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Abstract Based on both the fundamental theorem of affine geometry in regular L°-
modules and the recent progress in random convex analysis, this paper characterizes the
stable and fully order preserving and order reversing operators acting on the class of proper
lower semicontinuous L°-convex functions in complete random normed modules.
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1 Introduction and Main Results

In 2009, Artstein-Avidan and Milman [1] established the characterizations of the fully order
preserving and the fully order reversing operators acting on the class of lower semicontinuous
convex functions defined on the n-dimensional Euclidean space R™. In 2015, Iusem, Reem and
Svaiter [19] successfully generalized the work of [1] to Banach spaces in a nontrivial manner.
In 2021, Cheng and Luo [2] solved several difficult problems presented in [19] on fully order-
preserving and order-reversing operators in the case of Banach spaces. The purpose of this
paper is to generalize the work of [19] to complete random normed modules, which are a
random generalization of Banach spaces. Random functional analysis is just based on the
idea of randomizing the traditional space theory of functional analysis and has been deeply and
widely developed (cf. [8, 13]), in particular random functional analysis has also been successfully
applied to dynamic risk measures (cf. [9]) and nonsmooth differential geometry (cf. [5, 20—
21]). We will generalize the main results of [2] to random normed modules in the forthcoming
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work since this generalization will unavoidably involve the complicated theory of weakly stable
compactness which is under development.

To introduce the main results of this paper, let us first recall some usual terminologies and
notations frequently used in random functional analysis.

Throughout this paper, (2, F, P) always denotes a given probability space, K is the scalar
field R of real numbers or C of complex numbers, L°(F,K) is the algebra of equivalence classes
of K-valued random variables on (2, F, P) (as usual, two random variables that are equal almost
surely (a.s. for short) are said to be equivalent), LO(F) := LO(F,R), and L' (F) is the set of
equivalence classes of extended real-valued random variables on (2, F, P).

7’ (F) is usually partially ordered via £ < n if £%(w) < n°(w) for almost all w in ©Q, where
&Y and n° are arbitrarily chosen representatives of ¢ and 7, respectively. The nice properties of
(T°(F), <) are surveyed as follows.

Proposition 1.1 (cf. [3]) (ZO(]:),S) is a complete lattice. VH and NH stand for the
supremum and infimum of H, respectively, for any nonempty subset H offo(]:). Specially, the
following statements are true:

(1) There are two sequences {an,n € N} and {b,,n € N} in H for any nonempty subset H
offo(]:) such that n\él an =VH and n/>\1 b, = NH.

(2) If H in (1) is directed upwards Zdownwards), i.e., there exists hs € H for any two ele-
ments hy and hy in H such that hy vV hy < hz (hs < hy Ahsa), then {a,,n € N} (correspondingly,
{bn,n € N}) can be chosen as nondecreasing (nonincreasing).

(3) (L°(F),<) is a Dedekind complete lattice, i.c., every nonempty subset with an upper

bound has a supremum.

As usual, for any two elements £ and 7 in ° (F), &€ <nmeans £ < n but £ # 7, whereas,
for any A € F with P(A) > 0, £ <1 on A means £°(w) < n°(w) for almost all w in A, where
€Y and 1 are arbitrarily chosen representatives of ¢ and 7, respectively.

In this paper, the following two notations are always employed:

LY(F)={¢e L°(F): £ >0},
LY (F)={¢€ L°(F): £ >0o0n Q}.

Definition 1.1 (cf. [8]) Let E be a left module over the algebra L°(F,K) (L°(F,K)-module
for short). A mapping ||-|| from E to LY.(F) is an L°-seminorm on E if the following conditions
are satisfied:

(1) ll€]l = [glllz]| for all € € LO(F,K) and x € E;

@) llz+ gl < llall + Iyl for all = and y in E.

If, in addition, ||x|| = 0 implies x = 0 (the null of E), then the L°-seminorm is an L°-norm on
E. In this case, (E,|| 1) is a random normed module (RN module for short) over K with base
(Q, F,P). If a family P of L°-seminorms on E satisfies that V{||z| : || - || € P} = 0 implies
x =0, then the ordered pair (E,P) is a random locally conver module (RLC module for short)
over K with base (2, F, P).
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When (Q, F, P) is trivial, namely F = {Q,0}, an RN or RLC module over K with base
(Q, F, P) just reduces to an ordinary normed or locally convex space over K, and thus an RN
or RLC module is a random generalization of an ordinary normed or locally convex space. The
simplest RN module is L(F,KK) endowed with the L°-mnorm |- | (namely the absolute value
mapping). It is well known that L°(F,K) is a metrizable linear topological space (in fact,
also a topological algebra) in the topology of convergence in probability, and the topology of
convergence in probability is often nonlocally convex, for example, L°(F,K) has the trivial
topological dual when F is atomless. The (g, \)-topology defined in Proposition 1.2 below is

exactly a natural generalization of the topology of convergence in probability.

Proposition 1.2 (cf. [6, 8, 11]) Let (E, P) be an RLC' module over K with base (Q, F, P).
Denote by Py the family of nonempty finite subsets of P, for each Q € Py, the L°-seminorm
Il @ is defined by ||z||q = V{||z| : ||-]| € Q} for anyx € E. For any given positive numbers € and
Awith0 < A <1, and any Q € Py, let Up(Q,e,\) ={z € E: P{lw € Q| |z]lo(w) <e} > 1-A}.
Then {Ug(Q,e,\) : Q € Pr,e > 0,0 < X < 1} forms a local base of some Hausdorff linear
topology for E, called the (e, \)-topology induced by P, denoted by Tz . Furthermore, the
following statements hold:

(1) (B, Tz \) is a Hausdorff topological module over the topological algebra L°(F,K).

