (resp. stable).

The next theorem says that stable plus bounded below will be of power.

Theorem 3.1 Let H be an Sp-graded module with Sp-grading {H,}nez. If {Hp}tnez is
stable, then H has a bounded below and stable Sr-grading if and only if H © S-H # 0. In this
case H'’s stable grading is uniquely determined in the following sense: If {Kp}nez is a stable
Sr-grading of H, then there exists an integer ng such that K, = Hpin,, n € Z. The dual
version also holds.

Proof If {H,}nez is bounded below, put n; = n;(H). By stability of {H,}, H© S+H =
H,, #0.

Conversely, if H© S+H # 0, we consider {H,, }nez. If {H,}nez is not bounded below, then
by stability of {H,}, we have S.H = H. Ihis is a contradiction. Thus {H, },ez is already
bounded below.

Now we suppose that {H, },ez is bounded below and let {K,,},ez be a stable Sp-grading
of H. Then by the same reason, {K,},ez is bounded below too. Put ns = n;(K), we have
K, =H6o S}H = H,,. If we take ng = n1 — ng, then for any n > ns, K, = Kpyin—n, =
S;pT™H o S;_MHH = Hp 4n—ny, = Hptn,. On the other hand, if n < ng, then n +ng =
n—+n; —ng <ni, thus K, =0 = H,4p,-

The proof is complete. The dual version is left to the reader.

In Section 4, we will revisit the invariant H & S%LH.
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We will say that an Sp-graded submodule M is minimal if for any nonzero Sp-graded
submodule N C M, we have N = M. There is a very pleasant result about the relation
between minimality and stability.

Theorem 3.2 FEvery minimal St-graded submodule of an St-graded module is double stable.

Proof It was proved that minimality implies stability in [14]. Using duality, since the
minimal Sp-graded submodule is the same as the minimal Sp«-graded submodule, it follows
immediately that minimality implies reverse stability.

It is natural to ask whether double stability implies minimality? We will consider this
problem in Section 4 and see a really interesting example in Section 5.

Proposition 3.5 FEvery bounded below St-graded module is a direct sum of stable Sp-graded
submodules. Every bounded above St-graded module is a direct sum of reverse stable St-graded
submodules.

Proof Let H be a bounded below Sr-graded module, F be a collection of Sp-graded
submodules that is a direct sum of stable Sp-graded submodules. Then we can use Zorn’s
lemma to get a maximal element M in F. If M # H, then the orthogonal complement
N = H & M is still bounded below with the Sp-decomposition

N:é;Nn.

n=no

Taking h € N,,,, we have

+o0
hr= & S"h.

n=—oo

Since S;anO C Npy—1 =0, we have
hr=8heS'he---.

Then [h]r is surely stable, since SESF = SET™ if nm > 0. Then M @ [hly € F, which
contradicts that M is a maximal element. Hence M = H and H is a direct sum of stable
St-graded submodules. For the case of bounded above, we use duality.

We will give an alternative proof of this proposition after Theorem 4.1 without using Zorn’s
lemma.

In categorical viewpoint, the concept of stability is more important than that of subobjects.
However, it has its shortcoming. For example, the direct sum of stable Sp-graded submodules
may not be stable. However, using the stable Sp-graded submodules as basic bricks is nice
enough. We will investigate more on stability in further detail.

Next, we consider the isomorphism theory in Sp-graded modules. In operator theory of
Hilbert spaces, the natural isomorphism is the unitary equivalence. Suppose that H and K are
Hilbert spaces, A € B(H), B € B(K). We call A and B are unitary equivalent, if there exists a
unitary operator U € B(H, K) such that UA = BU. Then it is easy to see that for all n € Z,
US% = SEU, and U preserves the properties for Sp-strict and Sp-regular. In particularly, if M
and N are reducing subspaces of T' € B(H), and there is a unitary operator U € B(M, N) such
that UT = TU, then we call M and N unitary equivalent. In this case, M and N are unitary
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equivalent if and only if there exists a partial isometry P € B(H) such that M is its initial
space and N is its final space and PT = T'P. In other words, if we let Py; be the orthogonal
projection with image M and Py be the orthogonal projection with image N, then P, and
Py are equivalent in the von Neumann algebra V*(T') = {T,T*}'.

