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Boundary Behavior of Large Solutions for Equations of
Monge-Ampere Type*

Zhijun ZHANG!

Abstract This paper is concerned with the existence and optimal boundary behavior of
large solutions to the Monge-Ampere type equations det D*u(z) = A" (x)+b(z)g(|Vu(z))|),
x € , where 2 is a uniformly convex, bounded smooth domain in R"™ with n > 2,
b€ C™(R) is positive in Q, g € C[0,00)NC"(0,00), g(0) = 0 and g is increasing on [0, c0).
The author finds new structure conditions on g which play a crucial role in boundary
behavior of such solutions.
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1 Introduction

In this paper, we analyze the existence and boundary behavior of convex solutions to the
following boundary blow-up problem of Monge-Ampeére type

det D?u(z) = ™ (z) + b(z)g(|Vu(z)]), u(x) >0, x € Q, ulsn = oo, (1.1)

where the boundary condition means that u(z) — +oo as d(z) = dist(z,9Q) — 0, and the
solution is called “a large solution” or “an explosive solution”, € is a uniformly convex, bounded

smooth domain in R™ with n > 2, D?u(z) = (2;76(2)) denotes the Hessian of u(z), det D?u is
the so-called Monge-Ampere operator, A > 0, b € C’éo(Q) is positive in 2, and g satisfies
(g1) g € C[0,00) N C(0,), g(0) = 0 and g is increasing on [0, 00);
(g2) [~ %ds < 0.
Firstly, let us consider the following more general problem

det D*u(x) = h(z,u(z), Vu(z)), =€ Q, ulapg = +oo. (1.2)

Problem (1.2) arises in Riemannian geometry. When h does not depend on Vu, there are
many papers which have been dedicated to resolving the issues of existence, uniqueness and
asymptotic behavior of solutions to the problem, see, for instance, [7-8, 10-11, 16-17, 2021,
26, 31, 33, 36-37, 39, 43] and the references therein. When h strongly depends on Vu, only
partial results are known for the problem, see, for instance, [15, 27, 35, 38, 40] and the references
therein.
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Some basic results are listed as follows.

In [35], Urbas established the following result (see [35, Theorem 4.12, Remark]). Let Q be
a C'1 uniformly bounded convex domain in R". Suppose that u € C?(Q) is a convex solution
of equation in (1.2), and h € CH1(Q x R x R") is a positive function satisfying

h(z,s,v) < co(d(x))” (1 + v}, V(z,s,v) € DxRxR",
where D € Q is a neighbourhood of 92, ¢y > 0, ¢ > nand o > g—n—1, then d(li§n Ou(:z:) = +4o00.
xT)—r

In [15], Guan and Jian established the existence, nonexistence, uniqueness and global asymp-
totic behavior of (strictly) convex solutions to problem (1.2) for several classes of positive func-
tions h.

When h(z,s,v) = p(x)a(s) + |v|?, ¢ € [0,n], the author (see [40]) considered the existence
and boundary behavior of (strictly) convex solutions to problem (1.2) under some additional
conditions on a and p.

Secondly, when the Monge-Ampere operator det D?u is replaced by the classical Laplace
operator Au, many papers have been dedicated to resolving the issues of existence, uniqueness
and asymptotic behavior for solutions of the corresponding problem, see, for instance, [1-3, 6,
9,12, 18-19, 22, 24, 28-29, 42 | and the references therein.

Some basic results are listed as follows.

Lasry and Lions [19] firstly established the following model

Au(z) = du(z) + [Vu(z)|?, u(z) >0, z € Q, ulgg = oo, (1.3)

which arises from the description of the basic stochastic control problem with state constraints,
and showed the following results. Model (1.3) has a unique solution v € C%(Q) if and only if
€ (1,2]. Moreover, u satisfies
2—gq
. =g (g—1) a1
1 diz))et =12 °
d(zll)thU(x)( (x)) 54
1 2\
d(x) 50 — In(d(z))

, when 1 < ¢q < 2,
=1, when ¢ = 2.
Alarcén, Garcia-Melidn and Quaas [1] analyzed the existence, nonexistence, boundary behavior
and uniqueness of solutions in C1<(Q) for ¢ € (0,1) to the following problem
Au(z) = f(u(z)) + g(|[Vu(z)]), u(z) >0, z€Q, ulgg = oo, (1.4)

oo s

where f,g € C[0,00) satisfy f(0) = g(0) = 0, f, g are increasing on [0,00), [| sy ds = oo,

I % < 00 and the further appropriate conditions.
For convenience, we introduce several kinds of functions.

Firstly, the regularly varying function is presented as follows.