(2) Tz, x is metrizable when (E, P) is an RN module (E,| - ||), namely P reduces to a single

LO-norm || - ||

In this paper, we always assume that an RLC module is endowed with its (¢, A)-topology.
It is easy to see that in an RLC module (E,P) over K with base (Q, F, P), a net {zo, € I'}
converges in the (g, A)-topology to x iff {||xo — ||, € '} converges in probability to 0 for each
Il - || € P. In particular, in an RN module (E,| - ||) a sequence {x,,n € N} converges in the
(e, A\)-topology to z iff {||x,, — z||,n € N} converges in probability to 0.

The (g, A)-topology is essentially a kind of nonlocally convex topology. The theory of tradi-
tional conjugate spaces universally fails for the development of random locally convex modules.
The idea of random conjugate spaces is introduced and has been systematically developed in
order to overcome the above-stated obstacle, see [8] for details. Let (F,P) be an RLC module
over K with base (2, F, P). Then the set (E,P)* of continuous module homomorphisms from
(E,P) to L°(F,K) is the random conjugate space of (E,P). (E,P)* forms an L°(F, K)-module
in a natural way, denoted by E* if no confusion occurs.

Let L(E, E7) be the set of continuous module homomorphisms from an RN module (E, || -||)
to another RN module (Ey, || - ||1), where (E, || -||) and (E1, || -||1) are both over the scalar field
K with base (Q,F, P). Then it is well known from [10] that T € L(FE, Ey) if and only if T
is an a.s. bounded linear operator, namely 7 is linear and there exists £ € LY (F) such that
|T(2)||x <&||z| for all z € E, and ||T'|| := A{¢ € LY(F) | |T(z)|1 < €[z for all z € E} is the
LO%-norm of T'. Tt is also known from [10] that (L(E, E4), | -||) forms an RN module over K with
base (2, F, P), which is still complete if (E1, || - ||1) is complete. In particular, one can see by
taking F; = L(F,K) that E* is complete for any RN module E. For any given T' € L(E, E1),
T* . Ef — E* defined by T*(f)(z) = f(T(x)) for any f € Ef and z € E, is the random
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conjugate operator of 7'. It is also known from [10] that 7% € L(E}, E*) and ||T*|| = ||T|.
Random convex analysis has been developed to provide a useful analytical tool for the study
of conditional convex risk measures, see [8-9, 15-18] and the references therein.
In the sequel of this paper, all the RLC modules occurring in this paper are assumed to be
over the real field R with base (2, F, P).

Definition 1.2 (cf. [9, 15-18]) Let (E,P) be an RLC module with base (Q,F,P). A
mapping f : B — ZO(]-") is a proper lower semicontinuous L°-convex function if the following
are satisfied:

(1) f(z) > —oc0 on Q for all x € E;

(2) dom(f) :={z € E | f(x) < +o0 on Q} is nonempty;

(3) f(6x+ (L= &y) < &f(x) + (1= &) f(y) for any x,y € E and § € LY (F) with 0 < £ < 1
(here, we make the convention that 0 - (+00) = 0);

(4) epi(f) == {(x,7) € E x LY(F) | f(x) < r} is closed, where E x L°(F) naturally forms
an RLC module with the family P’ of L°-seminorms consisting of {|| - || +1|-|: || - | € P}
(-1 D7) = [zl + |r| for any (z,7) € E x L°(F) and any || -|| € P).

Let (E,P) be an RLC module with base (Q, F, P). For any x € E, define the L%seminorm
|(-,2)| : B* — LY.(F) by |(-,2)|(f) = |f(z)| for any f € E*. Then o(E*, E) :={|(-,z)| : z € E}
is a family of L%-seminorms such that (E*,o(E*, E)) is an RLC module with base (Q, F, P),
whose (g, \)-topology is the random w*-topology for E*. A proper lower semicontinuous L°-
convex function from (E*,o(E*, E)) to ZO(}' ) is a proper random w*-lower semicontinuous L°-
convex function on E*. If f : F — ° (F) is a proper lower semicontinuous L°-convex function,
as usual, we can define the random (Fenchel) conjugate f* of f by f*(u) = V{u(z) — f(z) :
x € E} for any u € E*. Then f* is just a proper random w*-lower semicontinuous L°-convex
function on E*. Similarly, f5*: E — fo(]-") is defined by f5*(z) = V{u(z) — f*(u) | v € E*}
for any € E. Then one can have f;* = f, namely the random Fenchel-Moreau duality
theorem, which was established in [18]. When E is an RN module with base (2, F, P), we
denote the random conjugate space of E* by E** and further define f** : E** — 7’ (F) by
*(9) = V{g(u) = f*(u) : w € E*} for any g € E**. Then it is clear that f3* = f**|g (the
restriction of f** to E).

In the sequel of this section, (E,|| - ||) always denotes a complete RN module with base
(Q, F, P) such that (E,|| - ||) has full support (see the related discussion in Section 2), € (FE)
is the set of proper lower semicontinuous L°-convex functions on E, and %, (E*) is the set of
proper random w*-lower semicontinuous L°-convex functions on E*. We observe that € (E)
is stable in the sense that Iafy + Iacfo € €(E) for any A € F, f1 and fo in €(E), where
A =Q\ A, I4 stands for the characteristic function of A and I, 4 1s the equivalence class of 4,
and fAfl + fAcfg E— fo(]:) is defined by [fAfl + fAcfg](x) = fAfl(x) + fAcfg(x),Vx € E.
Similarly, one can understand that @,,-(E*) is stable.

