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A Big Picard Type Theorem Concerning
Derivative and Its Application*

Shuxian LI Xiaojun LIUY

Abstract In this paper, the authors prove a big Picard type theorem concerning deriva-
tive: Let f(z) be meromorphic in D = {z : 0 < |z — zo| < 0} for each § > 0, if z is an
essential singularity of f(z), then either f(z) assumes every finite value infinitely often or
f'(2) assumes every finite value except possibly zero infinitely often. As an application of
this result, they extend Nevo, Pang and Zalcman’s quasinormal criterion: Let {f.(z)} be
a sequence of meromorphic functions on the plane domain D, all of whose zeros are multi-
ple such that f},(z) — 1 has zeros of multiplicity at least n for all n on D, then {f,(2)} is
quasinormal of order 1 on D. Then they obtain a corresponding result in value distribution
theory: Let f(z) be a meromorphic function on C, all but finitely many of whose zeros are
multiple such that

m T(T7 f)

r—rtoo (logr)2 +oo,

then there exist a positive integer M and Ro > 0 such that for each r > Ry, there exists
20 € C satisfying |z0| > r such that zo is a zero of f’(z) — 1 with multiplicity at most M.
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1 Introduction and Main Results

Essential singularity is an important isolated singularity of complex functions. Studying the
behavior of a complex function which is holomorphic or meromorphic in a punctured domain
of its isolated essential singularity holds profound significance.

In 1879, Picard [9] proved the following famous big Picard theorem.

Theorem 1.1 (see [9]) Let f(z) be meromorphic in D = {z:0 < |z — 20| < R}, if z0 is an
isolated essential singularity, then f(z) must take every complex number infinitely often times
on D, with at most two exceptions. Let f(z) be holomorphic in D = {z: 0 < |z — 29| < R},
if 20 is an isolated essential singularity, then f(z) must take every complex number infinitely

often times on D with at most one exception.

This result promoted the development of Nevanlinna’s value distribution theory. With this
result, we can immediately infer whether an isolated singularity is an essential singularity of a

function.
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Let r > 0 and let f(z) be holomorphic in D = {z: 0 < |z — zo| < 7}, if f(2) is a constant
on D or f(z) omits two distinct values for z € D, then z is a pole or a removable singularity
of f(2).

We write (f, Q) € P to indicate that the holomorphic function f(z) is defined on the plane
domain 2 with the property P. In order to determine whether an isolated singularity is an
essential singularity of a function, Minda [5] obtained the following more general conclusion in
1985, which also revealed the connection between the big Picard theorem and the little Picard

theorem.

Theorem 1.2 (see [5, Theorem 3]) If P is a property of holomorphic functions satisfying:
(1) If (f,2) € P and ' C Q, then (f,Q)) € P.
(2) If (f,Q) € P and ®(z) = az + 3, a #0, then (f o ®,®71(Q)) € P.
(3) Let (fn,Q) € P, where Q1 C Qo C -+ and C = UQ,. If f,.(2) — [ spherically
uniformly on compact subsets of C, then (f,C) € P.
(4) If (f,C) € P, then fis constant.
And (f, A'(z0,7)) € P, then f has a pole or a removable singularity at zg.

However, the preceding results about the behavior of a complex function which is holomor-
phic or meromorphic in a punctured domain of its isolated essential singularity do not involve

its derivative. In 1959, Hayman [1] established the following renowned result.

Theorem 1.3 (see [2, Corollary of Theorem 3.5]) Suppose that f(z) is meromorphic and
transcendental in C, then either f(z) assumes every finite value infinitely often or f'(z) assumes

every finite value except possibly zero infinitely often.

In Theorem 1.3, oo is an essential singularity of f(z). Naturally, we want to know whether
f(2) has the same properties near a finite essential singular point. Based on the question, we

obtain the following result.

Theorem 1.4 Let f(z) be meromorphic in D = {z: 0 < |z — zo| < &} for each § >0, if zo
is an essential singularity of f(z), then either f(z) assumes every finite value infinitely often

or f'(z) assumes every finite value except possibly zero infinitely often.
To prove Theorem 1.4, we only need to verify the following result.

Theorem 1.5 Let 6 > 0 and let f(z) be meromorphic in D = {z : 0 < |z — zo|< §} such
that f(z) # a and f'(z) # b for some constants a,b € C, b # 0 and all z € D, then zy is not

an essential singularity of f(z).

According to Theorem 1.5, we obtain a new method for determining if a point is an essential
singularity of a function. Furthermore, we apply it to the quasinormal criterion and we get a
corresponding result in value distribution theory.

