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Residue Class Ring with Identical
Representation Function®

Shigiang CHEN!

Abstract For an integer m > 2, let Z/mZ be the set of all residue classes modm. For
S C Z/mZ and m € Z/mZ, Rs(m) is defined as the number of solutions to the equation
7 = 35+ s with an unordered pair (3,s') € S? and 5 # 5. In this paper, the author
determines the structures of sets A and B such that AU B = Z/mZ, AN B = kZ and
Ra(m) = Rp(m) for all m € Z/mZ, where k is an integer.
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1 Introduction

Let N be the set of all nonnegative integers. For a set X C N and an integer n € N, the
representation function R’y (n) is defined as the number of solutions of the equation n = = + 2’
with < 2’/ and x,2’ € X. The topic of representation functions has been studied for many
years. Sarkozy ever asked if there exist two integer sets A and B with infinite symmetric
difference and R/;(n) = R’z(n) for all sufficiently large integers n. In 2002, Dombi [3] proved
that the set of positive integers can be partitioned into two subsets C' and D such that R (n) =
R’5(n) for every positive integer n.

The intersection of sets C' and D constructed by Dombi is the empty set. In 2012, Yu and
Tang [13] considered the case that the intersection of sets being infinite arithmetic sequences,
and proposed the following conjecture.

Conjecture 1.1  (see [13, Conjecture 4]) Let m € N and R C {0,1,--- ,m — 1}. If
N=AUBand ANB={r+km:keN, re R}, then R;(n) = Rz(n) cannot hold for all
sufficiently large integers n.

In 2016, Chen and Lev [2] disproved Conjecture 1.1.

Theorem A (see [2, Theorem 1]) For any given positive integer ¢, there exist two subsets
A and B with AUB =N and ANB = {22 — 1+ (22*1 1)k : k € N} such that R',(n) = Rz(n)
for every positive integer n.

In 2021, Chen and Chen [1] proved the following result.

Theorem B (See [1, Theorem 1.1]) Let m > 2 and r > 0 be two integers and let A and B
be two sets with AUB =N and AN B = {r+mk : k € N} such that Ra(n) = Rp(n) for every
positive integer n. Then there exists an integer £ > 1 such that r = 22 — 1 and m = 22¢+1 — 1.
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The investigation of the partitions of N with the identical representation functions is a
popular topic and the related results can be found in [4-10].

For an integer m > 2, let Z/mZ = {0,1,--- ,m — 1} be the set of all residue classes mod m,
where T is denoted as the residue class # (mod m). For two different residue classes @ and b,
there exist integers 0 < a’,b’ < m — 1 such that o =aand V¥ = I_), and we define the ordering
a<bifa <V. For a given set S C Z/mZ and i € Z/mZ, the representation function Rg(7)
is defined as the number of solutions to the equation @ = 5+ s/ with 5 < s/ and 5, s’ € S. For
acZ/mZand X CZ/mZ, definea+ X ={a+z:7c X}.

In 2012, Yang and Chen [11] studied the analogue of Sarkdzy’s problem in Z/mZ. They
determined all subsets A C Z/mZ such that R (7) = R(z/mzy\a(7) for all m € Z/mZ.

Theorem C (see [11, Theorem 1]) The equality Ra(n) = Rz/mz)\a() holds for all
n € Z/mZ if and only if m is even and (Z/mZ)\ A=A+ 2.

In this paper, we determine the structures of sets A and B such that AU B = Z/mZ,
ANB=kZ and Ra(R) = Rp(n) for all m € Z/mZ, where k is an integer.

If m | k, then AN B = {0} and m is odd from Lemma 2.1. By the proof of [12, Theorem

3.3], we can determine the structures of sets A and B such that AU B = Z/mZ, AN B = {0}
and Ra(m) = Rp(n) for all m € Z/mZ. Hence, it remains to consider the case of m 1 k.

Theorem 1.1 Let k be an integer and m be a positive integer with m tk. Let A and B be
two sets with AU B = Z/mZ, AN B = kZ. Then Ra(R) = Rp(n) for all @ € Z/mZ if and
only if m is even, 2 | (W’L”—k) and B = A+ 3.

Remark 1.1 Let m > 2 and k be two integers such that m { k and 2 | gy Then sets A
and B satisfy AUB = Z/mZ, ANB =kZ and B= A+ % ifand only if A= CU (D +2) UKZ
and B=DU (C+ Z) UkZ, where CUD = [0, — 1] \ kZ and C N D = 0.

