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New Conditions on the Nagell-Ljunggren Equation
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Abstract In this paper, the authors consider the equation “::11 = p°y?, for distinct odd

prime exponents p, q, and show that, for p > 3, it has no solutions under the condition
that q does not divide h, , the minus part of the class number of the p-th cyclotomic field.
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1 Introduction

The Diophantine equation of Nagell-Ljunggren

" —1
=9 1.1
1 =Y (1.1)
has six known solutions
(x,y,n,q) € S :={(3,£11,5,2),(7,£20,4,2),(18,7,3,3),(—19,7,3,3)} (1.2)

in integers x,y,q and n with |z|,|y|,¢ > 1 and n > 2. These solutions carry the exponents
q = 2 or ¢ = 3. The conjecture of Nagell and Ljunggren states that these are the only solutions
in integers with exponents larger than one. This claim can be reduced (see [1]) to the following

set of statements, relative to pairs of odd primed (p, q): The equations

p_1 1, if z =1 mod p,
r =poyl, e= (1.3)
x—1 0, otherwise

have no solutions outside S. Here, the exponent of x is also prime, so one has to distinguish
the cases in which p | (z — 1) and p t (x — 1). Thus, recent work on the Nagell-Ljunggren
equation advanced in two directions. On the one hand, one proved decreasing upper bounds in
the number of factors of the exponent n in (1.1). The latest results in this direction are due to
Bugeaud and the second author in [2], improved by Bennett and Levin in [3].

Of course, one can consider (1.3) as one independent of (1.1), and then the question remains,
whether it has nontrivial solutions. Dupuy treated the case of solutions = = 1 mod p — thus

e = 1 — elegantly, under the additional assumption ¢ ¢ h, ,in [4], proving the following theorem.
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Theorem 1.1 If g1 h, , then (1.3) has no solutions with e = 1 — or, equivalently, with
z =1 mod p.

In a certain sense, the main result of our paper can be seen as generalizing this result to

arbitrary values of . We thus prove the following theorem.

Theorem 1.2 The equation (1.3) has no integer solutions outside S, if ¢ { h, — except!
possibly for some solutions with p < 29 and x < 0.

Nagell and Ljunggren were the first having investigated this equation in [6-8] and they have
eliminated some small exponents, showing that there are no other solutions for these values
of the exponents p,q, so we may assume in the sequel that p > 5 is an odd prime. Later
work of Cassels [9] showed that if the famous equation of Catalan 2? — y? = 1 has nontrivial
solutions (x,y;p,q), then a fortiori (1.1) holds for these values, the index e equals one, and
in addition, p9=! | (x — 1); ¢?~1 | (y + 1). Since (1.1) appears as a partial condition for the
Catalan equation, we see that the first is a harder condition. The challenge of solving the
Nagell-Ljunggren conjecture was taken up by numerous number theorists, including Bennett
[10], Bugeaud [5] with various coauthors, Le [11], Shorey [12], Shorey and Tijdeman [13], etc.
We refer to [2-3] for detailed historical references.

In this paper, we shall study (1.3) under additional class number condition g { h,. We will
have to analyse numerous subcases, applying a rich variety of approaches in order to eliminate
all possible solutions that may arise under the given restriction.

We let K = Q[¢p] be the p-th cyclotomic field, with p an odd prime. The class group of
a generic number field K will be denoted by C(K) and hx = |C(K)|. In the case of the p-th
cyclotomic field, we write h, = |hg| and h, = |[C(K)/(C(K"))|, with ¢ : C(K") — C(K) being
induced by the ideal lift map from the maximal totally real subfield KT C K to K.

In 2008, the second author [14] studied the diagonal case p = ¢. He gave general class
number conditions which are the first known general algebraic necessary conditions for the
equation to have solutions. Among others, these lead, based on computer results produced for
the investigation of the Fermat Equation, to the conclusion that the equation has no solutions
for p < 12 000 000. In another paper [15], he considered the case ¢ # p. The following

unconditional criterion can be found in that paper.
Theorem 1.3 For q # p, two distinct odd primes, (1.3) has no solutions if ¢ > (p — 1)2.
Further conditional results were provided in the paper, for the case when ¢ < (p — 1)2. In
this paper we thus study the case e = 0 of (1.3), under the premise that ¢ { h, and g # p.
1.1 Plan and intermediate results of the paper

For primes n € N, we define the following two functions of n:

M (n) = max (n, 11(1117—612))7 (1.4)

1Our criteria are independent of the sign of x, but we did use at places the bound p > 29 found in [5]: A
second reading of the paper revealed that the authors used the premise z > 0, hence the possible exceptions.
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log(4 4log(n)y —1
M'(n) = C(n)nlog(n), C(n)= (1 + 1+—11§g_§°g)(n) B —(2)) '
og(n

The local approach is based on the following technically involved result on Fermat quotients.

Proposition 1.1 Suppose that (1.3) has nontrivial solutions with primes p # q, q { h,, .
Then q € [M(p), (p — 1)) NN or ¢* | x — t for some t € {0,+1}.

This leads to the first major restriction of the set of the solutions, when g < M (p).

Proposition 1.2 Suppose that (1.3) has nontrivial solutions with primes p # q, q{ h, and
q < M(p). Then x = +1 mod ¢>.

Using a global bounding approach based on binomial series expansions, we then deduce the

following proposition.

Proposition 1.3 Suppose that (1.3) has nontrivial solutions with primes p # q, q { h,, .
Then g < M'(p).

Finally, we use the condition in Proposition 1.2 for local developments of the putative
solutions, in order to obtain a contradiction to the upper bounds on |y| established in [15]. We

thus prove the following proposition.

Proposition 1.4 The equation (1.3) has no solutions with primes p # q, q t h, if ¢ <
M (p)— except possibly for some solutions with p < 29 and x < 0.

And then conclude with the proof of Theorem 1.2.

1.2 Notations and general facts

We assume throughout this paper that (z,y;p,q) € S, ¢ # p is an unknown solution to
(1.3) and ¢ { h,, . In view of Dupuy’s Theorem, we know that e = 0 and in view of Theorem 1.3,
g < (p—1)2. We let K = Q[¢] be the p-th cyclotomic extension, with ¢ a p-th primitive root of
unity. We shall at places use also a primitive p-th root of unity ¢ and let K’ = Q[¢], L = QI¢, &].