Recall that a family F of functions meromorphic on a plane domain D C C is said to be
quasinormal on D (see [6]) if from each sequence {f,(z)} C F one can extract a subsequence
{fn,.(2)} which converges locally uniformly with respect to the spherical metric on D\ E, where
the set FE (which may depend on {f,, (z)}) has no accumulation point in D. If E can always
be chosen to satisfy |E| < v, F is said to quasinormal of order v on D. Thus a family is



A Big Picard Type Theorem Concerning Derivative 361

quasinormal of order 0 on D if and only if it is normal on D. The family F is said to be (quasi)

normal at zg € D if it is (quasi)normal on some neighborhood of zy; thus F is quasinormal

on D if and only if it is quasinormal at each point z € D. On the other hand, F fails to

be quasinormal of order v on D precisely when there exist points z1, 29, -+, 2,41 in D and a

sequence { f,(z)} C F such that no subsequence of {f,(2)} is normal at z;, j =1,2,--- , v+ 1.
In 2007, Nevo, Pang and Zalcman [6] obtained the following results.

Theorem 1.6 (see [6, Theorem 1]) Let {f.(2)} be a sequence of meromorphic functions
on the plane domain D, all of whose zeros are multiple such that f}(z) # 1 for all n and all

z € D, then {fn(2)} is quasinormal of order 1 on D.

Theorem 1.7 (see [6, Theorem 2]) Let f(z) be a transcendental meromorphic function on

C, all but finitely many of whose zeros are multiple, then f'(z) — 1 has infinitely many zeros.
As the application of Theorem 1.5, we generalize Theorem 1.6 as follows.

Theorem 1.8 Let {f.(2)} be a sequence of meromorphic functions on the plane domain
D, all of whose zeros are multiple such that f)(z) — 1 has zeros with multiplicity at least n for

all n on D, then {f,(2)} is quasinormal of order 1 on D.
Then we can use Theorem 1.8 to prove the following result in value distribution theory.

Theorem 1.9 Let f(z) be a meromorphic function on C, all but finitely many of whose
zeros are multiple such that
T(r, f)

1._ p—
oo (logr)? +oo,

then there exist a positive integer M and Ry > 0 such that for each r > Ry, there exists zy € C
satisfying |zo| > r such that zo is a zero of f'(z) — 1 with multiplicity at most M.

Remark 1.1 Actually, if we have a meromorphic function f(z) on C whose zeros are
; Ty Lnf)
multiple such that lim =

r——+o00 (logr)?

also has a sequence of these zeros that tends to infinity and multiplicity can be controlled.

+00, then f/(z) — 1 not only has infinitely many zeros but

2 Notations and Preliminaries

In this section, we introduce some notations and preliminary definitions.

Throughout, k is a positive integer. We write {f,,(2)} C M(D) to indicate that {f,(z)} is a
sequence of functions meromorphic on the plane domain D. We denote by A the open unit disc
in C. For zo € C, 7 >0 and p > 0, A(zo,7) := {2 : |2 — 20| <1}, A(20,7) := {2 : |2 — 20| <7},
Al(zg,7r) :={2:0<|z—2z| <r}and D,, :={z:p<|z| <7}

We write f,(z) X f(2) on D to indicate that the sequence {f,(z)} converges to f(z) in the
spherical metric uniformly on compact subsets of D and f,,(2) = f(z) on D if the convergence
is in the Euclidean metric.

For f(z) meromorphic on the plane domain D,

sw.5) == [[ 1Py,
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where

)
&) = T 5p

denotes the spherical derivative. And we set S(r, f) = S(A(0,r), f) and S(p, 7, f) = S(Dpr, f).
Recall that the order of a meromorphic function f(z) on C can be defined as

— log"T'(r, f)
p= lim ———==
r—oo logr

where T'(r, f) is the Ahlfors-Shimizu form of the Nevanlinna characteristic function, given by

e = [ 50

Clearly, if f#(z) is bounded on C, f(z) has order at most 2.

Definition 2.1 (see [6]) Let 21, 22 € C and put z = 212, We say that (21,22) is a
nontrivial pair of zeros of f(z) if

(i) f(z1) = f(z2) = 0;

(ii) there exists zs such that |z3 — Z| < |21 — 22| and |f'(z3)| > 1.

Remark 2.1 Clearly, if all zeros of f(z) are multiply, each pair of zeros satisfies (i). Note
also that (ii) is equivalent to
(ii") there exists z* such that |z*| < 1 and |h/(z*)| > 1, where

fE+ (21 — 22)2)
Z1 — 29 ’

h(z) =
Since |h/(2)| > h#(2), it suffices to have h? (2*) > 1 in (ii’).

3 Proof of Theorem 1.5

To prove Theorem 1.5, we require some preliminary results.
The spherical derivative can be a natural measure for the growth of a function that is
meromorphic near the isolated singularity. Lehto and Virtanen [3—4] obtained the following

important result.

