
Chin. Ann. Math. Ser. B

47(2), 2026, 389–412
DOI: 10.1007/s11401-026-0018-7

Chinese Annals of
Mathematics, Series B
c© The Editorial Office of CAM and

Springer-Verlag Berlin Heidelberg 2026

New Conditions on the Nagell-Ljunggren Equation
xp−1

x−1
= yq

Han CHEN
1

Preda MIHĂILESCU
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1 Introduction

The Diophantine equation of Nagell-Ljunggren

xn − 1

x− 1
= yq (1.1)

has six known solutions

(x, y, n, q) ∈ S := {(3,±11, 5, 2), (7,±20, 4, 2), (18, 7, 3, 3), (−19, 7, 3, 3)} (1.2)

in integers x, y, q and n with |x|, |y|, q > 1 and n > 2. These solutions carry the exponents

q = 2 or q = 3. The conjecture of Nagell and Ljunggren states that these are the only solutions

in integers with exponents larger than one. This claim can be reduced (see [1]) to the following

set of statements, relative to pairs of odd primed (p, q): The equations

xp − 1

x− 1
= peyq, e =

{

1, if x ≡ 1 mod p,

0, otherwise
(1.3)

have no solutions outside S. Here, the exponent of x is also prime, so one has to distinguish

the cases in which p | (x − 1) and p ∤ (x − 1). Thus, recent work on the Nagell-Ljunggren

equation advanced in two directions. On the one hand, one proved decreasing upper bounds in

the number of factors of the exponent n in (1.1). The latest results in this direction are due to

Bugeaud and the second author in [2], improved by Bennett and Levin in [3].

Of course, one can consider (1.3) as one independent of (1.1), and then the question remains,

whether it has nontrivial solutions. Dupuy treated the case of solutions x ≡ 1 mod p — thus

e = 1 — elegantly, under the additional assumption q ∤ h−
p , in [4], proving the following theorem.
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Theorem 1.1 If q ∤ h−
p , then (1.3) has no solutions with e = 1 — or, equivalently, with

x ≡ 1 mod p.

In a certain sense, the main result of our paper can be seen as generalizing this result to

arbitrary values of x. We thus prove the following theorem.

Theorem 1.2 The equation (1.3) has no integer solutions outside S, if q ∤ h−
p — except1

possibly for some solutions with p < 29 and x < 0.

Nagell and Ljunggren were the first having investigated this equation in [6–8] and they have

eliminated some small exponents, showing that there are no other solutions for these values

of the exponents p, q, so we may assume in the sequel that p ≥ 5 is an odd prime. Later

work of Cassels [9] showed that if the famous equation of Catalan xp − yq = 1 has nontrivial

solutions (x, y; p, q), then a fortiori (1.1) holds for these values, the index e equals one, and

in addition, pq−1 | (x − 1); qp−1 | (y + 1). Since (1.1) appears as a partial condition for the

Catalan equation, we see that the first is a harder condition. The challenge of solving the

Nagell-Ljunggren conjecture was taken up by numerous number theorists, including Bennett

[10], Bugeaud [5] with various coauthors, Le [11], Shorey [12], Shorey and Tijdeman [13], etc.

We refer to [2–3] for detailed historical references.

In this paper, we shall study (1.3) under additional class number condition q ∤ h−
p . We will

have to analyse numerous subcases, applying a rich variety of approaches in order to eliminate

all possible solutions that may arise under the given restriction.

We let K = Q[ζp] be the p-th cyclotomic field, with p an odd prime. The class group of

a generic number field K will be denoted by C(K) and hK = |C(K)|. In the case of the p-th

cyclotomic field, we write hp = |hK| and h−
p = |C(K)/ι(C(K+))|, with ι : C(K+) → C(K) being

induced by the ideal lift map from the maximal totally real subfield K+ ⊂ K to K.

In 2008, the second author [14] studied the diagonal case p = q. He gave general class

number conditions which are the first known general algebraic necessary conditions for the

equation to have solutions. Among others, these lead, based on computer results produced for

the investigation of the Fermat Equation, to the conclusion that the equation has no solutions

for p < 12 000 000. In another paper [15], he considered the case q 6= p. The following

unconditional criterion can be found in that paper.

Theorem 1.3 For q 6= p, two distinct odd primes, (1.3) has no solutions if q > (p− 1)2.

Further conditional results were provided in the paper, for the case when q < (p − 1)2. In

this paper we thus study the case e = 0 of (1.3), under the premise that q ∤ h−
p and q 6= p.

1.1 Plan and intermediate results of the paper

For primes n ∈ N, we define the following two functions of n:

M(n) = max
(

n,
n(n− 12)

16

)

, (1.4)

1Our criteria are independent of the sign of x, but we did use at places the bound p ≥ 29 found in [5]: A
second reading of the paper revealed that the authors used the premise x > 0, hence the possible exceptions.
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M ′(n) = C(n)n log(n), C(n) =
( log(4)

1 + 1+log log(n)
log(n)

−
4 log(n)

n− 2

)−1

.

The local approach is based on the following technically involved result on Fermat quotients.

Proposition 1.1 Suppose that (1.3) has nontrivial solutions with primes p 6= q, q ∤ h−
p .

Then q ∈ [M(p), (p− 1)2) ∩ N or q2 | x− t for some t ∈ {0,±1}.

This leads to the first major restriction of the set of the solutions, when q < M(p).

Proposition 1.2 Suppose that (1.3) has nontrivial solutions with primes p 6= q, q ∤ h−
p and

q < M(p). Then x ≡ ±1 mod q2.

Using a global bounding approach based on binomial series expansions, we then deduce the

following proposition.

Proposition 1.3 Suppose that (1.3) has nontrivial solutions with primes p 6= q, q ∤ h−
p .

Then q < M ′(p).

Finally, we use the condition in Proposition 1.2 for local developments of the putative

solutions, in order to obtain a contradiction to the upper bounds on |y| established in [15]. We

thus prove the following proposition.

Proposition 1.4 The equation (1.3) has no solutions with primes p 6= q, q ∤ h−
p if q <

M(p)— except possibly for some solutions with p < 29 and x < 0.

And then conclude with the proof of Theorem 1.2.

1.2 Notations and general facts

We assume throughout this paper that (x, y; p, q) 6∈ S, q 6= p is an unknown solution to

(1.3) and q ∤ h−
p . In view of Dupuy’s Theorem, we know that e = 0 and in view of Theorem 1.3,

q < (p− 1)2. We let K = Q[ζ] be the p-th cyclotomic extension, with ζ a p-th primitive root of

unity. We shall at places use also a primitive p-th root of unity ξ and let K′ = Q[ξ],L = Q[ζ, ξ].

We let Φr(x) be the r-th cyclotomic polynomial and define P = {1, 2, · · · , p − 1} and

σc ∈ G = Gal (Q(ζ)/Q) be the automorphism of K with ζ → ζc, for c ∈ P . Complex

conjugation is denoted by p ∈ G, or simply by  when the group is clear from the context;

we may thus write α = σp−1(α) = p(α) = α. We let λ = (1 − ζ) be an algebraic integer

generating the unique ramified prime ideal ℘ above p in K.

1.2.1 Cyclotomic properties of the equation

Recall that x 6≡ 1 mod p and e = 0. We define herewith the characteristic number of (1.3)

by

α = x− ζ and αc = σc(α).

The characteristic ideal is A = (α, y) and one verifies directly that (σa(α), σb(α)) = 1 for

a, b ∈ P , two distinct integers. Indeed, D(a, b) = (σa(α), σb(α)) contains ζ
a−ζb = σb(α)−σa(α),
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and thus D(a, b) | ℘. However, x 6≡ 1 mod p implies that α 6∈ ℘, so D(a, b) = 1. As a

consequence, we have

A
q = (α), N(α) = yq; N(A) = (y). (1.5)

We proved the following lemma.