We can now define the order preserving (reversing) operators acting on ¢’ (E) and then state
the main results of this paper. As usual, for any f; and fo in €(F) (g1 and g2 in €= (E*)),
f1 < fo means fi(x) < fa(z) for any € E (g1 < g2 means g1(u) < go(u) for any u € E*).
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Definition 1.3 An operator T : € (E) — € (E) is

(1) order preserving if f < g implies T(f) < T(g);

(2) fully order preserving if f < g if and only if T(f) < T(g), and additionally T is onto;
(3) stable if T(Iaf + Tacg) = IAT(f) + I4<T(g) for any A € F and any f and g in €(E);
(4) an involution if T(T(f)) = f for any f € € (E).

Our first main result is as follows.

Theorem 1.1 An operatorT : €(FE) — € (E) is stable and fully order preserving if and only
if there ezist c € E,w € E*,3 € L°(F),7 € LY (F) and a continuous module automorphism
H of E such that T(f)(z) = 7f(H(z) +¢) + w(x) + S for any v € E and f € €(E).

Corollary 1.1 An operator T : € (E) — € (F) is a stable order preserving involution if and
only if there exist ¢ € F,w € E* and a continuous module automorphism H of E, satisfying
H? =1IDg,c € Ker(H + IDg),w € Ker(H* + IDg-) such that

T(f)(@) = F(H) + )+ w(z) — su(c)

for all x € E, where IDg and IDg~ stand for the identity operators on E and E*, respectively.

Definition 1.4 An operator S : €(E) — €+ (E*) is
(1) order reversing if f < g implies S(f) > S(g);
(2) fully order reversing whenever f < g if and only if S(f) > S(g), and additionally S is

onto;
(3) stable if S(Iaf + Lacg) = IaS(f) + 1a-S(g) for any A€ F and f and g in €(E).

Our second main result is as follows.

Theorem 1.2 An operator S : €(E) — G, (E*) is stable and fully order reversing if
and only if there exist v € E*,y € E,p € LY%F),7 € LY (F) and a continuous module
automorphism H of E such that S(f)(u) = 7f*(H*(u) +v) + u(y) + p for all f € €(E) and
all v e B*.

The main results of this paper, whether from their formulations or from the ideas of their
proofs, are considerably motivated by the work in [1, 19], but we would like to mention here
the main differences between the work in [1, 19] and our work.

The foundation for the work in [1, 19] is different from that for our work. The work in [1, 19]
depends on classical convex analysis, which is based on the theory of conjugate spaces for locally
convex spaces, and the fundamental theorem of affine geometry in linear spaces, whereas our
work depends on random convex analysis, which is based on the theory of random conjugate
spaces for random locally convex modules, and has just been developed for the last ten years
(cf. [15, 17-18]), and the fundamental theorem of affine geometry in regular L%-modules, which
was just established in [23].

We mention now the second difference between our approach and the one in [19]. Let &7 (F)
be the L%-module of continuous L°-affine functions on a complete RN module E with base
(Q,F,P). As in [19] for a fully order preserving operator T from %(X) to € (X) when X
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is a Banach space, we will first prove that for a stable and fully order preserving operator T’
from € (E) to €(E) in the setting of Theorem 1.1, T () is a stable bijection from o7 (E)
onto 7 (E), and hence induces a stable bijection T from E* x L°(F) onto E* x L°(F) by
identifying & (E) with E* x LO(F). Then we will directly prove that 7' is L-affine as a whole
by applying the fundamental theorem of affine geometry in regular L°-modules established in
[23], not so in coordinate component manner as in [19]. Our approach has an advantage that
many complicated discussions on the rank of L°-modules can be avoided.

The third difference is that the operators in Theorem 1.1, Corollary 1.1 and Theorem 1.2
are additionally assumed to be stable. The additional assumption is natural and necessary from
the process of establishing the fundamental theorem of affine geometry in regular L°-modules
in [23]. When (Q,F, P) is trivial, namely F = {Q,0}, a complete RN module E with base
(Q,F, P) just reduces to a Banach space, in which case an order preserving (or reversing)
operator (in fact any operator) is automatically stable, that is to say, the stability assumption
automatically disappears. On the other hand, when (9, F, P) is a general probability space,
(L°(F), <) is a partially ordered set rather than a totally ordered set like R, which also makes
the proofs of the main results of this paper more involved than those of [19].

The remainder of this paper is organized as follows. In Section 2, we give some preliminaries
mainly on LC-affine functions. In Section 3, we treat the stable order preserving operators and
prove Theorem 1.1 and Corollary 1.1. Finally, in Section 4 we treat the stable order reversing

operator and prove Theorem 1.2.

2 Preliminaries

For each A € F, A= {B e F: P(BAA) = 0} denotes the equivalence class of A, and we
also use I3 to stand for I4. Given & € LO(F), the notation [¢ > 0] stands for the equivalence
class of A, where A = {w € Q| %(w) > 0} and £° is an arbitrarily chosen representative of &.
Thus Ijgso) = I A. Some other notation like [¢ = 0] and so on are understood in a similar way.

Besides, we denote F = {A € F: P(A) > 0}.

In our main results, Theorem 1.1, Corollary 1.1 and Theorem 1.2, the RN module is required
to have full support. Now we recall the notion of support for an RN module. Let (E, || -||) be
an RN module with base (2, F, P). Denote £ = V{||z|| : * € E} (generally £ € fo(]:)). Clearly
[ > 0] = [¢ = +0o0]. Any representative A of [¢ > 0] is called a support of (E, | -]|). If Q is
a support of (E, || -||), then (E,| - ||) is called having full support. Except for the trivial case
E = {0}, a support A of (E, | -||) must have positive probability. If (E, || - ||) does not have full
support, then A° has positive probability and Taex = 0 for every © € E. Therefore A¢ is indeed
redundant for (E,| - ||), in which case we define a probability measure P4 : F N A — [0,1] by
Ps(BNA) = P;]?Q?),VB € F. Since ||z = L4z for every z € E, we can always take (E, ||-||)
as an RN module with base the smaller probability space (4, FNA, P4), in which case (E, ||-||)
has full support. We see that the requirement of full support is not an excessive restriction.