Definition 1.1 (see [32, Definition 1.1]) A positive continuous function ¢ defined on
la,00) for some a > 0, is called reqularly varying at infinity with index p, denoted by ¢ € RV,,,
if for each € > 0 and some p € R,

e
5—00 gb(s)

In particular, when p =0, ¢ is called slowly varying at infinity.

=", (1.5)
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Clearly, if ¢ € RV, then L(s) := % is slowly varying at infinity.

Some basic examples of slowly varying functions at infinity are

(i1) every continuous function on [a,c0) which has a positive limit at infinity;

(iz) (Ins)* (s > 1) and (In(lns))* (s > e), p € R;

(i) exp((Ins)*) (s >0), 0 < p < 1.

We also say that a positive continuous function ¢g defined on (0, sg) for some sy > 0, is
regularly varying at zero with index p (and denoted by ¢ € RVZ,) if s — ¢0(%) belongs to

RV_,.

Proposition 1.1 (Uniform convergence theorem) (see [30, Proposition 0.5]) If ¢ € RV,
then (1.5) holds uniformly for & € [c1, 2] with 0 < ¢1 < ca.

Proposition 1.2 (The Karamata representation theorem) (see [32, Theorem 1.2, 30,
Corollary, p. 17]) A function L is slowly varying at infinity if and only if it may be writ-
ten in the form

L(s) = z(s) exp (/SS @dT), s = Sy for some So = a, (1.6)

where the functions z and y are continuous and for s — oo, y(s) — 0 and z(s) — co, with
co > 0.

Definition 1.2 (see [25, Definition 0.3])

S

L(s) = coexp (/s @dr), s> S (1.7)

18 normalized slowly varying at infinity and

is normalized reqularly varying at infinity with index p (and denoted by ¢ € NRV ).
Equivalently, a function ¢ € C''[Sp, o0) for some Sy > 0 and ¢ € NRV,, if and only if
/
LAC)
5—00 gb(s)

Similarly, ¢g is called normalized regularly varying at zero with index p, denoted by ¢9 € NRVZ,
if s — ¢o(L) belongs to NRV _,.
Secondly, let A denote the set of all positive nondecreasing functions ¢ in C'*(0,dg) (6 > 0)

=p. (1.9)

which satisfy

ti‘&%(%) = Dy [0,00), O) ::/0 0(s)ds. (1.10)

The set A was first introduced by Cirstea and Radulescu [9].
Three basic examples of 8 € A are
(i1) 0(t) =17 with 0 >0, O(t) = (1 + o) 17 Dy = (1 + o)™
(i2) 0(t) = (—Int)=7,t € (0,4), 0 > 0, Dy = 1;
(i) 0(t) = exp(—t~7) with ¢ > 0, Dy = 0.
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Next, we denote by k1(T),- - , kn—1(T) the principal curvatures of 9 at T and
n—1 n—1
My = max | 1 ki(T),  mo = Jnin H ki(T). (1.11)
1= 1=

Then we can see that mg > 0 provided (2 is a uniformly convex, bounded smooth domain in
R™ with n > 2. In particular, when 2 = Br which is a ball of radius R centered at the origin,
My =mgy = R,

For convenience, when ¢ satisfies (g1) and (g2), let

OOSn—l
Ht:/ 5 d4s, t>0,
D= 5

and we denote by 1 the inverse of H, i.e., ¢ satisfies

[ee] n—1
/ Y _du=t, Vt>0. (1.12)
»(t) g9(v)

We also denote

W(t) = /tl W(r)dr, te(0,1] (1.13)

In this paper, when b = 1 in 2, we show boundary behavior of solutions to problem (1.1) under
the following new structure conditions on g:

(g3) either g € RV, with index g € (n,n+ 1), or g € RV,,41 and fol Y(r)dr = 0.

Three basic examples of g which satisfy (gs) are

(i1) g(s) = s, s € [0,00), g € (n,n + 1];

(i2) g(s) = s?(Ins)* on [Sp, o0) for sufficiently large Sy > 0, ¢ € (n,n+ 1) and p € R;

(i3) g(s) = s"*T1(Ins)™* on [Sy, 0o) for sufficiently large Sy > 0, > 0.

In particular, when g(s) = s, ¢ > n,

W):( ! )"%"t—qfn, t>0. (1.14)

Moreover, when ¢ < n + 1, for ¢t € (0,1],

1
q—n ( 1 ) e—n , _n+tl—g
g Tt 1), g<n+l,
U(t)y=¢n+1l—-—qg\qg—n s Joa<n

—Int, qg=n+1.

(1.15)

The complete characterizations of ©, 1) and ¥ are provided in Lemmas 2.1 and 2.3, respectively.
Moreover, when b vanishes on the boundary properly, and g(s) = s, ¢ € (n,n + 1], we also
show boundary behavior of such solutions.

