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On Lie All-Derivable Points of B(H)*
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Abstract Let H be a Hilbert space of dimension greater than 2 and B(H) be the algebra
of all bounded linear operators on H. In this paper, the authors show that G € B(H) is a
Lie all-derivable point of B(H) if the range of G is not dense in H.
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1 Introduction

Let A be an associative algebra over a field F. Recall that a linear map ¢ from A into itself
is a derivation if ¢(ST) = ¢(S)T + S¢(T') for all S, T € A (see [4, 11]). In recent years, there
have been a number of papers on the study of conditions under which derivations of algebras
can be completely determined by the action on some sets of elements. We say that a linear map
¢: A— Ais derivable at G € A if ¢(ST) = ¢(S)T + S¢(T) for all S, T € A with ST = G and
an element G in A is an all-derivable point if every derivable map at G is a derivation of A. For
some algebras, the cases that G is zero, the unit, nontrivial idempotents, invertible elements,
and so on were discussed by several authors (for example, see [1-3, 8, 10, 12] and the references
therein).

More generally, a linear map ¢ : A — A is said to be a Lie derivation if ¢([S,T]) =
[¢(S), T]+[S, ¢(T)] for all S, T € A and Lie derivable at G € Aif ¢([S,T]) = [¢(S), T|+[S, ¢(T)]
for all S,T € A with ST = G, where [S,T] = ST — TS is the usual Lie product. It is obvious
that the condition of maps Lie derivable at some points is much weaker than the condition of
being a Lie derivation. In [9], Lu and Jing gave a characterization for Lie derivable maps. Let
X be a Banach space of dimension greater than 2 and B(X) be the algebra of all bounded
linear operators acting on X. It is proved in [9] that if § : B(X) — B(X) is Lie derivable at
zero (resp., P, where P is a fixed nontrivial idempotent of B(X)), then ¢ is standard, that is,
0 = d+ 7, where d is a derivation of B(X) and 7 : B(X) — CI is a linear map vanishing at
commutators [A, B] with AB =0 (resp., AB = P).

In this paper, we say that an element G € A is a Lie all-derivable point of A if every linear
map from A into itself which is Lie derivable at G can be decomposed as the standard form. So
zero and nontrivial idempotent P are Lie all-derivable points of B(X). In [6], Ji and Qi proved
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the same is true for triangular algebras. Du and Wang [5] showed that zero is a Lie all-derivable
point of generalized matrix algebras. It is natural and interesting to ask the question whether
or not there exists a Lie all-derivable point that is neither zero nor nontrivial idempotent. The
purpose of the present paper is to give some new Lie all-derivable points of B(H).

Throughout this paper, denote by H and B(H) the Hilbert space of dimension greater than
2 and the algebra of all bounded linear operators on H, respectively. We use the symbol ran G
for the range of G € B(H). The closure of ran G is denoted by ranG.

2 Result and Proof

In this section, we show that every operator with non-dense range in B(H) is a Lie all-
derivable point of B(H). We begin with the following lemma which is frequently used in the
rest of this section.

Lemma 2.1 Let ¢ be a linear map from B(H) into itself. Then the following statements
hold :

(i) If p(X) = 0 for any invertible operator X € B(H), then ¢ = 0.

(il) If (X)Y = Y@(X) for any invertible operators X,Y € B(H), then ¢(X)Y = Y$(X)
for all X, Y € B(H).

Proof For each operator X € B(H), there exists a real number « > || X || such that ol — X
is invertible in B(H). Then ¢(al — X) = 0 for all X € B(H). It follows from the linearity of
¢ that ¢ = 0.

Similarly, for each operator X € B(H) and Y € B(H), there exist two real numbers
a > || X|| and 8 > ||Y|| such that af — X and I — Y are invertible operators in B(H). Then
dal=X)(BI-Y) = (BI-Y)p(al—X). It follows from the linearity of ¢ that p(X)Y = Y¢(X)
for all X,Y € B(H).

The following is the main result of the paper.

Theorem 2.1 Let G € B(H) be an operator withranG # H. Then G is a Lie all-derivable
point of B(H).

