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An LP-Imprimitivity Theorem for the Group of Integers*

Zhen WANG! Sen ZHU?

Abstract In this paper, the authors obtain an L”-version of Green’s Imprimitivity Theo-
rem for the group Z of integers. More precisely, for X = Z/nZ and the action « of Z on X
by translation, it is proved that the full LP-operator crossed product F?(Z, X, a) is isomet-
rically isomorphic to the spatial LP-operator tensor product of M? and the reduced group
LP-operator algebra F}(Z). This solves the LP-imprimitivity problem raised by Phillips
for the group of integers. They also prove that FP(Z, X, «) is isometrically isomorphic to
C(S', ME) precisely when p = 2, where S' denotes the unit circle in the complex plane C.
Moreover, they determine the K-theory groups of F?(Z, X, «).
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1 Introduction

Green’s Imprimitivity Theorem (see [14]) is an important result concerning crossed products
of C*-algebras, which says that Co(G/H) »y; G is isomorphic to C*(H) ® K(L*(G/H, pe/u)),
where H is a closed subgroup of a locally compact group G. The result determines which
representations of a locally compact group G are induced from its closed subgroups. When
H = {e} is the trivial subgroup of G, Green’s Imprimitivity Theorem turns out to be the
Stone-von Neumann Theorem, which is useful in proving the Takai Duality Theorem (see [32,
Lemma 7.5]).

The aim of this paper is to consider the Green type imprimitivity for LP-operator crossed
products. To proceed, we give a brief introduction to LP-operator algebras.

Given p € [1,00), a Banach algebra A is called an LP-operator algebra if it is isometrically
isomorphic to a norm closed subalgebra of the algebra of all bounded operators on some LP-
space. The study concerning LP-operator algebras dates back to Herz’s influential works [16-18]
on harmonic analysis of group algebras on LP-spaces in the 1970s. People’s revived interest in

LP-operator algebras is chiefly inspired by the works of Phillips [21-24], which provided new
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ideas, examples and techniques from operator algebras. This leads to progress on some long
standing questions. For example, it was shown in [10] that the class of LP-operator algebras
(p # 2) is not closed under quotients, answering an old open question asked by Le Merdy [19].

Recently there has been growing interest in LP-operator algebras. People introduce LP-
analogs of classical operator algebras on Hilbert spaces and study whether one can establish LP-
analogues of important results from the theory of C*-algebras. Along this line, group algebras
(see [8, 13]), crossed products (see [11, 15, 31]), groupoid algebras (see [3, 7]), AF algebras (see
[6, 28]), graph algebras (see [4]) and the IP-Toeplitz algebra (see [29]) were studied. Also, some
recent works [1, 9, 12] showed that there is a rich general theory waiting to be discovered. The
reader is referred to [5] for more historical comments and recent developments in LP-operator
algebras.

LP-operator crossed products were introduced by Phillips [24] as analogues of C*-crossed
products in the setting of LP-operator algebras. So it is natural to ask whether one can establish
Green’s Imprimitivity Theorem for LP-operator crossed products.

We consider the crossed product of C(Z/nZ) by the group Z of integers as a special case of
Green’s Imprimitivity Theorem. Let X = Z/nZ and « be the action of Z on X by translation. It
follows immediately from Green’s Imprimitivity Theorem that C(X) %, Z = C(S', M,,), where
2 denotes isometric isomorphism and S' denotes the unit circle in the complex plane C. The
reader is referred to Phillips’ book [27, Example 10.11] for another direct proof. Furthermore,
Phillips raised the following LP-imprimitivity problem.

Problem 1.1 (see [25, Problem 8.4]) Let X = Z/nZ and « be the action of Z on X by
translation, where n is a positive integer. Identify FP(Z,X,«) and determine whether it is

isometrically isomorphic to C(S*, MP).

Here F?(Z, X, «) is the full LP-operator crossed product of C'(X) by Z and MP? denotes the
algebra of bounded linear operators on I({1,2,--- ,n}).