Specifically, our main results are summarized as follows.

Theorem 1.1 Letb=1in$, g € (n,n+1], and g satisfy (g1)—(gs). Then, for any convex
solution u to problem (1.1), there holds
o
. u@ u(z)

lim inf lim s
o= ene ™ Bd@) = a@se P U(d(z))

1
< Mg (1.16)
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In particular, when Q2 = Br, u satisfies

. u(x) e
A Ty (L.17)

Theorem 1.2 Let g(s) = s? with ¢ € (n,n+ 1], and b satisfy the additional condition that
(b1) there exist @ € A and positive constants b; (i =1,2) such that

o b() o blz)
D= e ™ Gy = 2 e ™™ @)

(I) If g < n+1, then, for any convex solution u to problem (1.1), there holds

— +1- e
U (1)

n+1—q\by qg—n
ntlg
< d(lgl)tr_lminfu(x)(@(d(x))) a—n
< d(lﬂggo sup u(x)(@(d(:z:)))nqt#
<G 119

(I2) If g=n+1 and Dy > 0, then, for any convex solution u to problem (1.1), there holds

moDy o u(x) . u(x) MyDg
< [ S <
by S i, = m(0(d(z))) — G, Sup — mOd(z) — b

Finally, to consider the existence of convex solutions to problem (1.1), we need the following
function ¢. As we know, for a uniformly convex, bounded smooth domain  in R" (n > 2),
there is a function ¢ € C?(Q) with the properties (see [20, 34]): ¢(z) < 0, Vz € Q,¢|oq =
0, Vo(x) # 0, Vo € 99, and D?p(x) is positive definite on Q. It follows that there exist
0o > 0 and positive constants ¢; (i = 1,2) such that

V()] >0, Ve(z)(D*p(x) " (Vo))" >0, Voe Qs (1.19)

and
ad(z) < —p(z) < cod(x), Ve, (1.20)
where V() = (aa—fl, 86—;’2, e 661—“;) is the gradient of (), (Vi(x))T denotes the transpose of

Vo(z), (D?*p(x))~! denotes the inverse matrix of D?p(z), and Qs5, = {z € Q: d(z) < &o}.
For convenience, let

v=—p and assume mag lo(z)| < 1. (1.21)
zTE

We have the following results.

Theorem 1.3 Let g(s) = s? for s >0, g € (n,n+ 1], and b € C>(Q).
(I) If b satisfies the condition that
(ba) there exist 0 > —(n+ 1 — q) and positive constants b; (i = 1,2) such that

bi(v(2))” < b(x) < ba(v(2))?, @€
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then problem (1.1) has a convex solution in the order interval [my (v(x)) ™2, My (v(z))~?], where

B="t4970 ) € (0,1) is a sufficiently small constant satisfying

min(" (~1)"det D*u(@)(v(@) + (1 + B)Vo(e) (- D*(x)) ™ (Vo(z))™))
> max(A(v(a)) "+ bom{ "7V )|, (1.22)

and My > 1 is a sufficiently large constant satisfying

glgg(ﬁ”(—l)"det D*v(@)(v(z) + (1+ B)Vo(z)(~D*v(x)) ™" (Vo(x))"))

< min(A(v(z))" T + by M”84 Vo (x)[?). (1.23)
e
(I2) If b satisfies the condition that
(bg) there exist positive constants b; (i = 1,2) such that

b1(v(x))? <b(z) <bs(v(z))?, €0, c=—-(n+1-gq),

then problem (1.1) has a convex solution in the order interval [—msoln(v(x)), — My In(v(x))],

where mo € (0, 1) is a sufficiently small constant satisfying

Imneilﬁl((—l)”det D?v(z)(v(x) + Vo(z)(=D*v(2)) " (Vo(2))h))
> Iwngg(k(— In(v(2)))" (v(2))" " + bamg ™" [Vu(z)[7), (1.24)

and My > 1 is a sufficiently large constant satisfying

max((—1)"det D?v(x)(v(z) + Vo(z)(—D?*v(z)) 1 (Vou(z))T))
reQ
< min(A(= In(v(2)))" (v(2))"* + b1 Mg ™" [Vu(z)]). (1.25)
reQ
The outline of this paper is as follows. Some preliminary considerations are presented in
Section 2. In Section 3, we give the proofs of Theorems 1.1-1.2. The proof of Theorem 1.3 is
provided in Section 4.