Proof For the case that G = 0, it was proved in [9] that G is a Lie all-derivable point of
B(H).

For the case that G # 0, suppose that linear map ¢ : B(H) — B(H) is Lie derivable at G. If
dim(ran G) > 1, then we take H; = ranG and Hy = (ran G)~*. In the case that dim(ran G) = 1,
we take H; = ranG @ span{e} and Hy = (ranG)* © span{e}, where 0 # e¢ € (ranG)> .
Thus we always assume that dim(H;) > 1. Since the dimension of H is greater than 2 and
ranG # H, we see that G can be represented as a 2 x 2 operator matrix relative to the
orthogonal decomposition H = H; & H, as follows:

__[ao Mo
=5 ),

where ag € B(H1), mo € B(Hs, Hy). For each operator S € B(H), it can also be expressed as
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the following operator matrix in the orthogonal decomposition of H = Hy; & H, as follows

a m
=0 %)

where a € B(H1), m € B(Hz, Hi), n € B(Hi, Hy) and b € B(H3). Since ¢ is linear, we may
write
o 0)= (G f2o),
ofn )= (i e,
o0 0) = (i
(0 8)- () b

where fi;, gij, li; and h;; are linear maps from B(H,), B(H2, H1), B(H1, H2) and B(H,) into
B(H;, H;) (i,5 = 1,2), respectively. For any S, T € B(H) with ST = G, we write

_ (a1 M1 _ (a2 M2
= )= )

where aias + mine = ag, ayms + mibs = mg, nias + bine = 0 and nyms + b1bs = 0. Since ¢

112(71)
(n)

l22 n

)
)

is Lie derivable at G, we have

(5 5)
Az Ay
= o([S,T]) = [#(5), T] + [S, (T)]

_ <f11(a1) + g1(m1) +lin(na) + haa(b1) - frz(ar) + grz2(ma) + lia(n) + h12(51))
far(ar) + g21(m1) + lar(n1) + ho1(b1)  faz(ar) + g22(ma) + la2(n1) + haa(b1)

(e %)

(%)

) <f11(al) +g11(m1) + lii(ny) + hia(b1)  fiz(ar) + gi2(ma) + liz(ny) + h12(51)>
far(ar) + g21(m1) + la1(n1) + ho1(b1)  fa2(ar) + g22(ma) + la2(n1) + haa(b1)

)
_ <f11(a2) +g11(m2) + li1(n2) + ha1(b2)  fiz2(az) + gr2(ma) + li2(n2) + h12(52)>

far(a2) + g21(m2) + la1(n2) 4+ ho1(b2)  faz(az) + g22(ma) + laa(n2) + haa(b2)

_ <f11(a2) +g11(m2) + lir(n2) + h11(b2)  fi2(az) + gi2(mea) + li2(n2) + h12(52))
fa1(a2) + g21(m2) + la1(n2) + hai(b2)  fa2(a2) + gaz(ma) + laa(n2) + haz(b2)

. al mi
ny bl ’

Ay = fll(ao — 201 — m2n1) + gll(mo —a2mi; — m251)

where
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+ li1(—=n2a1 — bany) + hii(—namy — baby),

Az = fi2(ag — azar —man1) + g12(mo — azgmy — maby)
+ lia(—noay — bany) + hia(—namy — baby),

Az = fo1(ao — azar —man1) + go1(mo — azgmy — maby)
+ la1(—neay — bany) + hor(—namy — baby),

Ay = faa(ao — azar —man1) + gaz(mo — agmy — maby)

+ lp2(—nga1 — bang) + hoz(—ngmi — baby).
Then the above matrix equation implies the following:

Ji1(ao — aza; — many) + gi1(mo — agmy — maby) + l11(—n2a1 — bany)
+ hi1(—namy — baby)
= fi1(a1)az + gi1(mi)ag + Lir(ni)as + hii(br)az + fiz(ar)na + gia(mi)ne
+ lia(n1)ng + hiza(bi)ne — az fi1(a1) — azgii(ma) — azlii(ny) — azhyi(br)
- m2f21(al) - m2921(m1) - m2121(n1) - m2h21(bl) + &1f11(&2) + algll(mg)
+ aili1(n2) + a1hi1(b2) +ma fai(az) + migor (m2) + malai(n2) + mahoi (be)
- fll(GQ)&l - gll(m2)al - lll(nz)al - hll(bz)al - f12(02)n1 - 912(7712)711
—li2(n2)n1 — haz(b2)na, (2.1)
fi2(ap — aza; — mani) + gr2(mo — aamy — maby) + lia(—nza; — bany)
+ hia(—namy — baby)
= fii(ar)ma + g11(ma)ma + lig (n1)ma + hi1(b1)ma + fi2(a1)bz + gia(mi)ba
+ l12(n1)b2 4 hi2(b1)b2 — az fi2(a1) — azgia(mi) — azliz(n1) — azhi2(b1)
— ma faa(ar) — magaa(mi) — malaz(ni) — mahaa(b1) + a1 fiz(az) + argia(mz)
+ailia(ng) + arhia(b2) + ma faz(az) + migea(ma) + malaz(na) + mihaa(b2)
- fll(az)ml - gll(mz)ml - lll(nz)ml - hll(bz)ml - f12(02)bl - 912(m2)b1
— l12(n2)b1 — h12(b2)b1, (2.2)
fa1(ap — azay — mani) + ga1(mo — azmy — maby) + la1(—n2a1 — bany)
+ ha1(—namy — baby)
= fa1(a1)az + g21(mq)ag + la1(n1)as + ho1(by)az + faz(ar)na + gaa(mi)ns
+l22(n1)ng + hoa(bi)ne — na fi1(ar) — nagii(mi) — nali(n1) — nahai(br)
— ba far(ar) — bagar(mi) — balai(n1) — bahai(by) + 1y f11(az) + nigii(mz)
+n1l11(n2) +nihii(be) + b1 fai(az) + bigai (me) + bilai(na) + brhay (b2)
— far(az)ar — ga1(mz)ar — la1(n2)ar — hai(b2)ar — faz(az)ny — gaa(ma)ny
— la2(n2)n1 — haa(b2)n1, (2.3)
faz(ap — azay — mani) + gaa(mo — azmy — maby) + laa(—nza; — bany)
+ haa(—namy — baby)
= fai1(a1)ma + g21(m1)ma + la1 (n1)ma + ha1 (b1)ma + faz(a1)bz + g22(m1)b2
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+ laa(n1)ba 4 hao(b1)b2 — na fia(ar) — nagia(ma) — nalia(n1) — nahia(b1)

— ba faa(ar) — bagaa(mi) — balaz(n1) — bahaa(by) + ni fi2(az) + n1gia(mz)
+n1li2(n2) +nihiz(be) + b faz(az) + bigee(ma) + bilaz(na) + brhaa(b2)

— far(az)my — ga1(ma)my — lai(n2)my — hai(b2)my — faa(az)br — gaa(ma)by

— l22(n2)b1 — ha2(b2)b1. (2.4)

Now we organize the proof in a series of claims.

Claim 1 For any a € B(H;) and b € B(Hz), the following is true:

(i) fi2(a) = afi2(I1);

(i) far(a) = fa(l1)a;

(iii) h12(b) = — fr2(11)b;

(iv) h21(b) = —bfar(11).

For any invertible operator ¢ € B(H7) and any real number A > 0, taking a1 = Aa, m1 = my,
n1=0,b; =0, a; = A"ta"tag, ma =0, ny = 0 and by = I» into (2.2)—(2.3), respectively, we
get

fi2(ap — a taga) + gia(mo — A" ta"tagmo)

= M fi2(a) + ah12(I2)) + A~ (—a" apgi2(mo) — fi1(a™ ag)mo + mo faa(a™tao))
+ g12(mo) — a”ag f12(a) + afiz(a™ ag) + mohoz(I2) — hi1(12)mo

and

fo1(ap — ataga) + g21(mo — A ta"tagmo)
= A(—fa1(a) — ha1(Iz)a) + X ga1(mo)a™ ag — go1(mo) — fa1(a ag)a
=+ fgl(a)a_lao.