Theorem 3.1 (see [3]) If f(2) is meromorphic in the neighborhood of the singularity z = zg,
an absolute constant K > 0 exists such that

lim |z — z|f#(2) > K.
Z—20

Furthermore, for meromorphic functions f(z) omitting at least one value in a neighborhood of

the singularity z = zp, we always have

lim |z — 2| f#(2) = +oc.
Z—20
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Lemma 3.1 (see [8, Lemma 2]) Let F be a family of functions meromorphic on the unit
disc, all of whose zeros have multiplicity at least k, and suppose that there exists A > 1 such
that | f*)(2)| < A whenever f(z) = 0. Then if F is not normal, there exist, for each 0 < a < k,

(a) a number 0 < r < 1;

(b) points zpn, |zn| <13

(¢) functions f, € F;

(d) positive numbers p, — 0

such that g, (&) = p, * fn(zn+pné) X g(&) on C, where g is a nonconstant meromorphic function
on C such that for every ¢ € C, g7 (£) < g7 (0) = kA+ 1.

Proof of Theorem 1.5 Otherwise, suppose that z is an essential singularity of f(z). We
can assume that zo =0, a =0 and b = 1.
Following from Theorem 3.1, we have

lim |2]f#(2) = +oc.
z—0
Then there exists a sequence {b,} in C such that b, — 0 and

lim |b,|f7 (bp) = +o0.

n—r oo

We define f,,(z) = f(bnz). Since b, — 0, f,(2) is defined for any z € C\{0} if n is sufficiently
large. Then

ff(l) = |bn|f#(bn) — 09,

thus {f,(2)} is not normal at z = 1.
Using Lemma 3.1 for o = 0, we can extract a subsequence (which, renumbering, we continue
to call {f,(2)}), points z, € C, 2, = 1, p, >0, p, — 07 such that

9n(€) = Fu(zn + pu€) = g(6),

where g(§) is a nonconstant meromorphic function on C.
For each € > 0 , there exists & € C such that |g(&)| < ¢ and ¢'(&) # 0.
With a,, = b, (2, + pnéo), we have a,, — 0,

flan) = fu(zn + pnéo) — g(&o)

and

bnpnfl(an) = pnfT/l(Zn + pnéo) — 9/(50)

for n sufficiently large. Thus

a/nf/(a/n) = bn(zn + pnf())f/(a/n) = bnpnf/(a/n)(f() + ;_n) — 0

n

for n sufficiently large.
Since li_>rn [f(an)| = lg9(&0)| < €, there exists N € N, for each n > N, |f(a,)| < €.
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Let e = %, then there exist points &, € C and ny, € N such that an, r = bn, k(Zn, &+ Pnp kER)
and | f(an, k)| < %

Altogether, we find a sequence {an,r} € C such that an,r — 0, f(an,k) — 0 and
Ay ko f (any, 1) — o0 for k sufficiently large.

Let G(z) = £ then z, = 0 is also an essential singularity of G(z). Thus we can also find

z

a sequence {¢,} € C such that ¢, — 0,

Glen) =L (CC’J 50
and
cnG (cn) = —@ + f'(cn) = 0

for n sufficiently large. Clearly, ILm f(en) = 0.

Let hy(z) = L2202 ¢ A(1,7), where r > 0. Then

[

nt) = — el

for n sufficiently large, so that {h,(z)} is not normal at Z = 1. But for each n, h,(z) # 0 and
Rl (z) # 1 for every z € A(1,r), thus {h,(z)} is normal at Z = 1. This contradiction shows
that zo is not an essential singularity of f(z).

4 Proof of Theorem 1.8

Before we give the proof of Theorem 1.8, we require the following results.

Lemma 4.1 (see [10]) Let f(z) be a nonconstant meromorphic function of finite order on
C, all of whose zeros have multiplicity at least k + 1. If f*)(2) # 1 on C, then

1 (z—a)kt!

for some a and b (# a) in C.

Lemma 4.2 Let {f,(2)} C M(D). If for each n, fn(z) # 0 and f}(z) — 1 has zeros with
multiplicity at least n on D, then {f,(2)} is normal on D.

Proof Suppose not, f,(z) is not normal at some point zy € D. Then by Lemma 3.1, we
can extract a subsequence (which renumbering, we continue to call {f,(z)}), points z, € C,
Zn = 20, Pn > 0, pn — 07, such that

In(Zn + pnf) EY (

gn(§) = o g(§),

where ¢g(§) is a nonconstant meromorphic function on C.
Clearly, ¢,(£) # 0 and ¢/,(§) — 1 = f](z2n + pn€) — 1 has zeros with multiplicity at least n.
Since ¢(€£) is nonconstant, it follows from Hurwitz’ Theorem that g(£) # 0 on C.
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Since g/,(£) — 1 has zeros with multiplicity at least n and g/,(£) = ¢’(£) on the complement
of the poles of g(&), we claim that ¢'(§) # 1 for every & € C.