We let ®,.(z) be the r-th cyclotomic polynomial and define P = {1,2,---,p — 1} and
o. € G = Gal (Q(¢)/Q) be the automorphism of K with ¢ — (¢, for ¢ € P. Complex
conjugation is denoted by 7, € G, or simply by j when the group is clear from the context;
we may thus write @ = op_1(a) = Jp(e) = /. We let A = (1 — () be an algebraic integer

generating the unique ramified prime ideal o above p in K.

1.2.1 Cyclotomic properties of the equation

Recall that  # 1 mod p and e = 0. We define herewith the characteristic number of (1.3)
by
a=z—C( and a.=oc.(a).
The characteristic ideal is 20 = («,y) and one verifies directly that (o4(«),op(e)) = 1 for

a,b € P, two distinct integers. Indeed, D(a,b) = (0,(c),0p(a)) contains (¢ —(® = op(a)—0, (),
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and thus D(a,b) | p. However, x # 1mod p implies that a € p, so D(a,b) = 1. As a

consequence, we have
A =(a), N(a)=y? N(©&)=(y). (1.5)
We proved the following lemma.

Lemma 1.1 Assume that (1.3) has a nontrivial solution (x,y;p,q) with x Z 1 mod p and
let o.(a)) = @ — (¢. Then the ideal A = (o, y) verifies A? = (). Moreover, for ¢ #d € P, we

have
(0e(a),0a(a)) =1,  (0.(A),0a(A)) =1, Ng(®) = (y).
1.2.2 Class number condition

We assume ¢ t h,,’; then the image of the class [2] in the quotient (C(K)/¢(C(K*))) is trivial.
Since the conjugates of 2 are pairwise coprime, it follows that 2 is divisible by no real prime.
It must consequently be a principal ideal, say % = (p). It follows that (o) = (p?) and by

transforming the identity of ideals into one of algebraic numbers, we find the following lemma.

Lemma 1.2 Under the premises above, there is a p € Z[(] and a unit ¢ € (O(K1))* such
that

a=c-pl (1.6)

2 A General Result on Fermat Quotients

In this section, we prove a general result on the Fermat quotients of certain binary fractions.

Theorem 2.1 Let p,q,K be like above, and suppose that x,y € 7 satisfy the condition that
there exists a 5 € K such that

T+Cy _ (ﬁ)q
z+(y B

If in addition ¢ < M(p) with the function defined in (1.4), then there is an f € {—1,0,1} such
that

x4 fy =0 mod ¢°.
The proof of this theorem requires the rest of this section.

Lemma 2.1 Let p, q be odd primes and let x and y be coprime integers with q 1 x and such
that there is a B € Q(C) with

r+Cy A
i i(g) . (2.1)
Then
- =Lk _ 2k k
—(1 =Nty => ) —— (" =) mod g, (22)
k=1

where p(a) = “qq_a mod ¢ for a € Z/(q*Z) is the Fermat quotient function and t := —% mod ¢°.
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Proof We have

i S = (x—i_g-y)qmoqu[C]
e+ y N+ Coy ’
and thus, from (2.1)
i£:7x+£'y+q-u
Boor+Cy

with © € Q(¢) being a g-integer. By raising to the power ¢, it follows again from (2.1), that

r+¢y x4 QYN 2
x—l—zq-y_i(x—FZ'y) mod ¢°Z[(]. (2.3)

Note that ¢(a) = % mod ¢, for (a,q) = 1 and t = —£ mod ¢, so —(£) =t + qp(t)

mod ¢%. Now

- (1—t-0) = (z+ qp(x)) - (1 —1¢)*
= (z +qp(z)) - (1 = t¢7 + ¢f(¢)) mod ¢,

(z+C-y)?

where

£S}

f(Q) = —CTp(t) + é : > (Z)(—tc‘)’“ = —(g‘q ~(t) + S tkTCk) mod ¢.

1 k=1

b
Il

Writing o = 1 + %¢% = 1 — #¢9 4 ¢*z for some z € Z[(] and eliminating denominators in
(2.3), we find that

a-(z+qp(@)@+q- Q)= (z+qp(z)) - (a+q- f(¢)) mod ¢*

and
a-f(Q)=a- f(¢) mod g.
We let S = 3
(1—1C") - (p(t) - (7 + ) = (1 = #¢) - (o(t) - ¢" +5) mod g,
hence
—(¢*=CNe(t) = (1= ") — (1 = 1¢*)S mod ¢
and . .
a—1 4=1 Jk+1
4 t _ —k—
—(¢7 )= ? - T(Ck 9-¢ ")modq.
k=1 k=1
We regroup the powers of ¢ using ¢ — k = —k mod ¢, thus C— = —Zq(:: , which can be applied

in the above for k =1,2,--- ,q— 1,

Y S Y
t —t —
—(¢! )= k—()modq,
k=1
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which is the statement of (2.2).

Lemma 2.1 essentially yields a system of equations modulo ¢ in the unknown ¢. It turns
out that under some additional conditions on p and ¢, there are only three possible values for
t (one of which is ¢t = 0). This reflects the main ideas which will subsequently lead, by a more
in depth study of the system (2.2), to a sharper inequality between p and ¢. The light result is

the following proposition.

Proposition 2.1 Let z,y be coprime integers, assume that p > q are odd primes and there
is a B € Q(C) such that (2.1) holds. Then

z+ f-y=0mod ¢> (2.4)
for some f € {—1,0,1}.

Proof Assume first that + = 0 mod ¢ and = = qu with (u,q) = 1. Since (z,y) = 1 and
p # g, it follows that (z+(%y, q) = 1, so the right-hand side of (2.1) is a g-integer. The equation
is Galois-invariant, so we can replace ¢ by (9. Thus (2.1) becomes

y+qC'u

y +qClu

with v = +£¢(2- % From the definition, we see that ¢ = 1 mod ¢Z[¢]. Let Q C Z[(] be a prime
above ¢, and f be its height. We have a fortiori v = 1 mod Q and raising the identity to the
power ¢/ ~1, we obtain

y=~7""" =1 mod Q.

This holds for all primes of Z[¢] above ¢, so v = 1 mod ¢. Consequently, v = 1 4 qw for some
w € Z[¢], and thus v = (1 + qw)? = 1 mod ¢2, and y + qu¢? = y + quC" mod ¢2. Thus
u- (¢ — Zq) = O mod ¢q. Since p # ¢, this is only possible if © = 0 mod ¢ and thus z = 0
mod ¢2. We can interchange = and y, so this proves that if x or y is divisible by ¢, then it is
divisible by ¢2, which takes care of f = 0 in this case.

