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Homogenization of Semilinear Parabolic PDEs with the
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Abstract In this paper, the authors study the homogenization of the third boundary value
problem for semilinear parabolic PDEs with rapidly oscillating periodic coefficients in the
weak sense. Their method is entirely probabilistic, and builds upon the work of Tanaka
(2020) and Buckdahn (1999). Backward stochastic differential equations with singular
coefficients play an important role in this approach.
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1 Introduction

In the study of porous media, composite materials and other systems of physics and me-
chanics, they frequently involve the boundary value problems with periodic structures. The
process of establishing the macroscopic rigorous characterizations of such microscopic systems
is called homogenization. It has been a highly active research area in mathematics for a long
time, and a vast literature exists on this topic. See [3—4, 11, 15-16, 21] and references therein.

Homogenization theory has motivated the development of various notions of weak conver-
gence in analysis. Such convergence can be better understood from the direction of probabilistic
interpretation of the equation. Generally speaking, the probabilistic method begins with repre-
senting the quantities of interest by means of stochastic processes, and then attempts to prove
convergence in laws of these processes. Hence it is also known as the averaging principle.

The goal of this paper is to use a probabilistic approach to study the homogenization of the
following third boundary value problem for semilinear parabolic PDEs with rapidly oscillating

periodic coefficients:
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€

U (4, 2) + Lous(t,2) + fla,us(t,2), Vus (t,2)) = 0, (t,z) € [0,T) x O,

ot

10w 4 ) +e(2)ur(tw) =0 (t,) € 0,T) x 9O (1.1)
26’[}6 Y c Y Y ) Y Y

us (T, x) = g(x), v €0,

where O is a bounded convex domain in R? (d > 2) and the boundary 9O is said to be of class
C}, that is, there exists a function ¥ € C} (R?,R) such that

O ={zxcR?: ¥(z) > 0}, ienafO|V\I!(x)| > 0. (1.2)

Here gge = ﬁi(x)aij(g)% denotes the conormal derivative associated with L%, and 7 is the
J

inward unit normal to 0. The family of divergence-form operators L° is given by

AN ORY
13 () B

where the coefficients a and b are periodic.

A(z) = (aij(7))1<ij<d : R? - R? @ RY
is a smooth, symmetric matrix-valued function satisfying the uniformly elliptic condition
A gya < A() < Mixa (1.4)

for some constant A > 1. The function ¢ : R? — [~a,0] is non-positive for some constant
a € [0,00) and periodic with respect to the orthonormal basis {(eq,--- ,eq)} of R%, ie

ce Cp(RY) and c(z+e)=c(z) <0

for i = 1,---,d. Assumptions 1-3 are made for the coefficients and will be listed in Section
2. The main result of this paper is the following theorem, which we will prove at the end of
Section 5.

Theorem 1.1 Let Assumptions 1-3 hold, then the semilinear PDE (1.1) has a unique weak
solution u® for each e > 0. Moreover, under (3.6) and (5.7), we have for each t € [0,T],x € O,

uf(t,x) — ul(t,z) ase—0,

where u® satisfies the limit semilinear PDE

O ,0) + TaP(t, ) + F(a,u0(0,2), V0(4,2)) =0, (1,2) €[0,T) x O,
3 ipt:2) O .2) =0, tocbmxoo, 09

u (T, z) = g(x), zeO.
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Here
d
- 1 0 0
LolS 2 (g, 2) L6
2 Z 82131 i 813j ( )
i,j=1
f is given by (5.2) and g—gﬁ is the conormal derivative associated with L. Moreover, the homog-

enized (or effective) coefficients A = (@;j)1<i,j<a and C are constant, which are given by (5.1)
and (5.3), respectively.

For the linear case (i.e., f = 0 in (1.1)), the original probabilistic approach to the homog-
enization of the second order parabolic partial differential operators is presented in Chapter 3
of [2], which is based on the thoughts of Freidlin [9], that is finding harmonic functions (the
so-called “auxiliary” problem). Hence the problem can be reduced to transforming the under-
lying Markov process into a martingale, whose quadratic variation has a deterministic limit by
the ergodic theorem. By now, this method has been extended in various directions, such as
in the case of periodic coefficients (see [15-16, 21, 28]) and the case when the coefficients are
stationary random fields (see [4, 16, 20]). But for the nonlinear case (i.e., f # 0 in (1.1)), such
PDEs are generally very hard to solve. Since the notion of nonlinear backward stochastic differ-
ential equations (BSDEs for short) was first introduced by Pardoux and Peng [22], BSDEs have
been used effectively to solve certain PDEs with nonlinear terms (see [1, 19, 25] and references
therein). In view of the connection between them, the probabilistic tool has also been widely
used in order to prove homogenization results for certain classes of nonlinear PDEs. When
rapidly oscillating nonlinear terms are of the type f(t, Z, ua) + Vu® f(t, Z, u‘f) (see [16, 21]) or
the type f(x,u®) + f(x, uf) ||Vus]]? (see [11]), it successfully proves convergence in laws of the
stochastic processes involved with the help of BSDEs. However, for more general nonlinearity in
the gradient, we need another method in [3], which is to exploit the stability results of BSDEs.
This strategy has also been employed in the homogenization of random PDEs (see [4]).

In this paper, we stress that the solutions we considered for PDEs are weak solutions, not
viscosity solutions. In addition, we are interested in homogenization problems for which it is
necessary to identify both the homogenized PDEs and the homogenized boundary conditions.
There are few works dealing with homogenization of PDEs with boundary conditions by prob-
abilistic methods (see [2, 16, 23] for Dirichlet boundary conditions and [5, 19] for Neumann
boundary conditions). We mainly consider PDEs with the third boundary conditions, which
will give rise to several difficulties both in analytic and probabilistic aspects. Firstly, due to
the asymmetry of operator L in the auxiliary problems (3.1), we cannot expect an analogue of
Meyers’ result (see [18, Theorem 2]) to hold for every p > 2. We are able to prove, however,
that under weak hypotheses (3.6) it continues to hold for some p > 2 by [12, Theorem 1]. Hence
the LP-estimates (p > 2) for gradients of solutions can be established in Theorem 3.1, which
plays an important role in the proof of homogenization in Subsection 5.3. Secondly, for the
property (5.8) of process X¢, the method of [2, Lemma 3.9.2] is no longer applicable because
of the appearance of the local time term and the highly oscillating term 5‘15(%5) ds in (2.1).
Here we are highly motivated by [28, Lemma 6.1] and flexibly use the property of the local
time.

The organization of the paper is as follows. In Section 2, we define a T%valued Markov
process with generator L (defined by (2.2)) having periodic coefficients and a T !-valued
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Markov process on the boundary with generator H., (defined by (2.4)). We then consider the
invariant measures of these two processes respectively. We finally state the assumptions made
throughout the paper. In Section 3, we deal with the periodic solutions of the auxiliary problems
(3.1) and obtain the LP-estimates (for some p > 2) of the gradient of the solution (Theorem
3.1). In Section 4, we mainly study the existence and uniqueness for a class of BSDEs with
singular coefficients (Theorem 4.1). In Section 5, the homogenization result for the problem
(1.1) is proved.

We use the following notation in this paper. For a matrix o, its transpose and Hilbert-
Schmidt norm are expressed by o* and ||o|| = (3 O'?j)%. Denote by |z| the Euclidean norm

ij

of z in R? and by (x,y) the inner product of x,3y € R%. The torus T? := R?/Z? will be used
frequently and we shall always identify the periodic functions on R? of period 1 with their
restrictions on the torus T¢. Denote by L?(T¢) and H'(T?) the spaces of functions locally in
L?(RY) and H'(RY) which are T¢-periodic. Thanks to the compactness of the torus T?, the
injection from the space H'(T%) to L?(T9) is compact.