Indeed, ¢'(§) # 1, otherwise ¢’(£) = 1, it would contradict the fact that g(£) # 0 for every
¢ € C. Suppose there exists &y € C such that ¢’(£y) = 1, we can assume &g as the zero of ¢’(£) —1
with multiplicity of m exactly. Since ¢'(§) # 1, by Hurwitz’ Theorem, there exist N € N and
points &, in a neighborhood of &, such that g/,(¢,) = 1 and &, as the zero of ¢/,(§) — 1 with
multiplicity at most m for every n > N. On the other hand, for each n, ¢/,(£) —1 has zeros with
multiplicity at least n. Contradiction occurs when n > max(N,m), thus ¢’(¢) # 1 for every
¢ € C, as claimed.

Then by the well-known Hayman’s alternative (see [1-2]), g(§) is constant, which is a con-
tradiction. Thus {f,(z)} is normal on D.

Lemma 4.3 Let {ar} be a sequence in D which has no accumulation points in D. Let
{fn(2)} € M(D), all of whose zeros are multiple, such that f](z)—1 has zeros with multiplicity
at least n for all m on D. Suppose that

(a) no subsequence of {fn(2)} is normal at aq;

(b) there exists § > 0 such that each f,(z) has a single (multiple) zero on A(aq,9);

(c) fu(2) = f(2) on D\{a;}3,.

Then

(d) there exists ng > 0 such that for each 0 < n < 1y, fn(z) has a single simple pole on
A(ai,n) for all sufficiently large n;

(©) f(z) =2 —ar for = € D\{a;}52,.

Proof Tt suffices to prove that each subsequence of { f,,(z)} has a subsequence which satisfies
(d) and that (e) holds. So suppose that we have a subsequence of {f,(z)}, which (to avoid
complication in notation) we again call { f,(2)}.

Since {f,(2)} is not normal at aq, it follows from Lemma 3.1 that we can extract a sub-
sequence (which renumbering, we continue to call {f,(2)}), points z, € C, z, — a1, pn > 0,
pn — 0T such that

(6 = w X 40,

gn

where g(&) is a nonconstant meromorphic function of finite order on C, all of whose zeros are
multiple.

Since ¢,(¢) — 1 = f}(zn + pn€) — 1 has zeros with multiplicity at least n and g/, (§) = ¢'(§)
on the complement of the poles of g(&), we claim that ¢'(§) # 1 for every £ € C.

Indeed, ¢'(€§) # 1, otherwise ¢’(§) = 1, it would contradict the fact that all zeros of g(&)
are multiple. Suppose that there exists £y € C such that ¢'(§) = 1, we can assume &, as the
zero of ¢'(£) — 1 with multiplicity of m exactly. Since ¢'(¢) # 1, by Hurwitz’ Theorem, there
exist N € N and points &, in a neighborhood of & satisfying g/ (¢,) = 1 and &, as the zero
of ¢/, (&) — 1 with multiplicity at most m for every n > N. On the other hand, for each n, the
zeros of ¢/ (£) — 1 with multiplicity at least n. Contradiction occurs when n > max(N,m), thus
9’ (&) # 1 for every £ € C, as claimed.
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So by Lemma 4.1,

for distinct complex numbers a and b.

It now follows from the argument principle that there exist sequences &, — a and 7, — b
such that g, (&,) = 0 and g, (n,) = oo for n sufficiently large.

Thus, writing zn,0 = 2n + Prén, Zn,1 = Zn + Pnin, we have 2, ; = a1 (1 =0, 1), fn(2n,0) =0,
fn(2n1) = oo and the multiplicity of z, o as a zero of f,(z) is exactly 2 for n sufficiently large.

Let us now assume that (d) has been shown to hold. Since f,,(z) X f(z) on D\{a;}32,, f(2)
is either meromorphic on D\{a;}32, or identically infinite there.

Suppose first that f(z) is meromorphic on D\{a;}32,.

By (b) and (d), there exists 0 < dp < 7o such that f,(z) only has a single (multiple) zero
zn,0 and a single simple pole z, 1 on A’(aq,dp), thus f(z) # 0 and oo for every z in A’(aq, ).
Then £ (2) = f®)(2) on Al(ay,8), k = 1,2.

We claim that f/(z) = 1 on A’(ay,0dp). Otherwise, by Hurwitz’ Theorem, f’(z) # 1 on
A’(ay,dp), thus by Theorem 1.2, z = a; is not the essential singularity of f(z). Hence f(z) is

meromorphic on A(ay,dy). For large enough n, we have

" 1 "
1 ACINY O
27i \z—al\:%o fn (Z) -1 2mi |z—a1|:670 f (Z) -1

But the integral on the left (for large n) tends to infinity, integral on the right is a finite value.
This contradiction proves our claim.

Thus f/(z)= f'(2) =1 on A’(a1,dp). Also, f(z) has a removable singularity at z = a1,
since f’(z) dose. For large enough n, we also have

I O em

27 |z—a1|=2 fn(2) 2nd la—ar|=¢ f(z)

The integral on the left is (for large n) the multiplicity of the zero of f,(z) at z,,0 minus the

multiplicity of the pole of f,(z) at 2z, 1, which is 2 — 1 = 1; thus the right hand side is also 1.