We may now assume that ¢ 1 2,y and use the previous lemma, which implies that (2.2)
holds under the given premises. Since the set {¢,¢?,--- (P71} builds a basis of the algebra
Z[C]/(q - Z](]), the coeflicients of the single powers in the above identity must all vanish and
p > q+ 1 implies that the coefficient of ¢ is a; = #(1 —t~*) and thus

t*=1mod g
must hold. Furthermore, if ¢ + 2 < p, then the coefficient of ¢? is
2-ay=(t* -t =0,

hence
t —1=0modq.
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The last two congruences in ¢ have the only common solution t?> = 1 mod ¢. One easily verifies
that if this holds, then the right-hand side in (2.2) vanishes and thus ¢(¢) = 0 mod ¢. This
leads to the possible solution = + y = 0 mod ¢?. Inserting the value back shows that this is
indeed a solution of (2.1). If p = ¢ + 2, then we still have a; = t73(t* — 1) so t* = 1 mod ¢.
If 2 — 1 = 0 mod g, we find the previous solution. So let us assume that t> = —1 mod ¢ and
consider the second coefficient. But ()" = ¢(£)¢2 has in this case a contribution to az. We

estimate this coefficient by using t> = —1 mod g,
2-a =t —t7 = 20(t) =t — 2 + 2 — 1+ 2t1p(1))
=1 — 1+ 20(t) = 2(p(t) — 1) mod g,
a congruence which is satisfied by ¢(¢) = 1 mod ¢. We have to consider also
3-az= (12 —t7°) — (t7' —t7771) = 0 mod ¢
S0=t"t*-1)— (1 —-t"?) mod q.
If 2 = —1mod ¢, then the first term vanishes while the second is —2 # 0 mod ¢, so t? =

—1 mod ¢ is not possible. This takes care of the case p = ¢ + 2 as well, thus completing the

proof of the proposition.
It follows from Lemma 2.1 that the following corollary holds.

Corollary 2.1 If p > q > 3 are odd primes for which (1.3) has nontrivial solutions and
such that q { h,, , then (2.4) holds.

Proof The premises of Lemma (2.1) are fulfilled and thus (2.2) holds. By setting 8 = p;
in this equation, we find that the hypotheses of Proposition 2.1 also hold, and by its proof it
follows that (2.4) must be true.

2.1 Sharpening

In order to gain more information from (2.2), also in cases when ¢ > p, we need to first
introduce some operations on sequences. Let k be a field and 7 be the space of two-sided
sequences on k(t). We define the following operators on 7: For a = (an)nen € T, the maps

0+,0_,0:T — T produce the following sequences:

Or(a)n =an —1t-ap—1,
0_(a)p=1t-an — an-1, (2.5)
O(a)n = 0+ (0—(a))n-
Furthermore, we let A be the classical forward difference operator
Aa, = ap — ap—1

and
nE=n-(n—1)---(n—k+1)
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be the k-th falling power of n, so An% = k- (n — 1) =L, The main properties of the operators
in (2.5) are given by the following lemma.

Lemma 2.2 The operators 04+ and 0_ are linear, and they commute

®=9+09_=9_09+.

Furthermore,
6-(t7") =0, 0-(t") = —(1— )¢~
and
0, (nk-1") = I;—: c(n—DEL g,
k! 2.7)
0L (k- 17") = 7 (= E=t. (=)
where we set a*=L =0 if k < I. In particular, we have
OF (n® - t") = k! - t",
OF (nk =) = k1 ¢~ o
@k(n& Y =kl (82 — 1)k gk
O (k-7 = k1 (1)~ (2 1)F 10,

Proof Commutativity follows from a straightforward computation from
0y 00_(an)=0_00,(an) =t (an+an_2) — >+ 1)a,_1.

The rules (2.6) are also easily verified, and they yield (2.7) by induction on k. Finally, the first
two actions in (2.8) are obtained by setting [ = k in (2.7), while the action of © is obtained due
to commutativity, by setting ©F = 0¥ o 9_77_ or OF = 9{1 0 6% depending on whether the operand

ist"ort™"™.

Remark 2.1 Note that k + 1 consecutive values of a,, are necessary for applying 0%, while

O©F requires 2k + 1 consecutive values.

We shall call the set {—1,0,1} the admissible solutions. The task we pursue is to improve
our estimates on pairs p, ¢ for which the system (2.2) has no other solutions except (2.4). In
particular, we are concerned with p < ¢, since Proposition 2.1 deals already with p > gq. We shall
use the fact on which the proof of Proposition 2.1 relies: ((k)i;i forms a basis of the algebra
Z[¢]/(gZ[(]) and this allows us to consider (2.2) as a linear system modulo g. Concretely, the
coefficients of (¥ — Zk in that equation must vanish, for k =1,2,---, p—gl. Let 0 <v < p—gl be
the value for which v = ¢ mod p or v = —¢ mod p. Then, with d;; the Kronecker d, the previous

observation yields the equations

ket = >

J20;5p+k<q

th+pi _ 42— (k+pj)

pj+k
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-

J>035p+(p—k)<q

p—k+pi _ 42— (p—k+pj)

P mod g. (2.9)
The index value v plays a singular role in the equations above: First, it is the only index for
which the equations are not homogeneous. Second, the number of terms in the sums in the
right-hand side changes between 0 < k < v and & > k > v. In these two intervals, (2.9)
yields homogeneous equations which manifest itself in the vanishing of polynomials of fixed
degree in k. This suggests the use of the difference operators defined above. Let 5 < p < g be
primes. We shall take the approach of choosing either the interval 0 < k < vorv <k < L,
whichever has more elements: In that interval, (2.9) translates into polynomial equations of
the type fq(k;t) = 0. Having a contiguous interval on which this equation holds, one can use
the iteration of © in order to reduce the degree in k£ of the polynomial f,. We have thus to

distinguish the cases v < & and v > £.2

Proposition 2.2 Let 5 < p < ¢ be primes such that (2.2) holds and v be defined above.

Suppose that v > L. If in addition, q < p(pl;ﬁm), then (2.4) holds.

