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Abstract In this paper, the authors study gradient Ricci-Harmonic solitons on warped

product manifolds. First, they prove triviality results for the potential and warping func-

tions that reach a maximum or a minimum. In order to provide nontrivial examples,

they consider the base and the fiber conformal to a semi-Euclidean space, which is in-

variant under the action of a translation group of co-dimension one. This approach allows

them to produce infinitely many examples of geodesically complete semi-Riemannian Ricci-

Harmonic solitons not present in the literature.
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1 Introduction

Let (Mn, g(t)) be an n-dimensional manifold with a family of semi-Riemannian metrics

g(t), let (Nm, g′) be an m-dimensional manifold with a fixed semi-Riemannian metric and let

u(t) : M → N be a smooth map. The Ricci-Harmonic flow, introduced by Müller in [18],

couples with Hamilton’s Ricci flow (see [11]) and Eells and Sampson’s harmonic map heat flow

of u (see [6]), namely











∂g

∂t
= −2Ricg(t) + 2θ(t)∇u(t)⊗∇u(t),

∂u

∂t
= τg(t)u(t),

(1.1)

where θ(t) ≥ 0 is a time-dependent constant, ∇u(t) ⊗ ∇u(t) = u(t)∗g′ is the pull-back of the

metric g′ via u(t) and τg(t)u(t) is the tension field of u(t) with respect to the metric g(t). Many

concepts and results in the Ricci flow can be carried over to the Ricci-Harmonic flow and some

relevant works can be referred to [4, 9, 16–17, 25–26] and the references therein.

In this paper, we focus on gradient Ricci-Harmonic solitons, which correspond to self-similar

solutions for system (1.1).

Definition 1.1 Let (M, g) be a semi-Riemannian manifold. A metric g on Mn is a gra-

dient Ricci-Harmonic (with respect to g′) soliton (GRHS for short) metric if for some map
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u : (M, g) → (N, g′), some potential smooth function h : M → R and some constant λ, g

satisfies the following coupled system:
{

Ricg +Hessh− θ∇u⊗∇u = λg,

τgu− g(∇u,∇h) = 0,
(1.2)

where τgu = trace∇du denotes the tension field of u and θ is a time-dependent coupling constant.

As usual, the quintuple (Mn, g, h, u, λ) is classified into three types according to the sign of λ :

Shrinking if λ > 0, steady if λ = 0 and expanding if λ < 0. Moreover, if h is a constant, the

soliton is called trivial.

The function u in the previous definition is known as a harmonic map, and for u = constant,

(1.2) defines a gradient Ricci soliton, which was very important in Thurston’s Geometrization

conjecture studied by Perelman [21]. For more details on gradient Ricci soliton, see [7, 12, 22–

23]. In the particular case, in which (N, g′) = (R, dr2) and u and h are constants, (1.2) defines

an Einstein manifold, and for h constant and u harmonic, (1.2) defines a harmonic-Einstein

manifold, which is a natural generalization of an Einstein manifold. After the introduction of

the GRHS, many efforts have been devoted to understanding its geometry. For instance, in

[27], the authors proved that any shrinking or steady GRHS is a gradient Ricci soliton if the

sectional curvature of N is bounded from above by a constant. On the other hand, in [10],

the authors provided triviality results for the potential function and harmonic map using the

compactness of M .

In recent works on solitons, the notion of warped product introduced in [2] has become an

important tool in the construction of manifolds with certain geometric properties (see [3, 5, 13]).

Definition 1.2 Let (Bn, gB), (Fm, gF ) be two semi-Riemannian manifolds and f > 0 on

B. The product manifold M = B × F furnished with the metric tensor

g = π∗gB + (f ◦ π)2σ∗gF (1.3)

is called a warped product. We denote it by Bn ×f F
m, where ∗ is the pullback of canonical

projections π : Bn × Fm → Bn, σ : Bn × Fm → Fm. The function f is called a warping

function, B is called the base and F is called the fiber.

The authors in [15] studied gradient Ricci solitons on the warped product and proved that

either the warping function is constant or the potential function satisfies

h = hB ◦ π, hB ∈ C∞(B). (1.4)

We will consider the harmonic map as a smooth function u : M → R and show that the

decomposition (1.4) applied to a Ricci-Harmonic soliton is equivalent to a decomposition of the

harmonic map u. More precisely, we obtain the following result.

Proposition 1.1 Let (Bn×f F
m, g, h, u, λ) be a GRHS with non-constant harmonic map u.

Then in a neighborhood V of a point (p, q) ∈ Bn ×Fm, the harmonic map u can be represented

as u = uB ◦ π or u = uF ◦ σ if and only if h = hB ◦ π.

Motivated by the above proposition, we consider the study of the harmonic map in two

cases, u = uB ◦π or u = uF ◦σ. In this direction, we obtain a necessary and sufficient condition

for the existence of GRHS on the warped product.
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Theorem 1.1 Let (Bn×f F
m, g) be a warped product manifold. Then we have the following

conditions :

(a) If u = uB ◦ π, then (Bn ×f F
m, g, h, u, λ) is a GRHS if and only if







RicgB − m

f
HessgBf +HessgBhB − θ∇gBuB ⊗∇gBuB = λgB,

∆ωuB = 0 in B,
(1.5)

F is Einstein with RicgF = µgF ,

f∆gBf + (m− 1)∇gBf
2 + λf2 − f∇gBf(hB) = µ. (1.6)

(b) If u = uF ◦ σ, then (Bn ×f F
m, g, h, u, λ) is a GRHS if and only if

RicgB − m

f
HessgBf +HessgBhB = λgB, (1.7)

F is harmonic Einstein with
{

RicgF − θ∇gF uF ⊗∇gF uF = µgF ,

∆gF uF = 0,

f∆gBf + (m− 1)∇gBf
2 + λf2 − f∇gBf(hB) = µ, (1.8)

where RicgB is the Ricci tensor of B, RicgF is the Ricci tensor of F and ∆ω = ∆ − 〈∇,∇ω〉
with ω = h−m∇ log(f).