But the integral on the right is the multiplicity of the zero of the analytic function f(z) at a;.

Thus a; is the zero of f(z) with multiplicity 1, so we have f(2) =z — a1 for z € D\{a;}32,.
Suppose now that f = oo on D\{a;}32,. Let

Z — Zn,1

(2 = 2n,0)%

By (b), F,.(z) # 0 on A(a1,9) for large n. Applying the maximum principle to the sequence
{ﬁ(z)} of holomorphic functions, we see that F,,(z) = oo on A(ay,d). We have

(€)= fn(znp': pné)

o Fo(zn + Png) (2n + pn€ — (20 + pngn)y

Pn Zn + pn§ — (Zn + pnnn)
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(€ —&)°
= Fo(zn + pné) e

Thus for £ # a,b, F,(z, + pn&) — 1 for n sufficiently large, which contradicts with F,(z) = oo
near a;. Then f(z) # occ.

We have shown that when (d) obtains, (e) does as well. Now let us show that (d) must hold.

Suppose not, taking a subsequence and renumbering, we may assume that on any neighbor-
hood of a1, fn(2) has at least two poles for sufficiently large n.

Let zp2 # zp1 such that f,(zn2) = oo and f,(z) has no poles in A'(zp.1,|2n,1 — 2n.2|)-
Write zp, 2 = 2, + pnn), then 2z, 2 = a; and 0 — co. Set
_ fo(zn1 + (202 — 2,1)()

Zn,2 — Zn,1

Since zp2 — 2n1 — 0, G, () is defined for any ¢ € C if n is sufficiently large. And G, (¢) —1 =
1 (zna + (Zn,2 — 2n,1)C) — 1 has zeros with multiplicity at least n. Note that

Gn(¢)

Gn(1) = 00, Gn(0) = o0, GH(M) =0

Zn,2 — Zn,1
and

2n,0 = Zn1 _ &n —
Zn,2 — Zn,1 MNn — Tin

)

s0 {G,(¢)} is not normal at 0.

On the other hand, by (b), for n sufficiently large, G,,({) has only a single zero (which tends
to 0 as n — 00) on any compact subset of C. Since G, () —1 = f! (zn,1 + (2n,2 — 2n,1)¢) — 1 has
zeros with multiplicity at least n, it follows from Lemma 4.2 that {G,,(¢)} is normal on C\ {0}.
Taking a subsequence and renumbering, we may assume that G,,({) X G(&) on C\ {0}. Since
G (¢) has only a single pole on A, conditions (a)—(d) hold for the sequence {G,,(¢)} (defined,
say, on A(0,2) with a; = 0 and § = 1). Thus, by the first part of the proof, G(¢) is analytic on
A(0,2). But this contradicts G(1) = co. This completes the proof of Lemma 4.3.

Lemma 4.4 Let {f,(2)} € M(A), all of whose zeros are multiple, such that f](z) — 1
has zeros with multiplicity at least n for all n on A. Suppose that

(a) no subsequence of {fn(2)} is normal at zo;

(b) for each 6 >0, f.(z) has at least two distinct zeros on A(zo,0) for sufficiently large n.
Then for each 6 > 0, fn(z) has a nontrivial pair (an,cyn) of zeros on A(zo,d) for sufficiently

large n and the sequence

{fn(dn + (an — Cn)&)}

is not normal on A. Here d,, = %ztcn

Proof As in the proof of the previous lemma, it follows from Lemmas 3.1 and 4.1 that for
each subsequence of {f,(z)}, there exists a subsequence (which, renumbering, we continue to

denote by {f.(2)}), points z, € C, 2z, — 20, pn > 0, p, — 07 and distinct a,b € C such that

_-a)’
o 9(§) = b

gn(§) =
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on C. Thus there exist &, — a,n, — b so that a, = z,, + pn€n — 20,bn = 2n + prfin — 20 and
9n(&n) = fn(an) = 0,9, (nn) = fn(bn) = oo for sufficiently large n.

By (b), there also exists ¢, # an, ¢, — 2o such that f,,(¢,) = 0. Thus ¢, = z, + pp&E and
& — oo. Setting d,, = 222 we define the function

.fn(dn + (an - Cn)g)

ha(g) = SO
which is defined for any £ € C if n sufficiently large.
Since
hn(%) = fulan) =0, hn(%) = fu(bn) = 00
and
by, — d, . 1
Qp — Cn, 2’

{hn(2)} is not normal at £ = % It follows from Marty’s Theorem that

lim  sup [h,7(£)] = .
n—o00 1 1
E—31<z
Then there exists &, |¢; — 4| < 1 such that A (£;) > 1, so (an, cy) is a nontrivial pair of zeros
of f,(z) for sufficiently large n.