2 General Assumptions and Preliminaries

This section is devoted to finding a T9¢-valued Markov process with generator L (defined
by (2.2)) having periodic coefficients and a T~ !-valued Markov process on the boundary with
generator H., (defined by (2.4)). We then consider the invariant measures of these two processes
respectively, which will be used to define the homogenized coefficients in Section 5. In the end,
we state the assumptions more precisely made on the system (1.1).

Given € > 0,z € O, the differential operator L° inside O together with the Neumann
boundary condition <7(§),V : > = <A(§)ﬁ, V- > = 0 on 0O determines a unique reflecting
diffusion process (X¢(s),P5 ,,t € [0,T],2 € O) starting from z at time ¢. }'XE is the minimal

t,x
admissible filtration generated by X¢. Set b= (51, e ,Ed)T, where ZZ =3 Z aa” + b;. Then

according to [17], it has the following decomposition
1 [°~/X¢ s XE
X, =x+ M + —/ b(—r) dr—l—/ 'y(—r) dK;, 0<t<s<T, P; —as., (2.1)
€ Js € ' € ’
where M€ is a martingale additive functional of X¢ with quadratic cross-variation
. . Xe
d < M M9 >,= a; (—) ds
€

and K: = f: Itx:co0y dK7 is the boundary local time of X©.

Via the canonical quotient map 7 : R? — R9/Z?, we can define a T¢-valued Markov process
with generator L (defined by (2.2)) having periodic coefficients. Meanwhile, we also want to
find a T9~!-valued Markov process on the boundary with generator H, (defined by (2.4)) by
using the local time that serves as a time change function. Now consider the invariant measures
of these two processes, respectively.

The invariant measure m(z)dx Let

L= % _Zl ai (“”a ) Zb oz;’ (22)
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then it is well-known that the divergence-form operator L generates a Markov process on R%.
By mapping all trajectories of this process on R? to the torus T?, we can define a Markov
process X, which is T?-valued and generated by the operator L having periodic coefficients (see
[2, Section 3.3.2] or [15, Section 3] for details). In view of the compactness of the torus T9, the
process X is ergodic.

Moreover, from the maximum principle and the T¢-periodicity of functions in L2(T9), it
follows that any solution to Lu = 0 is constant. Hence by the Fredholm alternative theorem,
there exists a unique solution to L*m = 0 such that [, m(z)dz = 1. According to [2, 13], we
can obtain that m is positive, continuous and in fact the density of the invariant measure of
the process X.

The invariant measure m(dx) Given a function ¢ € C(00) with bounded partial
derivatives of order < 2 and we consider the problem

{Lﬂ(x) =0 o, 23)

u(x) = p(x) on 00,

where L = 2V - (AV) +b- V. According to [6, Theorem 1.1], ti(z) = E[¢(X,(0))] is the unique
continuous weak solution to (2.3), where X is the continuous diffusion process generated by the
operator L and 7(0O) is the first exit time from O, that is 7(O) := inf{t > 0: X; ¢ O}. Then
define

Hyo(z) :== (v, Vuy(z), z € 00. (2.4)

Denote by (X!, K') the solution of (2.1) with e = 1. Since the local time K increases if
and only if X! hits the boundary 9O, we can obtain a Markov process on the boundary by
putting X!(s) := X*(K~1(s)), where K ~!(s) is the right continuous inverse sup{t : K1(t) < s}
of K1. In [29, Theorem 4], it is shown that the operator H., is the generator of the process X1
By the periodicity of the coefficients, the Markov process X1 induces a Markov process )?%d,l
on the torus T?~!. Combined with the compactness of T¢~! and Doeblin’s theorem , we can
deduce by a similar argument to that in [28, Lemma 4.3] that there exists a unique invariant
measure m of the Markov process X}}d,l.

We now list some general assumptions for the semilinear PDEs (1.1).

Assumption 1 The functions a,b,c are all periodic of period 1 in each component. The

coefficient b is bounded and c satisfies

—00o< —a<c(z) <0, VreR? (2.5)

d
for some positive constant «. Moreover, we assume that for every 1 < i < d, > 66% (z) €

L>®(R%) and the following condition holds

d

1 om(x)
_5 J:Zl /ﬂ-d aij(x) al'j

dz + bi(z)m(x)dx = 0. (2.6)
'er
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Remark 2.1 The condition (2.6) is common and natural in the homogenization problem
and the following comments will be helpful to understand it. Note that a;; is smooth enough,
then

(i) the operators L can be rewritten as

d 9 d
=3 (O 1 (55 (2) 10 (2) 2

It is easy to see that (2.6) is the centering condition in the book of Bensoussan et al. [2] (see
also [3, 16, 21, 28]).
(ii) The operator L can be written as

1< 52 daij 9
L= 2 Z aij(x)axiaxj Z( Z 83:; )) ox;

i,j=1 i=1 =

As in [28, Remark 4], (2.6) ensures that each component process X;(t) of the L-diffusion X (¢)
is recurrent in the sense that X;(¢) hits any state in R? with probability 1.

(iii) In the Neumann boundary case, (2.6) corresponds to the condition (H.3) in [28], and in
the Dirichlet boundary case, it corresponds to [16, (38)]. Moreover, under the condition (2.6),
there will be a unique periodic solution to the auxiliary problem (3. 1) in Section 3 for each
i=1,---,d. Hence the solution of the problem (3.1) can be given by w;(x fo )] dt
when X starts from z € T¢ at time 0.

Assumption 2 The function f : R x R x R* — R is a bounded uniformly continuous
function which satisfies

(1) (1 —v2)(f(x,91,2) — f(2,92,2)) < c1(x) |y1 — ya|?, where c1(x) is a Borel measurable
function.
(2) |f(z,y,21) — f(z,y,22)| < c2)z1 — 22|. Here cq is a positive constant.

Moreover, we assume
Efle 2 [T ef(xe (D ds] < o0 (2.7)
for any fixed € and also
E%e? I CT(XO(T))dT] < o0 (2.8)

holds, where EO denotes the expectation under the law of the reflected Brownian motion X°
with covariance matrix a. Here (2.7)—(2.8) are imposed to ensure that the inequalities (5.23)-
(5.24) in the proof of homogenization hold, respectively. In particular, they are clearly true
when ¢; is a negative or bounded function.

Assumption 3 ¢: O — R is continuous and bounded. In this paper, we always extend the
definition of the function g to R by setting its values to be zero off O.
3 The Auxiliary Periodic Problems

In this section, we study the periodic solutions of the auxiliary problems (3.1). This will
make us to get rid of the highly oscillating terms in treating the reflecting diffusion process
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X¢ in Section 5. The main result is Theorem 3.1, which gives the LP-estimates (p > 2) of the
gradient of the solution of the auxiliary problem. We are mainly inspired by the thoughts of
[12, Theorem 1] and [18, Theorem 2.

Based on (1.4) and Assumption 1, we now consider the 1-periodic solutions in H*(T¢) of

the auxiliary problems

d
1 da;
PRES SLNTA)

2 &~ Ox;
j=1 (3.1)

/ w;(z)m(z)dz =

Td

in the weak sense for i = 1,--- ,d. Combined with (2.6) and the Fredholm alternative theorem,

it follows from [2, Theorem 3.3.5] that the solution to (3.1) exists and is unique. On the other
hand, as stated in the proof of [15, Proposition 1] or [27, Theorem 7.2], each function w; is
continuous and bounded. Define

Gi(x) =2 +wi(@), @(x) = Ea}l(g)

fori=1,---,d, where wf is the extension of w; by periodicity to the whole R?. Then in the
weak sense, w; satisfies

1 - ~

§V . (Ale) +b-Vw; =0.