From now on, if M is an Sy-module and N are an Sg-module, then we call that M and
N is S-isomorphic if A and B are unitary equivalent, i.e., there exists a unitary operator
U € B(M, N) such that UA = BU, and we call U an S-isomorphism between M and N. Then
we can define the concept of S-graded isomorphism for S-graded modules. For the sake of
simplicity, we note that the case when M and N are both zero is trivial by taking U = 0.

Definition 3.4 Let M be an Sa-graded module with Sa-grading {My}nez, N be an Sp-
graded module with Sg-grading { Ny, }nez. M and N are said to be S-graded isomorphic, if there
exists an integer ng and for all integers n, a unitary operator U, € B(My, Nyin,) such that
B|Nn+n0 Un =Upni14|p, . Then {Up}nez is called an S-graded isomorphism between { My, }nez
and { Ny, }nez-

It is not hard to see that an S-graded isomorphism preserves boundedness and stability.
After a long trip, we can state one of our main results now.

Theorem 3.3 Let M be an Sa-graded module with Sa-grading {My}nez, N be an Sp-
graded module with Sg-grading { Ny, }nez.

(1) If {Un}nez is an S-graded isomorphism between {My}nez and {Np}tnez, then @ U,
ne
is an S-isomorphism between M and N.

(il) If {My,}nez is stable and bounded below, {N,}nez is stable and bounded below, then
for any S-isomorphism U between M and N, there exists an S-graded isomorphism {Upy}nez

between { My, }rnez and { Ny }nez such that U = @ U,.
neL
(i) If {M,}nez is reverse stable and bounded above, { Ny, }ncz is reverse stable and bounded

above, then for any S-isomorphism U between M and N, there exists an S-graded isomorphism

{Un}nez between {M,}nez and {Ny,}nez such that U = @ U,.
nez

Proof (i) This can be proved directly.

(ii) If U is an S-isomorphism between M and N, then {UM,,} ez is a stable and bounded
below Sp-grading of N. By Theorem 3.1, there exists an integer no such that UM,, = Np1n,,
n € Z. Take U, = Ul|y,, then U, € B(M,, Nyipn,) and U, is unitary. Since UA = BU,
{Un}nez is an S-graded isomorphism between { M, }nez and {Ny}nez, and U = @ U,.

ne”z

(iii) Use duality.

Roughly speaking, every S-graded isomorphism is an S-isomorphism and under some con-
ditions every S-isomorphism is an S-graded isomorphism.

4 Kernel Method

Fix an Sp-graded module H and its Sp-grading {H,, }nez. For all m,n € Z, we define the
m-th kernel of S} by
ker,, St = {h € H,, : Sph = 0},
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and the kernel of S} by

ker St :={h € H : S}h = 0}.
Of course, we have ker S} N H,,, = ker,,, St. First, we have the following key proposition.

Proposition 4.1 (i) For the m-th kernel ker,,, S}, we have
ker,, S; = Hy, © S7" Hpp g

Hence ker,,, St is a closed subspace of Hp,.
(ii) For the kernel ker S}, we have

—+oo
kerSt =Ho S:"H = @ ker,, Sp.

m=—o0
Hence ker St is a closed subspace of H.

Proof For h € H,,,

he€HySS:"Hyin < (hAf) =0, VAeS:", Vfe€ Hpin
& (A'h, f) =0, VYAeS", Vf € Hpyn
< (Ah, fy=0, VAeS}, Vfe€ Hpin
< Ah =0, VA e St
& h € ker,, ST
This proves (i).
For (ii), we still have

+o0 +oo
kerSp = HOS;"H= P (Hn©8; " Hpin) = P kern Si.

We point out that in fact ker S can be defined for general T', and ker St = H © S;." H is
still true.

Although ker &% may not be an Sp-submodule of H, it is Sp-homogeneous. We state some
results about kernels as follows, and omit their proofs.

Remark 4.1 Suppose that H is an Sp-graded module with Sp-grading {H,, }rez-

(i) kerSY =0.

(i) For all n € N, ker ST C ker T™, ker S;." C ker(T*)".