2 Preliminaries

Our approach relies on Karamata regular variation theory established by Karamata in 1930
which is a basic tool in stochastic processes (see [4, 30, 32] and the references therein) and in
the existence and asymptotic formulas of regular solutions for both second-order linear ordi-
nary differential equations and some nonlinear ordinary differential equations (see [25] and the
references therein). Moreover, Cirstea and Radulescu [9] firstly introduced the theory to study
boundary behavior of large solutions of semilinear elliptic equations.

In this section, we present some further basic facts from the theory in order to show the
complete characterizations of the exact behavior near zero of ©, ¢ and ¥ in (1.10) and (1.12)-
(1.13).
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Proposition 2.1 (see [4, Proposition 1.3.6]) If functions L, Ly are slowly varying at
infinity, then

(i1) L” (for every p €R), c1 L+ caLy (1 >0, ¢a >0 with ¢y +¢o >0), L- Ly and Lo L4
(if L1(s) — oo as s — 00) are also slowly varying at infinity.

(iz) For every e > 0 and s — o0, s°L(s) — 0o, s °L(s) — 0.

Proposition 2.2 (see [4, Proposition 1.5.7]) If ¢ € RV,, ¢1 € RV, with li}m 1(s) = o0,
then ¢* € RV, (for every ¢ € R) and ¢ o ¢p1 € RV, .

Proposition 2.3 (see [4, Karamata’s Theorem]) If a function ¢ € RV_, with p > 1,
then [ ¢(t)dr < oo, [ ¢(T)dr (s > 1) belongs to RVi_, and

lim =p—1.
5—00
/ (T

Lemma 2.1 (see [39, Lemma 2.1]) Let § € A. We have

. . e

(i1) hm+ 0((;5)) =0, t1_1>1(1)1+ gfg(t)(t) =1— Dy, and Dy € [0,1];

(iz) when Dy >0, 0 € NRVZ(1_p,)/p, and © € NRVZD{;l :

(i3) when Dy =0, 6 and © grow faster than any t° (o > 1) near zero.

Lemma 2.2 If Dy > 0, then

tig (G) " (- me@@)” = 0.

Proof From Dy > 0, the definition of A and the 'Hospital’s rule, we have

@

)
o _ . S8 ey _
li sy = B = () = Do >0,

and —In(O(t)) is normalized regularly varying at zero. Moreover, Proposition 2.1 implies

iy () (@ = iy ()" iy - i =o

Recall that

(e’ Un_l 1
/w<t> mdv:t, vt > 0, \I!(t):/t P(r)dr, te(0,1).

Lemma 2.3 Let g € (n,n+ 1] and g satisfy (g1)—(gs). We have
(i) ()" (t) = g(¥(t)), t > 0; ¥(t) > 0 for t >0, ¢ € NRVZ_ 1, and ¢(0) :=
lim (t) = o0;

t—0+
(i) when g € RV, with index g € (n,n+ 1) fo T)dT =
(13) ( ) = 1/)( )7 \I/N( ) - —711 ( )7 (Oa 1)7 \I/ € NRVZ_M; \IJ(O) = lim \Ij(t) = 00,

q—n t—0+
e
and lim “orrgsy = 0.
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Proof (i1)—(i2z) The first part of the results is easy to be obtained. For the last part,

let s = 9(t), we see from Proposition 2.3 (¢(s) = g(s)l, ¢ € RV_(g41-pn) With ¢g+1—-n > 1)
that

e o] Un—l
W ) 00 [, ™

i, D) oot (@) oot (W(t)"
[es} Un—l
/ CA
— gm0 1
S ey ¢=n

ie, ¥y e NRVZ_ 1 .

So, there is a sufficiently small ¢y € (0,1) and L which is normalized slowly varying at zero
such that ¥(t) = t_q%"Z(t), t € (0,tp]. Similar to the proof of Proposition 2.1(iz), we obtain
that lim ¢(¢) = co and lim t_(q%n_'y)L(t) = oo for v € (1,-2-) provided q € (n,n +1). Tt

t—0+ t—0t+ q—n

follows that there is a sufficiently small ¢; € (0, o) such that
Pt) =t TE VL) > 7Y, te (0,4,

and thus fol ¥ (7)dT = oo provided ¢ € (n,n + 1).
(i3) By a direct calculation, we can show the first part of the results. Moreover, fol Y(r)dr =
oo implies ¥(0) = oo. Then, we see from the 'Hospital’s rule that

0 (t) 0 i O +9(@)

o0r () im0t () esor W(E)
/ —
=1+ lim t¢(t):_n+1 q,
t—0t+ (1) g—n

ie., . € NRVZ_n+1-4. It follows from Proposition 2.1 (i) and Proposition 2.2 that g(¢) €

. iy (T
RVZ_ 4 | 9 € RVZ, 1 and tl_l)%l 0

a—n +9@@) T

Lemma 2.4 (The comparison principle) (see [15, Lemma 2.1]) Let Q be a bounded convex
domain in R™ with n > 2, I = [0,00) or [ =R, and let h € C?(Q2 x I x R™) be increasing in s
for all (z,v) € Q x R™. Ifu,v € C*(Q)NC(Q) are convex functions satisfying

(i1) det D?u(z) > h(z,u(z), Vu(x)), = € Q;

(iz) det D?v(x) < h(z,v(z), Vo(z)), = € Q;

(i) u(z) < w(x), = € 09,
then we have v < v in €.