Lemma 4.5 (see [6, Lemma 10]) Let f(z) C M(C), all of whose zeros are multiple, such
that f'(z) # 1, z € C. Then either f(z) is rational, or there exist nontrivial pairs (an,cy) of
zeros of f(z) such that |an — cu| — 0 and points {2} such that |z}, — %t
f#(z5) = .

< lan — ¢y| and

Proof of Theorem 1.8 Let A be the set of points in D at which { f,,(z)} fails to be normal.
We consider two cases.

Case I For each a € A, there exists d, > 0 such that f,(z) has at most a single zero in
A(a,d,) for sufficiently large n. It then follows from Lemma 4.2 that {f,(z)} is quasinormal
of order 1 in a neighborhood of each a € A and hence quasinormal in D. Thus, taking a
subsequence and renumbering, we may assume that A is a (countable) discrete set in D.

Suppose that {f,(z)} has no subsequence having only a single point of nonnormality. Then
there exist distinct points a1, a2 € A and a subsequence of {f,(z)} (which we continue to call
{fn(2)}) such that f,(2) Y f(z) on D\ A, but no subsequence of { f,,(2)} is normal at a; or as.
By Lemma 4.3, we have f(z) = z —a; = z — ag, so that a1 = as. This leads to a contradiction.
Thus, in this case, {f,»(z)} is quasinormal of order 1 on D.

Case IT We now show that the assumption that Case I does not hold leads to a contradic-
tion. Suppose then that the condition of Case I does not hold. Then there exists a € A, which
we can (and do) henceforth assume to be 0, such that for each 6 > 0, the collection of indices
for which f,,(2) has at least two zeros in A(0, ) is infinite.

Taking an appropriate subsequence and renumbering, we may assume that for each 0 < 6 <
1, there exists N(0) such that f,,(z) has at least two distinct zeros in A(0, §) if n > N(J). Now
fix 6 > 0. By Lemma 4.4, f,(z) has a nontrivial pair of zeros in A(0,¢) for n sufficiently large.
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Let (an,cn) be such a pair for which

Ay — Cp, Ay + Cp,

5= 1d] is minimal, where d,, = 5 (4.1)
We have
Ay — Cn
Ap — Cp — 0 and thus 6—7|d| — 0. (42)

Taking a subsequence if necessary, we may assume that d,, — d. Set

hn(f) _ fn(dn + (an - Cn)g)

ap — Cp

Then for each R > 0, h, (&) is defined on A(0, R) for sufficiently large n. Clearly all zeros of
h, (&) are multiple and h],(§) — 1 has zeros with multiplicity at least n on C.

We claim that no subsequence of {h,,(£)} is normal on C. Otherwise, taking a subsequence
and renumbering we would have h,,(§) X h(&) on C.

Since (ay, ) is a nontrivial pair of zeros of f,(2), hy (£3) = h,(+3) = 0 and sup |}, (£)| >
1. °

Clearly, h(§) # oo, otherwise h(§) = oo, but nh_)rr;o hn(£3) = h(£1) =0, this contradiction
shows that h(£) # oo on C. Then we have k() is nonconstant, otherwise h(&) is a constant, it
would contradict szp [h! (&) > 1. Tt now follows that h'(€) # 1 on C, since otherwise h'(§) =1,

which would contradict b/ (£ 3) = 0.
Now if A(£) is of finite order, by Lemma 4.1,

(€ —a)’
£—b

for distinct complex numbers a and b. But it contradicts k(4 3) = 0. Thus h(¢) is a transcen-

h(§) =

dental meromorphic function of infinite order.

It follows from Lemma 4.5 that there exists infinitely many nontrivial pairs (£, n¢) of zeros
of h(§) such that & — oo and & —ny — 0, and points z; with ‘z} — W| < |& — ne¢| such that
h#(z}) — oo.

Fix ¢ such that h#(z}) > 2, |& — me| < 1. Then there exist &, — & and 1, — ¢ such
that for n sufficiently large,

" L e
(Ene) = () =0 and [of = ST ey )

Put
51*1,@ =dn + (an — cn)én,e,
W;kz,é =dp + (an = ¢n)n,es
Z,:;)e =d, + (an, — cn)z;.

Then

Ent T e v Enet g .
Zr*z,é - %‘ = |an — cnl|2; — % <lan — Cn||§n,€ - 77n7€| = |€n7€ - 77:;7é|
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and &, ;.m0 € A(0,0) for sufficiently large n, and also
(ol = i ()] = R () > 1.