In the sequel of this paper, an element = of an RN module (E, || - ||) is said to have full

support if [|z|| # 0 on €, in other words, ||z|| € LY (F). For any = € E and u € E*, we write
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(u, ) for u(z). As usual, E** = (E*)*, and we can regard F as a subset of E** by the natural

embedding.

Proposition 2.1 Let (E, ||-||) be an RN module and E* its random conjugate space. Suppose
that (E,|| - ||) is complete and has full support. Then the following statements are true:

(1) There exists xo € E such that ||xo|| = 1, in addition, there exists ug € E* such that
(ug, o) =1 and |lug|| = 1.

(2) If w € E* has full support, then for any & € L°(F), there exists xo € E such that
(u, z0) = €.

Proof (1) The first part is shown in [7, Lemma 3.1]. The second part is given in [6,
Corollary 3.2], see also [7, Remark 2.2].

(2) Consider the family {|(u,z)| : « € E, ||z|| < 1}. Using the same technique as in the proof
of [7, Lemma 3.1], there exists x,, € E such that (u,z,) = V{|{u,z)| : x € E, ||z| < 1} = ||u]|.
If u has full support, then |u| is invertible in L°(F). As a result zo = &||ul| "'z, satisfies

(u, z0) = ¢&.

Now we discuss the indicator function.
For any zy € E, we define the indicator function 6., : £ — ZO(]: ) by

020 (2) = 0+ Ifjo—zo]|=0) + 00 - [[ja—zo|j0), V2 € E.

Note that d,,(z¢) = 0. However if = # g, d,,(z) may not be equal to +o0o, since it is possible
that ||z — zo]| = 0 on some A € F, so that d,,(z) =0 on A.

By simple analysis and calculation, we can obtain the following result.

Lemma 2.1 For any xg € E, the indicator function 0z, is a member of €(E) with
dom(d,,) = {xo}. The random conjugate 55 : E* — ZO(]:) is given by 63 (u) = (u,zo), Vu €
E*, and the bi-random conjugate 63" : B — fo(]:) is given by 035 (x**) = 0 - Ijjpex—go||=0] +
00 - I[||z**—zo||£0] = O, (2™7), V™ € E**.

Now, we turn to L%-affine functions.

A function h : E — LY(F) is called an L%affine function if there exists a pair (u,«a) €
E* x L°(F) such that h(z) = (u,z) + «,Vo € E. From now on, such an LC-affine function h
will be written as h,_ . Denote by 7 (E) the set of L% affine functions on E. Obviously, .« (E)
is a subset of € (F).

Given a family of functions f; : £ — 7’ (F), i € I, define i\e/I fi  E— 7’ (F) by [%/I fil(z) =
V{fi(x): 1 € I},Vx € E. Specially, we write f V g for V{f, g}.

For f € €(F), define o (f) C o (F) as o (f) = {h € o/(E) : h < f}.

We will present a series of useful properties for LC-affine functions in the sequel of this
section.

Corollary 2.1 below is indeed obtained in the proof of random Fenchel-Moreau duality
theorem (namely, [18, Theorem 5.1], see also [15]). Now we deduce it from the random Fenchel-

Moreau duality theorem.
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Fix f € €(E). For any u € E*, it is easy to verify that

V{{u,2) — f(z) :x € B} = V{{u,z) — f(z) : € dom(f)},

and therefore
f(w) = Vv{{u,x) — f(x) : x € dom(f)}, VYue E*.

Similarly, we have
2(x) = V{{u,x) — f*(u) : uw € dom(f*)}, Ve E.

By the random Fenchel-Moreau duality theorem, namely fz* = f, we can see the following

result.
Corollary 2.1 For any f € €(E), & (f) is nonempty and f =V{h:h € (f)}.

Using L%-affine functions, we can give a useful characterization for the bi-random conjugate

f**, which is an analogue of [19, Proposition 10(ii)].

Proposition 2.2 For any f € €(F) and every a € E**, [**(a) = V{{a,u) + o : hy o €
A (f)}-

Proof By definition, f**(a)=V{{(a,u)—f*(u) : w € E*}=V{{a,u)— f*(u) : v € dom(f*)},
also f*(u) = V{{u,z) — f(z) : x € E}, so that for each u € dom(f*), hy,—f+)(x) = (u,z) —
f*(u) for all x € E, and hence h,, _¢-(,) belongs to <7 (f) for all u € dom(f*). Next, we prove
that if A, o belongs to &7 (f) then u € dom(f*) and o < — f*(u). Indeed, if hy o € & (f), then
for all z € E, (u,z) + @ < f(z). Therefore « < A{f(z) — (u,z) : * € E} € L°(F). Then
() =Vv{{u,z) — f(z) :x € B} = — A {f(z) — (w,z) : x € E} € L(F) and —f*(u) > . We
conclude that V{{a,u) + a: hy o € Z(f)} = V{{a,u) — f*(u) : v € dom(f*)} = f**(a).

We present a comparison theorem for two L%-affine functions as follows.

Proposition 2.3 Suppose that hy and h, g are two L°-affine functions on E such that
hyg < hyqo. Thenv=1u and § < a.

Proof According to definition, h, g < hy o means that (v,z) + 8 < (u,z) + a, Vo € E.
Taking x = 6 yields that 8 < «a. For any n € N, replacing x with nz, we can deduce that
(v, z) + g < (u,z) + &,Va € E. Letting n tend to oo, we obtain that (v,z) < (u,z),Vz € E.