In this paper we solve Phillips’ problem by proving a Green type imprimitivity theorem
for the LP-operator crossed product of C(Z/nZ) by Z. The main result of this paper is the

following theorem.

Theorem 1.1 Let X = Z/nZ and « be the action of Z on X by translation, where n is a
positive integer. Then

(i) FP(Z, X, @) is isometrically isomorphic to M? ®, FY(Z) for p € [1,00);

(ii) FP(Z, X, ) is isometrically isomorphic to C(S', MP) precisely when p = 2.

Here ®,, is the spatial LP-operator tensor product of LP-operator algebras.

Remark 1.1 (i) Theorem 1.1(i) can be viewed as an LP-version of Green’s Imprimitivity

Theorem for the group Z of integers. Given a locally compact group G and a closed subgroup
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H, it is natural to ask whether or not
FP(G,Co(G/H),1t) = FP(H) @, K(LP(G/H, /1)) (1.1)

for p € [1,00). Gardella and Thiel [8, Theorem 4.3] proved that (1.1) holds when G is a discrete
group and H = {e} is the trivial subgroup of G. We do not know whether (1.1) holds in the
general case.

(ii) For p € [1,00)\{2}, we remark that F?(Z, X, «) can be identified with a dense proper
subalgebra of C(S!, MP). In fact, by [8, Proposition 3.13, Corollary 3.20], the Gelfand transform
I'yp: FY(Z) — C(S') is injective with dense range and not surjective. Then idy» @ I'p: ME @,

FP(Z) — MP ®, C(S') is injective with dense range and not surjective.

It is fundamental to compute the K-theory groups of an LP-operator crossed product and
determine whether they are independent of p (see [25, Problem 11.2]). By [30, Corollary 3.2],
we have K;(FY(Z)) = K;(C(S')) = Z for i = 1,2. Hence the following corollary follows

immediately from Theorem 1.1(i).

Corollary 1.1  Let X = Z/nZ and « be the action of Z on X by translation. Then
K;(FP(Z,X,a)) 2 Z fori=1,2.

The preceding result shows that the K-theory groups of F?(Z, X, «) are independent of the

choice of p.

2 Proof of Theorem 1.1

Before giving the proof of Theorem 1.1, we first introduce some notations and terminology

concerning LP-operator crossed products.

2.1 Preliminaries

An isometric representation m: A — B(LP(X, p)) is said to be o-finite if p is o-finite.

Throughout the following, discrete groups will always be implicitly endowed with the count-
ing measure.

An LP-operator algebra dynamical system is a triple (G, A, ) consisting of a locally com-
pact group G, an LP-operator algebra A and a continuous homomorphism «a: G — Aut(A),
where Aut(A) is the group of isometric automorphisms of A. A contractive covariant represen-
tation of (G, A, «) on an LP-space E is a pair (7, v) consisting of a nondegenerate contractive
homomorphism 7: A — B(E) and an isometric group representation v: G — B(E), satisfying
the covariance condition

ve(a)vg—1 = w(a(a))

for all t € G and a € A. A covariant representation (m,v) of (G, A4, «) is said to be o-finite if ©

is o-finite.
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Let G be a discrete group. Denote by C.(G, A, «) the vector space of compactly supported
continuous functions from G to A, made into an algebra over C with product given by twisted

convolution, that is,

(fxg)(t) = f(s)as(g(s™'t))

seG
for all f,g € C.(G,A,a) and t € G. The integrated form of (w,v) is the nondegenerate
contractive homomorphism 7 x v: C.(G, A, ) = B(E) given by

(w3 0)(£)(E) =D _m(f(B))ve(€)

teG
for all f € C.(G,A,«) and for all £ € E.
Denote by Rep, (G, A, «) the class of all nondegenerate o-finite contractive covariant rep-
resentations of (G, A, «) on LP-spaces. The full LP-operator crossed product FP(G, A, «) is
defined as the completion of C.(G, 4, «) in the norm

[fllFec.a.0) 3= sup{[[(m x 0)(F)I: (m,v) € Rep, (G, A, a)}.