Hence (&, ,,m;, ) is a nontrivial pair of zeros of f,(z) in A(0,0) (for large enough n), but

|€:L,E - 771*1.,Z| _ [(an = cn)(Enye = 1m0l
Sotmnel Ent — Mne
B - (B
_ lan — cnl |§n,€ - 77n7€|(5 — |dnl)
o 5—|dn| _} . gn.[""r]n.[ ‘
0 — |dn + (an — cp) (72 )
Given € > 0, by (4.2) we have, for large enough n,
gn,f + 1ne ‘ |€n7é + 77n,€|
o+ (an = o) (TS )| < o +2(6 — |da ) 2R

Choose €9 < 1 such that |§ — ne| < 9. Since &ne — Mo — e — Mo, e — Nnye| < €0 for n
sufficiently large. Then we have for e sufficiently small and n sufficiently large,

|€:;7€ - 77:17€| |an - Cnl €0 1 < |an - Cnl
5— f:.;g + 7’];;’15 o — |dn| 1_ E|§n,l + 77n,€| 0 — |dn| '
2 2

This is a contradiction to (4.1). Thus no subsequence of {h,,(£)} is normal on C.

Let E be the set on which {h,(£)} is not normal. Suppose that for each £ € E, there is a
neighborhood on which h,,(§) has only a single (multiple) zero for sufficiently large n. Then by
Lemma 4.2, {h,,(§)} is quasinormal at each point of F and hence on all of C.

Let & € E. Taking a subsequence, we may assume that no subsequence of {h, (&)} is
normal at & and that {h,, ()} converges locally spherically uniformly on C\ Ey, where Ey C E
is a discrete set containing &. By Lemma 4.3, h, (&) X & — & on C\Ey. Taking additional
subsequences and diagonalizing, we may assume that no subsequence of {h,(£)} is normal at
any point of Ej.

We claim that Eg = {£}. Indeed, if & € Ey, by Lemma 4.3, we have that h,, (&) X E—-&
on C\FEy, so that & = &, Ey = {&} and h,(§) £ & — & on C\{&}. But this contradicts
hn(£3) =0.

Hence there exists & € E, such that for each 6 > 0, there is a subsequence of {h,,(§)} (which
we continue to call {h,(£)}) such that each h, () has at least two distinct zeros in A(o, d)
for sufficiently large n. Now it follows from Lemmas 3.1 and 4.1 that to each subsequence
of {h,(£)}, there corresponds a subsequence (which we continue to write as {h,(£)}), points
2n € A(&o, 6) such that 2, — &, pn > 0, pp — 07, and distinct complex numbers a and b such
that

~ 2

Thus there exist sequences {&, 0} and {&, 1} in A(&, d) such that &,0 — b, &1 — a, so that
Zn,j = Zn + pnfn,j — 50 (.] = Oa 1) and hn(&n()) = hn(zn,()) = 07 hn(&nl) = hn(zn,l) = OQ.

on C.
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Since any neighborhood of £y contains at least two distinct zeros of h,(§) for large enough
n, there exists zp 2 — &0, Zn,2 # #n,0, such that h,(z,2) = 0. Setting z, 2 = 2zp + pnén,2, We
have &2 — oo.

Now put z;, ; = dy, + (an — cn)zn + plan — cn)én.j, 7 =0,1,2. Clearly 2, ; — d. Define

* + *
Fu( P22 4 (g — 250
Gn(é-) = * * °

Zn,() - Zn,Q

Then {G,,(£€)} is not normal at = 3. Indeed,

Gn(l) _o, Gn(%n,l —&no — é“na) -

2 2(&n,0 — &n,2)
Since
2577,,1 - gn,() - gn,Q 1
2(511,0 - 511,2) ~ 27

{Gn (&)} is not equicontinuous at £ = 1. It follows from Marty’s Theorem that

lim sup [GF ()] = o0,

n—oo
le—31<3

so that (2, o, 2;, o) is a nontrivial pair of zeros of f,,(2) and z;, o, 2, , € A(0, ) (for large enough

n) and similarly,

lzn0 = Znol lan — ¢nl - [2n,0 — 2Zn.2| - lan — cnl
ZEo+2ial §—|d
§— |T0 n2 5 "72‘ 6 —|dn + (an —cn) - (eno & 2n2) ; ) ]

for n sufficiently large. This contradiction to (4.1) shows that Case II cannot obtain and
completes the proof of Theorem 1.8.

5 Proof of Theorem 1.9
Before we give the proof of Theorem 1.9, we require the following results.

Lemma 5.1 (see [7, Lemma 2]) Let f(z) be a meromorphic function on C. If

Tos T(’f‘, f) _
rlgpoo (logr)?2 +oo,

then there exists r,, — +oo such that

lim S(%,an,f) = +00

n—00

and a sequence {a,} in C satisfying 3+ < |an| < 2ry, such that f(a,) — 0 and ay, f'(a,) — co.

Lemma 5.2 Let {f,(2)} C M(A), all of whose zeros are multiple, such that f}(z) —1 has
zeros with multiplicity at least n for each n on A. Suppose that
(a) {fn(2)} is normal on A’(0,1), but no subsequence of {fn(2)} is normal at 0;
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(b) there exists § > 0 such that f,,(z) has a single (multiple) zero on A(0,0) for all sufficiently
large n.