The following result is an improvement of Lemma 2.4.

Lemma 2.5 (The comparison principle) Let 2 be a bounded convexr domain in R™ with
n>2 1= (0,00) or I =R, and let h € C*(Q x I x R™) be nondecreasing in s for all
(r,v) € A x R™. Ifu,v € C?(Q) are convex functions satisfying

(i1) det D?u(z) > h(z,u(z), Vu(x)), = € Q; (or det D?u(z) > h(x,u(x), Vu(z)), = € Q);

(iz) det D?v(x) < h(z,v(z), Vou(z)), = € Q; (or det D?>u(x) < h(x,u(x), Vu(z)), = € Q);

(iz) lim sup(u(z) —v(z)) <0,

d(xz)—0

then we have u < v in .
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Proof Assuming the contrary, there exists zg € €2 such that

u(zo) — v(wp) = max(u(x) —v(z)) > 0.
e

Therefore, the Hessian D?(v — u) is positive semidefinite at xo, Vu(zg) = Vwv(xg), and
det D?u(wg) < det D?v(z0).
On the other hand, since ¢ is nondecreasing in s for all (z,v) € Q x RY, we have

h(zo,v(z0), V(o)) < h(zo, u(wo), Vo(zo))
= h(wo, u(wo), Vu(zg)) < det D?u(xg).

This contradiction shows that v < v in .

Lemma 2.6 (see [20, Proof of Proposition 2.4, 41, Lemma 2.5]) Let E be an open subset
of R™ with n > 2, 1y € C*(R), vg € C*(E) and D?vo(z) be invertible. We have
(i1) it holds for z € E

det D% (vo(x))
= (g (vo(x)))" ™ det D?vo () (g (vo () + ¥g (vo(2)) Vo (@) (D*vo(2)) ™ (Voo (2))T);
(i2) if D?vo(z) is positive definite on E, 4(s) > 0 and ¥ (s) > 0 on R, then D1 (vo(x))
1s positive definite on E.
3 Boundary Behavior of Solutions

In this section, we prove Theorems 1.1-1.2.
For any 6 > 0, let
Qs ={z € Q:d(x) < d}.

When  is C"™-smooth for m > 2, choose 1 € (0, dp) (o is given as in the definition of A) such
that (see [14, Lemmas 14.16-14.17])

deC™(Qs,), |Vdx)| =1, Vrely. (3.1)

Moreover, let T be the projection of the point z € Q5, to 9Q, and k(%) (i =1, ---, n—1) be
the principal curvatures of 92 at T, we have

D?(d(x)) = di —al@ L Tea@ ) e 3.2

(d(x)) = diag| TP T am e @) } vE e (3:2)

Lemma 3.1 (see [10, Corollary 2.3])  Let 1o be a C?-function on (0,081). Then

n—1

det D2o(d(w)) = (~vf(d(@))"~ v (d() ( []

i=1

/il(f)

Proof of Theorem 1.1 For an arbitrary ¢ € (O, i), let £4. be the unique positive root of

€7 — Mp(l—e)™1¢" —2e =0
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and &_. be the unique positive root of
€ —mo(1+e) ¢ +2e=0.

It follows that

1

0 1
mg " < Ee <&y < (2Mp) T

By using (gsz) and Lemma 2.3, we see that

lim (1—d(z)k(T)) =1

d(z)—0
and
- n P(d(x) | g(rev(d(2))) p
| A =
()50 ( S @) T gd@) )=¢h
uniformly for i =1,2,--- ,n—1 and ;. € [mg%‘, (2M0)ﬁ}, respectively.

Z. J. Zhang

In addition, we obtain from (1.11) and (3.3) that there is a sufficiently small 6. €

(0,min {1, %1}) (01 has been given in (3.1) corresponding to €), such that

n—1
mo Ki(f) My
< < , € Qos._.
1+¢ 1;[ 1-— T . 20

For n € (0,9;), let

Te(x) = &V (di (), = €Dy =05 /Qy,  di(a) :=d(x) —n.