Then replacing x with —x, we get — (v, z) < —(u, z),Vx € E. Therefore (v,x) = (u,x),Vo € E,

namely v = u.
A useful characterization for f € € (FE) to belong to </ (FE) is given as follows.

Proposition 2.4 Given [ € €(E), then f belongs to </ (E) if and only if there exists a
unique pair (u, o) € E* x L°(F) such that < (f) = {hup: B < a}.

Proof (1) Necessity. If f € &/ (E), then there exists a unique pair (u,a) € E* x L°(F)
such that f = hy . If hy g € @7 (E) satisfies that hy g < hy,q, then it follows from Proposition
2.3 that v = v and 8 < «, thus &7 (f) = {hyp: 8 < a}.
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(2) Sufficiency. According to Corollary 2.1, <7(f) is nonempty and f = V{h : h € Z(f)}.
If there exists a unique pair (u,«) € E* x LY(F) such that & (f) = {hup : B < a}, then
f=V{hupg:B<a} =hya€ AE).

Corollary 2.2 Assume that hy o € (E) and f € €(E). If f < hya, then f = hyp for
some 8 < a.

Proof If hy o € A7 (f), then hy o < f < hy,a, 1.6, By or € 9 (hyo). By Proposition 2.3,
v =wand o/ <a. Let 8 =V{a : hy o € F(f)}. Then B < «, and thus 3 € LO(F). It is
easy to see that f = hy g.

Proposition 2.5 below is substantial in Step 2 of the proof of the following Proposition 3.7,
which is the foundation of our proof of Theorem 1.1. To prove Proposition 2.5, we are forced
to use a separation theorem that relies on the random w*-closedness of an L°-convex subset of
E*. Lemma 2.2 below is an auxiliary result which says that the L°-convex hull of any finite

subset of an RLC module is closed. Since L°-convex sets play a crucial role in random convex
analysis on RLC modules, Lemma 2.2 is a by-product which may be interesting on its own.

Lemma 2.2 Let (E,P) be an RLC module with base (2, F, P). Then for any finite subset
{21,102, ,2q} of B, its L°-convex hull

COHVLo{xl,CL'g,--- ,:Ed} = {)\11‘1 4+ Xoxo + -+ Agxg N\ € Lg_(]:),i =1,2,--- ,d,Z)\i = 1}

is a complete and thus closed subset of E.

Proof Consider the submodule M of E generated by {1, 22, , x4}, namely,
M = spango{w1, T2, ,xa} = {M@1 + Naxo + -+ Agwa s Ny € LL(F),i = 1,2, ,d}

inherited the topology from E.

By [12, Theorem 1.1], there exists a finite partition {Ag, A1,---, Aq} of Q in F such that
Ia, M is a free module of rank i over the algebra I4, L°(F) for each i € {0,1,--- ,d} satisfying
P(4;) > 0, in which case M = é Ix, M. We can assume, without loss of generality, that
P(A;)>0forallie{1,2,--- ,d}.l?gccording to [11, Lemma 3.4(1)], for each i € {1,2,--- ,d},
I A, M and I 4, LY(F,R?) are isomorphic in the sense of topological modules, and hence it is also
a complete subset of F.

Foreachi € {1,2,---,d}, suppose that T; is the topological module isomorphism from I A, M
to T4, L°(F,R%). By regarding LO(F,R?) as the submodule LO(F, R?) x {0}9~% of LO(F,R?) for
each i € {1,---,d — 1}, the mapping T : M — L°(F,R%) given by

n d
Tz = T(ZfAiw) =Y I Ty(laz), VeeM
=0 i=1

is a topological module homomorphism such that M and T'M are topological module isomor-
phic. From now on, we identify M with T'M by regarding 21, 22, - - - , x4 as elements of L°(F, R?)
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for simplicity of notation. It suffices to show that Convyo{x1,z2, -, 24} is a complete subset
of LO(F,R9).
For any Cauchy sequence {y,,n € N} in Convyo{zy,2a, -+ ,x4}, where each y, can be

. d .
expressed as y, = Abz1 + -+ + Al xg for some X € LY (F), i =1,2,---,d, > X, =1. Due to
i=1
the completeness of L°(F,R), y, converges in probability to some y € L°(F,R%). It remains

to show y € Convypo{zy,x2, -+ ,x4}. By passing to a suitable subsequence, we may assume
without loss of generality that y,, converges P-a.s. to y. Since {\, = (AL, -+ A%),n € N} is
a.s. bounded in L°(F,R%), by a variant of Komlos’ principle of subsequences (see [4, Lemma

1.70]), there exists a sequence of convex combinations
Pn € COHV{)\n, )\n+17 T }7

which converges P-a.s. to some pu € L°(F,R%). For each n, assume that p!, = thAl + - +

tf(n)/\ i=1,2,---,d, where I(n) is some positive integer and ¢7, - - 7’5?(71) are some non-
U(n) ‘
negative numbers such that > ¢ = 1. Clearly pf, € LY(F), i=1,--- ,dand pl+--+pd =1.
k=0
Combining with the fact that p, = (uk,---,ul) converges P-a.s. to pu = (u',---,u?), we

deduce that p* € LY (F), i=1,--- ,dand p'+-- -+ pu? = 1. Since ¥, converges P-a.s. to y, the

I(n)

forward convex combination sequence z, := > t}yn4+k also converges P-a.s. to y. By simple
k=0

calculation, we see that z, = plz; + -+ plxy. Then the fact that u, converges P-a.s. to p

0
n+l(n)’

implies that z, converges P-a.s. to p'zy + - - - 4 p%xy. We conclude that y = play + - - + play

belongs to Convyof{xy,xa, - ,xq}-
Remark 2.1 We point out that the proof of Lemma 2.2 is similar to that of [22, Theorem
3.5], which states that for any finite subset {z1, 22, - ,24} of an RLC module E, the finitely

generated L°-convex cone
Conepo{xy, - ,xq} :={Mz1+ -+ Xgxqg: N € L?F(]:)7 i=1,---,d}
is a complete and thus closed subset of E.