(iti) For all m,n, k € Z, Sk ker,, S} C ker,, 4 Sp~*. Moreover, S% ker,, S7' = ker,, S7*.
(iv) For all m,n € Z, SP ker S} C ker S5~ ™. Moreover, S%ker S;-' = ker S7.'.

(v) For all m,n € Z, if mn > 0 and |m| > |n|, then ker S% C ker 7. In other words, we

- DkerS;? DkerSy' DkerS) =0 CkerS; CkerS7 C -+ - .

(vi) If {H,}nez is bounded below, then {H,},ez is stable if and only if ker Sz = H,, ().

(vii) If {H,}nez is not bounded below, then {H,,},ez is stable if and only if ker S5 = 0.

(viii) If {H,}nez is bounded above, then {H,,},cz is reverse stable if and only if ker S+ =
HnT(H)-
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(ix) If {H, }nez is not bounded above, then { H,, },e7 is reverse stable if and only if ker St =

(x) If {Hp}nez is unbounded, then {H,},cz is double stable if and only if ker St =
kerS;' = 0.

(xi) Tf {H,}nez is stable, then {H,,},cz is bounded below if and only if ker S7* # 0.

(xii) If {H, }nez is reverse stable, then {H,, },ez is bounded above if and only if ker St # 0.

(xiii) kerSy' =0 if and only if {H,},ez is both stable and not bounded below.

(xiv) ker S+ = 0 if and only if {H,, } ez is both reverse stable and not bounded above.

(xv) kerSy,!' =kerSh =0 if and only if {H,},ez is double stable and unbounded.

In some sense, we may think of the kernel as another description of an Sr-grading. It is
astonishing that we can quickly get some information about the Sr-grading through the T
directly.

Corollary 4.1 If T is injective, then {Hy}necz is reverse stable and not bounded above.
If T* is injective, then {H,}nez is stable and not bounded below. Thus if both T and T* are
injective, then {Hp }nez is double stable and unbounded.

Proof Note that ker Sflp C kerT'. Then the proof is immediate.

Let us begin to see a very trivial example. If T = 0, then of course H is an Sp-graded
module by setting Hy = H and H, = 0 if n £ 0. Then H is double stable, bounded, and
ker St = ker S0 !'— H. This example is not useless. Firstly, it indicates that double stable does
not imply Sy-minimal unconditionally. Secondly, for general T € B(H), it is easy to see that
ker T' N ker T* = ker S& N ker S:Fl. If H is an Sp-graded module, then set N = kerT' N ker T,
we will understand that N is an Sp-graded submodule. Moreover, H := Ho N will be an
Sr-graded module that

H, = H, © (ker, Sk Nker, S;') = [SEH,,_1 + Sz Hp 1]

In this case, set T = T'|z, we must have ker T NkerT* = 0. We call (f[, T) the reduction of
(H,T). Then we have proved the following proposition.

Proposition 4.2 If an Sp-graded module H is reduced, then
Hn - [S’Jl“Hn—l + SElHn+1]
for each n € Z.

Thus, for general case, we have H,, = [S}Hn_l —l—S:FlHnH] @ (ker,, Sflp Nker,, S:Fl). In some
sense, this may be the best result about the neighborhood relationship between forward and
backward.

Note that in Theorem 3.1 the invariant H © S-H is exactly ker Sp ! Since the definition
of ker S ! is not dependedent on H’s any Sp-grading, we conclude that for an Sp-module H,
ker S, ! = 0 implies that if H has an Sy-grading, then the Sp-grading must be stable and not
bounded below. And ker S;:* # 0 implies that if H has a stable and bounded below Sy-grading,
then H has only one stable and bounded below Sp-grading essentially. We also have the dual
result for ker Sk.

The next results show again that the invariant ker S»* should get more of our attention,
whatever graded condition is given. First we need a lemma.
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Lemma 4.1 Suppose that H is a Hilbert space, H = Hy ® K1, K1 = Hs & Ko, -,
K, = Hy41 @ Kpyo, -+, where H; and K; are closed subspaces of H for all i € N.
(i)
+oo
H = (ﬂKi)@Hl@HQEB"-.
i=1
(ii)
+oo
(H@Kl)@(Klng)GB---:H@(ﬂKi).
i=1
Proof Of course, Hi @ Ho @ ---=(HO K;)® (K16 K3) @ -+, take it as M. All we need
to prove is just

—+oo
Mt =K.
i=1
For any positive integer n, since H = Hi ® Hy ®--- & H,, d K,

M*CHieH o &H,)" =K,

+oo —+oo
Thus M+ C N K;. For any g € (] K;, g € Ky implies g L H;. Again, g € K, implies g | Ho,
i=1 i=1

and so on. Since g H,, for all positive integer n, thus gL M and g € M*.