Meanwhile,
1 - 1 -
SV (A(g) wa(x)) +- b(g) VEE(z) = 0
holds for each function w;. Hence w; and w; are harmonic functions for operators L and L¢,

respectively. Since w; belongs to the domain of the quadratic form associated with the process
X¢, it follows from Fukushima’s decomposition (see [10]) that

_ _ XE _ XE
A7 (X2) = (V@i (22),dMg ) + (Vi 7) (22) i
€ €
. Xe
:;dMgﬂwi(—S)ng, i=1,--.,d 0<t<s<T, (3.2)
€
starting from x at time ¢. Moreover, Mj = (]T/[/S‘?’l, e ,ngd)T is a local martingale with

cross-variations

€

/Ot<Avai,vaj>(%) ds

_. /Ot aJ(X?) ds. (3.3)

We take Vi, (x) as the column vectors to form a matrix, and denote it by V(x). Let 7°(x) :=
(AV@)*(2) fi(z) and &°(z) := (@5 (x),- - ,@w5(x))", then it yields from (3.2) that

< M67i, MEJ >>S

d&®(XE) = dM? +5°(X5) dK®. (3.4)

Remark 3.1 The operator L = %V - (AV) + b - V inside O equipped with the Neumann
boundary condition (A(x)7,V-) = 0 on 9O determines the reflecting diffusion process X!.
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Then the scaling relation shows that eX 1(;) is equivalent in law to X°(-). In addition, the

£2
measure m(z)dz is invariant for the reflected process X!. That is, we have

/_ B[ (X (1)) mi)de = /_ f(2) m(z)dz (3.5)
[@] [@]

for any bounded and continuous function f over O.

It suffices to prove (3.5) holds for the function f € C§°(0O). Indeed, it is well known that
v(t,r) := E.[f(X(t))] gives the probabilistic representation to the problem

ou(t,x) = Lu(t,x), [0,¢] x O,
%(f,x) =0, [0,t] x DO,
v(0,2) = f(x), xz e O.

Then we obtain

Bt(/av(t,x) m(x)dx)

/6Lv(t, x) m(x)dx

v(t,z) L*m(z)dz

al

0.

This implies [ v(t,z) m(z)dz is constant with respect to t. In view of v(0,z) = f(z), it yields
that the equality (3.5) holds.

Based on the above displays, it should be pointed out that we can also use the ideas of [21,
Proposition 2.4] to establish the following convergence result

i X: is 5% ~ ~
/ aij(—s)ds st 82/ a;;(X1)ds =29, t/ (AVw;, Vw;)(x) m(z)dx
0 € 0 Td
by applying the properties of m. More generally, we can prove the conclusion (5.10), which

plays an important role in homogenization in Section 5.

Theorem 3.1 Let B(0,R) be the ball in RY centered at 0 with radius R > 0. Define the
function G : B(0,2R) x R — R+

d
1
g](x7<) :izaw(ﬁﬁ)cz, ]:17 ’d’
1=1

d
Go(x,¢) ==Y bi(x)¢;
i=1
for ¢ = (Co,- -+ ,Ca)T € R and assume that the following conditions

1
2
<g(x7<) - g(xvﬁ)vg _19> > QIK _19| 1> ﬁa (3.6)
1G(z,¢) = G(2,9)] < g2C =V, g2 < o0,

hold for any x € B(0,2R) and ¢,9 € R4 Then there exists a constant Q(\,d,q1,q2) > 2
such that for all p € [2,Q(\,d,q1,q2)), Vw; € LP(TY), i =1,--- ,d.
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Proof Setting W, r(2) := @i(2)— [ 2p) Wi(z)dz, then it is easy to see that [, g Wi,r(2)
dz = 0 and each function @; r € HL (R?) satisfies

V- (AVZ;ig)+b-Voir=0, i=1,---,d

in the weak sense. In view of (1.4) and (3.6), it yields that the function G satisfies the conditions
(4.1) in [12]. For u € HY(B(0,2R)), define the operator A € L(H'; L2(B(0,2R); R4*1)) by
Au = (u, Vu)T. Let the operator .J : Wy *(B(0,2R)) — W~12(B(0,2R)) be

(Ju,v) :== / G(-,Au) - Avdx
B(0,2R)

d

_ 1 3u ov >
- /3(0,21?) (5 ”2:1 817 dz; ;b 8361 ) dz, Vve Wy~ (3.7)

Hence by [12, Theorem 1] and a similar argument as that in [18, Theorem 2], we can deduce
that the existence of constants Q(A,d,q1,q92) > 2 and C(\,p,d) > 0 such that for all p €
[27 Q(A7 d7 q1, q2))7

1

~ l 1
vai7RHp,B(O,R) < C(A,p,d) Rz ||Wz RH2 B(0,2R)» (3.8)

where || - ||, B(o,r) denotes the norm in LP(B(0, R), dx).
On the other hand, in view of [ B(0,2R) w; r(x)dx = 0, it follows from Poincaré’s inequality
that

@i rll2,B(0,2r) < C(d) R||VW; Rrll2,B(0.2R)-
Hence combined with (3.8), we have
_d o o
R™7||Vwi rllp.5o0.r) < C(Ap,d) R 2[|Vw; rll2,B(0,2R)-

Moreover, since

limsup R~ ||V, R||2 B(0,2R)
R—o0

= limsup —

V@; d
R—o0 R B(O,2R)H Win(e H !

= limsup — Hei+wa($)||2d$

R—o0 R B(0,2R)
= 1B0,2) [ lles + Tt
'er
and
hmsupR 4\va;, R”p B(O,R)
1 -
= liII%nsup Rd/ V@i r ()| do

> hm sup / [lle: + V! ()] A n)? dz
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= 1BO.1)] [ [les+ V(o) A da,
the Monotone Convergence Theorem implies
lle; + vwi(x)HLP(Td) < C(\p,d)lle; + Vwi(ff)Hm(qrd) < Q.

The proof is complete.

Remark 3.2 The condition (3.6) mean that the operator J defined by (3.7) is strongly
d

monotone and Lipschitzian. More precisely, (o — 90)( > bi(2)(G — 9:)) = (q1 — 55) [¢ — 92
i=1

and ( i bi(@) (G — 9:))° + i ( f aij (2) (¢ — 9:))% < 5g3|¢ — 9|2, Clearly, (3.6) holds when
i=1 j=1 i=1

the coefficients a;; and b are bounded.

4 BSDEs with Singular Coefficients

This section is independent of other sections and devoted to studying the existence and
uniqueness of a class of BSDEs with singular coefficients, which involves the integral with
respect to the local time of a reflecting diffusion process. The main result is Theorem 4.1
and it implies in Section 5 that for any fixed ¢, there exists a unique pair (Y, Z5).epr, 1) of
progressively measurable processes satisfying (5.5)—(5.6).

For any fixed ¢, let (Q, P, F;) be the probability space carrying the reflecting diffusion process
X (t),t > 0 described in Section 2 and M (t), K (t) are the martingale part and local time of X,
respectively. By the martingale representation theorem in [31, Theorem 2.1], we mainly study
the existence and uniqueness of solutions for a class of BSDEs associated with the martingale
part M (t) and the local time K (t).