We now state and prove Proposition 2.5. We remind the reader that for any £ and 7 in
LO(F), € > npmeans £ >n and & # 7.

Proposition 2.5 Let (E, | -||) be an RN module with base (Q, F, P), and E* be its random
conjugate space. Suppose that Ny o, hu, oy and hy, o, are LO-affine functions on E such that
hua < huyay NV hug.an- Then (u, ) < ((u1,z) V (ug,z)),Yo € E, and there exists yu € L°(F)

with 0 < p <1 such that w = puy + (1 — p)us.

Proof By definition, hy o <huy ar VR, o, means that (u, z)+ao < ((ug, z) +a1)V ((uz, )+
az),Vx € E.

For any n € N, replacing z with nz, we can deduce that (u,z) + £ < ((ug,z) + &) Vv
((ug,z) + 92),Vz € E. Letting n tend to oo, we obtain that

(u,z) < ((ug,z) V{ug,x)), VxeFE. (2.1)
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Consider the RLC module (E*,o(E*, E)). It follows from Lemma 2.2 that Convyo{uy,us}
is an L%-convex and closed subset of (E*,a(E*,E)). We prove u € Convpo{ui,us} by con-
tradiction. If u ¢ Convyo{ui,us}, then by the separation theorem in RLC modules (see [14,
Theorem 3.1], also [8, Theorem 3.6]), there exists g € (E*,0(E*, E))* such that

(u,g) > V{{w, g) : w € Convyo{uy,uz}}. (2.2)
(2.2) also means that there exists some B € F with P(B) > 0 such that
(u,g) > V{{w,g) : w € Convyo{uy,uz}} on B. (2.3)

Since (E*,0(E*,F)) is endowed with the (g, \)-topology in this paper, it is well known
that the random conjugate space of (E*,o(E*, E)) under the locally L°-convex topology is E
(see [8, 18] for the notion of the locally L°-convex topology and the related random conjugate
space). Then by [18, Proposition 2.6], the random conjugate space under the (e, A)-topology
of (E*,0(E*,FE)) is He.(E), where H..(E) stands for the countable concatenation hull of E
in the random conjugate space under the (g, A)-topology of (E*,o(E*, E)). Thus there exists
a sequence {r,,n € N} in E and a countable partition {A,,n € N} of Q to F such that
(u,g) = i I4, (u,2,), which must imply by (2.3) that there exists some ng € N such that
P(A,, ﬂ%)l > 0 and (u,xn,) > V{{w,Tpn,) : w € Convyo{uy,uz}t} on Ay, N B. Specially
(Uy Tng) > (U1, Tng)) V ((ug, pn,)) on Ay, N B, which is a contradiction to (2.1). We conclude
that u € Convpo{ui,us}, namely there exists p € L°(F) with 0 < p < 1 such that u =
pur + (1 — pus.

3 The Order Preserving Case

In this section, we prove Theorem 1.1 and Corollary 1.1. For this purpose, we need some
preparations. We will gradually establish a series of characteristic properties for a stable and

fully order preserving operator.

Proposition 3.1 IfT : €(E) — €(E) is a stable and fully order preserving operator, then

s0 is its inverse T—1.
Proof It is obvious.

Proposition 3.2 If T : €(E) — € (F) is stable and fully order preserving, then for any
family {fi}ier C €(E) such that v fi belongs to €(E), we have that T ( v fi) = '\/IT(fi)'
€ 1€ 1€

The proof is omitted, since it is a word-by-word copy of the proof of [19, Proposition 1(ii)].
Note that in the proof, the assumption that 7" is stable is not used.

We then show that each stable and fully order preserving operator maps any L°(F)-valued
function to an L°(F)-valued function. Precisely, we have the following result.

Proposition 3.3 If T : €(E) — € (F) is stable and fully order preserving and f € €(E)
with f(z) € LY(F) for every x € E, then [T(f)](z) € L°(F) for every z € E.
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Proof We prove this proposition by contradiction. Suppose that there exist zp € E and
A € Fi such that [T'(f)](zo) = oo on A. According to Lemma 2.1, the indicator function dy,
is a member of € (F). Since T is onto, there exists fo € € (FE) such that T'(fy) = 0,,. Due
to the assumption on f we see that f1 = fV fo belongs to ¥ (E). Then using Proposition 3.2
we get T'(f1) =T(f) VT (fo) =T(f)V 0z, If T € dom(7T'(f1)), then it follows from d,,(T) <
[T(f1)](Z) € L°(F) that ¥ = xq, subsequently, [T'(f1)](Z) > [T()](@) = [T(f)](x0) = oo on A.
This implies that dom(7'(f1)) must be empty and thus T'(f1) ¢ € (F), which is a contradiction.

Since we have known from Corollary 2.1 that every f € € (FE) can be expressed as [ =
V{h:h € @(E),h < [}, according to Proposition 3.2, every stable and fully order preserving
operator T': € (F) — € (F) is fully determined by its action on ./ (F). Hence, we will analyze
the behavior of the restriction of a stable and fully order preserving operator to <7 (E).

Next, we prove that each stable and fully order preserving operator maps any L°-affine
function to an LC%-affine function. Compared with the proof of [19, Proposition 3], our proof

must use the stable property of T

Proposition 3.4 If T : ¢(FE) — € (F) is stable and fully order preserving, then we have
(1) T(h) € & (E) for all h € &(E).
(2) If T(f) € L (E) for some f € €(F), then f € o (E).