Theorem 4.1 Suppose that an St-graded module H has a bounded below St-grading
{Hn}nEZ-
(i) H is generated by ker S;': H = [ker Syt |7 = @ [ker, S7']7.
nez
(i) V*(T) is isomorphic to a closed *-subalgebra of B(ker Sy.*).

(iii) If dimker Syt = 1, then T is irreducible.
Proof (i) For any n € Z,

@ 8’3“ kern—i 8'1_"1 = (Hn S} S’%“Hn—l) ® (S'}“Hn—l © S’%Hn—2) D

1€Z4 oo
i=1
=H,.

The last equality holds since {H, } ez is bounded below, thus H is Sp-regular at 1. Therefore
for all n € Z, H,, C [ker S;:']r. We get H = [ker S;'|7. Now

H = [ker S; |7 = Z[kern Sy,
nes

since kerS;l is Sp-homogeneous. Moreover, for any i,j,n,m € Z, n # m, for all A € S,
B€ S}, f€ker,S;', g € ker,, St if i < j, then we have

(Af,Bg) = (B"Af,9) =0,

since B*A € Srfp_j, i—j<0and f € kerS:Fl; if i = j, then B*Af € S°H,, = H,, and g € H,,,
we still have (Af, Bg) = 0; if i > j, then

(Af,Bg) = (f,A"Bg) =0,
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since A*B € S%_i, jJ—1 < 0and g € kerS:Fl. Therefore we prove that when n # m,
[ker,, ;'] Lker,, Szt]r, thus H = [ker Sty = @ [ker, S7']7.

nez

(i) If A € V*(T), then AT = TAand AT* = T*A, wehave S;' Aker S;' = AS; ker Sit =
0. Since A* € V*(T), we still have S;.' A* ker S;.' = 0. Therefore, A reduces ker S.*, and the
restrict map ®: A +— AlkerS;' is a *-algebraic homomorphism from V*(T) to B(ker S;').
Since [ker S7'|7 = H, @ is injective.

(iii) If dimker 7' = 1, then B(ker S;') = C and ® must be a #-isomorphism. Thus 7 is
irreducible.

It is easy to see that every nonzero [ker, Sp Y7 is bounded below and stable, thus it gives
an alternative proof of Proposition 3.5. Using duality, we have the version for bounded above
Sr-graded module.

Now, we give a generalized theorem about ker S, 1 without graded condition as follows.
Note that S ker S7' = ker S5 ! still holds.

Lemma 4.2 Let H be a Hilbert space, T € B(H), then
too
H = ( m SlTH) DkerS;t @ StkerSyt @ SikerS; @,
i=1

and we have
kerSytlr =kerS;' @ SpkerS;! @ Stker Syt @ - .

Thus N
H= ( N s;H) @ [ker S5
=1

is a direct sum of two reducing subspaces of T. Moreover, [ker Sfl]T 1s an St-graded module
with St-grading {S§ ker S7' ez which is bounded below and stable.

Proof Since H = S+H & kerSfl, we have SLH = S2H & S kerSfl, S2H = S3H &
82 ker S;l, and so on. Then use Lemma 4.1.

Thus for any general T € B(H), there are two Sp-graded reducing subspaces, [ker Sp. Y
and [ker S}|7 = [ker S} One is bounded below and stable and the other is bounded above
and reverse stable!

Theorem 4.2 Let H be a Hilbert space, T € B(H), H be Sr-regular.
(i) H = [kerS;']7.

(i) V*(T) is isomorphic to a closed x-subalgebra of B(ker S71).

(iti) If dimkerSy." =1, then T is irreducible.

Proof Note that SLH D S2H D --- is a decreasing chain, thus saying H is Sp-regular is
equivalent to that saying H is Sp-regular at 1.