Lemma 1.1 Assume that (1.3) has a nontrivial solution (x, y; p, q) with x 6≡ 1 mod p and

let σc(α) = x − ζc. Then the ideal A = (α, y) verifies Aq = (α). Moreover, for c 6= d ∈ P , we

have

(σc(α), σd(α)) = 1, (σc(A), σd(A)) = 1, NK/Q(A) = (y).

1.2.2 Class number condition

We assume q ∤ h−
p ; then the image of the class [A] in the quotient (C(K)/ι(C(K+))) is trivial.

Since the conjugates of A are pairwise coprime, it follows that A is divisible by no real prime.

It must consequently be a principal ideal, say A = (ρ). It follows that (α) = (ρq) and by

transforming the identity of ideals into one of algebraic numbers, we find the following lemma.

Lemma 1.2 Under the premises above, there is a ρ ∈ Z[ζ] and a unit ε ∈ (O(K+))× such

that

α = ε · ρq. (1.6)

2 A General Result on Fermat Quotients

In this section, we prove a general result on the Fermat quotients of certain binary fractions.

Theorem 2.1 Let p, q,K be like above, and suppose that x, y ∈ Z satisfy the condition that

there exists a β ∈ K such that
x+ ζy

x+ ζy
=

(β

β

)q

.

If in addition q < M(p) with the function defined in (1.4), then there is an f ∈ {−1, 0, 1} such

that

x+ fy ≡ 0 mod q2.

The proof of this theorem requires the rest of this section.

Lemma 2.1 Let p, q be odd primes and let x and y be coprime integers with q ∤ x and such

that there is a β ∈ Q(ζ) with

x+ ζq · y

x+ ζ
q
· y

= ±
(β

β

)q

. (2.1)

Then

−(ζq − ζ
q
)ϕ(t) ≡

q−1
∑

k=1

tk − t2−k

k
· (ζk − ζ

k
) mod q, (2.2)

where ϕ(a) ≡ aq−a
q mod q for a ∈ Z/(q2Z) is the Fermat quotient function and t :≡ − y

x mod q2.



New Conditions on the Nagell-Ljunggren Equation 393

Proof We have
x+ ζq · y

x+ ζ
q
· y

≡
(x+ ζ · y

x+ ζ · y

)q

mod qZ[ζ],

and thus, from (2.1)

±
β

β
=

x+ ζ · y

x+ ζ · y
+ q · µ

with µ ∈ Q(ζ) being a q-integer. By raising to the power q, it follows again from (2.1), that

x+ ζq · y

x+ ζ
q
· y

≡ ±
(x+ ζ · y

x+ ζ · y

)q

mod q2Z[ζ]. (2.3)

Note that ϕ(a) ≡ aq−a
q mod q, for (a, q) = 1 and t ≡ − y

x mod q2, so −
(

y
x

)q
≡ t + qϕ(t)

mod q2. Now

(x+ ζ · y)q ≡ xq · (1− t · ζ)q ≡ (x+ qϕ(x)) · (1− tζ)q

≡ (x+ qϕ(x)) · (1− tζq + qf(ζ)) mod q2,

where

f(ζ) = −ζq · ϕ(t) +
1

q
·

q−1
∑

k=1

(

q
k

)

(−tζ)k ≡ −
(

ζq · ϕ(t) +

q−1
∑

k=1

tkζk

k

)

mod q.

Writing α = 1 + y
xζ

q = 1 − tζq + q2z for some z ∈ Z[ζ] and eliminating denominators in

(2.3), we find that

α · (x+ qϕ(x))(α + q · f(ζ)) ≡ α · (x+ qϕ(x)) · (α + q · f(ζ)) mod q2

and

α · f(ζ) ≡ α · f(ζ) mod q.

We let S =
q−1
∑

k=1

tkζk

k . Regrouping the terms, we find

(1 − tζ
q
) · (ϕ(t) · ζq + S) ≡ (1 − tζq) · (ϕ(t) · ζ

q
+ S) mod q,

hence

−(ζq − ζ
q
)ϕ(t) ≡ (1− tζ

q
)S − (1 − tζq)S mod q

and

−(ζq − ζ
q
)ϕ(t) ≡

q−1
∑

k=1

tk

k
(ζk − ζ

k
)−

q−1
∑

k=1

tk+1

k
(ζk−q − ζ

k−q
) mod q.

We regroup the powers of ζ using q− k ≡ −k mod q, thus ζk−q

k ≡ − ζ
q−k

q−k , which can be applied

in the above for k = 1, 2, · · · , q − 1,

−(ζq − ζ
q
)ϕ(t) ≡

q−1
∑

k=1

tk − t2−k

k
· (ζk − ζ

k
) mod q,
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which is the statement of (2.2).

Lemma 2.1 essentially yields a system of equations modulo q in the unknown t. It turns

out that under some additional conditions on p and q, there are only three possible values for

t (one of which is t = 0). This reflects the main ideas which will subsequently lead, by a more

in depth study of the system (2.2), to a sharper inequality between p and q. The light result is

the following proposition.

Proposition 2.1 Let x, y be coprime integers, assume that p > q are odd primes and there

is a β ∈ Q(ζ) such that (2.1) holds. Then

x+ f · y ≡ 0 mod q2 (2.4)

for some f ∈ {−1, 0, 1}.

Proof Assume first that x ≡ 0 mod q and x = qu with (u, q) = 1. Since (x, y) = 1 and

p 6= q, it follows that (x+ζay, q) = 1, so the right-hand side of (2.1) is a q-integer. The equation

is Galois-invariant, so we can replace ζ by ζq. Thus (2.1) becomes

y + qζ
q
u

y + qζqu
= γq

with γ = ±ζ−2 · β
β
. From the definition, we see that γq ≡ 1 mod qZ[ζ]. Let Q ⊂ Z[ζ] be a prime

above q, and f be its height. We have a fortiori γq ≡ 1 mod Q and raising the identity to the

power qf−1, we obtain

γ ≡ γq·qf−1

≡ 1 mod Q.

This holds for all primes of Z[ζ] above q, so γ ≡ 1 mod q. Consequently, γ = 1 + qw for some

w ∈ Z[ζ], and thus γq = (1 + qw)q ≡ 1 mod q2, and y + quζq ≡ y + quζ
q

mod q2. Thus

u · (ζq − ζ
q
) ≡ 0 mod q. Since p 6= q, this is only possible if u ≡ 0 mod q and thus x ≡ 0

mod q2. We can interchange x and y, so this proves that if x or y is divisible by q, then it is

divisible by q2, which takes care of f = 0 in this case.

We may now assume that q ∤ x, y and use the previous lemma, which implies that (2.2)

holds under the given premises. Since the set {ζ, ζ2, · · · , ζp−1} builds a basis of the algebra

Z[ζ]/(q · Z[ζ]), the coefficients of the single powers in the above identity must all vanish and

p > q + 1 implies that the coefficient of ζ is a1 = t(1− t−4) and thus

t4 ≡ 1 mod q

must hold. Furthermore, if q + 2 < p, then the coefficient of ζ2 is

2 · a2 = (t2 − t−4) ≡ 0,

hence

t6 − 1 ≡ 0 mod q.
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The last two congruences in t have the only common solution t2 = 1 mod q. One easily verifies

that if this holds, then the right-hand side in (2.2) vanishes and thus ϕ(t) ≡ 0 mod q. This

leads to the possible solution x ± y ≡ 0 mod q2. Inserting the value back shows that this is

indeed a solution of (2.1). If p = q + 2, then we still have a1 = t−3(t4 − 1) so t4 ≡ 1 mod q.