Let F(w,s,y,2) : @ x[0,T] x R x R? = R and h(w,s,y) : 2 x [0,T] x R — R be given
progressively measurable functions. For simplicity, we omit the random parameter w. Assume
that they are continuous in y and satisfy the following conditions:

(A1) (1 — 92)(F(s, 1, 2) — Fls,y,2)) < da(s)lys — vl
(A2) (y1 —y2)(h(s,91) — h(s,y2)) < B(s)lyr — 2|,

(A.3) [F(s,y,21) — F(s,y,22)| < dalz1 — 22|,
(A4) |F(s,y,2)| < |F(5,0,2)] +da(s)(1 + [y,

(A.5) [h(s,y)| < [R(s,0)| +ds(s)(1 +[yl),
where dy(s),ds(s) are progressively measurable stochastic processes, ds is a positive constant
and B(s) < 0 for all s € [0,T]. Let £ € L?(2, Fr, P).

Lemma 4.1 Denote

o(s) o= [ dtwdus [ uu)a.,

where d(s) 1= 2d} (s) and p(s) == 2(B(s)+1). Let E[e?T)[€]?] < oo, E[fOT e?() |h(s,0)]2dK,] <
oo and

E[/OT e?®) (|F(s,0,0)|* + |d3(s)|2)ds} < o0,
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then there exists a unique solution (Y, Z) to the following BSDE:

T T T
Y(t)z&—i—/t F(s,Y(s),Z(s))ds—i—/t h(s,Y(s))sz—/t (Z(s),dM(s)).  (4.1)
Furthermore,

T
E{ sup e“’(t)|Y(t)|2} < o0, E{/ e“"(s)||Z(s)||2ds} < o0 (4.2)
t€(0,T7] 0

and
T
E[/ &Y () A, < oc. (4.3)
0

Proof Uniqueness. Suppose (Y1(t), Z1(t)), (Y2(t), Z%(t)) are two solutions to (4.1).
By Itd’s formula and (A.1)—(A.3), we have

T
PWIYL(t) — YV2(1))2 + /t e?Na(X ())(Z1(s) — Z%(s)), Z*(s) — Z°(s)) ds
T T
_ / d(s) e# Y1 (5) — Y2(s)]? ds — / (s) POV (5) = Y2 ()2 KK,
T
+ 2/t e?(s) (Yl(s) — Y2(s)) (F(S,Yl(s), Zl(s)) — F(s, Y2(S), Z2(S))) ds
T
+2 / #E (Y (s) = V2(s)) (h(s, Y (s)) — h(s,Y?(s))) K
T
—2 [ e?CN (Y (s) = Y(s)) (Z (s) — Z°(s),dM(s))
<_ / " d(s) PO Y (s) — Y2 (s)|2 ds 4 2 / U i (5) ) ¥ (5) — Y (5) 2ds

t

T T
+ 2/ ds €2 [V (5) — Y2(5)[| Z(s) — Z2(s)|ds — 2/ #O |V L(s) — Y2(s)[2 dK,
t t

Thus combined with (1.4) and (A.2), we can obtain
1 /7
FOY () — Y2(0) + §/t #Na(X(5))(Z(s) = Z°(5)), Z"(s) — Z%(s)) ds
T
<=2 [ erIYIe) = Y3 (6) (2(5) — 22(), M ()

T
+8d§A/ e? Y 1(s) — Y2(s)[ds. (4.4)
t
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Taking expectation in the above inequality, it yields that
T
E[?OlY () - Y2()]’] < CA/ E[?@ Y (s) - Y2(s)[*] ds.
t

By Gronwall’s inequality, we conclude that Vt,Y'(¢t) = Y2(¢), a.s. and hence Z'(t) = Z3(t),
a.s. by (4.4).

Existence. Define F,(t,y, z) == [, F(t,z,2)¢n(y—z)dz and hy,( = Jp h(t, 2)¢n (y—2z)dz,
where ¢, (2) := n¢(nz) and (b € CO (R) is an even, nonnegative functlon with [, ¢(x)dz = 1.
Hence, it is easy to see that for each n > 1,

|Fn(tay172) - Fn(tayZaz)l < Cnlyl - y2|7
|hn(t7y1) - hn(t7y2)| < C;Llyl - y2|7 Y1,Y2 € R (45)

for some constants C,, and C/,. Furthermore, since functions F' and h are continuous in y, we
have F,,(t,y,z) — F(t,y,z) and h,(t,y) — h(t,y) as n — co.
Consider the following BSDE:

T T T
Yn(t)zf—l—/t Fn(s,Yn(s),Zn(s))ds—l—/t hn(s,Yn(s))dKS—/t (Zn(s),dM (s)).  (4.6)

In view of (4.5) and the assumptions (A.3)—(A.5), we deduce from [24, Theorem 1.6] that (4.6)
admits a unique solution (Y, Z,). Now, our aim is to show that there exists a convergent
subsequence (Y, , Zn, ). Indeed by Itd’s formula, it yields that

T T
“"(t)|Yn(t)|2+/ e2(5) ()| Vi (s )|2dKS+/ 2 (a(X () Zn(5), Zn(s)) ds
t t
T T
_ e Mg? — / e2(5) ()] Vi (5)[2 ds + 2 / e Y,y (5) Fi (5, Ya (), Zu(s)) ds
t t
T T
+2/ e? Y, (8) hn(s, Yn(s)) dK, —2/ e?) Y, (s) (Zn(s),dM (s)).
t t
By (A.1)—(A.4), (1.4) and Young’s inequality, we have
T
2 / e?) Y, (s)F (s, Y (5), Zn(s)) ds
t
T 1 T
< 2/ e?(s) dy(8)[Yn(5)]? ds + 5/ e?(s) (a(X(8))Zn(5), Zn(s))ds
t t
T T
+ (8d3\ + 1)/ e?)1Y,, (s)[%ds +/ e?) |F(5,0,0)|%ds
t t
and

T
5 / e#O) Y,y (5)hn (s, Vi (5)) K
t
T

T
§2/ e“’(s)ﬁ(s)|Yn(s)|2dK5+2/ e?(5) |,y ()| | (s, 0) |2 d KK,
t t

T T
g/ e? (%) (26(5)+1)|Yn(s)|QdKS+/ e?) |h(s,0)]? dK,.
t

t
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Consequently,

T T
FOWOF + [ FOW PR, + 5 [ e O (5)Zu5) Zus) ds

T T
< Mg’ + O / e?) Y, (5)[*ds + / e?) [F(5,0,0)ds
t t

T T
4 / e?(5) | (s, 0)2 K, — 2 / () Y ()(Zn (s), AM (s)). (@7)
t t
Taking expectation and by Gronwall’s inequality, it yields that

sup sup Ele? DY, (1))

n 0<t<T
T T
< c{Bler™ el +E[/ ¢#(") | (5,0,0)ds] +E[/ &) |n(s, 0)? K, |}
t t
< 0. (4.8)
Hence, we deduce that
T
SupE[ / e¢<8><a(X(s))Zn(s),Zn(s)>ds} < 00 (4.9)
n t
and
T
supE[/ e“’(s)|Yn(s)|2sz} < 0. (4.10)
n t

Furthermore, combined with the conditions of this lemma, we also obtain from (4.7)—(4.8)
that there exists some constant C' such that

B[ sup e#)y, ()]
t€[0,T]

T
< Ele?D¢?] + CE[/ e?() |Yn(s)|2ds}
0
T T
—i—E[/ e@<5>|F(s,o,0)|2ds}+E{/ e“"(s)|h(s,0)|2sz}
0 0

ron] | 60 Y, (5)(Za (o), dM(5)