Proof Let n = [1]. The equation (2.9) yields on the interval 0 < k < wv:

th+pi _ 42— (k+pj) (p—k+pi _ 42— (p—k+pj)

Z . = Z _ mod q. (2.10)
0<j<n pj+k 0<j<n p—k+jp
After eliminating denominators, this yields a polynomial equation
(_1)nk2n . Z (tk-i-;Dj _ t?—(k-ﬁ-pj)) + O(k2n_1)
0<j<n
= (—1)" k. Z (tP=k+Pi _ tQ_(p_k“’j)) +O(k*" 1) mod q.
0<j<n

In order to eliminate the lower order terms in k, we may take ©2" on both sides of the con-
gruence. This requires at least 2(2n) + 1 contiguous points, so 1 < k —2n < k +2n < £,
which means 2(2n) +1 < 4. If this is provided, the equation reduces, after simplifying by
(=)™ (2n)!- (1 —t2)*" to

Z (tk+pj—2n _ t2—(k+pj—2n))
0<j<n

+ Z (tp=k+2ntpi _ y2=(p+2n—k+pi)) = () mod q. (2.11)
0<j<n
If t ¢ {—1,0,1}, then we can apply 64 and 6_ independently to the above congruence. This

yields
0= Z 2= (ktpj—2n) _ Z p—k+2n+pj mod ¢

0<j<n 0<j<n

20ne may also take the approach of considering the whole interval 0 < k < g. In this case, the polynomials
fq(k;t) change the degree and shape when k passes the “singular” value k = v. The computations become more
intricate, for a gain of a factor at most 2. We choose to analyse here the simpler approach.
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and
0= Z thtpi—2n _ Z 2= (+2n—k+pj) g q.

0<j<n 0<j<n
Upon multiplication by the lowest power of ¢, we obtain

0= Z P — Z P FD=24P7 ;mod g, 0= Z tPrPI=2 Z tP mod q.  (2.12)

0<j<n 0<j<n 0<j<n 0<j<n

Adding the two congruences, we obtain tP* = —tP"~2 mod ¢ with the solutions ¢ = 0 and
t2 = —1 mod ¢. The first solution is admissible. We reinsert * = —1 mod ¢ in (2.11), using the

fact that t™ = (—1)"¢~"™ mod ¢ for all m. This yields, after some computations,
(th + 17y (1 +3 i (—1)1)) = 0 mod q.
j=1

The inner sum is

n
" 1, if |=| =0 d 2,
1+2 ) (—1)l=1+2(—1+1—1---+(—1)[51):{ ' M e

0<2i<n —1, otherwise,

and the previous condition thus becomes +(t* +¢=*) = 0 mod ¢, and since ¢ # 0, it follows that
(—=1)* +1 = 0 mod ¢. It suffices to take k even, to obtain + = 0 mod ¢, again, an admissible

solution.

We now verify the conditions necessary for our derivation. For the final application of 6+

and the condition that k be even, we need
2n+1§k§§—(2n+1),

which is satisfied by the even value k& = 2(n+-1), provided that 4n + 3 < £. On the other hand,
we find from the definition of v and the fact that v > £, that p(4n + 3) > 4¢, and thus

p?
T > p(4n +3) > 4q

as claimed. On the other hand, we find from the definition of n that if ¢ < %, then

12
P 2,3-10

q
4 3<4L—J 3<4
nt+3<d|] | +3 <47 1

as claimed.

Proposition 2.3 Let 5 < p < ¢ be primes such that (2.2) holds and v be defined above.

Suppose that v < & and q < p(pl;ﬁm). Then (2.4) holds.

Proof The proof of this proposition follows the same line as the previous one, but encoun-

ters a few particular obstructions. We shall let

B {%J—l, if(qmodp)<§,
o L%J, if(qmodp)>%.
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The equation (2.9) yields now on the interval v < k < §:

th+pi _ 42— (k+pj) (p—k+pi _ 42— (p—k+pj)
- = - mod gq. 2.13
Z pj+k Z p—k+jp (2.13)

0<j<n 0<j<n

Note that there are equally many terms in the sums of both sides of the above congruence,
unlike the case of the previous proposition. If ¢t & {—1,0,1}, this perpetuates down to the

analogue of (2.12), in which the two congruences become identical:

0= Z tPI 4 Z P HDFPI=2 1164 ¢ (2.14)
0<j<n 0<j<n
If ¥ = 1mod q, we get (n+ 1)(t* + 1) = Omod ¢ and t> = —1mod g, hence 1 = tP =

(—1)1%1t mod ¢, showing that ¢ is admissible; so we can assume ¥ Z 1 mod g. Then
Pt =1 mod g or ") = —¢2 mod q. (2.15)

Note that this condition is equivalent to applying any of 6, ©2"*! or #_02"+! to the original
system (2.9).

In order to arrive at a contradiction, we shall have to consider lower order terms in k. Let

oj = thtpi _ 2= (k+pi)  and T = (p—k+pi _ 42— (p—k+pj)

With some additional work, the first congruence yields, after elimination of denominators:

Z oj - (B — (n+j+1)p— 2n+ 1)n) - k22)
0<j<n

+ ) (R = ((n—j)p — (2n+ 1)n) - k22) + O(K*" ™) = 0 mod q. (2.16)

0<j<n
We assume that the first congruence of (2.15) is satisfied. Then

1 — ¢p(n+1)

j —_— R —
Z t) = T =0 mod ¢
0<j<n
and
_; 1— t—p(n—i—l)
0<j<n

Herewith, (2.16) reduces to

Z (thtpi t2—(k+pj)) (—jp) - k2
0<j<n
+ Z (tP=k+PT 2= HR=PI) L (Gp) k2 4 O(K2"1) = 0 mod ¢.

0<j<n

Applying ©%" to the above and after simplifying by (2n)! - (1 — t?)?", we get

Z (tk—2n+pj _ t2—k+2n—pj) . (—jp)
0<j<n
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+ >0 (R g2opEke20mp) () = 0 mod g.
0<j<n

Then we have
(tk—2n _ tp—k+2n) . Z tpjj = (t2_k+2n _ tQ—P+k_2") . Z t_pjj mod q,
0<j<n 0<j<n
hence

(tk—2n o tp—k+2n) . 1 +n
tr—1
tk—2n _ tp—(k—Zn) = t2(tk—2n _ tp—k+2n)

1+n
k—=2n _ 4yp—k+2n\  _ 42-p\ .
(=2 —pokany ey T

mod ¢,

mod gq.

Since t2 = 1 mod ¢ leads to admissible solutions, it remains that t* = t2*=2") mod ¢, which
must hold for instance for two successive values of k. Hence, by dividing the corresponding
congruences, we get t> = 1 mod ¢, which has only admissible solutions.