Remark 1.1 Note that Theorem 1.1 is a generalization of [14, Corollary 3].

Proceeding, we obtain some triviality results for the warping function, potential function

and harmonic map by means of the strong maximum principle.

Theorem 1.2 Let (Bn ×f F
m, g, h, u, λ) be a GRHS with Riemannian base.

(a) If uB ∈ C∞(B) reaches an extremal value on B, then u = uB ◦π is a constant function,

i.e., (Bn ×f F
m, g, h, u, λ) is a gradient Ricci soliton.

(b) If λ ≥ 0, hB reaches an extremal value on B and
m∆gB

f

f
≥ scalgB , then h = hB ◦ π is

a constant function, i.e., (Bn ×f F
m, g, h, u, λ) is a harmonic Einstein manifold, where scalgB

is a scalar curvature of B.

(c) If fB reaches the maximum and λ ≤ µ
f2 in B, then f = fB ◦ π is a constant function,

i.e., (Bn ×f F
m, g, h, u, λ) is a product manifold. The same occurs if fB reaches the minimum

and λ ≥ µ
f2 .

Corollary 1.1 Let (Bn ×f F
m, g, h, u, λ) be a GRHS with compact Riemannian base.

(a) If uB ∈ C∞(B), then u = uB ◦ π is a constant function, i.e., (Bn ×f F
m, g, h, u, λ) is a

gradient Ricci soliton.

(b) If λ ≥ 0 and
m∆gB

f

f
≥ scalgB , then h = hB ◦ π is a constant function, i.e., (Bn ×f

Fm, g, h, u, λ) is a harmonic Einstein manifold.

(c) If λ ≤ µ
f2 in B, then f = fB ◦ π is a constant function, i.e., (Bn ×f F

m, g, h, u, λ) is a

product manifold. The same occurs if λ ≥ µ
f2 .
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The warped product has proved its efficiency in the construction of new examples of man-

ifolds with certain geometric characteristics. For instance, in the scope of invariant solutions,

Tokura et al. [24] provided explicit examples of geodesically complete gradient Yamabe solitons.

On the other hand, in the same invariant solution context, Lemes de Sousa et al. [15] provided

examples of non conformally flat steady gradient Ricci solitons.

In what follows, we focus our attention on the warped product (B ×f F, g), where the base

or the fiber is conformally flat. In the case where u = uB ◦ π, we consider the warped product

GRHS with the base conformal to an n-dimensional semi-Euclidean space, invariant under the

action of an (n−1)-dimensional translation group. More precisely, consider the semi-Euclidean

metric (g0)ij = εiδij in local coordinates, xB = (x1, · · · , xn) of Rn, where εi = ±1. For an

arbitrary choice of non-zero vector α = (α1, · · · , αn) ∈ R
n, we define the function ξ : Rn → R

by

ξ(x1, · · · , xn) =
n
∑

i=1

αixi,

and we search for smooth functions h, f, ϕ : (a, b) ⊂ R → R, f, ϕ > 0 such that composite

functions h = h ◦ ξ, f = f ◦ ξ, ϕ = ϕ ◦ ξ : ξ−1(a, b) → R satisfy (1.2) with M = ξ−1(a, b)× Fm

and metric tensor

g =
1

ϕ2
g0 + f2gF . (1.9)

The next result gives us a necessary and sufficient condition for the existence of GRHS

warped product with base conformal to a semi-Euclidean space invariant by the action of an

(n− 1)-dimensional translation group when u = uB ◦ π.

Theorem 1.3 (Rn ×f F
m, g, h, u = uB ◦ π, λ) furnished with metric tensor (1.9) is a

GRHS with non-constant harmonic map u and Einstein fiber constant µ if and only if functions

f = f ◦ ξ, h = h ◦ ξ, ϕ = ϕ ◦ ξ, u = u ◦ ξ verify the system below :

(n− 2)
ϕ′′

ϕ
−m

f ′′

f
− 2m

ϕ′

ϕ

f ′

f
+ h′′ + 2

ϕ′

ϕ
h′ − θ(u′)2 = 0, (1.10)

[ϕ′′

ϕ
− (n− 1)

(ϕ′

ϕ

)2

+m
ϕ′

ϕ

f ′

f
− ϕ′

ϕ
h′
]

‖α‖2 = λ

ϕ2
, (1.11)

[f ′′

f
− (n− 2)

ϕ′

ϕ

f ′

f
+ (m− 1)

(f ′

f

)2

− f ′

f
h′
]

‖α‖2 =
µ

f2ϕ2
− λ

ϕ2
, (1.12)

[

u′′ − (n− 2)
ϕ′

ϕ
u′ +mu′

f ′

f
− u′h′

]

‖α‖2 = 0. (1.13)

Corollary 1.2 Under the hypotheses of Theorem 1.3, if ‖α‖2 = 0, then (Rn×fR
m, g, h, u, λ)

is a steady GRHS and Fm is Ricci flat, that is, λ = 0 and µ = 0.