Corollary 1.1 Let k and r be two integers and m be a positive integer with m t k. Let
A and B be two sets with AU B = Z/mZ, ANB =T+ kZ. Then Ra(n) = Rp(n) for all
n € Z/mZ if and only if m is even, 2 | (7r71n—7€) and B=A+ 2.

Proof For sets A, B C Z/mZ, if Ra(n) = Rp(n) for all m € Z/mZ, then for any integer r,
we have Ra47() = Rp1+(7m) for all @ € Z/mZ. Therefore, Theorem 1.1 implies Corollary 1.1.

Throughout this paper, the characteristic function of the set A C Z/mZ is denoted by

) 0, t¢A,
t =
a 1, teA

For any sets A, B C Z/mZ, Ra () is defined as the number of solutions to the equation
G+b=nwithae Aandbe B.

Our paper will be organized as follows: In Section 2, we give some auxiliary lemmas. In
Section 3, we give the proof of Theorem 1.1. In Section 4, we give a concrete example.

2 Lemmas

Lemma 2.1 Let m,t be positive integers. Let A and B be two sets such that AUB = Z/mZ,
|AN B| =t and Ra(n) = Rp(n) for all @ € Z/mZ, then 2 | m+t and |A| = |B| = 2.
Proof Since Ra(m) = Rp(n) for all @ € Z/mZ, it follows that

('Jj'): S Rem= Y RAm):(";").

neL/mZ neEL/mL
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This implies that |A| = |B|. Since
|A|+|B| =|AUB|+|ANB| =m+t,

it follows from |A| = | B] that

m+t
2lm+t, |Al=|B|= —
This completes the proof of Lemma 2.1.
Lemma 2.2 Let m be a positive integer and let A be a set with A C Z/mZ. Then

Remapa@® = 3 1+ 3 1= a1+ xa(5) +xa(“50) + Ra(m)

0<i<y n+1§1‘<"+Tm

for allm € Z/mZ.
Proof For each residue class m € Z/mZ, without loss of generality, we may assume that
0<n<m-—1. Then
Rz/mzypa(m)
=|{(a,d") :@,a’ € (Z/mZ)\ A, 0<a<d <m-1,a+d =nora+ad =n+m}|

= > (=xal@)A=xan=i)+ Y (1=xal@)(1~xaln+m—1i)

O0si<y n1<i< i
= > 1= > xali +XA(2)+ Z Xali)xan—i)+ > 1
0<i< % 0<i<n 0<i< % n+1§i<"+Tm
. n+m . .
- Z xaA(i) +XA( 5 ) + Z xa(i)xa(n+m—1)
n+1<i<m-—1 n+1<i<m
n-—+m _
Z L+ ) 1—|A|+XA(2)+><A( 5 )+RA(n).
0<i<z nt1<i<ibm

This completes the proof of Lemma 2.2.

Lemma 2.3 Let m > 2, k and d be three integers such that 2 | m and d = (k ok Let A, B
be two sets with AU B = (Z/mZ), AN B = kZ. If Ra(R) = Rp(n) for all® € (Z/mZ), then

El:ZXA(n_(k,m)i), (k,m){n, 2{n,

%l—1+XA(2)+XA(n+m) ZXAn_km) (k,m)fn, 2|n.

Proof By Lemma 2.2, we have

Rizjmapa(W) = @ —|A| + Ra(@), if nis odd, (2.1)

— n+m _ . .
Rz/mzp\a(T) = 5 —1—|4] +XA(2) + XA( 5 ) + Ra(m), if nis even. (2.2)

For any integer a, there exists an integer i € [0,d — 1] such that

ka = (k,m)i (mod m).
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It follows that B
kZ C {(k,m)i:i=0,1,---,d—1}.

On the other hand, for any integer a € [0,d — 1], there exists an integer ¢ such that
(k,m)a = ki (mod m).

It follows that

kZ 2 {(k,m)i:i=0,1,---,d—1}.

Therefore _
kZ ={(k,m)i:i=0,1,---,d —1}.