Now we claim that
P £ 42 mod q. (2.17)

If not, we have

S = e
0<j<n I

and

S L —gpntl) 2
1P = = dg.
Og;n 1t 1 M0

This time, (2.16) is reduced to

(ﬁ,}:tm_ﬁ4:z:fm>%@ﬂ

0<j<n 0<j<n

. (t”_k . Z P 2—ptk Z t—pj) E2EL 4 O(k*™) = 0 mod q.

0<j<n 0<j<n

Then we have

(tk. 1+ _ 2kl "”5_2) 2t
1—t» 1_t»

1412 14t72
(ot T - ) K O = 0mod g

It follows that

(t2 +1
1—1tpr
We apply ©27+1 to the above and get

) (R PRy 2 2t L O (kM) = 0 mod g.

(t2+1

- tp) (=1 gpmk2naly 9 (9 4 1)L (12 — 1)27] = 0 mod g
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We have excluded ¢t? = —1 mod ¢ and the vanishing of the second factor leads to t = t2(k—2n=1)

which implies like before, that t> — 1 = 0 mod ¢, thus only admissible solutions are possible.
This confirms the claim (2.17).

We finally have to derive the inequality between p and ¢, for which the proof above holds.
The condition is that the interval (f—;, %) contains sufficient contiguous points for applying
both 6, ©2" ! and #2 ©2". This requires at least 2(2n + 1) + 1 contiguous points, so we need
B<k—-2(n+1)<k+2(n+1)+1< %, which means 4n + 3 < Z. Note that by definition of
n,if g < p(pl——612)’ then

4n+3g4FJ+3<3
P 4

This completes the proof of Proposition 1.1.

3 The Local Approach

We consider the cases when a solution to (1.3) has # = f mod ¢?, with f € {—1,0,1}. Let

pu:= & and note that § :=a@- ( 1“__412 )" € O(K)*, as follows by the following computations:
_ (= 1Ne _( P—P \? o p—p\1 _ (P—P\!
s=a (L=2) = —coa(LL Y = 0 & (LT o ez (PTRY
(i=e) (=) 7 (o) (0
We note that A — A = 0 mod ({ — ¢) for arbitrary A € Z[(], so consequently % € Z[¢]. In

view of Lemma 1.2, we have

hence

(D) (42D,
¢—¢ p="p
the two factors on the right-hand side are integral, and their product is a unit, so both must
be units, individually®. We note also that @- (1) € O(K)* for every 7 € p that generates
the prime above p. We shall adapt various values for 7 to the different values of f. We may
write 6(1 — ¢?) in the above case, to indicate that the unit is defined with respect to the choice
T=1-¢%

We shall compute a ¢g-adic development of § and its norm, and compare this to the value of

one which should be the result, since we have seen that ¢ is a unit.

3.1 The case f =0
Let # = ¢'z with 2 € Z, p{ 2z and | > 2; we have

1—?196

q _ 24
pt=Cq s

3We mention for later use, that the decomposition so far is independent of the value of .
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SO

1_<q -1, B B _ B
B Gt O = ¢ (L e (¢ T) + 0 ),
hence
p—1 z Cq(l—C " 201-1)y
=1+—--——=—=+0(q
q —
0=14uz- (7< (1=¢) —I—Cq) + O(¢*=Y),
1-¢
By defining B = L_—qu), and taking the norm of §(¢2 — 1), we see that N(§) = 1 implies

_ 1-¢2
Tr(B — (q) = 0 mod ¢ and so Tr(B) = —1 mod ¢. Let ¢ = r mod p, where 1 < r < p— 1; since

EZZT(1+<—2+'.'+<2(T—1))ZC—T+<—2—T+.'.+<—T’—2’

we see that for odd 7, none of the terms in this sum carries the exponent zero. There are r

terms in the sum B, so

—r+1, if r is odd,
Tr(B - (%) = (3.1)
—r+1+p, otherwise.

If r is even, which only happens when ¢ > p, then 0 < —r+1+p < ¢ and hence ¢ 1 (—r+1+p).
If r is odd, the vanishing condition requires » = 1 so ¢ = 1 mod p.

In this case, we consider some higher order terms:
=g, 1 _1
p=C 1= q'2C) (1 g'=¢) 75 (3.2)
By expanding (3.2) under the condition (9 = (, we obtain

1 = 9 ol —qg=2 _ 9 ol+gq _
M=C2(1—ql LT 4 2222 > C)-(l-i-ql Lo¢ g g?222 C2)+O(q31 3

2
=C2(1+ql_1z(C—Z)+q21_222< (1-9q) ;4'( (1+Q))+O( 3-3),
p-1 A S
1_22__(1+ql 121_Z2+q21 2,25 3 1_62 2 )+O( 31-3),
implying that
p—1ye T Ot -1+ (-T\2q-1
—(1_<2) _1+qlzl_ZQ+QQZ 122( 2 — 2 (I—Z) 5 )+O(q21).
Hence

21— +1
5=1+q2l_122(< Tq_l_"; qTCQ
1-¢

Taking the norm of the last equality, we obtain

+<2Q;1) + 0.

21 +1 -2
-1+ 4=C q-—1

2=+ =)+ 0¢*)
1-¢

N(0) =1+¢*"2%. 11«(4
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_ -1 1-q p—-1 q+1 p—3 1-—gq
-1 2z12(_p ) ) ) O(*
T s 2 2 2 2 ; t 5 ) Tol)

1—
=1+ q2l_122—2 Py O(¢*") # +1 mod ¢*.

We assumed that ¢ = 1 mod p, so the factor 1;—” # 0 mod ¢ and consequently N(§) = 1 +
Cq¥~1 + O(¢q%), for an integer constant C' = 22452 # 0 mod ¢. This is inconsistent with the

fact that 0 is a unit, which completes the proof of case f = 0 in Proposition 1.2.