It follows that fi2(a) + ahi2(l2) = 0 and f21(a) + hei(Iz)a = 0 for any invertible a € B(H;).
By Lemma 2.1, we obtain that

fi2(a) + ahia(l2) =0 (2.5)

and

f21(a) + ha1(I2)a =0 (2.6)

for all a € B(Hy).

Similarly, for any invertible operator b € B(Hsz) and any real number A > 0, putting a; = I,
my =0, n1 =0, by =0, az = ag, ma = mg, ng = 0, bo = Ab into (2.2)—(2.3), respectively, we
have

0 = A(f12(L1)b + h12(b)) — ao fr2(11) + fi1(L1)mo — mo faa (1) + fi2(ao)

and
g21(mo) = =A(bfa1 (1) + ha1(b)) + fa1(I1)ao — f21(ao) — ga1(mo).
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Then the above two equations imply that fi2(11)b+ hi2(b) = 0 and bfa1(I1) + ho1(b) = 0 for
any invertible b € B(Hz). By Lemma 2.1, we obtain

f12(11)b + ha2(b) = 0 (2.7)
and

bf21(11) + ha1(b) =0 (2.8)
for all b € B(H3). Combining (2.5) and (2.7), we have

fr2(a) = afia(Iy)
and
h12(b) = — f12(11)b.
Combining (2.6) and (2.8), we get

fa1(a) = far(h)a
and

ha1(b) = —bfa1(11)
for all @ € B(Hy) and b € B(H>).

Claim 2 The following statements hold:
(1) hll(b) € CI for all b € B(HQ);
(i) fao(a) € CI; for all a € B(Hy).

For any invertible a € B(Hy), b € B(H3) and any real number A > 0, putting a; = Aa,
my=0,n1 =0,b; =0, a3 = A ta"tag, ma = A"ta"tmg, ne = 0 and by = A\b into (2.1) and

(2.4), respectively, we arrive at
fi1(ao — a”taga) + g11(mo)

= /\2 (ahll(b) — hll(b)a) + fll(a,)a,_lao — a_laofll(a) — a_1m0f21(a)

+afii(a " ag) +agii(a”'mo) — fii(a" aog)a — gii(a”'mo)a

and
faz(ao — a™ aga) + ga2(mo) = far(a)a™ mo + N (fa2(a)b — bfaa(a)).

Then the above two equations imply that ahii(b) — hi1(b)a = 0 and faa(a)b — bfaa(a) = 0 for
all invertible a € B(H;) and b € B(H3). By Lemma 2.1, we obtain that

&hll(b) — hll(b)a, =0

and
fa2(a)b —bfz(a) =0
for all a € B(H;) and b € B(Hs), which yield that h11(b) € CI; and fa2(a) € Cls.
Claim 3 For any a € B(Hy), m € B(Ha, Hy) and n € B(Hy, Hy), there hold
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(i) lii(n) = = fr2(l1)n;

(i1) l12(n) = 0;

(i) (g11(m) +mfa1(11)) @ (g22(m) — f21(L1)m) € CI;
(iv) l2a(n) = nfi2(N);

(v) haa(nm) = mgia(m) + la1(n)m + foo(mn);

(vi) l21(na) = la1(n)a + nfi1(a) — faa(a)n;

(vil) fi1(mn) = gi2(m)n + mla1(n) + h11(nm).

For any n € B(H;, Hs), arbitrary nonzero real numbers A and p, putting a1 = I, my = pm,
ny =0, by =0, as = ap — Aumn, mg = mg, no = An and by = 0 into (2.1)—(2.4), respectively,
we obtain that