Noting that

B=((z/mz)\ A)U{(k,m)i:i=0,1,---,d— 1},
(Z/mz)\ A)n{(k,m)i:i=0,1,---,d—1} =0,

we have

Rp(M) = Rz mzpa(@) + Ry o a (Gmyiizo.n,d—13 ) + Biammyiizo, a—1y (@)
d-1

- R(Z/mZ)\A + Z 1- XA(n - (k m) )) + R{(k m)i:i=0,1,- d—l}(ﬁ) (23)
i=0

for all n € Z/mZ, which implies that

d—1

Rp(7) = Rzymzya@) + > (1= xa(n— (k,;m)i)), if (k,m)fn, (2.4)
=0

RB (ﬁ) = R(Z/mZ)\A(ﬁ) + R{m:izo,l,m,d—l}(ﬁ)’ if (k, m) | n. (2'5)

For (k,m) 1 n,let n = (k,m)t+r,1 <r < (k,m)—1. If n is odd, then by (2.1) and (2.4), we
have

d—1
RB(ﬁ):——|A|+RA )+ > (1= xa(n — (k,m)i)). (2.6)
1=0

Hence, by Lemma 2.1, we have

U
—

g: > xaln = (k;m)i). (km)fn, 24n. (2.7)

-
Il
=]

If n is even, then by (2.2) and (2.4), we have

Rp(m) = % —1—1|4| + Ra(m) +XA(
d—

+ ) (1= xan — (k,m)i)). (2.8)

=0

2)4_ (n+m>
) TXAT

—

Hence, by Lemma 2.1, we have

-t o

d—1
2 Qm) :ZXA(H—(k,m)i), (k,m)tn, 2| n.
1=0

This completes the proof of Lemma 2.3.
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3 Proof of Theorem 1.1

It is clear that if m is even and B = A + %, then Ra(n) = Rp(n) for all m € Z/mZ.
Suppose that Ra(m) = Rp(n) for all m € Z/mZ. Let d = Ty 1 m s odd, then for any ¢
with (k,m) tt, we have (k,m) { 2t. Then by Lemma 2.1, Lemma 2.2 and (2.4) with n = 2t, we
have

d—+XA ZXA (2t — (k, m)i). (3.1)

Since m t k, it follows that d > 1. So there exist different integers i1,i2 € [0,d — 1] such that
XA (2t — (k,m)i1) + xa(2t — (k,m)iz) = 1. (3.2)

Noting that (k,m) 12t — (k,m)i; and (k,m) {2t — (k,m)iz, it follows from (3.1) that

d—1 d—1

d_; 1 + XA(2t — (k7m)zl) = ZXA(4t — Z(k,m)il - (k,m)z) = ZXA(4t - (kvm)l)v
=0 1=0

d—1 d—1 d—1

—5 T xalt = (km)iz) = D xaldt —2(k,m)iz — (k,m)i) = > xa(4t — (k,m)i),
=0 1=0

which implies that
xa(2t — (k,m)ir) = xa(2t — (k,m)iz).

This is a contradiction with (3.2). Hence, m is even and 2 | d from Lemma 2.1.

To prove B = A+%, it suffices to prove that x4 (t)+xa(t+%) = 1 for any t € Z/mZ, (k,m) {
t.

Case 1 k is odd. For any r € [1, (k,m) — 1], taking n = (k,m)(r + 1) 4+ r, then n is odd,
by Lemma 2.3, we have

T
L

d d—1
5= 2_xa(n—(k,m)i) = > xalr = (k,m)i). (3.3)
=0

%

Il
=]

For any t € Z/mZ, (k,m)1{t,let 2t = (k,m)s+7r, 1 <r < (k,m)— 1. Then by Lemma 2.3, we
have

d—1
g—1+xA()+xA(t+ ) Zx,wt—km)) > xalr — (k,m)i).
=0

By (3.3), we have
m
xa(t) +xa (t + 3) =1.

Case 2 k is even. For any odd n, (]“—27”)1%, then (k,m){n and (k,m){ 2n, by Lemma 2.3,
we have

d—1
= ZXA(TL— (k,m)i) (3.4)
1=0
and
g—l—FXA()-FXA(n"' ) ZXA%— (k, m)i). (3.5)
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Noting that (kém)'fn, we have (k’Qm)Tn + j(k,m), it follows that (k,m) 1 2n + 2j(k,m) for any

j € [O, % — 1], by Lemma 2.3, we have

d—1
g — 1+ xa(n+j(k,m)) +XA(n+j(k,m) + %) = ZXA(QTH— 2j(k,m) — (k,m)i).
=0

It follows that
41

(4= 1 xalnt g0 m) + xa (i) + 2))

j=0
4-1g-1
= xa(2n + 25(k,m) — (k,m)i),
j=0 i=0
that is
g-1 d d—1 4-14-1
(——1)+ZXA(n—](k,m)): xa(2n — (k,m)i),
7=0 7=0 7=0 i=0
from (3.4),
g =l
5= xa(2n — (k,m)i),
1=0

which implies from (3.5) that
m
xam) +xa(n+ %) =1. (3.6)