In fact, that is to say, if H is Sp-regular, then H can be Sp-graded and even be stable!
More precisely, H has a bounded below Sp-grading if and only if H is Sp-regular. Moreover, if
H has a bounded below Sr-grading, then H has a stable bounded below Sr-grading which is
unique. The reason for this difference in stability is that we do not require n;(H) to be a fixed
number. There are some advantages that we insist for the freedom of index. In summary, the
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most useful stable Sp-graded module is the only minimal Sp-graded module. Also, we have the
dual version. It could warn that Sp-regular needs be redefined in the adjoint situation.
Just out of curiosity, we record a result for normal operators as follows.

Proposition 4.3 Let H be a Hilbert space, and T € B(H) be normal. Then
[ker S7tlr = [ker Sp]r = ker St = ker S} = ker T’ = ker T*.

Maybe it can be said that ker Sk is a noncommutative ker I’ or a nonnormalize of ker T'.

5 Standard Model

Let w = {wo, w1, - ,wn, -} be a sequence of positive numbers. We consider the space of

o~

sequences f = {f(n)} such that

+oo
A2 = 1£12 =D 1F(n)Pwn < oo
n=0

~

+oo
Let f(z) = Y. f(n)z"™ be the formal power series in z. Then we shall denote the space as
n=0

H?(w). Tt is clear that H? (w) is a Hilbert space with the inner product
too
(fr9) =Y F(n)g(n)wn.
n=0

It is easy to see that {%}nez . is an orthonormal basis for H?(w). In fact, it is well known
that H?(w) can become an analytic function space over an open disc (see [18]). Then we define
the multiplication operator M, by M.z" = z"*!. It is also well known that M, is bounded if

Wn 41 Wn+41
o o < +00.

and only if sup < 4o00. From now on, we assume that sup
n

We state some results about M. Recall that the commutator for T' € B(H) is defined by
[T*,T] = T*T — TT*.

Proposition 5.1 (i) M;1=0. M;z" = ﬁz"‘l if n>0.

(i) [MZ, M.]z"™ = p(n)z"™, where

!

) n= 07
wo
p(n) =
Wn41 w
Intl —n7 n > 0.
Wn, Wn—1

Take H, = {az" : a € C}, then {H,},ez is an Sy -grading of H?(w). We call this
Sir.-graded module the standard model with single variable. We denote it by (M., H?(w)).
It is obvious that the standard model of single variable is always stable, bounded below and
has Sjs,-codimension one property. Since every M, is unitarily equivalent to the unilateral

Wn+1
n

elementary results about unilateral weighted shift very quickly.

weighted shift with weight sequence «,, = , it is amazing that we can get the well-known

Theorem 5.1 M, is irreducible. If § = {J0,01,++ ,0n, -+ } is another sequence of positive
numbers and sup % < 400, then (M., H*(w)) and (M., H?(3)) are unitarily equivalence if

, 5
and only if <L = il p e 7,
n n
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Proof By Sj.-codimension one property, H?(w) is a minimal reducing subspace of M,
i.e., M, is irreducible.

Put A = M, on H?*(w) and B = M, on H?(§). Since the standard model with single
variable has a stable and bounded below S-grading, A and B are unitarily equivalence if and
only if Sa-grading module H?(w) and Sp-grading module H?(§) are S-grading isomorphic,
if and only if for all n > 0 there exists a unitary U,: H, — H, such that U,41A = BU,.
Assume that U, 2" = a,,2", and then |a,|* = g’—z. Taking norm’s square on U, 11 Az" = BU,z",

_ Ony1 se Wntl _ Ongl
= 5. Conversely, if o= = 5

we get ~—ntl is true for all n € Z., then we can take

Unz" = /%*2" and it is trivial that Uy41A4 = BU,.

[

Remark 5.1 For the condition w;‘—:l = g—:l, n € Z, we will denote it by w ~ ¢.