Let (G, A, a) be an LP-operator algebra dynamical system. Given a nondegenerate o-finite
contractive representation mo: A — B(Ey) on an LP-space Fj, its associated regular covariant

representation is the pair (7, A\F°) on IP(G) @, Ey = I*(G, Ey) given by

m(a)()(s) := mo (evs-1(a)) (£(s))

and

A (8)(€)(t) = &(s™ M)
for all a € A, £ € IP(G, Ep) and s,t € G. We denote by RegRep, (G, A, a) the class consisting
of nondegenerate o-finite contractive regular covariant representations of (G, A, «), which is
clearly a subclass of Rep, (G, A, ). The reduced LP-operator crossed product FY(G, A, a) is
defined as the completion of C.(G, A, «) in the norm

[f1lFp(c,a,0) = sup{ll(m >3 o) ()| (7, v) € RegRep, (G, A, a)}.

By [26, Theorem 7.1], if G is amenable, then the identity map on C.(G, A, o) can be extended
to an isometric isomorphism from F?(G, A, ) onto F} (G, A, «). If A = C, then it is easy to see
that F?(G, A, id) is the full group L operator algebra FP(G) and F} (G, A,id) is the reduced
group LP operator algebra F}(G), where id is the trivial action of G on C. If A = C(X) for
some compact Hausdorff space X, we simply write FP(G, X, a) for FP(G,C(X), ) and write
FY(G, X, a) for FY(G,C(X), ).

2.2 Proof of Theorem 1.1(i)

We first make some preparation on isometric representations of reduced LP-operator crossed

products.
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Given a C*-algebra A and a discrete group G, it is well known that the reduced crossed
product A X, , G does not depend on the choice of faithful representation of A, since the
C*-norm on M, (A) is unique (see [2, Proposition 8.4]). For LP-operator algebras with unique

LP-operator matrix norms (see [28, Definition 4.1]), the following analogous result holds.

Lemma 2.1 (see [31]) Let (G, A, a) be an LP-operator algebra dynamical system, where G
18 a countable discrete group and A is a separable LP-operator algebra with unique LP-operator
matriz norms. Let mo: A — B(FEyp) be a nondegenerate o-finite isomelric representation of A
on an LP-space Ey, and (m, /\50) be its associated regular covariant representation. Then the

integrated form m X )\50 is an isometric representation of Fy (G, A, ).

Here we recall some basic facts on spatial LP-operator tensor product of LP-operator alge-
bras. The reader is referred to [24] for the details of spatial LP operator tensor products. Note
that MP = B(IP({1,2,--- ,n})) and F}(Z) C B(IP(Z)). We denote by MF ®, F¥(Z) the Banach
subalgebra of B(IP({1,2,---,n}) ®,IP(Z)) generated by all T ® a for T € MP and a € F}(Z)
(see [24, Example 1.15]).

Let p denote the normalized arc-length measure on S'. Then the map sending f € C(S!) to
its multiplication operator M on LP(S1, 11) is an isometric representation of C'(S') on LP(S!, p).
So we can construct the spatial LP-operator tensor product M? ®, C (S') as above. In fact, the
norm on M? ®, C(S') is independent of the choice of isometric representation of C'(S!) (see
[28, Proposition 4.6]). Moreover, M? ®,, C(S*) is isometrically isomorphic to C(S*, MP).

Lemma 2.2 Let id be the trivial action of Z on MP. Then
FP(Z,MP,id) = FY(Z, M?,id) = M} @, FY(Z),
where = denotes isometric isomorphism.

Proof Since the integer group Z is amenable, FP(Z, M?,id) is isometrically isomorphic to
FY(Z, ME,id) (see [26, Theorem 7.1]). Let Ey = [?({1,2,---,n}). We consider the canonical
isometric representation mg: MP — B(Ey) and its associated regular covariant representation
(m, AEo)yon 17({1,2,- -+ ,n})®,IP(Z). By Lemma 2.1, the integrated form 7 x A2 is an isometric
representation of F}(Z, MP,id) on (P({1,2,--- ,n}) ®, [?(Z). Obviously, ME ®, FY(Z) can be
isometrically represented on I({1,2,--- ,n}) ®, I?(Z). Since the action of Z on MP is trivial,
it follows that FY (Z, MP,id) is isometrically isomorphic to MP? @, FY (Z).