If t2 − 1 ≡ 0 mod q, we find the previous solution. So let us assume that t2 ≡ −1 mod q and

consider the second coefficient. But ϕ(t)ζ
q
= ϕ(t)ζ2 has in this case a contribution to a2. We

estimate this coefficient by using t2 ≡ −1 mod q,

2 · a2 ≡ t2 − t−4 − 2ϕ(t) ≡ −t−4(t6 − t2 + t2 − 1 + 2t4ϕ(t))

≡ t2 − 1 + 2ϕ(t) ≡ 2(ϕ(t)− 1) mod q,

a congruence which is satisfied by ϕ(t) ≡ 1 mod q. We have to consider also

3 · a3 = (t3 − t−5)− (tq−1 − t−q−1) ≡ 0 mod q

⇔ 0 ≡ t−5(t8 − 1)− (1 − t−2) mod q.

If t2 ≡ −1 mod q, then the first term vanishes while the second is −2 6≡ 0 mod q, so t2 ≡

−1 mod q is not possible. This takes care of the case p = q + 2 as well, thus completing the

proof of the proposition.

It follows from Lemma 2.1 that the following corollary holds.

Corollary 2.1 If p > q > 3 are odd primes for which (1.3) has nontrivial solutions and

such that q ∤ h−
p , then (2.4) holds.

Proof The premises of Lemma (2.1) are fulfilled and thus (2.2) holds. By setting β = ρ1

in this equation, we find that the hypotheses of Proposition 2.1 also hold, and by its proof it

follows that (2.4) must be true.

2.1 Sharpening

In order to gain more information from (2.2), also in cases when q > p, we need to first

introduce some operations on sequences. Let k be a field and T be the space of two-sided

sequences on k(t). We define the following operators on T : For a = (an)n∈N ∈ T , the maps

θ+, θ−,Θ : T → T produce the following sequences:

θ+(a)n = an − t · an−1,

θ−(a)n = t · an − an−1, (2.5)

Θ(a)n = θ+(θ−(a))n.

Furthermore, we let ∆ be the classical forward difference operator

∆an = an − an−1

and

nk = n · (n− 1) · · · (n− k + 1)
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be the k-th falling power of n, so ∆nk = k · (n − 1)k−1. The main properties of the operators

in (2.5) are given by the following lemma.

Lemma 2.2 The operators θ+ and θ− are linear, and they commute

Θ = θ+ ◦ θ− = θ− ◦ θ+.

Furthermore,
{

θ+(t
n) = 0, θ+(t

−n) = (1 − t2)t−n,

θ−(t
−n) = 0, θ−(t

n) = −(1− t2)tn−1
(2.6)

and

θl+(n
k · tn) =

k!

l!
· (n− l)k−l · tn,

θl−(n
k · t−n) =

k!

l!
· (n− l)k−l · t−(n−l),

(2.7)

where we set ak−l = 0 if k < l. In particular, we have

θk+(n
k · tn) = k! · tn,

θk−(n
k · t−n) = k! · t−(n−k),

Θk(nk · tn) = k! · (t2 − 1)k · tn−k,

Θk(nk · t−n) = k! · (−1)k · (t2 − 1)k · t−(n−k).

(2.8)

Proof Commutativity follows from a straightforward computation from

θ+ ◦ θ−(an) = θ− ◦ θ+(an) = t · (an + an−2)− (t2 + 1)an−1.

The rules (2.6) are also easily verified, and they yield (2.7) by induction on k. Finally, the first

two actions in (2.8) are obtained by setting l = k in (2.7), while the action of Θ is obtained due

to commutativity, by setting Θk = θk− ◦ θk+ or Θk = θk+ ◦ θk−, depending on whether the operand

is tn or t−n.

Remark 2.1 Note that k+1 consecutive values of an are necessary for applying θk±, while

Θk requires 2k + 1 consecutive values.

We shall call the set {−1, 0, 1} the admissible solutions. The task we pursue is to improve

our estimates on pairs p, q for which the system (2.2) has no other solutions except (2.4). In

particular, we are concerned with p < q, since Proposition 2.1 deals already with p > q. We shall

use the fact on which the proof of Proposition 2.1 relies: (ζk)p−1
k=1 forms a basis of the algebra

Z[ζ]/(qZ[ζ]) and this allows us to consider (2.2) as a linear system modulo q. Concretely, the

coefficients of ζk − ζ
k
in that equation must vanish, for k = 1, 2, · · · , p−1

2 . Let 0 < ν < p−1
2 be

the value for which ν ≡ q mod p or ν ≡ −q mod p. Then, with δij the Kronecker δ, the previous

observation yields the equations

−δν,k · ϕ(t) ≡
∑

j≥0;jp+k<q

tk+pj − t2−(k+pj)

pj + k
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−
∑

j≥0;jp+(p−k)<q

tp−k+pj − t2−(p−k+pj)

p− k + jp
mod q. (2.9)

The index value ν plays a singular role in the equations above: First, it is the only index for

which the equations are not homogeneous. Second, the number of terms in the sums in the

right-hand side changes between 0 < k < ν and p
2 > k > ν. In these two intervals, (2.9)

yields homogeneous equations which manifest itself in the vanishing of polynomials of fixed

degree in k. This suggests the use of the difference operators defined above. Let 5 ≤ p < q be

primes. We shall take the approach of choosing either the interval 0 < k < ν or ν < k < p
2 ,

whichever has more elements: In that interval, (2.9) translates into polynomial equations of

the type fq(k; t) = 0. Having a contiguous interval on which this equation holds, one can use

the iteration of Θ in order to reduce the degree in k of the polynomial fq. We have thus to

distinguish the cases ν < p
4 and ν > p

4 .
2

Proposition 2.2 Let 5 ≤ p < q be primes such that (2.2) holds and ν be defined above.

Suppose that ν > p
4 . If in addition, q < p(p−12)

16 , then (2.4) holds.

Proof Let n = ⌊ q
p⌋. The equation (2.9) yields on the interval 0 < k < ν :

∑

0≤j≤n

tk+pj − t2−(k+pj)

pj + k
≡

∑

0≤j<n

tp−k+pj − t2−(p−k+pj)

p− k + jp
mod q. (2.10)

After eliminating denominators, this yields a polynomial equation

(−1)nk2n ·
∑

0≤j≤n

(tk+pj − t2−(k+pj)) +O(k2n−1)

≡ (−1)n−1k2n ·
∑

0≤j<n

(tp−k+pj − t2−(p−k+pj)) +O(k2n−1) mod q.

In order to eliminate the lower order terms in k, we may take Θ2n on both sides of the con-

gruence. This requires at least 2(2n) + 1 contiguous points, so 1 ≤ k − 2n < k + 2n < p
4 ,

which means 2(2n) + 1 < p
4 . If this is provided, the equation reduces, after simplifying by

(−1)n · (2n)! · (1 − t2)2n, to

∑

0≤j≤n

(tk+pj−2n − t2−(k+pj−2n))

+
∑

0≤j<n

(tp−k+2n+pj − t2−(p+2n−k+pj)) ≡ 0 mod q. (2.11)

If t 6∈ {−1, 0, 1}, then we can apply θ+ and θ− independently to the above congruence. This

yields

0 ≡
∑

0≤j≤n

t2−(k+pj−2n) −
∑

0≤j<n

tp−k+2n+pj mod q

2One may also take the approach of considering the whole interval 0 < k <
p

2
. In this case, the polynomials

fq(k; t) change the degree and shape when k passes the “singular” value k = ν. The computations become more
intricate, for a gain of a factor at most 2. We choose to analyse here the simpler approach.
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and

0 ≡
∑

0≤j≤n

tk+pj−2n −
∑

0≤j<n

t2−(p+2n−k+pj) mod q.