Proof (1) Let h = hy o. We will use Proposition 2.4 in order to establish L% affineness of
T(h). Take hy, s and hy s in &(T(h)), ie., hys < T(h) and hy s < T(h). Since T is onto,
there exist g and ¢’ in ¢'(E) such that h, 5 = T'(g) and h, 5 = T(g’), so that T'(g) < T'(h) and
T(g') < T(h). Since T is fully order preserving, we get ¢ < h and ¢’ < h. By Proposition 2.3,
there exist n and 7’ in L°(F) such that g = hy,,, and ¢’ = hy,y. Let A = [ > 1] and denote
0 = Ixn+ Lyeny. Then n < 1" and i/ < 5. Denote ¢ = Iag + Iacg = Iy Then g < ¢”
and ¢’ < ¢” and by the assumption that T is stable, T'(g") = IzT(g) + Ia<T(g") = hyr 50,
where v = T4v + I4ev' and 6" = 146 + [4.6'. Since T is order preserving, h, s = T'(g) <
T(g") = hyrer and hy o = T(9') < T(9") = hyr 5. It follows from Proposition 2.3 that
v =1v" =v"”. We have proved that there exists a unique v € E* such that h, s € o/ (T'(h)) for
some § € LY(F), and hence T'(h) is L% affine by Proposition 2.4.

(2) By Proposition 3.1, T’s inverse T~! is also stable and fully order preserving. It follows

that 77! also maps an L%-affine function to an L%-affine function, which implies the result.

We have seen that any stable and fully order preserving operator maps <7 (FE) to </ (E). For
a stable and fully order preserving operator 7' : ¢ (E) — % (E), denote by T o (E) = o (E)
the restriction of T to 7 (E). Note that 7' inherits from T the properties of being onto and
fully order preserving on o7 (FE).

For the following discussion, we recall some notions from [23]. Let E; and FEs be two
L°(F)-modules, and R : E; — F» a mapping. R is said to be L°-linear, if R is a module
homomorphism, namely R(x +y) = R(x) + R(y) for any x,y € E;, and R({x) = {R(x) for any
£ € L°(F) and any = € Ey; R is said to be L°-affine, if ROz + (1 — \)y) = AR(x) + (1 — N\ R(y)
for any A € LO(F) and any z,y € Fy, equivalently, R(-) — R(0) is L%-linear; R is said to be
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stable, if R(I4z + Iacy) = TaR(x) + L1 R(y) for all 2,y € B, and A € F.

By associating hy o to the pair (u,«), we can identify o/ (FE) with E* x L°(F), and hence
we take T’ as an operator acting on E* x LO(F) and write T(u, o) instead of T(hy.q). We will
prove next that 7' is L -affine.

Proposition 3.5 T : E* x LY(F) — E* x LO(F) is bijective and stable.

Proof It is obvious that 7 is a bijection. We only need to show that T is stable. For any
(u,a) and (v, 8) in E* x L°(F) and any A in F, since

Rf usFreviaatises = Lahua + Tachy g,

it follows from the stable property of 1" that

T(thu-‘rTAcv,an-i-fAcB) = IAT(hu7a) + IACT(hU7ﬂ)’

namely,
f(TAu + Tpev, Tao+ 14e ) = fAf(u, o) + TAcf(U, B).

Thus 7 is stable.
Lemma 3.1 below tells us that for the mapping T (u, @) — (v, 3), v only depends on w.

Lemma 3.1 Suppose that f(u,al) = (v1, 1) and f(u,ag) = (ve, B2). Then we have vy =

vy. Conversely, if f(ul, a1) = (v,81) and f(uz, ag) = (v, B2), then we have uy = us.

Proof Arbitrarily choose an a € LO(F) such that a > ay V ao and suppose that T'(u, o) =
(v, B). Since hy o > hya, and T is fully order preserving, we have T'(hy,o) > T (hy,q, ), namely
hy,g > hy, g, which implies v; = v by Proposition 2.3. Similarly, we have v, = v, and thus
v1 = vy. By considering the inverse of T which is obviously f‘l, the converse part immediately
follows.

Proposition 3.6 Assume that f(ul, ay) = (v1, 1) and f(uz, as) = (v, B2). If uy —us has
full support, then vi — vy has full support.

Proof We prove the conclusion by contradiction. Suppose there exists A € F; such that
TA(vl — vg) = 0, equivalently, Tav1 = Lavs. Let u = Taug + Lacus and o = Taaq + Lacao.
Since T is stable, we have f(u,a) = TAT\(ul,al) + fAcf(uQ,ag) = INA(vl,Bl) + 1 4e (va, B2) =
(vg,fAﬁl + TACBQ). It follows from Lemma 3.1 that v = wuo, so fAu = fAul = TAUQ, which
contradicts the assumption that u; — us has full support.

Let us recall the notion of L-line segments (cf. [23]): For any two elements z and y of an
LO(F)-module, [z,y] :== {Az+ (1 =Ny : X € LI(F),0 < X < 1}, called the L°line segment
linking  and y.

To establish the LC-affineness of f, we need to clarify T’s action on LO-line segments. Please
bear in mind that for any hy and hs in &/ (E), hy < he means hy < hy and hy # ho.

Proposition 3.7 T:E* % LY(F) — E* x LO%(F) maps any L°-line segment to an L°-line
segment. Namely, T(|z1, 22]) = [Tz1, Tzs] for any z1 and z5 in E* x LO(F).
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Proof Observe that if we can prove T maps any L%line segment into an L%-line segment,
namely (|21, 2]) C [Tz1,T2) for any z; and 2z, in E* x LO(F), by considering T~ we can
see that 7 would also map any LC-line segment onto an LO-line segment, namely, T([21, z2]) =
[Tz, Tz)] for any 21 and 25 in E* x L°(F). Thus we only need to show that 7' maps any L°-line
segment into an L%-line segment.