By Lemma 3.1 and a direct calculation, we see that for z € D,

det D*uc (z) = €4 (¢(di (2))" '’ (da (x))( 11 %)
i=1 ¢

n—1 (T
= leg((ds (x)))( H #)iz(x_))

< g(¥(di(2)) (€} Mo(1 — )" +¢)

and

Xz () + (| Ve (2)]) = AL (W (dr ()" + g(E+etp(da(2)))
) n

B (e (EBE@) el (x)
=g @) (e s+ S )
> g((di (2))) (€1 Mo(1 —)~" +e).

(3.5)

Thus, det D*u.(x) < Ml (z) + g(|Vuc(z)|) for © € D, ie., . is a supersolution to (1.1) in

D, .
In a similar way, we can show that

u () =& U(da(2)), €D} =05y, do(x):=d(x)+n

is a subsolution to (1.1) in D;F.
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Now let u be an arbitrary solution to problem (1.1). We assert that there exists a positive
constant M such that

u<M+u., zeD,,

u. <u+M, xeD].

In fact, we can choose a large M such that

u<M+a., onTy, :={xe:dx) =20}

Obviously, @. + M is also a supersolution of equation (1.1) in D . Since u <% on I', := {x €
Q :d(z) = n}, (3.6) follows by Lemma 2.5.
In a similar way, we can show (3.7).

Hence, when z € D, N D;r, by letting n — 0, we have

M u(x) M
T B © Ta@) T Ty

Consequently,

. u(x) . u(x)
Soe = B0 M G S o™ Tl < S (3:8)

Thus letting & — 0 in (3.8), we obtain (1.16).

Proof of Theorem 1.2
CaseI ¢g<n+1.

For an arbitrary € € (O, min {%, %1 ), let &4 be the unique positive root of

1—qg\¢ 1—qg\" 1-—
(bl—g)(u) §q—MO(1—6)_1(n+ q) (n—i— q+D9)§"—2<€:O,
q—n q—n q—n
and &_. be the unique positive root of

(b2 +E)(L1_q)q§q —mp(1 +6)_1(n+ 1- q)n(""‘ 1—g¢

—I—Dg)fn—l—Z‘;‘:O.
q—n q—n

It follows that

1 1

q—n (@( n D))ﬁ< - - q—n (8M0( n D))qfn
n+1—g\2by q—n+ o boe <b4e n+1—q\ by q—n+ o

From Lemmas 2.1-2.2, we see that

im0 () - () e

—Mo(l—a)_l(n+1_q)n( 1 O(d(x))8' (d(z))

qg—n q—n 02(d(x)) )6?—5)
ot
(R (e
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uniformly for &, € [€, €.
Moreover, we obtain by (b1) and Lemma 2.2 (iz) that there is a sufficiently small §. €
(O, min {1, %1 ) corresponding to €, such that for n € (0, ),

(b1 — )01 749(d(x) —n) < (by — )0 79(d(x)) < b(z), =z € Dy = Qas. /ﬁn
and

b(x) < (by 4+ )" 9(d(x)) < (b + )01 79(d(x) + 1), z¢€ D = Qa5 .
Let

q

U(z) = £4:(0(di(2)) 77", z €Dy, di(x):=d(x)—m.

By Lemma 3.1 and a direct calculation, we see that for z € D,

det D7, () = gﬁg(%)"e)w(dl (2))(O(dy (a:)))‘ﬁ
(- 2% df/ 5 )( = e)
< 0" (dy (2))(6( T "(5 alMO (n:_l;q)
(qin_(a( 92d1 )+E)
and
NG (2) + b(x) |V ()]
= 0" (dy (2))(O(dy ()77 (A&ia ((2((51;((5)))))n+1
+§is(n;—_1 ,: q) gn+i— ‘Sa(:c)ll( ))
> 0" (dy (2))(O(dy (2))) " Fi=7 (A§+s(%)n+l

(R S

q—n

> 07 (ds (@) O (@)~ 77 (77 ()

( - ®(d1($))9’(d1($))) n 6).
qg—n 02(da (x))
Thus, det D*T. (x) < Aal (x) 4 b(x)|Va.(x)|? for 2 € D, i.e., T. is a supersolution to equation
(1.1) in D; .

In a similar way, we can show that

u () = E-o(O(da(2))) 7", @€ DF = Qa5,_y, da(w) = d(x) +1

is a subsolution to equation (1.1) in D;f.
Case II Dy >0and ¢g=n+1.
For an arbitrary e € (0,min {1, 2 }), let £, be the unique positive root of

(by — )&t — My(1 — )71 Dgé™ — 26 = 0,
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and &_. be the unique positive root of
(by + €)™ —mo(1 — &) Dpe™ + 26 = 0.