The next examples provide solutions of (1.10)–(1.13) in which ‖α‖2 = 0 and ‖α‖2 6= 0,

respectively.

Example 1.1 In Theorem 1.3, consider ‖α‖2 = 0 and the Lorentzian space (Rn, g) with

coordinates (x1, · · · , xn), signature ε1 = −1, εi = 1, ∀i ≥ 2, and fiber (Rm, δ) where δ is the

Euclidean metric. Let ξ = x1 + x2 and choose k ∈ R \ {0}. Then

f(ξ) = ekξ, ϕ(ξ) = ekξ, u(ξ) = kξ,
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h(ξ) =
k

2
(2− n+ 3m+ θ)ξ − e−2kξk1

2k
+ k2

define a family of geodesically complete steady GRHS on (Rn, ϕ−2g)×f (R
m, δ) with potential

function h, harmonic map u and warping function f (see Section 2).

Example 1.2 In Theorem 1.3, consider ‖α‖2 = 1, m,n = 1 and choose k ∈ R with k2 > 1,

then the functions

h(ξ) = (m− k(n− 2)) ln(f(ξ)), ϕ(ξ) = f(ξ)k, u(ξ) = kξ,

f(ξ) = e

√

θk2

(−k2(n−2)−m)
ξ

provide a steady GRHS on (Rn, ϕ−2δ)×f (R
m, δ) defined for all ξ ∈ R, where δ is the standard

Euclidean metric.

In the case u = uF ◦ σ, we consider the warped product GRHS (Rn, ϕ−2g0)×f (R
m, τ−2g0)

with the base and the fiber conformal to an n-dimensional and m-dimensional semi-Euclidean

spaces, invariants under the action of an (n−1)-dimensional and (m−1)-dimensional translation

group, respectively. In this way, similar to the function ξ, we define ζ : Rm → R by

ζ(xn+1, · · · , xn+m) =

n+m
∑

i=n+1

βixi,

where β = (βn+1, · · · , βn+m) is a non-zero vector and xF = (xn+1, · · · , xn+m) ∈ R
m.

In the next result, we obtain conditions for functions h◦ ξ, f ◦ ξ, u ◦ ζ, ϕ◦ ξ, τ ◦ ζ to satisfy

(1.2) with M = ξ−1(a, b)× ζ−1(c, d) and metric tensor

g =
1

ϕ2
g0 + f2 1

τ2
g0. (1.14)

Theorem 1.4 (Rn ×f R
m, g, h, u = uF ◦ σ, λ) furnished with the metric tensor (1.14) is a

GRHS with non-constant harmonic map u and fiber harmonic Einstein constant µ if and only

if functions f = f ◦ ξ, h = h ◦ ξ, ϕ = ϕ ◦ ξ, u = u ◦ ζ, τ = τ ◦ ζ verify the system below :

(n− 2)
ϕ′′

ϕ
−m

f ′′

f
− 2m

ϕ′

ϕ

f ′

f
+ h′′ + 2

ϕ′

ϕ
h′ = 0, (1.15)

[ϕ′′

ϕ
− (n− 1)

(ϕ′

ϕ

)2

+m
ϕ′

ϕ

f ′

f
− ϕ′

ϕ
h′
]

‖α‖2 =
λ

ϕ2
, (1.16)

[f ′′ϕ2f − (n− 2)ϕ′ϕff ′ + (m− 1)(f ′)2ϕ2 − f ′fϕ2h′]‖α‖2 + λf2

= [τ ′′τ − (m− 1)(τ ′)2]‖β‖2 = µ, (1.17)

(m− 2)
τ ′′

τ
− θ(u′)2 = 0, (1.18)

[τ2u′′ − (m− 2)ττ ′u′]‖β‖2 = 0. (1.19)

Corollary 1.3 Under the hypotheses of Theorem 1.4, if we consider the condition ‖α‖2 = 0,

then (Rn ×f R
m, g, h, u = uF ◦ σ, λ) is a steady GRHS, that is, λ = 0 and µ = 0.

In the next results we describe all the solutions of Theorem 1.4 when λ = 0 and µ = 0.



348 E. Batista, L. Adriano and W. Tokura

Theorem 1.5 Consider λ = 0, µ = 0 and m ≥ 0 in Theorem 1.4. Then (Rn ×f R
m, g) is

a steady GRHS if and only if functions ϕ(ξ), f(ξ), h(ξ), τ(ζ), u(ζ) verify :

(a) For ‖α‖2 = 0, ‖β‖2 = 0

h(ξ) =

∫

(

ϕ−2
[

∫

(

m
f ′′

f
ϕ2 + 2mϕϕ′

f ′

f
− (n− 2)ϕϕ′′

)

dξ + c1

])

dξ + c2, (1.20)

u(ζ) =

∫

±
√

(m− 2)

θ

τ ′′

τ
(ζ)dζ + c3, (1.21)

where c1, c2 > 0, c3 ∈ R.

(b) For ‖α‖2 = 0, ‖β‖2 = 1, the potential function h(ξ) is defined by (1.20), and

τ(ζ) = c2(c1 + (m− 2)ζ)
1

2−m , (1.22)

u(ζ) = c2 ±
√
2− 3m+m2((−2 +m)ζ + c1) log ((−2 +m)ζ + c1)

(−2 +m)
√

θ((−2 +m)ζ + c1)2
. (1.23)

These solutions are defined on the half space ζ > − c1
(m−2) .