4 Diophantine Approximation

Let © = > mco. € Z>0[G] have the weight w(©) = > n.. We define the following formal
ceP ceP
binomial series:

)t (4.1)

T3

Fog (T) = (14 CT)% =1+ fj (
k=1
and
Fo(T) = 1:[ P (T) =1+ ar(®)T" € K[[T7),
c=1 k=1

where the coefficients a;(©) are obtained by multiplying out the elementary series and rear-
ranging in ascending order of the powers of the indeterminate 7.
Alternatively, we may fix g € P as a generator of F,’ and fix 0 = 0, € G, which is then a

generator of the cyclic Galois group. We then write our generic group ring element as

— o = o
6—2 nJU—E N0y,

jEP jeP
and the formal power series Fo(T') := [] Foyo, (7).
jep

The series Fg ( — 1) are absolutely convergent in C, for || > 1, and in particular for integers

x€Z\{-1,0,1} and
1\\¢
(Fampes (= 3)) =
so there exist exponents a(d), a(d, ©) € Z N [ — 454, 452 ] such that

ad(%) =g F_joa ( - %) and ad(%)e - ga(d@)Fad(l_])@( - é),

we may also write a(0) = a(1,0). We may estimate the power series by appealing to [16,

Lemma 7], which leads to

1 w(O)
d - _ ) —
W(o'0) = ‘F(l_J)(,d@( x) 1‘ <3t (4.2)
By considering the action of © on o(£), one verifies
p—1
a(d,®) = Z n;a(d + ) mod p. (4.3)

=1
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Recall that 7 is the complex conjugation, hence a(i+ 172;1, 0)=—a(i,0) for1 <i< %
Let v; =n; —n, _p-1; by inserting this in (4.3), we obtain
2
p—1
2
a(d,@)EZwa(cH—i) modp, d=1,2,---,p—1. (4.4)
i=1

We call the system (4.4) over F), the associated linear system of © € Z>([G]. The above
considerations show that we may interpret the vector A= (a(d));fi as given and consider the
v; as unknowns for a given constant vector ;( . We shall impose certain conditions on the vector
)_)( , which will determine n; and herewith, a © € Z[G]. For some 7 € N with 1 <7 < p—gl, we
let the entries X; = 0 for j < 7 in the right-hand side vector of the system (4.4), meaning that
we wish to find ©, such that the exponents a(c?©) = 0 for d < 7. The remaining entries in )_()
are free. We shall maximize 7 subject to the condition that the homogeneous system built from
the first 7 equations in (4.4) has a nontrivial integer solution v with ||7/[; < 2. The values X4
for d > 7 will be determined by this solution.

Focusing herewith on the first 7 equations, we consider the linear map with matrix M =
(a(d, z));;%ll and its action on the vectors in V5 = {0, 1}’%1. For v € Va, we consider the image
w=Mv € (Z/(q-7))". By an application of the pigeonhole principle, we see that as soon as

p—1
2log,(q)’

there are two different vectors vy, v € V5 with identical image, so letting v = v; — v, we obtain

2" > g T < (4.5)

an integer vector with entries in {—1,0, 1} and such that Mv = 0 mod q. We may thus choose

the value .
= [@}

and the previous reasoning implies there is a vector ¥ with entries in {-=1,0, 1} which annihilates
p_1
2 ,
modulo ¢ the first 7 equations in (4.4). This vector defines a group ring element § = > ;0" €
i=1
Z|G). Tt can be transformed into a positive element © € Z>o[G] as follows: We observe that

in 6, the coefficients v; = 0 for ¢ > %. We derive the element © = > n.o¢ as follows: Set all
ceP

; = 0 and then, forc=1,2,--- ,E let n; = v; if v; > 0 and n,—; = —v; otherwise. This
deﬁnes O uniquely, and by the above, we know that a(c40) = a(o40) = 0 for all d < 7. The

weight verifies w(0) = Z lvi| < 21.

4.1 The norm of (@)8 -1
D

e
We move on to compute the norm of (%) —1:

() = IO ) T e fn(- ) -1

ce
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where P; denotes the product of the factors with a(c,®) # 0 and P, denotes the one with
a(c,®) = 0. Let the number of factors appearing in P, be ¢(©), so by construction, 27 < ¢(0).
Then by (4.2), for each factor ¢, := ({“(C’@) . Fa-d(l__])@( — %) — 1) appearing in P, we have

1 1
a(c,®
€1 Fragpo( = ) =1 < |[Fouapo (= 7) — 1] +1
w(©) 3(p—1)
<3 +o<2(1+ : 4.6
q|x| ( 4q|| ) (49)

similarly, for each factor ¢. occurring in P>, we have

w(®) _ 31
dal = 2]

F,,d(l_j)@( . i) _ 1‘ <3 (4.7)

Let ¢ = cplog(p) for some ¢ > 1; we search for a minimal value for ¢, such that the existence
of a solution to (1.3) to which we apply © as derived here, leads to a contradiction. If p > 29,
then 3(’;—;1) < %, hence by (4.6)—(4.7), we obtain

‘N((%)G = 1)‘ = |P - Py < 3771710 (ﬁ)t(e).

Therefore
_ 0V — IN(5O)| . AN ‘ w(©) ap—1-1(0) (11O
N((p = 7)) = ING)| - [N((5) " = 1) | < 1ol © -3 (=) & @)
note that (p — p) is an associate of (¢ — ¢), hence
N((p—p)®) =p",
and (4.8) is equivalent to

1< (%)W(G) . gp—1-t(©) | (ﬁ)t(@).

Recall that we have the known result [y| > 2p + 1, £(©) > 27 and w(©) < 25*, hence

p—1 T
1< (%)W(@) . 3p—1-4(O) | (%')t(@) < (|%|) ? L gp—l-2r (|?1|)2 . (4.9)
Note that p_1 4
a_ ¥~ Zlpelp—1.
yt= oy <3kl

if p > 9, we obtain from (4.9)

p—1 p_1 2 _ -
1<(3) 7 (0) T el < R, (4.10)
p

which is impossible if

- ;ql)Q. (4.11)
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We see that if there is an integer 7 with upper bound given by (4.5) and lower bound given
by (4.11), then (4.9) leads to a contradiction, derived from the assumption that (1.3) has a
solution. In other words, provided that ¢ is sufficiently large for the interval
(p—1)log2 (»—1)?
A B N D
2log(q) 4q

to contain an integer, we may conclude that there are no solutions of (1.3) for such p,q, if

(4.12)

q 1 h,, . If the simple inequality
(p—1log(2) _ (p—1)*

+1 4.13
2105(0) i (419
holds, then the given interval necessarily contains an integer. Multiplying both sides by (pf—ql)z,
we get the equivalent inequality
log(4 4
qlog(4) q (4.14)

- Dlogl) ~ T -1

For ¢ < 2.7, we use log(q) < 1+ log(p) + loglog(p) and (pfql)z < d:fggp), SO

qlogd) _ _ clog(4)

— 1)1 1+loglog(p) ’
(p—1)loglg) = 14 Hpece)

hence the condition is fulfilled if

log(4) 4log(p)
c- e > 1. (4.15)
(1+ e P2 )

Thus, defining C(p) to be the inverse of the cofactor of ¢ and M'(p) = C(p)plog(p), we recover

the definitions in (1.4), in which C(p) is a function with asymptotic value lim C(p) = m <
p—r00

0.75. Note that for p = 29 we have M(p) < M’(p), while asymptotically we obviously have

M(p)
M’ (p)

functions only has one zero on z > 29. This is determined numerically to be = € (113,127),

— o0o0. With some elementary analysis, one also verifies that the difference of the two

which confirms the last statement of Proposition 1.3.