It follows that D SMoD
moDyg 00
%, << €+€ < by ’

From Lemmas 2.1-2.2, we see that

. n (Old(2))
d(lgi?lo ()\54“5 ( 6(d(x))

)" O+ r - )er e

-, (- )
= (b - - T Dot 2,

1—¢

moDg 8M0D9}
2bs by :

In addition, we know from (by) and Lemma 2.2 (i) that there is a sufficiently small ¢, €

uniformly for &, . € [

(0, min {1, % ) corresponding to &, such that
by —e <blx)<by+e, x€os..

Let . (7) = &4(—In(O(d1(2)))), z € Dy, di(x) := d(x) —n. By Lemma 3.1 and a direct
calculation, we see that for x € Dy

det D*7. (x) = e (%)n+l (1 B O(dq (x))e’(dl(x))) (nl:f = ki (T)

< (%)n+l( " 1]\:[06 (1 B O(d1(x))0' (d;

and
N2 (@) + (@) VT (@)
7)))1%1 (et (W)”W— (O (da (2))))" + €54 b))
o) (e (G @ @) + - )
)

O(d1(x))0' (d1 (2))
Mog(l_ 02(dy (v) )+2):

Thus, det D7, (x) < Nal (2)+b(x)g(|Vae(x)|) for z € D;, i.e., U. is a supersolution to equation
(1.1) in D;.
In a similar way, we can show that

u.(z) = £o(=In(0(d2(x)))), = € Dy = Qas.—y, da() :=d(z) + 1,

is a subsolution to (1.1) in D;.
The rest of the proof is similar to that of Theorem 1.1 and thus is omitted here.
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4 Global Asymptotic Behavior

In this section, we consider the existence of convex solutions to problem (1.1) and prove
Theorem 1.3. For this purpose, we establish a sub-supersolution method with the boundary
restriction to problem (1.1) with g(s) = s? and s € [0, 00).

Definition 4.1 A strictly convex function u € C°°(8) is called a subsolution to problem
(L1.1) of
det D?u(x) > Mu™(x) + b(z)|Vu(z)|?, u(x) >0, x €Q, ulsgq = cc. (4.1)
Definition 4.2 A strictly convex function w € C*°(Q) is called a supersolution to problem
(1.1) o
det D*u(z) < X\a"(x) + b(2)|Va(z)|?, T(x) >0, x € Q, Ulsn = oo. (4.2)
The basis of our subsequent discussions is the following lemma which is formulated in terms
of supersolution and subsolution.

Lemma 4.1 Let g(Jv|) = |v|?, ¢ € (n,n+1] and b € C>(Q) be positive in Q. Suppose that
problem (1.1) has a supersolution w@ and a subsolution u such that w < W on §, then problem
(1.1) has at least one convex solution u € C°°(Q)) in the order interval [u,T].

Proof Since b may be singular or equal to 0 on 952, we cannot directly obtain the existence
of convex solutions to problem (1.1) in the order interval [u,@]. To overcome this problem, let
Q; CC Q be a C*°-smooth and uniformly convex domain (j =1,2,---) with

ﬁjCqu_lCQ, UQj:Q,
=1

we consider the following perturbation problem
det D*u(z) = h(z,u(z), Vu(z)), =z €Q;, ulog, = u, (4.3)

where h(z, s,v) = As™ + b(x)|v|?.

Obviously, T and u are also a supersolution and a subsolution of problem (4.3), respectively.
It follows by [5, Theorem 7.1] that problem (4.3) has a strictly convex solution u; € C°°(Q;)
in order interval [u,].

Moreover, it follows by Lemma 2.5 that

u(@) <) < wjae) < - <T), wel

Note that for an arbitrary zy € ) there exists a natural number j, such that zy € Q;,, we
obtain that

u(zo) < wjo(z0) < Ujo41(20) < -+ <wj(x0) < wjp1(wo) < --- < TU(x0). (4.4)

So {u;} converges pointwise on 2. We denote by u(z) the limit of it. In the following we show
that u € C°°(Q) is a solution to problem (1.1).