A fra(mn) + gi1(mo) — pgii(aom) + A®gii (mnm) — Nax (n) — Aha (nm)
= p(g11(m)ao — aogr1(m) — moga1(m) + mfai(ao) +mgai(mo)) + f11(11)ao
+ Au(—=fri(l)mn + gia(m)n + mnfi1(I) + miar(n)) + Afiz(I1)n
— aofi1(I1) = mo for (In) + M (=g (m) (mn) + mngi1 (m) — m for (mn)), (2.9)
A fra(mn) + gia(mo) — pgra(aom) + A gra(mnm) — Naa(n) — Aphia(nm)
= full1)mo — ao fi2(I1) — mo fa2(I1) + fi2(ao) + g12(mo) + Aumn fi2(11)
— Aufra(mn) + Aumlaa(n) — Auliy (n)m + p(—g11(mo)m + gi11(m)mg
— aggia(m) — mogaa(m)) + A’ mngia(m) — Ap®m foo(mn) + Aa® fr1 (mn)m
+ p(mfaz(ao) + mge2(mo) — f11(ao)m) + Ai2(n), (2.10)
A far(mn) + ga1(mo) — pgar(agm) + Ap?gar (mn)m — Aphgy (nm)
= Agaa(m)n — Apngii(m) + fa1(I1)ao — f21(ao) — g21(mo) + pge1(m)ag
— M2 gor (m)mn 4 Moo (I))n — M fi1 (1) (2.11)

and

Mt fao(mn) + gaz(mo — pagm + A®mnm) — Moo (n) — Ahas(nm)
= M2 far (mn)m — Ap(ngra(m) + lar(n)m) — Anfia(I) + p(g21(m)mo
= g21(mo)m — fa1(ao)m) + for(I1)mo. (2.12)
It follows from (2.9) that
hi(n) = = fi2(l1)n
and
fll(mn) — hll(nm) = glg(m)n + mlgl(n) + mnfll(Il) — fll(Il)mn (213)
for all m € B(Hs, Hy) and n € B(Hy, H2).
By (2.10), we get
llg(n) =0

for all n € B(Hy, Ha).
(2.11) reduces to

fa1(mn) = ha1(nm) = gaz(m)n — ngii(m).
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The above equation and Claim 1(ii), (iv) together imply that

n(gi1(m) +mfai(lr)) = (ga2(m) — far1(l)m)n

for all m € B(Hq, Hy) and n € B(H;, Hs). This leads to

(g11(m) +mfa1(I1)) © (g22(m) — far(I1)m) € CI

for all m € B(Hs, Hy).
By (2.12), we have
l22(n) = nfi2(1h)

and
hoo(nm) = ngia(m) + la1(n)m + faa(mn)

for all m € B(Hsy, Hy) and n € B(Hy, Hs).

Furthermore, for any invertible a € B(H,), any n € B(Hy, Hz) and any real number A > 0,
putting a1 = a, mi =0, n; =0, by =0, as = a‘ag, ma = a~'mo, ne = An and by = 0 into
(2.3), we have that

f21(a0 - a_laoa) - )\lgl(na)
= Mfaz(a)n — nfi1(a) — a1 (n)a) + far(a)a™ ao — far(a™ ag)a — ga1(a”'mo)a,

which implies that lo1(na) = la1(n)a + nfii(a) — faz(a)n for all invertible a € B(H;) and all
n € B(Hy, Hz). By Lemma 2.1, we obtain that

lgl(na) = lgl(n)a + nfll(a) - fQQ(CL)n
for all « € B(H;) and n € B(H1, Hs). Replacing a by I in the above equation, we get that

nfii(l1) = faa(li)n

for all n € B(Hq, Ha), which implies that there exists a complex number A such that f11([1) =
A and fao(I1) = M. Combining this and (2.13), we obtain that

fll(mn) = 912(m)n + mlm(n) + hll(nm)

for all n € B(Hy, Hy) and m € B(Hs, Hy), completing the proof of Claim 3.

Claim 4 Let a € B(Hy), b€ B(H3) and m € B(Hz, Hy). Then

(i) g12(mb) = g12(m)b + mhaz(b) — ka1 (b)m;

(ii) gr2(am) = agiz2(m) + fi(a)m — mfa(a);

(iii) go1(m) = 0.