Upon multiplication by the lowest power of t, we obtain

0 ≡
∑

0≤j≤n

tpj −
∑

0≤j<n

tp(n+1)−2+pj mod q, 0 ≡
∑

0≤j≤n

tpn+pj−2 −
∑

0≤j<n

tpj mod q. (2.12)

Adding the two congruences, we obtain tpn ≡ −tpn−2 mod q with the solutions t ≡ 0 and

t2 ≡ −1 mod q. The first solution is admissible. We reinsert t2 ≡ −1 mod q in (2.11), using the

fact that tm ≡ (−1)mt−m mod q for all m. This yields, after some computations,

(tk + t−k) ·
(

1 +

n
∑

j=1

tpj(1 + (−1)j)
)

≡ 0 mod q.

The inner sum is

1 + 2
∑

0<2l≤n

(−1)l = 1 + 2(−1 + 1− 1 · · ·+ (−1)[
n
2 ]) =

{

1, if
[n

2

]

≡ 0 mod 2,

−1, otherwise,

and the previous condition thus becomes ±(tk+ t−k) ≡ 0 mod q, and since t 6≡ 0, it follows that

(−1)k + 1 ≡ 0 mod q. It suffices to take k even, to obtain t ≡ 0 mod q, again, an admissible

solution.

We now verify the conditions necessary for our derivation. For the final application of θ±

and the condition that k be even, we need

2n+ 1 ≤ k ≤
p

4
− (2n+ 1),

which is satisfied by the even value k = 2(n+1), provided that 4n+ 3 < p
4 . On the other hand,

we find from the definition of ν and the fact that ν > p
4 , that p(4n+ 3) > 4q, and thus

p2

4
> p(4n+ 3) > 4q

as claimed. On the other hand, we find from the definition of n that if q < p(p−12)
16 , then

4n+ 3 ≤ 4
⌊q

p

⌋

+ 3 < 4
p− 12

16
+ 3 =

p

4

as claimed.

Proposition 2.3 Let 5 ≤ p < q be primes such that (2.2) holds and ν be defined above.

Suppose that ν < p
4 and q < p(p−12)

16 . Then (2.4) holds.

Proof The proof of this proposition follows the same line as the previous one, but encoun-

ters a few particular obstructions. We shall let

n =















⌊q

p

⌋

− 1, if (q mod p) <
p

4
,

⌊q

p

⌋

, if (q mod p) >
3p

4
.
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The equation (2.9) yields now on the interval ν < k < p
4 :

∑

0≤j≤n

tk+pj − t2−(k+pj)

pj + k
≡

∑

0≤j≤n

tp−k+pj − t2−(p−k+pj)

p− k + jp
mod q. (2.13)

Note that there are equally many terms in the sums of both sides of the above congruence,

unlike the case of the previous proposition. If t 6∈ {−1, 0, 1}, this perpetuates down to the

analogue of (2.12), in which the two congruences become identical:

0 ≡
∑

0≤j≤n

tpj +
∑

0≤j≤n

tp(n+1)+pj−2 mod q. (2.14)

If tp ≡ 1 mod q, we get (n + 1)(t2 + 1) ≡ 0 mod q and t2 ≡ −1 mod q, hence 1 ≡ tp ≡

(−1)
p−1
2 t mod q, showing that t is admissible; so we can assume tp 6≡ 1 mod q. Then

tp(n+1) ≡ 1 mod q or tp(n+1) ≡ −t2 mod q. (2.15)

Note that this condition is equivalent to applying any of θ+Θ
2n+1 or θ−Θ

2n+1 to the original

system (2.9).

In order to arrive at a contradiction, we shall have to consider lower order terms in k. Let

σj = tk+pj − t2−(k+pj) and τj = tp−k+pj − t2−(p−k+pj).

With some additional work, the first congruence yields, after elimination of denominators:

∑

0≤j≤n

σj · (k
2n+1 − ((n+ j + 1)p− (2n+ 1)n) · k2n)

+
∑

0≤j≤n

τj · (k
2n+1 − ((n− j)p− (2n+ 1)n) · k2n) +O(k2n−1) ≡ 0 mod q. (2.16)

We assume that the first congruence of (2.15) is satisfied. Then

∑

0≤j≤n

tj =
1− tp(n+1)

1− tp
≡ 0 mod q

and
∑

0≤j≤n

t−j =
1− t−p(n+1)

1− t−p
≡ 0 mod q.

Herewith, (2.16) reduces to

∑

0≤j≤n

(tk+pj − t2−(k+pj)) · (−jp) · k2n

+
∑

0≤j≤n

(tp−k+pj − t2−p+k−pj) · (jp) · k2n +O(k2n−1) ≡ 0 mod q.

Applying Θ2n to the above and after simplifying by (2n)! · (1 − t2)2n, we get

∑

0≤j≤n

(tk−2n+pj − t2−k+2n−pj) · (−jp)
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+
∑

0≤j≤n

(tp−k+2n+pj − t2−p+k−2n−pj) · (jp) ≡ 0 mod q.

Then we have

(tk−2n − tp−k+2n) ·
∑

0≤j≤n

tpjj ≡ (t2−k+2n − t2−p+k−2n) ·
∑

0≤j≤n

t−pjj mod q,

hence

(tk−2n − tp−k+2n) ·
1 + n

tp − 1
≡ (tk−2n − tp−k+2n) · (−t2−p) ·

1 + n

t−p − 1
mod q,

tk−2n − tp−(k−2n) ≡ t2(tk−2n − tp−k+2n) mod q.

Since t2 ≡ 1 mod q leads to admissible solutions, it remains that tp ≡ t2(k−2n) mod q, which

must hold for instance for two successive values of k. Hence, by dividing the corresponding

congruences, we get t2 ≡ 1 mod q, which has only admissible solutions.

Now we claim that

tp(n+1) 6≡ −t2 mod q. (2.17)

If not, we have
∑

0≤j≤n

tpj ≡
1− tp(n+1)

1− tp
≡

1 + t2

1− tp
mod q

and
∑

0≤j≤n

t−pj =
1− t−p(n+1)

1− t−p
≡

1 + t−2

1− t−p
mod q.

This time, (2.16) is reduced to

(

tk ·
∑

0≤j≤n

tpj − t2−k
∑

0≤j≤n

t−pj
)

· k2n+1

+
(

tp−k ·
∑

0≤j≤n

tpj − t2−p+k
∑

0≤j≤n

t−pj
)

· k2n+1 +O(k2n) ≡ 0 mod q.

Then we have

(

tk ·
1 + t2

1− tp
− t2−k 1 + t−2

1− t−p

)

· k2n+1

+
(

tp−k ·
1 + t2

1− tp
− t2−p+k 1 + t−2

1− t−p

)

· k2n+1 +O(k2n) ≡ 0 mod q.

It follows that
( t2 + 1

1− tp

)

· (tk + tp−k) · 2 · k2n+1 +O(k2n) ≡ 0 mod q.

We apply Θ2n+1 to the above and get

( t2 + 1

1− tp

)

· (tk−2n−1 + tp−k+2n+1) · 2 · (2n+ 1)! · (t2 − 1)2n+1 ≡ 0 mod q.
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We have excluded t2 ≡ −1 mod q and the vanishing of the second factor leads to tp ≡ t2(k−2n−1),

which implies like before, that t2 − 1 ≡ 0 mod q, thus only admissible solutions are possible.