< c+CE[ sup. /0 L #® yn(s)<zn(s),dM(s)>].

tel0,T

By both Burkholder’s and Young’s inequalities, it implies

CE— sup /Oe@(S)Yn(S)<Zn(8)7dM(S)>}

-t€[0,T]

B|( /O " 26 Y2 (5)(a(X () 20 (5). Z0(5)) as)’]

(S

IN
Q

IN
DN | =

E:S:[%PT] e#(*) |Yn(s)|2] +CE [ /0 " e (a(X(5)) Zn(3), Zn(s)) ds]
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Then it follows from (4.9) that

sup B| sup e?M|Y,(t)]*| < oo. (4.11)
n t€[0,T]

In view of (4.9)-(4.11), we can extract a subsequence ny such that Yy, (£)ez?® converges to
some Y (t) in L%(Q, L°[0,T]) equipped with the weak star topology. In addition, Z,, (t)e2#®
converges weakly to some Z(t) in L2([0,T] x € R). Since

T
e3¢y, (1) = e%“’(T)éJr/ 3% B, (5,Y;,(5), Zn, (5)) ds
t

T T
1 1 1
[ () a5 [ Y (i) as

t
1T T,
- 5/ ei‘/’(s) Ynk (8)/1’(8) dKS _/ eiw(S) <Z’I’Lk (S)7dM(S)>7
t t

letting & — oo and by the same arguments in the proof of [24, Proposition 1.8, p. 546-547], we
conclude that the limit (Y, Z) satisfies

T
Y(t):e%“"(T)£+/ eF96) 5 F(s, 073007 (5), 0 42) Z(s)) ds
t

T R T

+/t e2?(5) p(s,e 22V (5)) dK, — t (Z(s),dM(s))
T _ T

—%/t Y(s)d(s)ds—% [ Vst ar.

Define Y (t) := e~ 29 Y (1), and Z(t) := e~ 29(®) Z(t), then Itd’s formula yields that

T T T
Y(t)z&—i—/t f(s,Y(s),Z(s))ds—i—/t h(s,Y(s))sz—/t (Z(s), AM(s)),

which implies (Y, Z) is a solution to the backward equation (4.1). Applying Fatou’s lemma,
(4.2)—(4.3) follow from the above proof.

Now we apply Lemma 4.1 to a particular situation. Let F(z,y,2) : R? x R x R? — R and
h(z,y) : R? x R be Borel measurable functions. Assume that they are continuous in y and
satisfy the following conditions:

(BA) (31 — 1) (F(w,y1,2) — Flz,2,2)) < dr(@)lys — v

(B:2) (y1 —y2)(h(z,y1) — h(z,y2)) < B(z)|yr — v2/?,

(B.3) [F(z,y,21) — F(x,y, 22)| < da|21 — 22,

(BA) |Fla,y,2)| < |P(2,0,2)| + ds()(1 + [y,

(B:5) [h(z,y)| < |h(x,0)] + ds(z)(1 +[y]),
where dq and ds are Borel measurable functions on R?, ds is a positive constant and [ is a
bounded negative measurable function on RY. Given g € C;(R?) and consider the BSDE:

T
V() = g(X(T) + [ FCX6)Y (), 2(5) ds
T ' T
—I—/t h(X(s),Y(s))dK; (Z(s),dM (s)), (4.12)

t
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where M (s) is the martingale part of X(s). Set d(z) := 2d} (z) and p(z) := 2(B8(x) + 1), the
following result follows from Lemma 4.1.

Theorem 4.1 Let (B.1)—(B.5) hold. Assume moreover E[efoT dX(s)ds+[g" WX ()AKs] < o0,

T
2] / ol A IS MK (X (), 0)]PAK, | < oo
0

and
T
B[ [ el a0 OO (P(X(5),0,0)P + fda(X(5)) s < v,
0
then the BSDE (4.12) admits a unique solution.

5 Homogenization of Parabolic Systems

In this section, we are concerned with the homogenization of the parabolic systems (1.1).
In Subsection 5.1, the homogenized coefficients are defined (see (5.1)—(5.3)) and we show that
the homogenized boundary value problem (5.4) has a unique weak solution (see Theorem 5.1).
In Subsection 5.2, inspired by the ideas of [28, Lemma 6.1, Lemma 6.3], two important lemmas
are proved (see Lemmas 5.1-5.2). Based on them, the homogenization result can be obtained in
the case where the coefficients f and g are smooth (see Lemma 5.3). At the end of Subsection
5.3, Theorem 1.1 is proved by a regularization procedure.

5.1 Homogenized PDEs with the third boundary conditions

Define
By = [ (AVELVE) ) mlmd 6.1)
Toow2) = [ £y V32 mindy
= [, £l (1 Vsl 2) m(n)an (52)
and
o= [ clmtan) 5.3

Theorem 5.1 Let (1.4) and Assumptions 1-3 hold, then A defined by (5.1) is a strictly
positive symmetric matriz, and f satisfies Assumption 2 with constant ca [1, ||[(Id+ Vw(n)|| dn.
Moreover, the homogenized boundary value problem :

0
O (40) + Tu(1,2) + Tl w0, ), Vul(t,2)) =0, (t,2) € [0.7) x O,
0
%%(t, ) + Cul(t,z) = 0, (t,2) € [0,T) x O, (5.4)

u® (T, ) = g(x), z€0



330 J. X. Duan and J. Peng

has a unique weak solution in the space

WE(0,T, H(0), L*(0)) := {u(t,x) € L*([0,T]; H'(O)) such that
Owu(t,x) € L*([0,T], H'(0))}.

Proof In view of aj; = [..(AV®;, V@;)(z) m(z)dz, A is clearly a non-negative symmet-
ric matrix. Hence, it suffices to prove that A is non-degenerate. Assume that there exists
¢ € R? such that (A¢,¢) = 0. Using the fact that A is uniformly elliptic, we can have
Jpa (V@i (), &) dz = 0 for every i = 1,--- ,d. That is

d
&-i—Z/(Vwi)j(x)gjdx:O, Vi=1,---.d.
j=17T

In view of w € H*(T%), then it yields [}, Vw;(x)dz = 0. This implies that £ = 0.

The assertion concerning f is an easy consequence of Assumption 2 and Vw; € L?(T9) for
i=1,---,d. Since the coefficient A is a constant matrix, the existence and uniqueness of a
weak solution to (5.4) can be deduced from [30, Theorem 1].

5.2 Two lemmas

Under Assumptions 1-3, one can deduce by a similar argument as that in [24, Proposition
3.2] together with Khas’minskii’s lemma that for any fixed ¢, E5[exp{2(a+1) KZ}] < C(a, T).
Hence by (2.7), Theorem 4.1 and the boundedness of function f, there exists a unique pair
(YS, Z5)seqe,m) of progressively measurable process satisfying

T T ey
Yf(s):g(XE(T))Jr/ f(XE(r),Ys(r),Zs(r))dr—i—/ c(XT())YE(r)dKf
- /T<ZE(7~),<1M6(7~)>, L<s<T, Pi,—as. (5.5)
and
T
E§7w[t§E£T|Ys(s)|2+/t 12°(s)|%as] < oo. (5.6)

Moreover, for each fixed e, we deduce from [30, Corollary 3] that Y¢(s) = u®(s, X¢(s)) where
u® is a continuous version of the weak solution of system (1.1). Therefore u®(t,z) = Y¢(¢). Let

E; be the expectation under P .. We are going to prove that for all p € (1, M),

lim EZ[[Y®(t) — u’(t,2)["] = 0,
e—0

where Q(\, d, q1,¢2) is the constant in Theorem 3.1. To avoid heavy notations, we will take
in all the sequel ¢ = 0. To this end, we prove the following two lemmas, which will play an
important role in the homogenization of Theorem 5.2.