For any m € B(Ha, Hy), any invertible b € B(Hj) and any nonzero real numbers A and p,
taking ay = Iy, my = pm, ny =0, by = 0, as = ag, ma = mg — A\umb, no = 0 and bs = A\b into
(2.2), one can easily check that

ng(mO - Maom)
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= —ApPg11(m)mb + Mi®mbgaz (m) — Apmgaz(mb) + Ap’gi1 (mb)m
+ 1(g11(m)mo + mgaz(mo) — gr1(mo)m — mogaz(m))
+ A(g12(m)b — g12(mb) + mhaa(b) — hi1(b)m)
+ p(mfaz(ao) — fii(ao)m — aogiz(m)) + gi2(mo).

It follows that gi2(mb) = g12(m)b+ mhaa(b) — h11(b)m for all m € B(Hs, Hy) and all invertible
b € B(Hz). By Lemma 2.1, we obtain

glg(mb) = glg(m)b + mhgg(b) — hll(b)m

for all m € B(Hs, Hy) and b € B(Ha).

Moreover, for any invertible a € B(Hy), any n € B(Hy, Hz) and any nonzero real numbers

1

A and p, putting a1 = Aa, m; = mg— Apam, ny = 0,01 =0, az = A ta"tag, me = um, na =0

and b = 5 into (2.2)—(2.4), respectively, we have

1 1 1

fi2(a0 — a” aga) + gr2(mo) — gr2(A" a " agmo) + g12(a”  agaum)

= A\u(fi1(a)m — gi2(am) — mfaa(a) + agra(m) — amhas(Iz) 4+ hi1(I2)am)
+ p(gr1(mo)m + a™ aggiz(am) — mgas(mo) — am faz(a™ " ag) + mogaz(m)
+ fi1(a™ag)am — g11(m)mo) + g12(mo) — a™ao fr2(a) + afiz(a™ " ag)
+ mohaa(I2) — ha1(I2)mo + A’ (—g11(am)m + mgaz(am) — amgsz(m)
+ gi1(m)am) + X" (—a " 'apgi2(mo) + mo fa2(a ag) — fi1(a” ao)mo),

Yaga) — X"t ga1 (e agmo) + pger (e tagam)

far(ap —a™
= fa1(a)(a” " ag) — g21(am)a™ ag — fa1(a” ao)a + Ap(gai(am) — ga1(m)a)
and
faz2(ao — (l_laofl) + g22(mo) — )\_1922(61_16107710) + M922((l_1aoam)
= —A_lfgl(a_l&o)mo + ,u(f21 (a_la,o)am — 921(m)m0) — th(IQ)mQ

+ Mi?(g21 (m)am — gar(am)m) + Mu(far (a)m + hoy (Iz)am).

The above three equations and Claim 1(ii) imply that

glg(am) = aglg(m) + fll(a)m — mfgg((l) + hll(Ig)am — amhgg(Ig), (214)
ga1(am)a™ ag = 0, (2.15)
g21(am) = ga1(m)a (2.16)

and
—ga1(m)mg = gaz(a " agam) — for(a " ag)am (2.17)

for all invertible a € B(Hy) and all m € B(Ha, Hy), respectively. Replacing a by I in (2.14)—
(2.15), respectively, we obtain that

fll(Il)m — meQ(Il) + hll(IQ)m — mhao (IQ) =0 (218)
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and
g21(m)ag =0 (2.19)

for all m € B(Hs, Hy). Note that we have proved f11(I1) = A1 and fo2(I1) = Al>. Combining
these and (2.18), we get

hll(Ig)m — mhgg(Ig) =0 (220)

for all m € B(Hz, Hy). Comparing (2.14) and (2.20), we see that g12(am) = agia(m)+ f11(a)m—
m faz(a) for all invertible a € B(H) and all m € B(Hs, Hy). Using Lemma 2.1 again, we arrive
at

gi2(am) = agi2(m) + fii(a)m — mfaz(a)

for all a € B(Hy) and m € B(Hs, Hy).
Next, we will show that go1(m) = 0. Indeed, replacing a by I; in (2.17), we have