This confirms the claim (2.17).

We finally have to derive the inequality between p and q, for which the proof above holds.

The condition is that the interval
(

p
4 ,

p
2

)

contains sufficient contiguous points for applying

both θ±Θ
2n+1 and θ2+Θ

2n. This requires at least 2(2n+ 1) + 1 contiguous points, so we need
p
4 < k − 2(n+ 1) < k + 2(n+ 1) + 1 < p

2 , which means 4n+ 3 < p
4 . Note that by definition of

n, if q < p(p−12)
16 , then

4n+ 3 ≤ 4
⌊q

p

⌋

+ 3 <
p

4
.

This completes the proof of Proposition 1.1.

3 The Local Approach

We consider the cases when a solution to (1.3) has x ≡ f mod q2, with f ∈ {−1, 0, 1}. Let

µ := ρ
ρ and note that δ := α ·

(

µ−1
1−ζ2

)q
∈ O(K)×, as follows by the following computations:

δ = α ·
( µ− 1

1− ζ2

)q

= −ζqα
( ρ− ρ

(ζ − ζ)ρ

)q

= −ζq
α

ρq
·
(ρ− ρ

ζ − ζ

)q

= −ζqε ·
(ρ− ρ

ζ − ζ

)q

.

We note that A − A ≡ 0 mod (ζ − ζ) for arbitrary A ∈ Z[ζ], so consequently ρ−ρ

ζ−ζ
∈ Z[ζ]. In

view of Lemma 1.2, we have

α− α = ζ − ζ = ε · (ρ− ρ) ·
(ρq − ρq

ρ− ρ

)

,

hence

ε−1 =
(ρ− ρ

ζ − ζ

)

·
(ρq − ρq

ρ− ρ

)

;

the two factors on the right-hand side are integral, and their product is a unit, so both must

be units, individually3. We note also that α ·
(

µ−1
π

)q
∈ O(K)× for every π ∈ ℘ that generates

the prime above p. We shall adapt various values for π to the different values of f . We may

write δ(1− ζ2) in the above case, to indicate that the unit is defined with respect to the choice

π = 1− ζ2.

We shall compute a q-adic development of δ and its norm, and compare this to the value of

one which should be the result, since we have seen that δ is a unit.

3.1 The case f = 0

Let x = qlz with z ∈ Z, p ∤ z and l ≥ 2; we have

µq = ζ2q
1− ζ

q
x

1− ζqx
,

3We mention for later use, that the decomposition so far is independent of the value of x.
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so

µ = ζ2 ·
1− ζ

q
ql−1z

1− ζqql−1z
+O(q2(l−1)) = ζ2 · (1 + ql−1z · (ζq − ζ

q
)) +O(q2(l−1)),

hence

µ− 1

ζ2 − 1
= 1 +

x

q
·
ζq(1− ζ

2q
)

1− ζ
2 +O(q2(l−1)),

δ = 1 + x ·
(ζq(1 − ζ

2q
)

1− ζ
2 + ζ

q
)

+O(q2(l−1)).

By defining B = ζq(1−ζ
2q

)

1−ζ̄2 , and taking the norm of δ(ζ2 − 1)ζ, we see that N(δ) = 1 implies

Tr(B − ζ
q
) ≡ 0 mod q and so Tr(B) ≡ −1 mod q. Let q ≡ r mod p, where 1 ≤ r ≤ p− 1; since

B = ζ
r
(1 + ζ2 + · · ·+ ζ2(r−1)) = ζ−r + ζ2−r + · · ·+ ζr−2,

we see that for odd r, none of the terms in this sum carries the exponent zero. There are r

terms in the sum B, so

Tr(B − ζ−q) =

{

−r + 1, if r is odd,

−r + 1 + p, otherwise.
(3.1)

If r is even, which only happens when q > p, then 0 < −r+1+p < q and hence q ∤ (−r+1+p).

If r is odd, the vanishing condition requires r = 1 so q ≡ 1 mod p.

In this case, we consider some higher order terms:

µ = ζ2(1− qlzζ
q
)

1
q (1− qlzζq)−

1
q . (3.2)

By expanding (3.2) under the condition ζq = ζ, we obtain

µ = ζ2
(

1− ql−1zζ + q2l−2z2
1− q

2
ζ
2
)

·
(

1 + ql−1zζ + q2l−2z2
1 + q

2
ζ2
)

+O(q3l−3)

= ζ2
(

1 + ql−1z(ζ − ζ) + q2l−2z2
ζ
2
(1− q)− 2 + ζ2(1 + q)

2

)

+O(q3l−3),

µ− 1

1− ζ
2 = −

(

1 + ql−1z
ζ − ζ

1− ζ
2 + q2l−2z2

ζ
2 1−q

2 − 1 + q+1
2 ζ2

1− ζ
2

)

+O(q3l−3),

implying that

−
( µ− 1

1− ζ2

)q

= 1 + qlz
ζ − ζ

1− ζ
2 + q2l−1z2

(ζ
2 1−q

2 − 1 + q+1
2 ζ2

1− ζ
2 +

( ζ − ζ

1− ζ
2

)2 q − 1

2

)

+O(q2l).

Hence

δ = 1 + q2l−1z2
(ζ

2 1−q
2 − 1 + q+1

2 ζ2

1− ζ
2 + ζ2

q − 1

2

)

+O(q2l).

Taking the norm of the last equality, we obtain

N(δ) = 1 + q2l−1z2 ·Tr
(ζ

2 1−q
2 − 1 + q+1

2 ζ2

1− ζ
2 + ζ2

q − 1

2

)

+O(q2l)
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= 1 + q2l−1z2
(

−
p− 1

2
·
1− q

2
−

p− 1

2
+

q + 1

2
·
p− 3

2
+

1− q

2

)

+O(q2l)

= 1 + q2l−1z2
1− p

2
+O(q2l) 6≡ ±1 mod q2l.

We assumed that q ≡ 1 mod p, so the factor 1−p
2 6≡ 0 mod q and consequently N(δ) = 1 +

Cq2l−1 + O(q2l), for an integer constant C = z2 1−p
2 6≡ 0 mod q. This is inconsistent with the

fact that δ is a unit, which completes the proof of case f = 0 in Proposition 1.2.

4 Diophantine Approximation

Let Θ =
∑

c∈P

mcσc ∈ Z≥0[G] have the weight w(Θ) =
∑

c∈P

nc. We define the following formal

binomial series:

Fnσc
(T ) = (1 + ζcT )

n
q = 1 +

∞
∑

k=1

( n
q

k

)

(ζcT )k (4.1)

and

FΘ(T ) =

p−1
∏

c=1

Fmcσc
(T ) := 1 +

∞
∑

k=1

ak(Θ)T k ∈ K[[T ]],

where the coefficients ak(Θ) are obtained by multiplying out the elementary series and rear-

ranging in ascending order of the powers of the indeterminate T .

Alternatively, we may fix g ∈ P as a generator of F×
p and fix σ = σg ∈ G, which is then a

generator of the cyclic Galois group. We then write our generic group ring element as

Θ =
∑

j∈P

njσ
j =

∑

j∈P

njσgj ,

and the formal power series FΘ(T ) :=
∏

j∈P

Fnjσgj
(T ).