Large Solutions for Equations of Monge-Ampére Type 311

Now we need to estimate {u;}. The method mainly comes from the proof of [15, Proposition
4.1].
Forl>0and j=1,2,---, we denote

Ay ={ze€Q; u(z) <l},

Ujis={z € Q;:u;(x) <l},

B ={z€Q;:u(z) <l}.
From (4.4) we see that

A CcU;; C B ccq. (4.5)

For an arbitrary C*°-smooth uniformly convex domain K with K C €2, we choose jo and [ > 0
large enough such that K C A;/5. Let Cop = max u(x). We obtain that
rE By

max u;j(z) < Cy for j =jo, jo+1,---. (4.6)
:CGUj,gl

Moreover, by using the strict convexity of u;,

i -2l
max |[Vu;| = max |Vu;| < max UJ_L
Uj 2t OUj, 2 z€0By dlSt(Uj)Q[, 6341)

- u(x) — 21

max ———  =(C; for j =jo, jo+1,---, 4.7
S B8 GG 0B - ! J=Jjo: Jo (4.7)

where the last inequality follows from (4.4) and Uj; o1 C By.
Since h € C (2 x [0,00) x R™) is a positive function, it is clear that there exists a positive
constant Cy such that for all (x,s,v) € By x [0,Co] x Be, (0), there hold

|VZ(z,5,v)| < Cy, |D F(x,5,v)| <Oy,
where .7 := In(h(x, s,v)), Be, (0) is a ball of radius C centered at the origin.

Next, applying Pogorelov’s interior estimates (see [14, 17.72, Theorem 17.19]), we obtain

C3

D2u(z)| < ———5
| Ui (1’)| - diSt(%,aULmy

Vo € Ay for j=jo, jo+1, -+, (4.8)

where C3 depends on Cy, C; and C5, but is independent of j.
Since A; C Ay C Uj 2, one can see that

dist( Ay, BUj)gl) > dist(A;, 0As).

It follows from (4.8) that

C3

S - S 4.
[ UJHC(AL)—dist(A178A21) "

Finally, by using the Evans-Krylov theorem (see [13, Theorem A.42, Proposition A.43]), we
obtain

||uj||C2+§(Zl/2) S C47 .7 2 jOa (410)
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where C5 is independent of j > jo.
Thus

Huchm(?) < Chy. (4.11)

Thus {u; };?‘;jo has a subsequence that converges uniformly in the C?*<(K) norm to function

u € C?(K) and u satisfies the equation of (1.1) on K. From the fact that « < u < on K and

K is arbitrary, we get u(z) < u(x) < u(z) for any x € Q, which implies that d(1i§n Ou(a:) = +o00.
z)—

Thus, we get a solution u € C?(Q) to problem (1.1). Applying [5, Theorem 7.1] or [23, Theorem
1.1], we see that u € C*°().

Proof of Theorem 1.3

_ ntlt
Casel g€ (n,n+1],0>—(n+1-¢q). By using g = “==7=1 >0, we see that for z € Q,

min(v(z) + (14 B)Vu(z)(=D?*v(z)) " (Vo(z))™) > 0.

e

Let u,(z) = miv=?(x), z € Q, where m is given as in (1.22). We have from (bz), Lemma 2.6
and a direct computation that u, is strictly convex on Q2 and
det Du, () = (v(2)) 7"~ (1 87 (~1)"det D2u(x) (u(z)
+ (1 + B)Vu(z)(=D*u(x)) " (Vo()) 1))
> (v(@)) P inty min(my 5" (~ 1)"det D*v(x)(v(x)
+ (14 B)Vu(z)(=D*v(x) ™ (Vu(2))T))
(v(a))7 40+ ?S%(Am?(v(x))”ﬂ +bami B Vo(z)|?)

Y

Y

(0(@)7= 20 (! (v(2))™ 4 + bam{ 59| Vo (x)[9)
Aug (x) +b(x)|Vu, (2)|?, =€,

Y

i.e., u, is a subsolution to problem (1.1) in €.

In a similar way, we can show that %, () = Mjv=?(z) is a supersolution to problem (1.1)
in Q, where M; is given as in (1.23). Obviously, u, <, on Q. Thus, we see from Lemma 4.1
that problem (1.1) has a convex solution u, in the ordered interval [u,, U]

Case Il ¢g=n+1+40. Let u (x) = —maIn(v(z)), x € 2, where my is given as in (1.24).
We have from (bg), Lemma 2.6 and a direct computation that w, is strictly convex and

det D?u, () = (o))~ " (mz(~1)"det D*v(x)(v(x) + Vo(z)(=D?v(2)) " (Vo(@))T))

(v(a)) =" min(m; (—1)"det D*v()(v(x) + V() (-D*v(2)) " (Vu(x)) "))

(v(a)) max(hmg (~ In(v()))" (0(2))"+ + bamf] Tr(z) )

2 Mg (7) + b(2) |V, (2)|?, =€,

vV

Y

i.e., u, is a subsolution to problem (1.1) in .

In a similar way, we can show that T, (x) = —MsIn(v(z)) is a supersolution to problem
(1.1) in Q, where M> is given as in (1.25).



Large Solutions for Equations of Monge-Ampére Type 313

Obviously, u, <, on Q. Hence the desired conclusion follows from Lemma 4.1. The proof

is finished.
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