Proof of Theorem 1.1(i) By Lemma 2.2, it suffices to prove that F?(Z, X, «) is isomet-
rically isomorphic to FP(Z, M?,id). We will prove (i) by exploiting the universal property of
full LP-operator crossed products. The proof is divided into three steps.

Step 1 The construction of an isometric isomorphism ®: FP(Z, X, o) — FP(Z, ME,id).

Let {8;}icz be the canonical basis of [1(Z). For each T' € MP and i € Z, we denote by T'®4;
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the function from Z to MP given by

resG) ={y 157
Then T ® 6; € Co(Z, MP,id) C FP(Z, M?,id).

Let {ejr}i<jk<n be the standard matrix units of MF. We identify X = Z/nZ with
{1,2,---,n} by taking the residue modn plus 1. For m € Z and k,r € {1,2,--- ,n}, re-
call that am(xgry) = X{r} Whenever m + k —r € nZ. Here x4 denotes the characteristic
function of {k}.

We define a homomorphism ¢: C(X) — FP(Z, MZ?,id) by

@(X{k}) =epr®d, 1<k<n.

We define v € C.(Z, M?,id) as

0 O 0 0 o
6 O 0 0 O
0 do 0 0 0
v= :
0 0 b 0 0
0 0 0 60 O
It is clear that
0 6 O 0 0
0 0 do 0 0
vl = : : L
0 0 0 - - 86 0
0 0 0 - - 0 &
5, 0 0 -+ - 0 0
Obviously, v and v~! are isometric operators on IP({1,2,--- ,n}) ®, IP(Z).

For each m € Z, we define v(m) = v™. Then an easy computation shows that

olam(f)) = v(m)e(flv(—m), YfeCX), meLZ.

Let Ix be the unit of C(X). For each m € Z, we define a map w,, from Z to C(X) by
N IXa j =1m,
wn) = {5 A5
We also write wy, = Ix0,. Clearly, w, € C.(Z,C(X),a) C FP(Z,X,«). By the univer-

sal property of FP(Z,X,a) (see [24, Theorem 3.6]), there is a contractive homomorphism
: FP(Z,X,a) — FP(Z, MP,id) such that ®|c(x) = ¢ and ®(wy,) = v™.
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Step 2 The verification of the density of the range of ®.

Let 1 be the unit of M? and denote by ran® the range of ®. To prove ran® is dense,
it suffices to show ran® contains 1 ® 01, 1 ® 0—; and ej, ® dp for all 1 < j,k < m. Since
D(w,) =v" =1®46 and ®(w_,) = v " =1® 6_1, it follows that 1 ® 61,1 ® d_; € rand.
Therefore both

€jt+1,5 ® 60 = (€j41,541 ® do)v(ej ; © do)
and

€ji+1 ® 00 = (€5, ® 50)1)_1(6’j+1,j+1 ® dp)

belong to ran® for 1 < j <n — 1. It follows readily that e;; ® dp € ran® for all 1 < j,k < n.

Step 3 The verification of the isometry property of .

We will construct a contractive homomorphism W: FP(Z, M? id) — F?(Z, X, «) such that
W o @ is the identity map on FP(Z, X, «). Clearly, this implies that ® is isometric.

Let 1 be the inclusion map of C'(X) into FP(Z, X, «). For each j € {1,2,--- ,n}, we define
[ = Yo(xyy). For 1 <4,k <n, we define

Fik = FiiWi—k k-

Claim 1 {fji}1<jk<n is a system of matrix units in F?(Z, X, o).
For k,j,s,t € {1,2,--- ,n}, if k # s, then

fikfst = fi 50—k fropfssWs—t frp = 0;

if kK = s, then

fikfse = Fijwi—n fepWi—t fot

= [i3fiiWi—kWk—t fre = [ jwi—tfre.