Lemma 5.1 Let ¢(s,z,m) : [0,T] x R? x R? — R be a bounded, uniformly continuous
function which is periodic in n. Assume that for any x € 00,

([, avammtn) @, ve@) >0 5.7
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where the matriz (1. (AV@)i;(n) m(dn) )i<ij<a is a constant and matri;c Vw is composed of
V@; as column vectors, that is, Vio(z) = (Vi (z), Vaa (z), - -+, Vwg(x)). If [ra (s, z,m) m(n)dny
=0 holds for any s € [0,T] and x € R?, then we have

lim E;m{ 51/)(7“, X, X?) drﬁ =0. (5.8)

0

Proof By a standard smooth approximation procedure, it is sufficient to prove (5.8) holds
when the function % is Cy° and periodic in 1. Indeed, we consider the equation

14 o Ay ¢ Ay
N a bl = —Y,
22: o (4 ()3Th)+; ()0 =¥

'er

By the regularity on v and on the coefficients, then we can use It0’s formula to obtain
w(s,Xi,)S) =<P(t,Xf,§)+/t gf( X, Xa)d +/ <(g—‘§+§g—‘;) dM; )
o[ CEn + mre)ws [((5E+ 250 () axs
s 2 2
vy (o) (G D)) o

[0 2 ar = ot K)o (sx2. 5]
vet [ GE(rxe ) ars [ (52 +50) ane)
ve [[(GE R ars [[(#252458) () ) ars
5 [ r(o(E) 5 arse [r(o(2) 22 ) ar

If 5 [(K*(T))?] is bounded in ¢ for any fixed T' > 0, it is easy to see that

S

Etz[ w(r,Xf, X?) drm < Ce

0

which implies (5.8) follows. In fact, based on the ideas of [28, Lemma 5.2, Lemma 6.1], we can
obtain that Ef ,[(K®(T))P] is bounded in € for each p > 1. For each function w;, we consider

the solution ¢; of the following equation:

1 0 06\ o 96
3 2 5 (05 ) + 2 b(e) g =

)=

z e,

o) = (A@Va) - ([ (AV3),0) @), i@). @ 0.
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where the ([14 1 (AV@;);(n) m(dn))1<j<a is a constant vector. As ¢; € WH2(0), it yields

(eon(%)) = (7on(Z) ants) + ((ava (Z2) i)

N <(/Td71(AVc~ui)j(n)ﬁl(dn)),ﬁ(Xj)>,

Let () := (¢1(x), -+, da(x))T, then we have

/O (v (X2) axeans - /0 N /T (V)i () ) (XA

w26 (F) ~ol2)) - [ (vel(F) )

Consequently, combined with the definition of @¢ and (3.4), it implies

xi=%i+ [ ([ @aveom ) qo: 5.9

where

Ke = (30— [ (vo(22),antz)] +e[or (XF) - 2(2))
~elm () -= ()],

In view of (1.2) and (5.7), then we can obtain
<( /T | (AVD); (n)ﬁz(dn)) ﬁ(:z:),ﬁ(x)> >0, Vaedo,

which implies that (5.9) can be regarded as a Skorohod equation with respect to X¢(¢) and

K*(t). From [8, Theorem 2.2], we can know that K<(T') can be controlled by~ sup | X=(t;)—
0<t1<t2<T

X¢(t)|. Hence, E; [(K¢(T))P] is bounded in ¢ for any p > 1. The proof of this lemma is
completed.

Remark 5.1 Tt should be noted that the method of [2, Lemma 3.9.2] is no longer applicable
because of the appearance of the local time term and the highly oscillating term 5_15(%5) ds
n (2.1). Under condition (5.7) and inspired by [28, Lemma 6.1], process X can be rewritten
to another equation (5.9) of Skorohod type. Hence from the property of the local time, we can
prove I, [(K*(T))P] is bounded in ¢ for any p > 1. The lemma is further proved to be true.

In addition, since &°(X¢) = X¢ + s(w()ig) —w(Z)) and each function w; is bounded, we

can also conclude that

Ef.|

S _ XE 2
/ ¢(r, 55 (X¢), ?) dr‘ } =00, (5.10)
0
Meanwhile, we have the following similar convergence result for integrals of local time K*©.

Lemma 5.2 Let h : R — R be bounded, continuous and periodic of period one in each
direction. If the function h satisfies de,l h(n)m(dn) =0, then

lim E, /h(X?) dK: 2} —0. (5.11)
0

e—0 [




Homogenization of PDEs with the Third Boundary Conditions 333

Proof By a standard smooth approximation procedure, it suffices to prove (5.11) holds for
the function h € C§°. Let ¢ be the solution of L¢ = 0 in O and g—j‘; = h on 00.
Then by It6’s formula, we have

o) es(2)+ L [ 2o (K)o [ ol ) ane)
o (5o pax
o 2) o [ (o)) [ ()

= 5¢(§) + 11,e(8) + I2.(s), (5.12)

which implies

5) = o(2)] < 4lole < o0

Now let Q. be the probability measure induced by the process (I1 -(s), I2..(s)), then as the
arguments in [28, Lemma 6.3], we can choose a subsequence such that Q. converges weakly

Bl e(s) + Do) = B[ Jo(2

to some limit probability measure Qo as € — 0. Moreover, it follows from (5.12) that the
limit (I1(s), [2(s)) satisfies I1(s) + I2(s) = 0 (Qo a.s.) and they are a Qp-martingale and a
bounded variation process, respectively. Hence I1(s) = Iz(s) = 0 (Qo a.s.). We have proved
the conclusion of the lemma.

5.3 Homogenization

Now, we are going to prove Theorem 1.1 in the case where the coefficients f and g are
smooth. To this end, we introduce the following assumptions (C.1)—(C.2).
(C.1) f is bounded and f(x,0,0) € L?(R%). Moreover, f is Lipschitz, that is,

If(z,y,2) — f(&' o, 2)| < Cle — 2’| + |y — v/ | + |z = 2'|), Vz,2’ €R? y, 4 €R, 2,2/ € RL

(C.2) g:R?Y— Risa C? function.
Then we know from [14, Theorem 7.4] that the system (5.4) has a unique classical solution
u® € CH2([0,T] x O;R).