The series FΘ

(

− 1
x

)

are absolutely convergent in C, for |x| > 1, and in particular for integers

x ∈ Z \ {−1, 0, 1} and
(

F(1−)σd

(

−
1

x

))q

= µq,

so there exist exponents a(d), a(d,Θ) ∈ Z ∩
[

− q−1
2 , q−1

2

]

such that

σd
(ρ

ρ

)

= ξa(d) · F(1−)σd

(

−
1

x

)

and σd
(ρ

ρ

)Θ

= ξa(d,Θ)Fσd(1−)Θ

(

−
1

x

)

;

we may also write a(Θ) = a(1,Θ). We may estimate the power series by appealing to [16,

Lemma 7], which leads to

W (σdΘ) :=
∣

∣

∣
F(1−)σdΘ

(

−
1

x

)

− 1
∣

∣

∣
< 3

w(Θ)

q|x|
. (4.2)

By considering the action of Θ on σd
(

ρ
ρ

)

, one verifies

a(d,Θ) ≡

p−1
∑

i=1

nia(d+ i) mod p. (4.3)
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Recall that σ
p−1
2 is the complex conjugation, hence a(i+ p−1

2 ,Θ) = −a(i,Θ) for 1 ≤ i ≤ p−1
2 .

Let νi = ni − ni+ p−1
2
; by inserting this in (4.3), we obtain

a(d,Θ) ≡

p−1
2

∑

i=1

νia(d+ i) mod p, d = 1, 2, · · · , p− 1. (4.4)

We call the system (4.4) over Fp, the associated linear system of Θ ∈ Z≥0[G]. The above

considerations show that we may interpret the vector
→

A := (a(d))
p−1
2

d=1 as given and consider the

νi as unknowns for a given constant vector
→

X. We shall impose certain conditions on the vector
→

X, which will determine ni and herewith, a Θ ∈ Z[G]. For some τ ∈ N with 1 ≤ τ ≤ p−1
2 , we

let the entries Xj = 0 for j ≤ τ in the right-hand side vector of the system (4.4), meaning that

we wish to find Θ, such that the exponents a(σdΘ) = 0 for d ≤ τ . The remaining entries in
→

X

are free. We shall maximize τ subject to the condition that the homogeneous system built from

the first τ equations in (4.4) has a nontrivial integer solution
→
ν with ‖

→
ν ‖1 < 2. The values Xd

for d > τ will be determined by this solution.

Focusing herewith on the first τ equations, we consider the linear map with matrix M =

(a(d, i))
τ, p−1

2

d,i=1 and its action on the vectors in V2 = {0, 1}
p−1
2 . For v ∈ V2, we consider the image

w = Mv ∈ (Z/(q · Z))τ . By an application of the pigeonhole principle, we see that as soon as

2
p−1
2 > qτ ⇔τ <

p− 1

2 log2(q)
, (4.5)

there are two different vectors v1, v2 ∈ V2 with identical image, so letting v = v1−v2, we obtain

an integer vector with entries in {−1, 0, 1} and such that Mv ≡ 0 mod q. We may thus choose

the value

τ =
[ p− 1

2 log2(q)

]

,

and the previous reasoning implies there is a vector
→
ν with entries in {−1, 0, 1}which annihilates

modulo q the first τ equations in (4.4). This vector defines a group ring element θ =

p−1
2
∑

i=1

νiσ
i ∈

Z[G]. It can be transformed into a positive element Θ ∈ Z≥0[G] as follows: We observe that

in θ, the coefficients νi = 0 for i > p
2 . We derive the element Θ =

∑

c∈P

ncσ
c as follows: Set all

nj = 0 and then, for c = 1, 2, · · · , p−1
2 , let nj = νj if νj ≥ 0 and np−j = −νj otherwise. This

defines Θ uniquely, and by the above, we know that a(σdΘ) = a(σdθ) = 0 for all d ≤ τ . The

weight verifies w(Θ) =

p−1
2
∑

i=1

|νi| ≤
p−1
2 .

4.1 The norm of
(

ρ

ρ

)Θ
− 1

We move on to compute the norm of
(

ρ
ρ

)Θ
− 1:

N
((ρ

ρ

)Θ

− 1
)

=
∏

c∈P

((

σc
(ρ

ρ

))Θ

− 1
)

=
∏

c∈P

(

ξa(c,Θ) · Fσd(1−)Θ

(

−
1

x

)

− 1
)

=: P1 · P2,
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where P1 denotes the product of the factors with a(c,Θ) 6= 0 and P2 denotes the one with

a(c,Θ) = 0. Let the number of factors appearing in P2 be t(Θ), so by construction, 2τ ≤ t(Θ).

Then by (4.2), for each factor φc :=
(

ξa(c,Θ) ·Fσd(1−)Θ

(

− 1
x

)

− 1
)

appearing in P1, we have

∣

∣

∣
ξa(c,Θ) · Fσd(1−)Θ

(

−
1

x

)

− 1
∣

∣

∣
≤

∣

∣

∣
Fσd(1−)Θ

(

−
1

x

)

− 1
∣

∣

∣
+ 1

≤ 3
w(Θ)

q|x|
+ 2 ≤ 2

(

1 +
3(p− 1)

4q|x|

)

; (4.6)

similarly, for each factor φc occurring in P2, we have

∣

∣

∣
Fσd(1−)Θ

(

−
1

x

)

− 1
∣

∣

∣
≤ 3

w(Θ)

q|x|
≤

3(p− 1)

2q|x|
. (4.7)

Let q = cp log(p) for some c > 1; we search for a minimal value for c, such that the existence

of a solution to (1.3) to which we apply Θ as derived here, leads to a contradiction. If p > 29,

then 3(p−1)
2q < 1

2 , hence by (4.6)–(4.7), we obtain

∣

∣

∣
N
((ρ

ρ

)Θ

− 1
)
∣

∣

∣
= |P1 · P2| < 3p−1−t(Θ) ·

( 1

|x|

)t(Θ)

.

Therefore

|N((ρ− ρ)Θ)| = |N(ρΘ)| ·
∣

∣

∣
N
((ρ

ρ

)Θ

− 1
)∣

∣

∣
< |y|w(Θ) · 3p−1−t(Θ) ·

( 1

|x|

)t(Θ)

; (4.8)

note that (ρ− ρ) is an associate of (ζ − ζ), hence

N((ρ− ρ)Θ) = pw(Θ),

and (4.8) is equivalent to

1 <
( |y|

p

)w(Θ)

· 3p−1−t(Θ) ·
( 1

|x|

)t(Θ)

.

Recall that we have the known result |y| ≥ 2p+ 1, t(Θ) ≥ 2τ and w(Θ) ≤ p−1
2 , hence

1 <
( |y|

p

)w(Θ)

· 3p−1−t(Θ) ·
( 1

|x|

)t(Θ)

≤
( |y|

p

)

p−1
2

· 3p−1−2τ ·
( 1

|x|

)2τ

. (4.9)

Note that

yq =
xp − 1

x− 1
<

4

3
|x|p−1;

if p > 9, we obtain from (4.9)

1 <
(4

3

)

p−1
2q

·
(9

p

)

p−1
2

· |x|
(p−1)2

2q −2τ ≤ (|x|
p−1
2q − 2τ

p−1 )p−1, (4.10)

which is impossible if

τ ≥
(p− 1)2

4q
. (4.11)
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We see that if there is an integer τ with upper bound given by (4.5) and lower bound given

by (4.11), then (4.9) leads to a contradiction, derived from the assumption that (1.3) has a

solution. In other words, provided that q is sufficiently large for the interval

(p− 1) log 2

2 log(q)
> τ ≥

(p− 1)2

4q
(4.12)

to contain an integer, we may conclude that there are no solutions of (1.3) for such p, q, if

q ∤ h−
p . If the simple inequality

(p− 1) log(2)

2 log(q)
>

(p− 1)2

4q
+ 1 (4.13)

holds, then the given interval necessarily contains an integer. Multiplying both sides by 4q
(p−1)2 ,

we get the equivalent inequality

q log(4)

(p− 1) log(q)
> 1 +

4q

(p− 1)2
. (4.14)

For c < 2.7, we use log(q) < 1 + log(p) + log log(p) and 4q
(p−1)2 ≤ c log(p)

p−2 , so

q log(4)

(p− 1) log(q)
>

c log(4)

1 + 1+log log(p)
log(p)

,

hence the condition is fulfilled if

c ·
( log(4)

1 + 1+log log(p)
log(p)

−
4 log(p)

p− 2

)

> 1. (4.15)

Thus, defining C(p) to be the inverse of the cofactor of c and M ′(p) = C(p)p log(p), we recover

the definitions in (1.4), in which C(p) is a function with asymptotic value lim
p→∞

C(p) = 1
log(4) <

0.75. Note that for p = 29 we have M(p) < M ′(p), while asymptotically we obviously have
M(p)
M ′(p) → ∞. With some elementary analysis, one also verifies that the difference of the two

functions only has one zero on x > 29. This is determined numerically to be x ∈ (113, 127),

which confirms the last statement of Proposition 1.3.