(c) For ||α||2 = 1, ‖β‖2 = 0, either






























































ϕ±(ξ) =
c4

(N±ξ + b)
k

N±

,

f±(ξ) =
c5

(N±ξ + b)
1

N±

,

h±(ξ) = −m− (n− 2)k +N±

N±

ln(N±ξ + b),

u(ζ) =

∫

±
√

(m− 2)

θ

τ ′′

τ
(ζ)dζ + c3,

(1.24)

where c4, c5 > 0, k > 0, b and N± are constants with N± = −k ±
√

m+ k2(n− 1), or



























































ϕ′

ϕ
(ξ) = k

f ′

f
(ξ),

f ′

f
(ξ) = ψ(ξ),

h′(ξ) = [z(ξ) +m− k(n− 2)]ψ(ξ),

u(ζ) =

∫

±
√

(m− 2)

θ

τ ′′

τ
(ζ)dζ + c3,

(1.25)

where ψ(ξ) and z(ξ) are solutions of







ψ(ξ) = c6(z(ξ) + k −
√

m+ k2(n− 1))
a−1
2 (z(ξ) + k +

√

m+ k2(n− 1))
−a+1

2 ,

z′(ξ) = −c6(z(ξ) + k −
√

m+ k2(n− 1))
a+1
2 (z(ξ) + k +

√

m+ k2(n− 1))
−a−1

2

(1.26)

with non-constant function z(ξ) and real constants k, c6 ≥ 0 and a = k√
m+k2(n−1)

.

(d) For ‖α‖2 = 1, ‖β‖2 = 1, functions ϕ(ξ), f(ξ), h(ξ) are defined by either system (1.24)

or (1.25), while functions u(ζ) and τ(ζ) are determined by (1.22) and (1.23).
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Example 1.3 In Theorem 1.5, item (a) considers the Lorentzian spaces (Rn, g1) and

(Rm, g2) with coordinates (x1, · · · , xn) and (xn+1, · · · , xn+m), where g1 = −dx21 +
n
∑

i=2

dx2i and

g2 = −dx2n+1 +
n+m
∑

j=n+2

dx2j . Let ξ = x1 + x2 and ζ = xn+1 + xn+2. Then

f(ξ) = keAξ, ϕ(ξ) = keAξ, τ(ζ) = ζ2 + 1, A 6= 0, k > 0

h(ξ) = (2 − n+ 3m+ θ)
A

2
ξ − e−2Aξc7

2Ak2
+ c8, c7, c8 ∈ R,

u(ζ) = −
√
2
√
−2 +m

√

1 + ζ2 sinh−1(ζ)
√

(

1 + ζ2
)

θ

+ c9, c9 ∈ R

define a family of geodesically complete steady GRHS on (Rn, ϕ−2g1) ×f (Rm, τ−2g2) with

potential function h, harmonic map u and warping function f (see Section 2).

Example 1.4 In Theorem 1.5, item (c) considers k = 1, z(ξ) a non-zero constant, (R2, g0)

the base and (R3, g) the Lorentzian fiber with coordinates (y1, y2, y3) and ζ = y1 + y2. Then,

we obtain



















ϕ(ξ) =
c5

ξ + b
,

f(ξ) =
c4

ξ + b
,

h(ξ) = −4 ln(ξ + b),











τ(ζ) = ec4ζ ,

u(ζ) =
c4√
θ
ζ,

which describes a family of steady GRHS defined in the half-space ξ > −b.

2 Proof of the Main Results

Proof of Proposition 1.1 Let L(B), L(F ) be the lifts spaces of the vector fields on B and

F to B × F , respectively. Consider X,Y ∈ L(B) and V,W ∈ L(F ), so we have the following

well-known formula for the Ricci tensor on warped products (see [20]),

Ric(X,Y ) = RicgB (X,Y )− m

f
HessgBf(X,Y ),

Ric(X,V ) = 0, (2.1)

Ric(V,W ) = RicgF (V,W )− (f∆Bf + (m− 1)gB(∇f,∇f))gF (V,W )

for all X,Y ∈ L(B) and V,W ∈ L(F ).
Suppose that u can be represented as u = uB ◦ π or u = uF ◦ σ, then (1.2) becomes

Hessh(X,V ) = X(V (h))−∇XV (h) = θ∇u(X)∇u(V ) = 0, ∀X ∈ L(B), ∀V ∈ L(F ).

It follows from [15] that h = hB ◦ π.
Now, assuming (1.4), then (1.2) applied to X,V is equivalent to

0 = λg(X,V ) = θ∇u(X)∇u(V ). (2.2)

Note that the metric tensor (1.3) applied to X,V is null.
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Since the harmonic map u is not constant, there exists a field L = X + V ∈ L(Bn × Fm),

(p, q) ∈ Bn × Fm and a neighborhood V such that ∇u(X + V )∇u(X + V ) 6= 0 in V , which
implies

∇u(X)2 + 2∇u(X)∇u(V ) +∇u(V )2 6= 0. (2.3)

From (2.2), we derive

∇u(X)2 +∇u(V )2 6= 0. (2.4)

Therefore, either ∇u(X) 6= 0 or ∇u(V ) 6= 0 in V .