Next, we consider the standard model of multivariable. Let § = {d0,d1, - ,0n, -} be

another sequence of positive numbers and sup "“ < 400. Then we can construct H?(w,d) :=

H?(w) ® H?(J) as the Hilbert space cons1st1ng of analytic functions

—+oo
flz,w) = Z A m 2" W™

n,m=0

such that
—+oo

Z wn5m|an7m|2 < 00.
n,m=0
We can lift M, (resp. M,,) on H?(w) (resp. H?(d)) to M, @I (resp. I ® M,,) on H?(w,§). In
this case, we still write M, (resp. M,,) in place of M, ® I (resp. I ® M,,). In other words, we
have M, z"w™ = 2" T1w™ and M, z"w™ = z"w™ !
For M. on H?(w,§), we can take H,, = Span{z"w™ : m € Zy}, n € Z, then {H,},ez, is
an Sy, -grading of H?(w,d). Furthermore, this is even double stable and surely not minimal.

LA = 1LA12 6 -

Of course, it is natural to consider it as the tensor product of the standard model of single
variable (M, H?(w)) with (I, H?(4)).

By the multiplication operator M., with the symbol z + w on H?(w,d), we mean the
bounded operator M, + M, on H?(w, ). In this case, we can put H,, = span{z°w’ : s+t =n},
then we can check that {Hy, }nez, is an Sar,,,-grading of H?(w,§). This will be called the type
I of standard model with two variables (M, ,, H?(w,d)).

Proposition 5.2 For the type I of standard model with two variables (M4, H?(w,6)), we
have

(i) {Hn}nez, is bounded below, reverse stable.

(i) (M,iw, H*(w,0d)) is irreducible if and only if {H Ynez, is stable.

’L‘LTL‘L

(ili) ker, Sy = CC{xa}, n€Zy, where x, Z o

(iv) Denote by I:={ne€Zy:ker, SMl+ = (C{xn}} then i € I if and only if SMHle =

C{xi}-

(v) H*(w,0) = ®[xilm.,., and [xilm. ., is a minimal reducing subspace of T' for alli € I.
i€l
(vi) Foranyi,j €I, [xim

Xj} = (C{Xz +XJ}'

is S-graded isomorphic to [x;]n. ., if and only if SY; RO R

z+w
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(vii) If 1 is finite and for alli,j € I, # j, S%Z+w{xi+xj} # C{xi+x;}, then V*(M,4,) &
éC.
1]

Proof Since M,.,, is injective, (i) is easy.

(ii) If (M4, H?*(w,d)) is irreducible, then Sy, -graded module H?(w,d) is minimal and
{Hy}nez, is double stable. If {H,}nez, is stable, then H*(w,d) © S}, , H*(w,d) = Ho,
thus H?(w,d) has Sy

z4+w

-codimension one property. By Proposition 2.2, (M, ., H*(w,d)) is
irreducible.

(i) ker, Sy.,  CkerM:,, N H,andker M2, N Hy, = C{xn}.

(iv) If ker; SI_Wi+w = C{x}, then SJ\_41+ng4z+in = SI\_/I;in = 0, thus S](\)/[Hw xi C
ker; S]\_/[;w = C{xs}. Since x; € S](\)/[Hw Xi, equality holds. Conversely, we have M, (S]\};w Xi)
C SR/IZMXi and Mz+w(81\_4i+in)J-Xi since x; € ker M} ,,. Using SR/IzMXi = C{x;} it follows
that M, 1., (S]\};w)(i) must be zero. Thus Sj\};wxl- = 0 by injective of M, ..

(v) Since [ker; S]\_/Iier]Mz+w = [xi]n. .., use Theorem 4.1. Note that for any i € I, [xs|am.,.,
has Sar, ., ,-codimension one property.

(vi) If [xi]as..,, is S-graded isomorphic to [x;]as,. . then there are two unitaries Up: C{x;}
— C{x;} and Uy: 811\42+in — 811\42+jo such that Uy M4, = M,1,Up. Assume Upx; = cx;,

and then for all A € S](\)/[Hw, Axi = Aax: by S](\)/[Hw Xi = C{x:}, and we have
1 1
Alxi +x5) = A(Xi + EUOXi) = A4 (xi + Eoni) =Aalxi + x5)-

Thus S](\)/Iﬁw {xi + x5} =C{xi + x5}

If Sy . {xi + X} = C{xi + x;}, then for A € S, assume Ax; = Aaixi, Ax; =
Aaixi By Al + x5) = Aaaxi + Aagx;, we find that Aa; = Aa; for all A € Sy .
Define Up: C{xi} — C{x;} by Uoxi = cx;. Take c such that U is unitary. Since [xi|ar.,,, =