For any integer ¢ > 0 and odd n, (k’Qm)'fn, we define a;,, = 2'n. Next we will use induction on

t to prove the following conclusion: For any integer ¢ > 0 and odd n, (k—Qm)f n, we have

m
XA(@tn) + x4 (at,n + 5) =1. (3.7)

The result is true for ¢ = 0 from (3.6). Assume that the result is true for all positive integers
less than ¢, we will prove that the result is true for integer ¢. Since at, and a1, are even,
(k,m) 1 ais1,, and (k,m) t azq1 p, it follows from Lemma 2.3 that

d—1
d .
5~ 1+ Xa(a1n) +xa(ain + 5 ) = ;XA(at,n — (k,m)i) (3.8)
and
d m d—1
5 1+ xa(atn) + xa (at,n + 3) = ;XA(CLH.Ln — (k,m)i). (3.9)

By induction hypothesis and (3.8), we have

QU

g = Y xA(agn — (k,m)i). (3.10)

Il
o

i

Noting that (k,m) { ai41.n, by Lemma 2.3, we have

d—1

d . . m . .

5 1+ xalagn +j(k,m)) + xa (at,n +j(k,m) + 5) = ZXA(ath +2j(k,m) — (k,m)i).
i=0
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It follows that

-1
(5~ 1t xalown+ sk m) + xa (a0 + (K m) + )

vl

j=0
4—14-1
= XA(at+l,n - (ka m)z),
=0 i=0
that is
41 y d—1 §-1d—1
S (5 1)+ X xalon — k) = 32 3" Xalarrn — (5, m)i),
i =0 §=0 i=0
from (3.10),
g =l
5 = XA(at+l,n - (ka m)z),
i=0

which implies from (3.9) that

m
XA(at,n) + XA (atm + 5) =1

For any h € Z/mZ, (kém)fh, there exist integer t > 0 and odd n such that h = 2'n. Noting that
(k’—Qm)Th, we have (k—Qm)Tn It follows from (3.7) that

XA(h)‘f'XA(h'i‘%) =1 (3.11)

For any h € Z/mZ, (k’Qm) |h, we have (k,m)|2h. By (2.2) and (2.5), we have

XA(h)—I—XA(h—i- %) =1, if (k,m)th (3.12)

Hence, by (3.11)-(3.12), we have

xa(h) + xa (b + %) =1

for any h € Z/mZ, (k,m) 1 h.
This completes the proof of Theorem 1.1.

4 Example

Based on Theorem 1.1 and Remark 1.1, we provide the following concrete example.
Let m = 8 and k = 2. Then all sets A and B that satisfy AU B = Z/8Z, AN B = 2Z and
RA(m) = Rp(n) for all m € Z/8Z are as follows:

A={1,3}u{0,2,4,6}, B=1{5Tu{0,2,4,6},
RA(0) = Rp(0) =1, Ra(1)=Rp(1)=2, Ra(2)=Rp(2)=2, Ra(3)=Rp(3)=2,
Ra(4)=Rp(4) =2, Ra(5)=Rp(5)=2, Ra(6)=Rp(6)=2, Ra(7)=Rp(T)=2.
A={1,71u{0,2,4,6}, B=1{3,5}u{0,2,4,6},
R4(0) = Rp(0) =2, Ra(l)=Rp(1)=2, Ra(2)=Rp(2) =2, Ra(3)=Rp(3)=2,
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Ra(4) = Rp(4) =1, Ra(5)=Rp(5) =2, Ra(6)=Rp(6)=2, Ra(7)=Rp(7)=2
A={35}U{0,2,4,6}, B={71}U{0,2,4,6},
RA(0) = Rp(0) =2, Ra(1)=Rp(1) =2, Ra(2)=Rp(2)=2 Ri(3)=Rs@) =2
Ra(4) = Rp(4) =1, Ra(5)=Rp(5) =2, Ra(6)=Rp(6) =2, Ra(7)=Rp(7)=2.
A=1{5"TU{0,2,4,6}, B=1{1,3}U{0,2,4,6},
RA(0)=Rp(0) =1, Ra(T)=Rp(I)=2, Ra(®)=Rp@) =2 Ra(3)=Rs(3) =2,
Ra(4) = Rp(4) =2, Ra(5)=Rp(5) =2, Ra(6)=Rp(6)=2, Ra(7)=Rp(7)=2.
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