Then there exists a subsequence of {fn(2)} (which we continue to call {fn(2)}), such that
for any a € C, f,(z) — a has at most 2 zeros (counting multiplicity) on A(0, 3).

Proof Taking a subsequence and renumbering, we may assume that f,(z) X f(2) on
A’(0,1). By Lemma 4.3, f(z) = z. Suppose that |a| < 2. Taking I' to be the circle {|z| = 2}

traversed once in the positive direction, we have

1 /!
— / 7"(2) dz — —1, ! dz =1.
271 Jp fo(2) —a 27 Jrz—a

However, the left hand side is the number of a-points of f,,(z) minus the number of poles of

fn(z) inside I, counting multiplicities. By Lemma 4.3, there exists 0 < n < 3 such that f,,(2)
has a single simple pole on A(0,7) for n sufficiently large. Since f,(z) converges uniformly to
zon {z:n < |z| <2}, there exists N1 such that if n > Ny, f,(z) has a single simple pole in
A(0,2). Hence for n > Ny, fn(z) takes on the value a (counting multiplicities) exactly 2 times
on A(0,3).

Suppose now that |a| > 2. Let I be the circle {|z| = 3} traversed in the positive direction.
Then

! Mdz—)L/ L dz=0
_a/ F ’

% r’ fn(Z) 2mi 2 —Q

so the number of a-points of f,,(z) minus the number of poles of f,,(z) (counting multiplicity)
inside I is 0 for large n. It follows as before that there exists No such that f,(z) takes on the
value exactly once (counting multiplicities) on A(0, 2) if n > Na.

Dropping the elements f,,(z) with n <max(Ny, N3) and renumbering, we obtain the desired

sequence.

Proof of Theorem 1.9 We assume that for each positive integer m and for each rg > 0,
there exists ¥ > 7y such that f’(z) — 1 has zeros with multiplicity at least m as |z| > 7 and
derive a contradiction.

Set g(z) = @ Since T'(r,g) = T(r, f) + O(logr) as r — 400, we have

T(r.g)

lim = :
r—oo (logr)? oo

By Lemma 5.1, there exist r, — 400 and complex numbers a,, satisfying %+ < |a,| < 27, such
that

S(%,%n,g) — 00

and

flan) =0, ang(an) = _flan)

+ f'(an) — o0 as n — oc.
(07 Qp

glan) =

Hence lim f’(a,) = oo.
n—oo
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Since r, — “+o00, let m = k, 7o = k, then there exists np € N and 7, > 7y such that
Tl"—é“ > 7y, > 79 =k and f'(z)—1 has zeros with multiplicity at least m = k as 167, > |z| > Tl"—é“.
Altogether, we find a sequence {ry, } C {r,} satisfying r,, — oo and a sequence {a,, } C

{a,} satisfying "3 < |a,, | < 2r,, such that

flan,)

Qn,,

S(rn—’“,%nk,g) — 00,

5 -0, fan,) =00 ask— oo

and f’(z) — 1 has zeros with multiplicity at least k as 16r,, > |z| > Tf—é‘.
Set fi(z) = £9%2) and put D = {z: L < |2| < 8}. Clearly,
’Vlk

|/ (an, )|
flan,)?

Qn,,

) =
1+ |

as k — oo, thus {fx(2)} is not normal at z; = 1.

Since ?—65“ < |an, z| < 161y, fi.(2) — 1 has zeros with multiplicity at least & on D. Since the
zeros of fi(z) are multiple, by Theorem 1.8, {fx(2)} is quasinormal of order 1 on D.

Taking subsequences, we may assume that no subsequence is normal at the point z; = 1
and that {fx(2)} is normal on D\{z }.

By Lemma 5.2, there exists § > 0 such that S(A(z1,9), fr) < 2.

Now let D’ = {3 < |z] < 7} and K = A(z1,0). Since {fi(2)} is normal on D\{z1}, by
Marty’s Theorem there exists My > 0 such that f,fé(z) < M, for z € D'\K. It follows that

S(% 7, fk) < S(D\K, f) + S(K, fr) < 49M2 + 2 := M,.

Let gx(2) = g(an, 2) = f’“Z(Z), then
b @) — fu(2)] 2£4(2) /()]
%= TERGOR = FP+ AR T 2P+ AEE
SO
# 2|2 f1.(2)]? 2| fu(2)]? 1 # 1
5 O < s e T+ e < (e g U+ g
and
P <2 PUFEP + 57
Thus

1 1 1 1
3(5,7,9,6) §2-72~S(§,7,fk) t5 Tem TP S2 TMy 4T = M,
Since ‘2t < |an,| < 27y, we have

a T
| ;’“' < S, < Tla,

so that

n n 1
5(72 2r0) < 512 70, ) = 5(5.7.00) < 21
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which contradicts S(T"—’“, 27y, g) — 0.

2
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