—g21(m)mo = gaa(agm) — fa1(ag)m (2.21)

for all m € B(Haz, Hy). Moreover, for any m € B(Hs, Hy), any real number A > 0, putting
ay = Iy, m1 = mg + Aagm, n1 = 0, by = 0, as = ag, mo = —Aagm, ny = 0 and by = I5 into
(2.1), we have

—g11(aom) = gi1(m)ao — aogir(m) — moga1(m) + mfai(ao) (2.22)
for all m € B(Hs, Hy). It follows from Claim 1(ii) and Claim 3(iii) that
g11(m)ao +mfai(ao) = aogii(m) + aom for (I1) (2.23)
for all m € B(Hs, Hy). Applying (2.22)—(2.23) and Claim 3(iii), we get
moga1(m) = g11(aom) + agm fo1(l1) € Chh (2.24)
for all m € B(Hs, Hy). Replacing m by am in (2.24), we obtain
moga1(am) = g11(agam) + agam for (1) € CIy.
Combining this and (2.16) reduces to
mogz1(m)a = gi1(agam) + agam f21(I1) € Cly
for all @ € B(H;) and m € B(Hz, Hy). Note that dim(H;) > 1. It follows that
mogz1(m) =0
for all m € B(Hs, Hy). Then it follows from (2.24) that
g11(aom) + agm fa1(I1) = 0
for all m € B(Hs, Hy). Combining this and Claim 3(iii) reduces to

g22(agm) — fa1(I1)agm =0
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for all m € B(Hs, Hy). Thus, by the above equation and (2.21), we have

g21(m)my =0 (2.25)
for all m € B(Hs, Hy). Therefore, (2.19) and (2.25) yield that

g21(m) =0

for all m € B(Hs, Hy), as desired.
By Claim 2(ii), we see that faa(a) € Cls for alla € B(H7). So there exists a linear functional
71 on B(Hy) such that fao(a) = 71 (a)lz for all a € B(Hq).

Claim 5 §; = f1; — 7111 is a derivation of B(H;).
For any a1, a2 € B(Hy) and m € B(Hz, Hy), on the one hand, by Claim 4(ii), we have

gi2(araam) = ayg12(aam) + 61(a1)asm

= arazgi2(m) + a161(az)m + 61 (ar)azm.
On the other hand,
g12(a1aem) = ajazgiz(m) + d1(aiaz)m.

Comparing these two equalities, we have that
a101(az)m + 01(a1)agm = 01(araz)m,
which is equivalent to
(01(aras) — a161(az) — 61 (ar)az)1 B(H) Iz = 0.
Since B(H) is prime, we get
d1(araz2) = a161(az) + d1(ar)as

for all a1,as € B(H;). Hence 07 is a derivation of B(Hy).

Similarly, by Claim 2(i), we see that hy;(b) € CI; for all b € B(Hsz). So there exists a
linear functional 75 on B(Hz) such that hi1(b) = 72(b)I; for all b € B(Hs). With the similar
argument in Claim 5, using Claim 4(i), one can get the following claims.

Claim 6 J2 = haa — 7215 is a derivation of B(Hs).

Claim 7 For any m € B(Hs, Hy), n € B(Hy, Hs) and b € B(Hz), we claim that

(i) hi1(nm) @ faa(mn) € CI,;

(ll) 121 (bn) = blgl(n) + h22 (b)n — nhll(b)

For any a € B(Hy), m € B(Ha, H1) and n € B(H;, Hs), by Claim 3(vii), on the one hand,

we have

fi1(mna) = gra2(m)na + mla1(na) + hii(nam),

on the other hand,

fi1(mn)a = g1a(m)na + mlar(n)a + hii(nm)a.
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Comparing the above two equalities, we see that
fii(mn)a = fi1(mna) — mla(na) — hii(nam) + milzi(n)a + hii(nm)a,
which implies
fii(mn)a = fi1(mna) — hi1(nam) + hy1(nm)a — mnfi1(a) + mnr(a)l (2.26)

for all @ € B(H;), m € B(Hs, H1) and n € B(H;, Hz) by Claim 3(vi). Applying Claim 5, we
get

fi1(mna) — 71 (mna)l; = 61(mna)
= 61(mn)a + mndy(a)