Theorem 5.2 Let Assumption 1, (1.4) and (C.1)—(C.2) hold. Define
Ye(s) 1= Y2(s) — u®(s,0°(X5)),
Z5(s) = 7(s) — VB (22 Vs, 3 (X2)),
then we have
~ T ~ ~
Y(s) = g(X7) — 9(0*(X7)) + / F2(r, Y7, Z7) dr
T

/ hE(r, V) dKS — / (ZZ,dME), P5, —as., (5.13)

S
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where
Fe(s,,2) = F(Xe,y+ (5, 3°(X0), 2 + Va(22) Val(s,5°(X2)))
= F@ (X2, u"(5,&°(X7)), Vu' (5,0°(X?)))
€ 2UO . .
+ %((a(is ) B a)ij (918%- (5,& (XS)))’

€
~

e (s,) = 2052 ) (y + (s, 27 (X)) — 2005, 5(X2))

X¢ —
(V5,5 (X2), (2 ) - Aa(@*(XD))).
Moreover for all t € [0,T), we can deduce that as e tends to 0, EZ|| fot F#(5,0,0)ds|?] — 0 and
EE[| [ he(5,0) dKE]?) — 0.
Proof By Itd’s formula, we have
d(Y=(s) — u’(s,0°(X7)))
= - [f(XsEvaa Z7) = F@°(X3),u’(s,@°(X7)), Vu'(s,0°(X7)))

(@) ~a), ) as - o) - oureax)

€ ij Ox;0x;

+ (s, (X)), i(X?) - A (X5))]
+ <Z§ - va;(g

- )Vuo(s,@E(XSE)), dM§>,

which implies (5.13). Moreover,

Fo(5,0,0) = p(5,5°(x2), 22 ) + [ (X2, 0005,5°(%0)), Vi (22) v (s, 27(X2)))

(B0, w0, (X2, V3 (52) a(,5°(X2) )]

— ¢(s,aﬁ(X§), X?) + 15 (s)

with
Yl 2,m) = (s, ), VB () Va (s, ) — T2, 2), V5, ))
2UO
+ 5 (@0~ (5.0)
and

e (s,0) = (VaP(s, 37 (X9)),7(52) - A (x2)

+ 2[c(i) —6} u0(s, &5 (X5)).

Since function f is Lipschitz with respect to x and each solution w; of the auxiliary problems

is bounded, we obtain

Ef[

/Otﬁ(s)dsﬁ < CE;[/; ||X§—°75(Xs€)||2d5}
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t €
=02 [zt (Z)]]

—0

as € — 0. By the definition of the homogenized coefficients, we obtain [}, 1(s,z,1) m(n)dn = 0.
Then from Lemma 5.1 and (5.10), it yields that

lim Ea

e—0

t 2
/ F4(s,0,0) ds‘ } —0. (5.14)
0

On the other hand, by [7, Proposition 8.5], we know that a( )Vw( SE) converges weakly to

the homogenized matrix @ in L?(0)%. Hence letting ¢ — 0, we obtain

(vt ) )
- {ovtoara. (%) -3) soxe)

+(Vu'(s,@ ( ), AG(XT) - (@ (X9))))

— 0.

Combined with Lemma 5.2, it implies

lim Es

e—0

} —0. (5.15)

t 2
/ he(s,0) dK:
0

Lemma 5.3 Let Assumptions 1-3, (1.4) and (C.1)—(C.2) hold, then

The theorem is proved.

lim u®(0,z) = u®(0, z).
e—0
Proof Define
Ve = Yf+/ FE(r,O,O)dr—i—/ he(r,0) A
0 0
T T
— l9(XF) ~ 9@ (X + [ F0.00dr+ [ (P TE 2D~ F0,0)dr
0 t
T - TA T,\ _ N
—/ <Z§,de>+/ hE(r,O)dKﬁ—i—/ [0 (r, V5) — B (r, 0)]d 5.
t 0 t

Then it suffices to show that for all p € (1, M A2), |YE[P tends to 0 as & — 0.
Note that for all p € (1, M), Theorem 3.1 implies

T T
Ei |:/ |F€(’f‘, 07 O)lp d’f’:| < CEi |:/ (1 + ||Vwﬁ||2p) dT‘} < 00.
0 0
Moreover, by Hélder’s inequality and in view of the boundedness of functions v, Vu?, ¢, it

yields that
Bz /OTmr,ong)p] < 52 /OT o ar)( [

Craks)
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T
<cp[ipyr - ([ v axs)]
0
< CE[(K7))
Hence combined with (5.6), then for all p € (1, M N2),

ES| sup YEP| < oo. 5.16
T t
0<t<T

Meanwhile, from the boundedness of Vu® and (5.6), it also follows that
T ~
E[/ ||Zf|\2dr} < 0, (5.17)
0

where we have used the fact that w € L?(T?).
Let 7, be the stopping time

o1
:mf{tzo;p/ﬂ < —}.
n

. A,
By It6’s formula, we have for all p € (1, w A 2),

TAT,
no XEN ~ ~
Vol + B [T (@(50) 2. 2 ar
t

NTn
TNATn N _ .
= Y7hr, [P +p/ VP (FE(r, Y, Z5) — F=(r,0,0)) dr
tAT,

TATn - TATn R — N
) R T B e e (S S B ) LU CR T
t

NTn tATh
In view of £ < 1 and applying Young’s inequality, we obtain
EE sup ‘/ Vi ZE,dMN
O<t<T
EN ~ 1
<o ( [ w27 7))
I £
i ~ T 1
(s T ([ 0z ar)’]
LN o<r<T 0

< CE;:O§?£T|2”E|Z)} +CE;K/OT|Z§|2<1T)§}

< CE;| swp (V7)) +CE;([/T|Z;:|2erg,
0

Lo<r<T

which implies the local martingale fg |Ye[P=1(Z2,dM?) is actually a martingale. Denote
He(r) = / F*(u,0,0) du +/ B= (u, 0) dKE,
0 0
and taking expectation in (5.18), then

TAT
~ n /XEN ~ ~
B, )+ e[ [ e (a( ) 2. 2 o
t

NTn
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TNATn

< BT, 1)+ pCE: | [

tATh
+ pCE: [ /
t

NTp,

< B5(V, 1)+ O [

tNATn
+CE: [ /
t

NTp,

TP (V2] + 1221 ]
TNATn . -
[V a ]
TNTp R R .
T (T2 4+ 12 ()] + 1221 ]

TNATn

27 (9] + 1 HE () K,

where we have used the fact that functions F<(r,y, z) and he(r,y) are uniformly Lipschitz in
(y,z) and y, respectively. By Young’s inequality, we have

~ 1 - 1
TEP )] < [T 070 )
q p
1 1
= —|Y7IP 4+ —[H(r)?
p
and
VP IZE ] = Y2 - (VS IZ5))
1 ~ ~ ~
< SIVEP - alYe P 12701
Consequently,

TATy

BE(7,, 7 + 0 - 8)Ez

tATh

9512 1251 ]

TATn TATy,
< B[V, ] + O3 /M (B ()P ar] + O | /m [HE ()P A
+o(1+ %)EI [/TM” vepar| +o(1+ %)Ez [/TW VP arc].
tATH tATH

Choosing ¢ sufficiently small so that 1 —§ > 0 and by the version of Gronwall’s lemma in [26,
Lemma 3], we deduce that

Bl ) < OBl T ) (i [ erar] +omz ] [ imeop ars]).

Let 7o := lim 7,, that is, 7oc = inf{t > O,}A/t =0}. Forallt € [0,T], }A/fAT is dominated by
n—oo n

sup |Yf|. By (5.16) and letting n tends to oo, dominated convergence theorem implies that
0<t<T

T T
B 7)< CES ¥, )+ 0(E2| [ 1repar] + 25 [ e akz]).
0 0
In view of
Pinr | = 9] Lirerny < l9(XF) — 0@ (X)) + HE(D),
then

E[[Y5r |P) < CEZ[lg(X) — g(@°(X5)) + H*(T)]"]
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vo(B [/OT ()P | + B [/OT 1= (r)p ;)
=N+ C(lz:+ I3.). (5.19)

Now, we are going to prove that E;[DAQEATOO [”] tends to zero as € — 0. Indeed, by Theorem 5.2,
e—0

the first term in the right-hand side converges to zero, and for all r € [0, T], E5[|H®(r)[?] — 0.
On the other hand, it follows from Holder’s inequality that
]

EE[|He(r)l"] < 25 |

/TFE(u,O,O)du p] +2E;[ /Tﬁs(u,o)ng
o o 0

§2E§K/O 1ar)” (/O [F#(,0,0)" du)]
+2E§[(/0T1dKfL)p_l(/Or |ﬁ5(u,0)|dei)}

< CTp—lE;[/OTu + [V [27) du) + CE [ (Kg)r! (/OT(1 + [V |7) K )|

< CTP(1+ ||VWF[|*P) + C(1 + | VwF|I?) EZ[(K57)P).