Finally, for 29 < p < 113, we need to check if there is any prime M (p) < ¢ < M'(p), such
that the pair (p, q) satisfies the previously derived conditions. Note that there always is a loss,
when deriving a general condition that excludes all pairs verifying it. For concrete numbers,
one may still show that no solution exists, by some concrete verification. We have done this
using PARI and the following three conditions:

(1) Existence of an integer 7 satisfying the condition of (4.12).

(2) Using the conditions on v in Proposition 2.2 and Proposition 2.3 that provide inequalities
between v and 4n + 3.

(3) Showing that the only possible values of ¢ in (2.10) (if » > &) and (2.13) (if v < )
belong to {0, £1}.

Indeed, the combination of the three criteria helped eliminate all remaining cases. It turns
out that (3) is the most powerful condition. We herewith know that the only possible cases
remaining verify * = 41 mod ¢2. In order to complete the proof of Theorem 1.2 we shall

eliminate these cases by using a local power series development method.
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4.2 Local approximation in the cases £ = £1 mod g2

In this section, we use local approximation for eliminating these two remaining cases.

Using local power series expansions, we prove the following proposition.

Proposition 4.1 The equation (1.3) has no solutions with x = f mod ¢+ for p > 23 and
fe{-1,1} and an integer 1 > 1.

The proof of the proposition covers the rest of this section. We give first a brief description
of our approach, which starts from the assumption that (z,y; p, ¢) is a solution with odd primes

p,q and = +1 mod ¢2.

4.2.1 The p-map

Let

D¢ = {t EZIG :t= chac with ne € {0,1}; ne+np—e <1; ne-np_c = O}. (4.16)
ceP
Note that the set D¢ is G-stable, since for t € D¢, the conjugates ot will also fulfill the
defining conditions of Dg¢.
Then, for t € Dg, the product Z(t) :==y - (%)t € Z[¢], as follows from the definition of D¢
together with the fact that the conjugates of p are pairwise coprime and have norm y. We note

that the map
A:Dg— OX(K), tw Z(t) (4.17)

is indeed injective. This follows, for instance, by induction on the weight of ¢, from the copri-
mality of the conjugates of p.
Moreover, in the cases of interest, when 2 = 41 mod ¢/*!, there is a convergent g-adic

binomial series

u(®) = (2) =14 a0, ant) € 2(¢ (418)
n=1
and
o(an(t)) = an(ot), Vo €G. (4.19)

Here we assume that the coefficients a, () are elements of the minimal set of representatives

wW={ %:P weCE —% <w. < %} for Z[¢]/¢'Z[¢]; thus, the binomial power series has been
reordered in order for the coefficients to match this condition. Thus, Z(t) = y - u(t) and the

coefficients of the power series are Galois covariant, by (4.19). Note also that u(t) ¢ Z[¢] and
herewith, the power series (4.18) has infinitely many nonvanishing coefficients.
We fix a 6 € D¢ such that 0,0 # 0,6 for a # b, so |GO] = p — 1. Let Q = ¢V for some large
N, such that
Q > lpyl’.
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The series (4.18) can be regrouped in terms of powers of @, with some coefficients b,,, = b,,,(0) €

Wg, where

o= { Su -t <u, < 21)

2
ceP
is a set of representatives for Z[¢]/QZ[(]:

1(6) = (%’)9 —1+ i baQ", b, € Wo. (4.20)
n=1

The coefficients are also Galois covariant, so b, (c6) = o (b, (0)). Moreover, ||b,|/1 < %

4.2.2 Scalar products and various representations of field elements

Let 0 = 04 € G be a generator of this cyclic group. We endow that number field K = Q[(]
with the basis Z = {e. = 0°(() : ¢ € P}, as a Q-vector space; this is at the same time the
power normal basis of the integers in Z[(] and a fortiori, integral numbers are represented by
vectors of rational integer coefficients with respect to this basis. We let V' = QP! and denote
the coefficient map of linear algebra by

p—1
k:K—=V, a= Zacac(g) —q = (a1,a2, -+ ,ap—1) € V.
c=1
It will also be convenient to introduce a notation for the vectors of conjugate elements of K, so
let
Ke = {(0°())cep € KP™1: 2 € K} C KPTE,
and let v : x — (0°(2)).cp be the associated embedding of K in K.
p—1

p—1
Let 2= > w.(%y= 3 y.L¢ € K. Then
i=1 i=1

p—1 p—1 p—1
Tr(z-y) = ﬂ(zzjyp—j +y > ﬂ:jyk) =p- Y @Yy — Tr(x) - Tr(y).
j=1 m=1 j+k=m mod p—1 j=1

We observe that the trace has a particularly simple form, if for instance Tr(y) = 0. Thus we

have the following lemma.

Lemma 4.1 Notations being like above, let x,y € K and assume that Tr(y) = 0. Then

Tr(z-7) =p- (5(2),£(y)),

where (-,-) is the standard scalar product on QP~. The right-hand side does not depend upon

simultaneous permutations of the coefficients, so the coefficient map may also be k.

We note that in the above trace we had to take the complex conjugate of y, in order to
obtain the standard scalar product on the right-hand side. At the same time, the left-hand side

becomes a non-degenerate Hermitian bilinear form.
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Let 0 be fixed like above and T = G0 be its orbit. We map the elements of 7 in the following
way: A D-vector 2 is a triple of maps
W.=T —Kg, W;=T—=V, W;=T =K,
v 1 Ke =K, k:K—=V, d=kov !:Kg—V, (4.21)
(Gz) = z — (k(x)),

such that the diagram commutes, as illustrated in the diagram below
T
Q%nfl YT
Ko 4 K —5 V
~_a

Thus the vector can be given by any of its three representations, and the other two follow.