= fii(mn)a — 11 (mn)a + mnfi1(a) — mnri(a)l;.
This and (2.26) yield that
hii(nm)a — 11 (mn)a = hi1(nam) — 71 (mna)l;
for all @ € B(Hy), m € B(Ha, Hy) and n € B(H;, H3). Note that dim(H;) > 1. This leads to
hii(nm) — 7 (mn)l; =0,

and then
hi1(nm) @ faa(mn) € CI

for all m € B(HQ,Hl), n e B(Hl,HQ).
Furthermore, for any n € B(Hy, Hz), m € B(Hz, Hy), b € B(H3), by Claim 7(i), we have
hi1(bnm) @ faa(mbn) € CI and hyy(nmb) @ faa(mbn) € CI. Tt follows that

hll(bnm) = hll(nmb) (227)

For any n € B(Hy, Hs), m € B(Hy, Hy) and b € B(Hz), by Claim 3(vii), on the one hand, we
have
g12(mb)n = f11(mbn) — mblay(n) — hii(nmb).

On the other hand, by Claim 4(i), we have
gi2(mb)n = gi2(m)bn + mhaa(b)n — hy1(b)mn.
Comparing these two equalities, we see that
fi1(mbn) — mbla1(n) — hi1(nmb) = gi12(m)bn + mhaz(b)n — hiy(b)mn. (2.28)
Moreover, combining Claim 3(vii) and (2.27), we have
mlay (bn) = fi1(mbn) — hi1(nmb) — gi2(m)bn. (2.29)
Thus (2.28)—(2.29) imply that

mlm(bn) = mblm(n) + thQ (b)’fl - mnhll(b),
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which is equivalent to
I B(H)I>(l21(bn) — bla1(n) — haz(b)n + nhia (b)) = 0.
Since B(H) is prime, we get
l21(bn) = bla1(n) 4 haa(b)n — nhi1(b)

for all n € B(Hy, Hy) and b € B(H>).
Now, by Claim 1, Claim 3(i)—(ii), (iv) and Claim 4(ii), we obtain that

o) = (ke ),
o) = (1 i)

0) —fiz2(l1)n 0 )
O b

(

lgl(n) nf12 Il)
0 (b
)= (Com

hi1 ) —f12(I1) )
=bfor(I1)  haa(b) )°
Define two linear maps ¢ : B(H) — B(H) and v : B(H) — CI by
y (a m) _ ((51 a glz > ( mfar1(l1) — fiz(li)n  afiz(l1) _f12(Il)b>
n b 121 Tl

for(I)a —bfa1(I1)  nfie(li) + for(I)m
a m\ _ Tl(a)Il +h11(b) 0
i (n b) - ( 0 a(b) 15 + fQQ(a,))

gu(m) +mfan(l) 0
+(11 0 o 922(m)—f21(11)m)

¢

o O o

- -
/‘\Q/‘\/‘\ =

ASH
oo
Il

and

for all (Z Qf) c B(H).
It is clear that ¢ = ¢ 4+ . Moreover, by Claim 3(v)—(vii) and Claims 4-7, the following
statements hold:
(i) 01(a) is a derivation of B(H;) with §1(mn) = g12(m)n + miz(n);
(ii) d2(b) is a derivation of B(Hz) with da(nm) = ngi2(m) + lo1 (n)m;
(iii) g12(am) = agi2(m) + 61(a)m and gi2(mb) = g12(m)b + mo2(b);
(iv) l21(na) = la1(n)a + nd1(a) and log (bn) = blai(n) + d2(b)n.
Thus, using [7, Proposition 4.2], one can easily check that v is a derivation of B(H).
Furthermore, for any S,T € B(H) with ST = G, we have

V(8. T1) = ¢([5,T1) = ¥([5,T))
= [6(8), T] + [5,&(T)] = (ST = TS5)
= [(5) +(9), T] + [S,(T) + ()] = (ST = T'S)
= [¥(S), T+ [S,9(T)] = (ST - TS)

0.
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The proof is completed.
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