Proof of Theorem 1.1 First, consider u = uB ◦ π. Combining the first equation in (1.2)

with (2.1), we arrive at

RicgB − m

f
HessgBf(X,Y ) + HessgBh(X,Y )− θ∇gBu⊗∇gBu(X,Y ) = λgB(X,Y )

for all X,Y ∈ L(B). Now, combining [20, Proposition 35] and the second equation of (1.2), we

have

∆u =
[

∆gBuB +
m

f
gB(∇gBuB,∇gBf)

]

◦ π = gB(∇uB,∇hB) ◦ π. (2.5)

Denoting ∆ω := ∆− g(∇ω,∇·), (2.5) becomes

∆ωuB = 0,

which proves (1.5).

For V,W ∈ L(F ), we have from (1.2) and (2.1) that

λf2gF (V,W ) = RicgF (V,W ) + Hessh(V,W )

− (f∆Bf + (m− 1)gB(∇f,∇f))gF (V,W ), (2.6)

and from the connection expression of warped product metrics, we obtain the following expres-

sion for the Hessian Hessh(V,W ),

Hessh(V,W ) = V (W (h))− (∇VW )(h)

= −(F∇VW − fgF (V,W )∇gBf)(h)

= fgF (V,W )∇gBf(h). (2.7)

Substituting (2.7) into (2.6) it follows that RicgF = µgF , where

µ = f∆gBf + (m− 1)∇gBf
2 + λf2 − f∇gBf(h). (2.8)

Therefore, F is an Einstein manifold.

In the case u = uF ◦ σ just combine (1.2) and (2.1) to obtain

Ricg(X,Y ) = RicgB − m

f
HessgBf(X,Y ) = λg(X,Y )−Hessh(X,Y ) + θ∇u ⊗∇u(X,Y )
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for all X,Y ∈ L(B). It is equivalent to

RicgB − m

f
HessgBf(X,Y ) + HessgBh(X,Y ) = λgB(X,Y )

for all X,Y ∈ L(B).

On the other hand,

Ricg(V,W ) = λg(V,W )−Hessh(V,W ) + θ∇u ⊗∇u(V,W )

= RicgF (V,W )− (f∆Bf + (m− 1)gB(∇f,∇f))gF (V,W )

for all V,W ∈ L(F ). From the warped product metric we arrive at

RicgF (V,W )− θ∇gF u⊗∇gF u(V,W ) = λf2gF (V,W )− fgF (V,W )∇gBf(h)

+ (f∆Bf + (m− 1)gB(∇f,∇f))gF (V,W )

= (f∆gBf + (m− 1)∇gBf
2 + λf2

− f∇gBf(h))gF .

Consider the second equation of (1.2) with u = uF ◦ σ. By [20, Proposition 35], we derive

∆u =
∆gF uF

f2
◦ σ = g(∇u,∇h) = 0.

Note that µ = f∆gBf + (m − 1)∇gBf
2 + λf2 − f∇gBf(h) is constant in relation to fiber, so

(Fm, gF ) is a harmonic Einstein manifold and this completes the proof.

Proof of Theorem 1.2 (a) Suppose that u = uB ◦ π. Proceeding in the same way as in

the proof of Theorem 1.1, we arrive at

∆u =
[

∆gBuB +
m

f
gB(∇gBuB,∇gBf)

]

◦ π = gB(∇uB,∇hB) ◦ π (2.9)

and

∆ωuB = 0,

where ω = hB−m log(f). Hence, from the strong maximum principle (see [8]), uB is a constant,

which implies that u = uB ◦π is a constant. Therefore, (Bn×f F
m, g, h, u, λ) is a gradient Ricci

soliton.

(b) Combining (1.2) and (2.1), we produce

λgB(X,Y )−HessgBh(X,Y ) + θ∇gBu(X)∇gBu(Y )

= RicgB (X,Y )− m

f
HessgBf(X,Y ) (2.10)

for all X,Y ∈ L(B). Now, taking the trace in both sides of (2.10), we get

∆gBhB = nλ+ θ‖dπ(∇u)‖2 − scalgB +
m∆gBf

f
.

From the hypothesis, we deduce that ∆gBhB ≥ 0. Therefore, applying the strong maximum

principle we conclude that hB is a constant, i.e., the potential function h = hB ◦π is a constant.
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(c) Consider the elliptic operator of second order given by

Ξ(·) = ∆(·)−∇h(·) + m− 1

f
∇f(·).

It follows from (1.6) that

Ξ(f) =
µ− λf2

f
≥ 0.

So, as a direct consequence of the strong maximum principle, one has that f is a constant

function and this concludes the proof.

Proof of Theorem 1.3 Since Theorem 1.1 provides a necessary and sufficient condition

to the warped product (Bn ×f F
m, g) to be a GRHS, we will utilize its equivalence condition

in combination with the invariant solution approach to produce equations (1.10)–(1.13).

First, for an arbitrary choice of a non-zero vector α = (α1, · · · , αn) ∈ R
n, we define the

function ξ : Rn → R by ξ(x1, · · · , xn) = α1x1 + · · · + αnxn. Since we assume that ϕ = ϕ(ξ),

h = h(ξ), u = u(ξ) and f = f(ξ), then we have

ϕ,xi
= ϕ′αi, f,xi

= f ′αi, h,xi
= h′αi, u,xi

= u′αi,

ϕ,xixj
= ϕ′′αiαj , f,xixj

= f ′′αiαj , h,xixj
= h′′αiαj , u,xixj

= u′′αiαj .

Now, let (B, gB) be the Euclidean space endowed with the conformal metric gB = ϕ−2g0.

It is well known that for the conformal metric gB, the Ricci tensor is given by [1]:

RicgB =
1

ϕ2
{(n− 2)ϕHessg0(ϕ) + [ϕ∆g0ϕ− (n− 1)∇g0ϕ

2]g0}.