620 Sir., X and [xglar,, = @0 St Xj» if we define U: [xi|m.,,, — [Xj]m.,,, directly by
n nz

U_Bxl- = cByj, where B € S}\}Hw for all n > 0, and extend it linearly. Then for any By, By €
S;\I/[z+w’

(¢Bix;,cBax;) = (¢B3Bix;, cx;) = (¢AByB1.iXj> €X;j)

= gy B1,j (UoX;j, UoXj) = AB3By,j{(Xis Xi)

AB3 By ,jXis Xi) = (AByBy,iXi» Xi)
B3 Bixi, xi) = (B1xi, B2Xi)-
If we have By x; = Bayi, then (By —Bz)x; = 0. By the above result we get that (B;—Bz)yx; =0
and Byx; = Bay;. Thus U is a well defined S-isomorphism between [x;|as., ., and [x;]ar. .-

-
-

Hence (x|, is S-graded isomorphic to [x;]as, ., by Theorem 3.3.

(vii) If I is finite, then dimker SI\_/I;w = |I| and V* is x-isomorphic into a closed x-subalgebra
of B((Cm). Ifforalli,jel,i#j, SJ(\)/[erw{Xi + x5} # C{xi + x5}, then [xi]a.,,, is not Sar_ -
isomorphic to [x;]a. ., - By the theory of von Neumann algebra, V* = @ C.

7]

Remark 5.2 If we directly use the ker S]\_/[;w to generate the Sy, -grading, then H?(w, 0)
is already double stable Sy, ,-graded module. It also provides another interesting example
that double stability is irrelevant to minimality if we do not pose any restriction on the concrete
graded structure.
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Inspired by this proof, we want invite the reader to verify the following general propositions
for S-graded isomorphism and the kernel method.

Proposition 5.3 Suppose that M is an Sa-graded module with Sa-grading { M, }nez, N is
an Sp-graded module with Sg-grading { Ny, }nez, and they satisfy the following properties:

(a) {My,}nez and {Ny,}nez are bounded below and stable.

(b) Take ny = ni (M), na = ni(N), then dim M,,, = dim N,,, = 1.
Let M,,, = C{x1} and N,, = C{x2}. Then M is S-graded isomorphic to N if and only if for
all Ty € 8Y and To € 8% which is get by replacing A with B in Ty, then x1 is an eigenvector
of T1 , x2 is an eigenvector ofl> and they have the same eigenvalue.

Proposition 5.4 Suppose that an St-graded module H has a bounded below St-grading
{Hp}nez. Let I ={n:dimker, Sfl = 1} and assume that for all i € I, ker; S;l =C{xi}.

(i) Fori,j € I, [ker; Sp']r is S-graded isomorphic to [ker; St')r if and only if S9{x; +
xjt=C{xi + x5}

(i) IfI = {n:ker, S;* # 0}, I is finite and for alli,j € 1,4 # j, St {xi+x;} # C{xi+x;},
then V*(T) = @ C.

11|

Of course they all have dual versions.

The question of stability of (M., H?(w,d)) is really difficult. For common results we only
know that when w ~ 6, (M., H?(w,d)) is not stable. For general case, we conjecture that
IC{o0,1}.

By the Toeplitz operator T,z with the symbol z +w on H?(w,d), we mean the bounded
operator M, + M. on H?(w,§).

For T, we can set H, =span{z*w': s —t = n}, then we can check that {H,}necz, is an
unbounded St , _-grading of H?(w,§). This will be called the type /1 standard model with two
variables (T 4w, H?(w,6)). Since T., is injective and (T4, H?(w,6))’s adjoint is unitarily
equivalent to (1,4, H?(5,w)), we get the following result.

Proposition 5.5 The type I of standard model with two variables (T,iw, H*(w,6)) is
double stable.

Note that there are a few results showing that (T}, H?(w,d)) is irreducible and the rest
is still unknown. The usefulness of standard models is indicated as follows: All of the tuples
(M n, H*(w)), (Mazntpwm, H*(w,6)), (Tuznsvwm, H*(w,d)) can be represented as a direct sum
of finitely many standard models.
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