Finally, for 29 ≤ p ≤ 113, we need to check if there is any prime M(p) < q < M ′(p), such

that the pair (p, q) satisfies the previously derived conditions. Note that there always is a loss,

when deriving a general condition that excludes all pairs verifying it. For concrete numbers,

one may still show that no solution exists, by some concrete verification. We have done this

using PARI and the following three conditions:

(1) Existence of an integer τ satisfying the condition of (4.12).

(2) Using the conditions on ν in Proposition 2.2 and Proposition 2.3 that provide inequalities

between ν and 4n+ 3.

(3) Showing that the only possible values of t in (2.10)
(

if ν > p
4

)

and (2.13)
(

if ν < p
4

)

belong to {0,±1}.

Indeed, the combination of the three criteria helped eliminate all remaining cases. It turns

out that (3) is the most powerful condition. We herewith know that the only possible cases

remaining verify x ≡ ±1 mod q2. In order to complete the proof of Theorem 1.2 we shall

eliminate these cases by using a local power series development method.
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4.2 Local approximation in the cases x ≡ ±1 mod q2

In this section, we use local approximation for eliminating these two remaining cases.

Using local power series expansions, we prove the following proposition.

Proposition 4.1 The equation (1.3) has no solutions with x ≡ f mod ql+1 for p > 23 and

f ∈ {−1, 1} and an integer l ≥ 1.

The proof of the proposition covers the rest of this section. We give first a brief description

of our approach, which starts from the assumption that (x, y; p, q) is a solution with odd primes

p, q and x ≡ ±1 mod q2.

4.2.1 The µ-map

Let

DG =
{

t ∈ Z[G]× : t =
∑

c∈P

ncσc with nc ∈ {0, 1}; nc + np−c ≤ 1; nc · np−c = 0
}

. (4.16)

Note that the set DG is G-stable, since for t ∈ DG, the conjugates σt will also fulfill the

defining conditions of DG.

Then, for t ∈ DG, the product Z(t) := y ·
(

ρ
ρ

)t
∈ Z[ζ], as follows from the definition of DG

together with the fact that the conjugates of ρ are pairwise coprime and have norm y. We note

that the map

∆ : DG →֒ O×(K), t 7→ Z(t) (4.17)

is indeed injective. This follows, for instance, by induction on the weight of t, from the copri-

mality of the conjugates of ρ.

Moreover, in the cases of interest, when x ≡ ±1 mod ql+1, there is a convergent q-adic

binomial series

µ(t) =
(ρ

ρ

)t

= 1 +

∞
∑

n=1

an(t)q
ln, an(t) ∈ Z[ζ] (4.18)

and

σ(an(t)) = an(σt), ∀σ ∈ G. (4.19)

Here we assume that the coefficients an(t) are elements of the minimal set of representatives

W =
{
∑

c∈P

wcζ
c : − ql−1

2 ≤ wc ≤
ql−1
2

}

for Z[ζ]/qlZ[ζ]; thus, the binomial power series has been

reordered in order for the coefficients to match this condition. Thus, Z(t) = y · µ(t) and the

coefficients of the power series are Galois covariant, by (4.19). Note also that µ(t) 6∈ Z[ζ] and

herewith, the power series (4.18) has infinitely many nonvanishing coefficients.

We fix a θ ∈ DG such that σaθ 6= σbθ for a 6= b, so |Gθ| = p− 1. Let Q = qN for some large

N , such that

Q > |py|3.
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The series (4.18) can be regrouped in terms of powers of Q, with some coefficients bm = bm(θ) ∈

WQ, where

WQ =
{

∑

c∈P

wcζ
c : −

Q− 1

2
≤ wc ≤

Q− 1

2

}

is a set of representatives for Z[ζ]/QZ[ζ]:

µ(θ) =
(ρ

ρ

)θ

= 1 +

∞
∑

n=1

bnQ
n, bn ∈ WQ. (4.20)

The coefficients are also Galois covariant, so bn(σθ) = σ(bn(θ)). Moreover, ‖bn‖1 ≤
Q−1
2 .

4.2.2 Scalar products and various representations of field elements

Let σ = σg ∈ G be a generator of this cyclic group. We endow that number field K = Q[ζ]

with the basis Z = {ec = σc(ζ) : c ∈ P}, as a Q-vector space; this is at the same time the

power normal basis of the integers in Z[ζ] and a fortiori, integral numbers are represented by

vectors of rational integer coefficients with respect to this basis. We let V = Qp−1 and denote

the coefficient map of linear algebra by

κ : K → V, α =

p−1
∑

c=1

acσ
c(ζ) 7→

→
a = (a1, a2, · · · , ap−1) ∈ V.

It will also be convenient to introduce a notation for the vectors of conjugate elements of K, so

let

KG = {(σc(x))c∈P ∈ Kp−1 : x ∈ K} ⊂ Kp−1,

and let ν : x 7→ (σc(x))c∈P be the associated embedding of K in KG.

Let x =
p−1
∑

i=1

xcζ
c, y =

p−1
∑

i=1

ycζ
c ∈ K. Then

Tr(x · y) = Tr
(

p−1
∑

j=1

xjyp−j +

p−1
∑

m=1

ζm
∑

j+k≡m mod p−1

xjyk

)

= p ·

p−1
∑

j=1

xjyp−j −Tr(x) ·Tr(y).

We observe that the trace has a particularly simple form, if for instance Tr(y) = 0. Thus we

have the following lemma.

Lemma 4.1 Notations being like above, let x, y ∈ K and assume that Tr(y) = 0. Then

Tr(x · y) = p · 〈κ(x), κ(y)〉,

where 〈·, ·〉 is the standard scalar product on Qp−1. The right-hand side does not depend upon

simultaneous permutations of the coefficients, so the coefficient map may also be κ.

We note that in the above trace we had to take the complex conjugate of y, in order to

obtain the standard scalar product on the right-hand side. At the same time, the left-hand side

becomes a non-degenerate Hermitian bilinear form.
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Let θ be fixed like above and T = Gθ be its orbit. We map the elements of T in the following

way: A D-vector W is a triple of maps

Wc = T → KG, Ws = T → V, Wf = T → K,

ν−1 : KG → K, κ : K → V, Φ = κ ◦ ν−1 : KG → V, (4.21)

(Gx) 7→ x 7→ (κ(x)),

such that the diagram commutes, as illustrated in the diagram below

Thus the vector can be given by any of its three representations, and the other two follow.

We give some examples of D-vectors that we shall intensively use the following example.