Using the tensorial notation Hessg0(ϕ)(∂i, ∂j) = (Hessg0(ϕ))i,j , where {∂i}ni=1 is a Euclidean

orthonormal basis, we obtain

(Hessg0(ϕ))i,j = ϕ′′αiαj ,

∆g0ϕ =
∑

k

εk(Hessg0(ϕ))kk = ϕ′′‖α‖2,

∇g0ϕ
2 =

∑

k

εkϕ
2
,xk

= ϕ′α2.

Hence, the Ricci tensor takes the following form

(RicgB )i,j =
1

ϕ
{(n− 2)ϕ′′αiαj}, i 6= j, (2.11)

(RicgB )i,i =
1

ϕ2
{(n− 2)ϕϕ′′(αi)

2 + [ϕϕ′′‖α‖2 − (n− 1)(ϕ′)2‖α‖2]εi} (2.12)

for i = 1, 2, · · · , n. Computing Hess(h) relatively to gB, we have

(HessgB (h))ij = h,xixj
−

n
∑

k=1

Γk
ijh,xk

,

where the Christoffel symbols Γk
ij for distinct i, j, k are given by

Γk
ij = 0, Γi

ij = −ϕ,xj

ϕ
, Γk

ii = εiεk
ϕ,xk

ϕ
, Γi

ii = −ϕ,xi

ϕ
.
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Therefore,

(HessgB (h))ij = h,xixj
+ ϕ−1(ϕ,xi

h,xj
+ ϕ,xj

h,xi
)− δijεi

∑

k

εkϕ
−1ϕ,xk

h,xk

= αiαjh
′′ + (2αiαj − δijεi‖α‖2)ϕ−1ϕ′h′ (2.13)

and

∆gBf =
∑

k

ϕ2εk(HessgB (f))kk = ‖α‖2ϕ2(f ′′ − (n− 2)ϕ−1ϕ′f ′). (2.14)

On the other hand, the expressions of ∇f(h), ∇f2 and (∇u⊗∇u)ij on the conformal metric

gB are given by

∇gBf(h) = 〈∇gBf,∇gBh〉 = ϕ2
∑

k

εkf,xk
h,xk

= ‖α‖2ϕ2f ′h′,

∇gBf
2 = ϕ2

∑

k

εkf
2
,xk

= ‖α‖2ϕ2(f ′)2, (2.15)

(∇gBu⊗∇gBu)ij = u,xi
u,xj

= αiαj(u
′)2.

Then substituting (2.12)–(2.13) and (2.15), for i = j, into (1.5) we obtain (1.11).

Now, from (2.11) and (2.13), for i 6= j, we obtain

αiαj

(

(n− 2)
ϕ′′

ϕ
−m

f ′′

f
− 2m

ϕ′

ϕ

f ′

f
+ h′′ + 2

ϕ′

ϕ
h′ − θ(u′)2

)

= 0.

If there exist i, j with i 6= j such that αiαj 6= 0, then we get

(n− 2)
ϕ′′

ϕ
−m

f ′′

f
− 2m

ϕ′

ϕ

f ′

f
+ h′′ + 2

ϕ′

ϕ
h′ − θ(u′)2 = 0,

which is (1.10).

Now, we need to consider the case αiαj = 0, ∀i 6= j. For this, consider k0 fixed and αk0 = 1,

αk = 0 for k 6= k0. In this case, substituting (2.12)–(2.13) and (2.15) into (1.5), we obtain (1.11)

for i 6= k0, that is, αi = 0, and when i = k0, we obtain (1.10), that is, αk0 = 1.

Substituting (2.14)–(2.15) into (1.6), we obtain (1.12). Finally, substituting (2.14)–(2.15)

into (2.9), we obtain (1.13) and this completes the proof.

Proof of Theorem 1.4 By a similar way as in the proof of Theorem 1.3, substituting

equations (2.11) and (2.15) into (1.7) with i 6= j, we obtain (1.15), and to produce (1.16) it is

sufficient to use (2.12), (2.15) in (1.7) with i = j.

We know by Theorem 1.1 that F is a harmonic Einstein manifold, that is

RicgF − θ∇gF ugF ⊗∇gF ugF = µgF , (2.16)

where θ > 0 and

∆gBf + (m− 1)∇gBf
2 + λf2 − f∇gBf(h) = µ. (2.17)

For an arbitrary choice of a non-zero vector β = (β1, · · · , βm), consider τ : R
m → (0,∞)

and ζ : Rm → R the conformal factor of the fiber and the invariant by translation function,

respectively. Since we are assuming u = u(ζ), we have

(∇gF ugF ⊗∇gF ugF )ij = u,xn+i
u,xn+j

= (u′)2βiβj i, j = 1, · · · ,m. (2.18)
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Substituting (2.15) into (2.17), we have

[f ′′ϕ2f − (n− 2)ϕ′ϕff ′ + (m− 1)(f ′)2ϕ2 − f ′fϕ2h′]‖α‖2 + λf2 = µ. (2.19)

Substituting (2.11)–(2.12) and (2.18)–(2.19) into (2.16), we obtain

[f ′′ϕ2f − (n− 2)ϕ′ϕff ′ + (m− 1)(f ′)2ϕ2 − f ′fϕ2h′]‖α‖2 + λf2

= [τ ′′τ − (m− 1)(τ ′)2]‖β‖2 = µ (2.20)

for i = j, and

(m− 2)
τ ′′

τ
− θ(u′)2 = 0 (2.21)

for i 6= j. Note that (2.20) and (2.21) are precisely (1.17) and (1.18), respectively. Finally, by

Theorem 1.1(b), u is a harmonic function, then

∆gF uF =
∑

k

τ2εk(HessgF (u))kk = ‖β‖2τ2(u′′ − (m− 2)τ−1τ ′u′) = 0,

which corresponds to equation (1.19) and this concludes the proof.