It is easy to check that > f;; = Ixdo, which is the unit of FP(Z, X, «). Hence {fjr}ti<jr<n
j=1

is a system of matrix units. This proves Claim 1.
Claim 2 Both w, and w_,, commute with f;; for 1 < j,k <n.

An easy computation shows that

Wn fj k= Wn [, jWj—k fr. 0 = Wn [ jW—nWnWj—k fr,k

= [ jWi—kWn frk = fiiWj—k fr s Wn = fjrWn.

Similarly, we have w_, fj r = fjrw—pn. This proves Claim 2.
Clearly, by Claim 2, we can construct a homomorphism ¥: C.(Z, MZ,id) — FP(Z, X, )
satisfying
V(1®6)=w,, VYARJI_1)=w_pn, PUlejr®)=rFik
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for 1 < j,k < n. Since wy, and w_,, commute with f;’s, it follows that
V(1 ®@6)V(ejr ®00)V(1®6_;) = V(ejr @ o)

for all i € Z. By the universal property of FP(Z, MP id) (see [24, Theorem 3.6]), ¥ can be
extended to a contractive homomorphism from F?(Z, M?,id) to FP(Z, X, «), still denoted by
v,

Now we shall show that ¥ o ®@ is the identity map on FP(Z,X,«). It is easy to see that
(T o ®@)(f) =vo(f) for all f € C(X). Since w,, = (w1)™ for all m € Z, it remains to show
(T o®)(wy) = ws.

Observe that

n—1
O(wy) = ®(Ix01) =v = (18 0)(e1n ® )+ Y _ €j1,; ® do.
j=1
By the definition of f;’s, one can see fj11,j4+1 = wifjjw—1 for 1 < j<n-—-1and fi1 =
W_(n—1)fnnWn—1. Hence

n—1

(\If o @)(wl) e \IJ(U) = wnfl,n + Z fj_,_l)j
j=1

n—1

= Wp f11W_(n-1) fr,n + Z fitr+1w1fs;
J=1
n—1

= wlfn,n + Z wlfj,j = wi.

j=1
Hence Wo® is the identity map on FP(Z, X, «). Since ® and ¥ are contractive homomorphisms,
it follows that ® is an isometric isomorphism from FP(Z, X, ) onto FP(Z, MP,id).

2.3 Proof of Theorem 1.1(ii)
We first make some preparations.

Definition 2.1 (see [20]) Let A be a unital Banach algebra in which ||1]| = 1. The nu-
merical range W(a) of an element a in A is the set of all numbers w(a) € C with w being a

continuous linear functional on A with |w| = w(1) = 1.

Definition 2.2 (see [28]) Let A be a unital Banach algebra in which ||1|| = 1. An element
a € A is said to be hermitian if W(a) C R.

Definition 2.3 (see [3]) Letp € [1,00) and A be a unital LP-operator algebra. Denote by
Ay, the set of hermitian elements in A. We call the algebra core(A) := Ay +1A4), the C*-core of
A.

By [3, Theorem 2.9], the C*-core of A is the largest unital C*-subalgebra of A, and it is
commutative when p € [1,00) \ {2}. By [3, Proposition 2.13], if ¢: A — B is an isometric
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isomorphism between two LP-operator algebras A and B, then ¢: core(A) — core(B) is a
*-isomorphism.

We conclude this paper by giving the proof of Theorem 1.1(ii).

Proof of Theorem 1.1(ii) If p =2, then it is clear that M? @, F¥(Z) = M? ®, C(S*).

Now we assume p € [l,00) \ {2}. Since Z is amenable, by [3, Corollary 2.20], it fol-
lows that core(FP(Z,X,a)) = core(FY(Z,X,a)) = C(X). By [3, Example 2.11], we have
core(C(S*, MP)) = C(S',C(X)). Since it is clear that C(X) is not isomorphic to C(St, C(X)),
we conclude that FP(Z, X, «) is not isometrically isomorphic to C'(S*, MP). This completes the

proof.
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