Example 4.1 (a) The coefficients bn(t) in (4.20) give rise to a D-vector W(bn) presented

in K by the map Wf : t ∈ T 7→ bn(t). We denote the image (W(bn)) =: bn ∈ V .

(b) We present here the standard basis of V as a set of D-vectors

∆ = {D(i) : i = 1, 2, · · · , p− 1}, given by D(i)f : 7→ σi(ζ).

The standard basis of V arises also as

E = {ei : i ∈ P} = (D(i)c(T ))p−1
i=1 ⊂ V.

(c) Let ℓ ∈ Z[ζ] be an indeterminate. It will be useful to impose the condition Tr(ℓ) = 0.

For this we define the D-vector U induced by Ws(U) = U := (1, 1, · · · , 1). The scalar product

〈U, κ(ℓ)〉 = Tr(ℓ) and thus Tr(ℓ) = 0 if and only if κ(ℓ) ⊥ U .

For
→
v ∈ V we define the norm to be the 1-norm ‖

→
v ‖ = ‖

→
v ‖1 = max

c∈P
(|vc|) and for w ∈ KG

we define ‖w‖ = ‖Φ(w)‖1.

4.2.3 Strategy of proof

The principle of our proof is the following: For the unknown ℓ we impose the conditions

ℓ ⊥ U and ℓ ⊥ b1 and define

d := y ·Tr(µ(θ) · ℓ) ∈ Z. (4.22)

The choice of ℓ should assure that d 6= 0. Since the complex absolute value |µ(σcθ)| = 1 for all

c ∈ P , assuming that ‖ℓ‖ ≤ L for some L ∈ R>0, we have the upper bound

|d| < (p− 1)|y|L < Q if L ≤ Q
1
2 . (4.23)

It will suffice to let L ≤ Q
1
2 , in order to reach a contradiction. For this, we use the following

principle.
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4.2.4 The Siegel box principle

This is a simple estimate for short nonvanishing solutions of homogeneous integer linear

systems. The question being related to the one of successive minima in lattices, it has been

known since Siegel’s original use — about one hundred years ago — numerous developments in

various heights and different number fields, the one of Bombieri and Vaaler [17] being the most

frequently used. Due to the rational scalar product introduced above, we shall be able to apply

here the original version of Siegel, which is related to the pigeonhole principle application we

used in (4.5). It claims the following lemma.

Lemma 4.2 Let A = (ai,j)
r,s
i,j=1 be an integer matrix, with r < s and entries bounded by

B = ‖A‖1. Then there is a solution X = (X1, X2, · · · , Xs) ∈ Zs \ {0}, with norm

‖X‖1 ≤ (sB)
r

s−r . (4.24)

Under the same condition, Bombieri and Vaaler also prove

‖X‖1 ≤
(
√

det(AAT )
)

1
s−r

.

4.2.5 Finding ℓ

Let Λ = Zp−1 ⊂ V and B = {x ∈ Λ : ‖x‖ ≤ Q
1
2 }. In view of the result of Bugeaud, Hanrot

and Mignotte [5], we may assume that p ≥ 29. If A is an r × (p − 1) matrix with ‖A‖1 < Q,

and r ≤ 8, then (4.24) implies that the system AX = 0 has at least one nontrivial solution in

Λ, with

‖X‖ < ((p− 1)Q)
8
20 < Q

1
2 .

Here is how we use these degrees of freedom. First we impose the conditions X⊥V0 :=

[U,b1(θ)]Q. The coefficients are clearly dominated by Q, so we let X1 ∈ B be a nontrivial

solution. With this we let V1 = V0 ⊕ QX1, and find a further solution X2 ∈ B∗, which is in

addition perpendicular to X1. We may in this way find at least six vectors Xi ∈ B∗ which are

mutually orthogonal and all orthogonal to V0. We shall use these degrees of freedom in order

to find ℓ ∈ B, such that d 6= 0 in (4.22).

We note the following substitution, which leaves the sum invariant. For ν ∈ Λ, we define

Tν(bn, bn+1) = (bn +Qν, bn+1 − ν). (4.25)

The substitution replaces a pair of successive terms in the sequence of coefficients of the series, by

leaving the sum in (4.20) unchanged. This follows immediately by considering the contribution

of these terms:

Qn · (bn +Qbn+1) = Qn(bn +Qν +Q(bn+1 − ν)).

In practice, ν ∈ E , the standard basis of V . Then, the modified coefficient Tν(bn) still verifies

|Tν(bn)|1 < 3
2Q , while |Tν(bn+1)|1 < Q.

The choice of ν uses the following lemma.
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Lemma 4.3 Let E = {ej : j = 1, · · · , p− 1} be the standard basis of V = Qp−1 and let x =

(x1, x2, · · · , xp−1) ∈ V have trace τ =
p−1
∑

i=1

xi. Let t ∈ Z \ {−τ, 0} and

F(t) := x+ tE := {x+ tei : i = 1, 2, · · · , p− 1} ⊂ V.

Then, span{F} = [F ]Q of F has dimension dim(F ) = p− 1.

Proof Since the p − 2 linearly independent vectors t(e1 − ei) ∈ F , i = 2, 3, · · · , p − 1, it

follows that dim(F ) ≥ p − 2. Suppose that there is a vanishing linear combination
p−1
∑

i=1

λi(x +

tei) = 0 and let L :=
p−1
∑

i=1

λi be the “trace” of
→

λ :=
∑

i∈P∗

λiei. Unfolding the vanishing condition,

we have

t
→

λ + Lx =
→

0 .

If L = 0, then t = 0, which was excluded, or
→

λ =
→

0 , so the linear combination was trivial to

start with. If L 6= 0, we take traces again in the previous identity, and get L(t+ τ) = 0. Since

t 6= −τ , we obtain a contradiction, showing that the dim(F ) = p− 1 indeed.

Let S0 = B∗ ∩V⊥
0 . We show that we may modify b2 by a substitution (4.25) in such a way,

that b2 6∈ V0 and there is at least one vector z0 ∈ S0 such that z0 6⊥ b2. In view of Lemma 4.3

and since dim(S0) > 4, there is at least one translation of b2 by some base element ν ∈ QE ,

which is not perpendicular to S0. We assume thus that the condition is fulfilled, and use no

new notation for the possibly modified coefficients b2,b3.

Let τ = Tr(b2) and t = 1 if τ ≤ 0 and t = −1 otherwise. We define wj = b2 + tej and

S(j) = S0 ∩ w⊥
j . By Lemma 4.3, wj span{V }, and it follows that

Q ·
(

∑

j∈P∗

S(j)
)

⊃ QS0.

There is a set

∅ 6= J = {j ∈ P ∗ : Q(w⊥
j ∩ S0) 6⊂ Q(b⊥

2 ∩ S0)}.

A fortiori, there is a j ∈ P ∗ such that w⊥
j ∩ S0 6⊂ (b⊥

2 ∩ S0). For such j, we may choose w ∈ S0

with w ⊥ wj but w 6⊥ b2. We claim that ℓ = w satisfies our needs. Indeed, we have

〈b2, ℓ〉 = 〈wj , ℓ〉 − t〈ej , ℓ〉 = −tℓj 6= 0.

Consequently,

d ≡ Q2(−ptyℓj +O(Q)).

But ‖ptyℓj‖ ≤ |y|Q
1
2 < Q, and since the choice of ℓj ascertains that ℓj 6= 0, it follows that

d 6≡ 0 mod Q3 and a fortiori, d 6= 0. But d ≡ 0 mod Q2 implies |d| ≥ Q2, which contradicts the

upper bound (4.23). The contradiction confirms Proposition 4.1 and completes the proof.
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