We give some examples of D-vectors that we shall intensively use the following example.

Example 4.1 (a) The coefficients b, (t) in (4.20) give rise to a D-vector 20(b,,) presented
in K by the map Wy : ¢t € T + by (t). We denote the image (20(b,,)) =: b, € V.
(b) We present here the standard basis of V as a set of D-vectors

A={D({):i=1,2,---,p—1}, given by D(i); := o*(().
The standard basis of V arises also as

E={ei:ie Py = @) (T} CV.

K2

(¢c) Let £ € Z[C] be an indeterminate. It will be useful to impose the condition Tr(¢) = 0.
For this we define the D-vector Y induced by 2,(4) = U := (1,1,---,1). The scalar product
(U, k(£)) = Tr(¢) and thus Tr(¢) = 0 if and only if k(¢) L U.

For v € V we define the norm to be the 1-norm ||v|| = ||v]|; = malgc(|vc|) and for w € Kg
ce
we define ||w| = ||®(w)]]1.
4.2.3 Strategy of proof

The principle of our proof is the following: For the unknown ¢ we impose the conditions
¢ 1L U and ¢ L b; and define

0:=y-Tr(ud) - 0) cZ. (4.22)

The choice of ¢ should assure that 0 # 0. Since the complex absolute value |pu(o.0)] =1 for all
¢ € P, assuming that ||¢|| < L for some L € R+, we have the upper bound

Pl<(p-DylL<Q if L<Qx. (4.23)

It will suffice to let L < Q%, in order to reach a contradiction. For this, we use the following

principle.
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4.2.4 The Siegel box principle

This is a simple estimate for short nonvanishing solutions of homogeneous integer linear
systems. The question being related to the one of successive minima in lattices, it has been
known since Siegel’s original use — about one hundred years ago — numerous developments in
various heights and different number fields, the one of Bombieri and Vaaler [17] being the most
frequently used. Due to the rational scalar product introduced above, we shall be able to apply
here the original version of Siegel, which is related to the pigeonhole principle application we

used in (4.5). It claims the following lemma.

Lemma 4.2 Let A = (ai,j);’)’;zl be an integer matriz, with r < s and entries bounded by

B = ||A|l1. Then there is a solution X = (X1,Xo, -+, Xs) € Z°\ {0}, with norm
IX[l < (sB)=. (4.24)

Under the same condition, Bombieri and Vaaler also prove

s—r

HXng( det(AAT)) .

4.2.5 Finding ¢

Let A=7P1 cVand B={z €A : ||z]| < Q2}. In view of the result of Bugeaud, Hanrot
and Mignotte [5], we may assume that p > 29. If A is an r X (p — 1) matrix with |All; < Q,
and 7 < 8, then (4.24) implies that the system AX = 0 has at least one nontrivial solution in
A, with

1] < ((p - D@ < Q=
Here is how we use these degrees of freedom. First we impose the conditions X 1V, :=
[U,b1(0)]g. The coefficients are clearly dominated by @, so we let X; € B be a nontrivial
solution. With this we let V; = Vy @ QX1, and find a further solution X, € B*, which is in
addition perpendicular to X;. We may in this way find at least six vectors X; € B* which are
mutually orthogonal and all orthogonal to V5. We shall use these degrees of freedom in order
to find ¢ € B, such that 9 # 0 in (4.22).

We note the following substitution, which leaves the sum invariant. For v € A, we define
Ty(bn, bn+1) = (bn + QI/, bn+1 - V). (425)

The substitution replaces a pair of successive terms in the sequence of coefficients of the series, by
leaving the sum in (4.20) unchanged. This follows immediately by considering the contribution

of these terms:

Qn ' (bn + an+1) = Qn(bn + QV + Q(bn+1 - V))

In practice, v € &, the standard basis of V. Then, the modified coefficient T, (b,,) still verifies

|Ty(bn)|1 < %, while |Ty(bn+1)|1 < Q

The choice of v uses the following lemma.
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Lemma 4.3 Let £ ={ej:j=1,---,p— 1} be the standard basis of V = QP~! and let x =
(x1,22,- -+ ,xp_1) €V have trace T = p_z_:ll x;. Lett € Z\ {—7,0} and
Fit)=zx+t& ={x+te;:i=1,2,---,p—1} C V.
Then, span{ F'} = [Flgo of F has dimension dim(F) =p — 1.
Proof Since the p — 2 linearly independent vectors t(e; —e;) € F, i =2,3,--- ,p—1, it
follows that dim(F') > p — 2. Suppose that there is a vanishing linear combination pi:j Ai(x +

p—1 —
te;) = 0and let L := > \; be the “trace” of A\ := > \;e;. Unfolding the vanishing condition,
=1 icP*

we have
— —
tA\+Lx=0.
—

If L =0, then ¢t = 0, which was excluded, or K = 0, so the linear combination was trivial to
start with. If L # 0, we take traces again in the previous identity, and get L(t 4+ 7) = 0. Since
t # —7, we obtain a contradiction, showing that the dim(F) = p — 1 indeed.

Let Sp = B*N V3. We show that we may modify by by a substitution (4.25) in such a way,
that ba € Vy and there is at least one vector zg € Sy such that zg £ bs. In view of Lemma 4.3
and since dim(Sp) > 4, there is at least one translation of by by some base element v € QE,
which is not perpendicular to Sy. We assume thus that the condition is fulfilled, and use no
new notation for the possibly modified coefficients b, bs.

Let 7 = Tr(by) and t = 1 if 7 < 0 and ¢ = —1 otherwise. We define w; = by + te; and
SU) = SN wi. By Lemma 4.3, w; span{V'}, and it follows that

Q- ( Z S(j)) > QS,.
jep=
There is a set
0#J={jeP QNS¢ Qby NS}
A fortiori, there is a j € P* such that wj- NSy ¢ (bQL N Sp). For such j, we may choose w € Sy

with w L w; but w £ ba. We claim that ¢ = w satisfies our needs. Indeed, we have
(b, £) = (w;, £) —t(e;, £) = —tl; # 0.
Consequently,
2 = Q*(—ptyt; + 0(Q)).

But ||ptyf;] < ly|Q% < @Q, and since the choice of ; ascertains that ¢; # 0, it follows that
9 # 0 mod @Q* and a fortiori, @ # 0. But 0 = 0 mod Q? implies [d| > Q?, which contradicts the

upper bound (4.23). The contradiction confirms Proposition 4.1 and completes the proof.
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