Hence by dominated convergence, the term I . in (5.19) converges also to zero. Since for all
e—0

r € (0,1, EE[|H®(r)|P] — 0, which implies for any o > 0, PE(|H®(r)|P > «) =29 0. Meanwhile
for any fixed § > 0, we have

]P)E

z[(/OT|HE(r)|”dKf> > o]
—pe K/OT \HE(r) [P dKf) > 8, |HE(r)P > a}

TP [(/OT |H€(r)|PdK§) > 6, |H ()P < a]
<B(H P > o] + B [R5 > 2 [HE )P <al.

From the definition of H° and the boundedness of h° (u,0), it yields for any fixed §, we can
choose appropriate « such that the second term in the right-hand side equals to 0. Thus for
any 0 > 0, it yields

P;[(/OT|HE(T)|PC1K,§) > 5} =00

Since fOT |H=(r)[P AKE is nonnegative and integrable, the term I3 . in (5.19) converges to zero
e—0

as ¢ tends to 0. Consequently, we have proved that E;[DAQEMOO [P] — 0 for all ¢ € [0, T]. Taking
t = 0, we have the desired conclusion.

Proof of Theorem 1.1 Let us assume now that f and g satisfy Assumptions 2-3. Let
p1:RIXR xR? — R be a C° function with [ pi(2,y,z)dzdydz = 1. Define f,, := p, * f with
pu(@,y,2) = n*H!
Since g is bounded and continuous, we can also approximate g by a sequence g,, of functions in
C°(RY).

p(nz,ny,nz), then f, is infinitely differentiable with bounded derivatives.
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Let (Y,2, ZZ) be the solution of the BSDE:

T T e(r
Vi) = X ) + [ 0500 2+ [ ()i ans

T
_/ (Z5(r),dM(r)), t<s<T, P, —as.

satisfying E5 [ sup [Y5(s)|* + ftT || Z5 (s)]|?ds] < oco. By Ito’s formula, we have
t<s<T

0TI (s) — Yo (s)P

T r .+ E
b [ eI DG () (25 ) — 2°0), Zi(r) - Z° ()
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T o £
= 2 Jo L (XD g (XE(T)) — g(X=(T))[* -2 / cH(X2)e? I f XD ye () — ye(r) 2 dr

~o [ IR r) o) (750) - 27000, AN )

49 / o2 J5 el XDAu(ye () — YE(r)) [fu(XE(r), Y,E(r), Z2(r))

— f(X5(r), Y=(r), Z5(r))] dr
+2 /T e?lo Cl*(Xi)d“c(m) [Y,2(r) — Yo(r)|? dKC.

3

—c1(X8)) <0 and

= f(X5(r), Yo (r), Z5(r))

Since the function ¢ is nonpositive, —(c (X2

fa (X2 (r), Y (r), Z5,(r)

= [fa(X5(r), Y (r), Z5(r)) = fu (X5 (r), YE(r), Z5(7))]
+ (X5 (r), Yo (r), Z3(r) = fu(X(r), Y (r), Z5(r)]
+ [fn (X5 (r), Y5(

r), 2 EET)) fXE(r), YE(r), Z5(r)],
we can obtain by usual computations as (4.7)

o2 Jg e (X7) dr|Y€( ) — YE(s)[2

" / 0I5 e DM (1)) (25 (1) — 2°(r), Z5(r) — Z°(r)dr
< @ TR, (X(T)) — (X (D))

~2 [ @A) e () (Z5(0) — 20 0)

T
+ 2C2/ QI3 el XDy e (r) — YE(r)| | 25 (r) — Z5(r)] dr

T
* 2/ QI8 L XDAUyE (1) — V()] (fu — FYXE(), YE(r), 2°(r))| dr

T o £
< Mo T DA (X2(T)) — g(X(T))2 + O / 2o A XDduye(ry —ye(r) 2 dr

S

1 2 du € € € €
+3 / Ji e D (X (1) (25 (r) = Z5(r)), Z5(r) — Z5(r)dr
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T v+ yee
+/ o2 Js F (XDdu|(f 1) (XE(r), YE(r), 25 ()| dr
~o [ DY) e (Z5(0) - 27 AME (). (520)

Taking expectation and by Gronwall’s inequality, it yields that
Egfe? Jo el (XD |y e () — v (5)2)
v | eI DA (X (1)) (Z5r) — 29(1)), 25 ) — 25 ()]
< CEZ [l L0 |g, (X5) — g(X5)
+ / TR D (XE Y 78) — (XE Y 2P ar|. (5.21)

By both Burkholder’s and Young’s inequalities, it implies

28] sup | / Ji eF DUy () = Y2 () (25 () = 27(r), dME (1)

56[0 T)

1

<ceg[( / eI e DRV (r) — V()2 (X () (25 (1) — 25(0), Z5(r) — Z5(r))ar) |

<2z sup N T ODI|E() v ()P
2 s€[0,T]
T
+ CE; [ / o2 Jo el DA (X (1)) (Z2(r) — Z°(r)), Z5(r) — zs(r)>dr} : (5.22)

Consequently, in view of (5.20)—(5.22), we conclude that
B[ sup [Vi(s) = Y¥(s5)?]
s€[0,T]

< Bp| sup @i f Oy () - ve(s) ]
s€[0,T)

< CE: [eQ JoT el (Xdr g, (X5) — g(X5)?
T
+/ o2 Iy ef (Xdw ¢ (Xf,Yf,ZE)—f(Xf,YfaZf)PdT}
0

T
< C(Ilgn — gl2 e EE[e2 o (XA 4y (£)2 EE {/O o2 [7 el (X5)du dTD

< Cllgn = gl +wnlf)?), (5.23)

where the fact for all (z,7, z) € R x R x R?,

|fn(x,y,z)—f(x,y,z)| < sSup |f(x7yvz)_f(xlvylvzl)| = Wn(f)

l(z,y,2)—(a"y",2") | < &
has been used.

In the same way, define [, (z,y,2) := [14 fn(z,y,2V@(n)) m(n)dy. Then f, satisfies As-
sumption 2 with constant independent of n. Also for all (z,y,2), we have |f, (x,y,2) —

f(x,9,2)] < wa(f). Let EO denote the expectation under the law of a reflected Brownian
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motion X with covariance matrix @, and M and K be the martingale part and local time of
X0, respectively. If (Y,,, Z,,) is the solution of the BSDE:

T

V() = gn(XOD) + [ (X7, Y 0(r), Zn(r)) dr

t

T T
—/ (Zp(r),dM°(r)) +C [ Y,(r)dK?, te€]0,7T], P! —aus.,
t t

and if (Y, Z) is the solution of the BSDE:

then we similarly have

B sup [Vu(s) - V(s)P]

s€[0,T)
T
T o+ (x0 r .t (x0
< C(llgn — gl B T O e (12 B[ [ 20T O ]
0
< C(”gn—gH%“’ +wn(.f)2)- (5.24)

From (5.23)—(5.24) and Lemma 5.3, we can conclude that 111% [Y<(0)—Y(0)[? = 0 holds for any
E—r
pe(l, M A2).
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