Proof of Theorem 1.5 (a) Taking parameters λ = 0 and ‖α‖2 = ||β||2 = 0 in Theorem

1.4, we have

(n− 2)
ϕ′′

ϕ
−m

f ′′

f
− 2m

ϕ′

ϕ

f ′

f
+ h′′ + 2

ϕ′

ϕ
h′ = 0, (2.22)

(m− 2)
τ ′′

τ
− θ(u′)2 = 0. (2.23)

(1.20) and (1.21) follow by integration of above ODEs (2.22) and (2.23).

(b) Combining parameters ‖β‖2 = 1, ‖α‖2 = 0, λ = 0 with Theorem 1.4, we have

τ ′′

τ
− (m− 1)

(τ ′

τ

)2

= 0, (2.24)

(m− 2)
τ ′′

τ
− θ(u′)2 = 0, (2.25)

τ2u′′ − (m− 2)ττ ′u′ = 0. (2.26)

Integrating (2.24) and substituting it into (2.25), we produce (1.22), while integrating (2.24)

and substituting it into (2.26), we obtain (1.23).

(c) Consider ‖α‖2 = 1, ‖β‖2 = 0 and λ = 0. Then from equations (1.15)–(1.18) of Theorem

1.4, we deduce















































(n− 2)
ϕ′′

ϕ
−m

f ′′

f
− 2m

ϕ′

ϕ

f ′

f
+ h′′ + 2

ϕ′

ϕ
h′ = 0,

ϕ′′

ϕ
− (n− 1)

(ϕ′

ϕ

)2

+m
ϕ′

ϕ

f ′

f
− ϕ′

ϕ
h′ = 0,

f ′′ϕ2f − (n− 2)ϕ′ϕff ′ + (m− 1)(f ′)2ϕ2 − f ′fϕ2h′ = 0,

(m− 2)
τ ′′

τ
− θ(u′)2 = 0.

(2.27)
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The first three equations of the above system involving ϕ, f and h were solved in [15]. On the

other hand, integrating the last equation of system (2.27), we obtain (1.24).

(d) It follows immediately from the previous cases.

In order to prove the completeness of Examples 1.1 and 1.3, we recall the following definition.

Definition 2.1 A semi-Riemannian manifold in which every geodesic is defined on the

entire real line is said to be geodesically complete, or just complete.

Given a curve γ in M ×f F , we can write γ(s) = (γB(s), γF (s)), where γB = π ◦ γ and

γF = σ ◦ γ. The following proposition guarantees a necessary and sufficient condition for a

curve γ to be geodesic.

Proposition 2.1 (see [20]) A curve γ = (γB, γF ) in B ×f F is geodesic if and only if

(1) γ′′B = gF (γ
′
F , γ

′
F )f ◦ γB∇f in B,

(2) γ′′F =
−2

f ◦ γB
d(f ◦ γB)

ds
γ′F in F.

Proof of Completeness of Example 1.1 Proceeding similarly as in [19, 24], we will

now prove that the GRHS defined in Example 1.1 is complete by showing that any geodesic

γ(s) = (γB(s), γF (s)) is defined for all t ∈ R.

Consider (Rn, g) to be the Lorentzian space with coordinates (x1, · · · , xn) with signature

ε1 = −1, εi = 1, ∀i ≥ 2. Take k ∈ R \ {0} and functions

f(ξ) = ekξ, ϕ(ξ) = ekξ, u(ξ) = kξ,

h(ξ) =
k

2
(2− n+ 3m+ θ)ξ − e−2kξk1

2k
+ k2.

Define gB := ϕ−2g = e−2kξg, then the gradient ∇gBf becomes

∇gBf = (−ke3kξ, ke3kξ, 0, · · · , 0).

Let γ(s) = (γB(s), γF (s)) be a geodesic curve so that γB(s) = (y1(s), · · · , yn(s)) and γF (s) =

(yn+1(s), · · · , yn+m(s)). It follows from Proposition 2.1 that the curve γ(s) is a geodesic curve

of (Rn, gB)×f (Rm, δ) if and only if the system of equations below is satisfied































y′′1 (s) = −kδ(γ′F , γ′F )e4k(y1(s)+y2(s)), (I)

y′′2 (s) = kδ(γ′F , γ
′
F )e

4k(y1(s)+y2(s)), (II)

y′′r (s) = 0, for r ∈ {3, · · · , n}, (III)

y′′n+l(s) = −2k[y′1(s) + y′2(s)]y
′

n+l(s) for l ∈ {1, · · · ,m}. (IV)

Integrating the sum of differential equations (I)–(II) and substituting them into (IV), we

obtain the second order linear ordinary differential equation

y′′n+l(s) + 2kc1y
′

n+l(s) = 0 for each l ∈ {1, · · · ,m}, c1 ∈ R, (2.28)

whose general solutions yn+l(s) are defined on the entire real line R. Integrating (III) we arrive

at yr(s) = c5,r + c6,rs, for c5,r, c6,r ∈ R, whose domain is also the real line, then it is only

necessary to prove that the solutions of (I) and (II) are also defined in R.
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Solving differential equation (2.28) and substituting its result into (I), we obtain that y′′1 (s) =

constant, therefore, y1(s) is defined on the entire real line R. Except for the sign, the same occurs

for y2(s). Thus, all the geodesics γ(s) are defined for the entire real line.

Proof of Completeness of Example 1.3 Let (Rn, g1) and (Rm, g2) be the standard

semi-Euclidean spaces as in Example 1.3. Take A ∈ R \ {0}, k > 0 and consider functions

ϕ(ξ) = keAξ, f(ξ) = keAξ, h(ξ) = (2− n+ 3m+ θ)
A

2
ξ − e−2Aξc7

2Ak2
+ c8, c7, c8 ∈ R

and

τ(ζ) = ζ2 + 1, u(ζ) = −
√
2
√
−2 +m

√

1 + ζ2 sinh−1(ζ)
√

(1 + ζ2)θ
+ c9, c9 ∈ R,

where f, ϕ, h are defined in (Rn, g1) and τ, u are defined in (Rm, g2).

In the conformal metric gB := ϕ−2g1 = k−2e−2Aξg1, gradient ∇gBf is given by

∇gBf =

n
∑

r,s=1

grsB f,xs
∂r =

n
∑

r,s=1

ϕ2εrδrsf
′αs∂s =

n
∑

s=1

k3Aεsαse
3Aξ∂s.

Since α1 = α2 = 1, αi = 0, for i ≥ 3, and ε1 = −1, εi = 1, for i ≥ 2, we obtain

∇gBf = (−k3Ae3Aξ, k3Ae3Aξ, 0, · · · , 0).

Then, considering γB(s) = (y1(s), · · · , yn(s)) and γF (s) = (yn+1(s), · · · , yn+m(s)) in Proposi-

tion 2.1, we have































y′′1 (s) = −k4AgF (γ′F , γ′F )e4A(y1(s)+y2(s)), (I′)

y′′2 (s) = k4AgF (γ
′
F , γ

′
F )e

4A(y1(s)+y2(s)), (II′)

y′′r (s) = 0 for r ∈ {3, · · · , n}, (III′)

y′′n+l(s) = −2A[y′1(s) + y′2(s)]y
′

n+l(s) for l ∈ {1, · · · ,m}. (IV′)

Summing the differential equations (I′) and (II′) we have y′′1 (s)+ y
′′
2 (s) = 0, then by integration

y′1(s) + y′2(s) = c1, y1(s) + y2(s) = c1s+ c2, c1, c2 ∈ R. (2.29)

Substituting (2.29) into (IV′), we obtain the second order linear ordinary differential equation

y′′n+l(s) + 2Ac1y
′

n+l(s) = 0 for each l ∈ {1, · · · ,m},

whose general solutions are

yn+l(s) =

{

c3,l + c4,ls, if c1 = 0,

c3,l + c4,le
−2Ac1s, if c1 6= 0,

(2.30)

where c3,l, c4,l ∈ R. Therefore, for each l ∈ {1, · · · ,m}, functions yn+l(s) are defined on the

entire real line R. Notice that the solutions of (III′) are given by yr(s) = c5,r + c6,rs, for

c5,r, c6,r ∈ R, whose domain is also the real line. Finally, to conclude it is only necessary to
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prove that the solutions of (I′) and (II′) are also defined in R, and for this we will express

gF (γ
′
F , γ

′
F ) in function of the parameter s.

Since gF = τ−2g2, βn+1 = βn+2 = 1, βn+j = 0, for j ≥ 3, and εn+1 = −1, εn+j = 1, for

j ≥ 2, we obtain

gF (γ
′

F , γ
′

F ) = τ(ζ ◦ γF )−2g2(γ
′

F , γ
′

F )

= τ(ζ ◦ γF )−2[−y′n+1(s)
2 + y′n+2(s)

2 + · · ·+ y′n+m(s)2]

=
1

((yn+1(s) + yn+2(s))2 + 1)2
[−y′n+1(s)

2 + y′n+2(s)
2 + · · ·+ y′n+m(s)2],

and substituting (2.30) into (I′), we have

y′′1 (s) = −k4A[(c7,1 + c7,2e
−2Ac1s)2 + 1]−2

× [−c28,1 + c28,2 + · · ·+ c28,r]e
−4Ac1se4A(y1(s)+y2(s)),

where c7,1, c7,2, c8,1, c8,2, · · · , c8,r ∈ R.

Now, from (2.29) we arrive at

y′′1 (s) = c9,1[(c7,1 + c7,2e
−2Ac1s)2 + 1]−2e−4Ac1se4A(c1s+c2)

= c9,1[(c7,1 + c7,2e
−2Ac1s)2 + 1]−2e4Ac2

= c10,1[(c7,1 + c7,2e
−2Ac1s)2 + 1]−2, c9,1, c10,1 ∈ R.

Note that y′1(s) is smooth at every point and has a bounded derivative. Indeed,

y′′1 (s) = ‖c10,1[(c7,1 + c7,2e
−2Ac1s)2 + 1]−2‖ < ‖c10,1‖.

Thus, the system defined by

{

y′1(s) = z1(s),

z′1(s) = [(c7,1 + c7,2e
−2Ac1s)2 + 1]−2

has solutions whose domain is R. Except for the sign, the same occurs for y2(s). Thus, all the

geodesics γ = (γB , γF ) are defined on the entire real line, which means that

(Rn, ϕ−2g1)×f (Rm, τ−2g2)

is geodesically complete.
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