Fix two elements (u1, ) and (ug,ag) in E* x LO(F). Assume T(uy, 1) = (v1,51) and
f(ug,az) = (v9,B2). Fixa A € LOF) with 0 < A <1, let u = Aug + (1 — Nug and a =
Aoy + (1= N)ag, and suppose T'(u, o) = (v, B). We shall show that there exists € LO(F) with
0 < p <1 such that v = pv1 + (1 — p)ve and S = pfr + (1 — p)B2. The proof is divided into 3
steps.

Step 1 If u; = usg, then the conclusion holds.

From the construction we see that v = u; = ws. Then it follows from Lemma 3.1 that
v =1 = vy. We only need to find p € LO(F) with 0 < p < 1 such that 8 = pB1 + (1 — p)Bs.

By Proposition 3.2 we obtain

~

T(u, a1V Ozz) = (’U, B1V ﬁg)

Since T is fully order preserving, we have

~

T(u, 01 A oz) < (T(u,00) AT (u, 02)) = (v, 81 A Ba).
Similarly, by considering the fully order preserving operator f‘l, we get
T v, B1 A B2) < (w01 A as).

Then it follows that

~

(v, 81 A B2) < T(u,a1 A ag).

Thus we obtain

~

T(u, 01 A ag) = (v, 51 A Ba).

Note that (a1 A a2) < a < (a1 V az). We thus deduce

(BLAB2) B < (BrV Ba).

Then there must exist po € L°(F) with 0 < pg < 1 such that
B =po(B1 A P2)+ (1 — po)(B1V B).

Denote A = 31 > B2]. Then (81 A f2) = Lacf1 + 1af2 and (81 V B2) = IaB1 + LacP2. Let
= polac + (1 —po)la. We see that 0 < pu <1 and 8= pSb + (1 —p)Sa.
Step 2 If u; — uy has full support, then the conclusion holds.
Note by Proposition 3.6, v1 — v9 also has full support.
Since
hu,ao = My an + (1= NPy a0 < Pugar V Pug,ass
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and T is fully order preserving, we obtain
T(hma) < T(humh N hU27a2)'

From Proposition 3.2, T'(huya; V Pusas) = T(Pur,ar) V T (Pug.as), and thus we get h, g <
ho, 8, V hyy. 8., namely,

(v,x) + B8 < ((v1,x) + B1) V ((v2,z) + fB2), Vx€E, (3.1)
by Proposition 2.5,
<Ua $> < (<Ula $> v <U25 $>)a Vo € Ea (32)

and there exists y € LO(F) with 0 < p < 1 such that v = pvy + (1 — p)ve. It remains to show
that 8 = pf1+ (1 — )82 holds for this . To this end, we first show that there exists an zy € F
such that

(v, z0) + B = (v1,20) + B1 = (v2,20) + Ba. (3.3)

Since v; — vy has full support, it follows from Proposition 2.1(2) that there exists zg € E
such that (v — va, x0) = B2 — B1, equivalently, (v1,z) + 81 = (va,x0) + P2. Let € = ({v1,z0) +
B1) — ((v,z0) + B). From (3.1) we see that € > 0. To show that (3.3) holds for the o, it suffices
to show that e = 0.

For any = € E, it follows from (3.2) that

(v, —20) < ({v1,2 — T0)) V ({v2, ¥ — 0)),

and thus,

= (v, — o) + ((v1, %0) + B1)

v, —xg)) V ((va, . — x0)) + ({(v1,20) + S1)

v1, T — o) + (v, T0) + 1) V ((v2, 2 — m0) + (v1,T0) + S1)
)+ (v, o) + B1) V ((v2, @ — o) + (v2, z0) + B2)

namely, we get
hv,ﬁ—i—e < hvl,ﬁl \ hv2,ﬁ2' (34)

We can now show ¢ = 0 by contradiction.

If € > 0, then hy g < hy ge. Due to our assumption that T'(hy.o) = hy g, from Lemma 3.1
we can assume that T'(hy,a') = hy gte. Since T is fully order preserving, we must have o’ > .
Besides, noting that T'(hy, a,) = he,,p a0d T(hyyas) = Re, 8., from (3.4) we have

hu,a’ S hul,al V hug,az- (35)
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Using the assumption that u; — ug has full support, by Proposition 2.1(2) there exists some
x1 € E such that (u1 — u2,z1) = ag — a1, equivalently, (uj,z1) + a1 = (u2, 1) + @z, namely
Ry a1 (1) = By as (21). Then using by o = My aq + (1 — ARy 0., We get

huor (1) = hua(z1) + (¢ — @)
= Moy 00 (1) + (1 = Ny a0 (z1) + (¢ — @)
= hyy o0 (1) + (&) — @)
> Ny aq (T1)
s 00 (1) V Py 0 (1),

this contradicts (3.5).
Now that we have shown that (3.3) holds for some z¢. Then for this o,

(v,z0) + B = p((v1, o) + B1) + (1 — 1) ((v2, 20) + B2)
= p(v1, xo) + (1 — p)(v2, wo) + pbr + (1 — p)B2
= (pv1 + (1 — p)vz, wo) + pf1 + (1 — 1) B2
= <’va0> =+ M/B:l + (1 - ﬂ)ﬁ?a
and thus we have 8 = uf1 + (1 — p)B2.

Step 3 Generally, the conclusion holds.

Denote A = [||u1 — uz|| = 0]. From Proposition 2.1(1), there exists ug € E* with |Jug|] = 1.
Let w = Tqup + w1 and ug = [qw + Tacug. Then |Jus — ui|] = Lal|uol|| + Lac|lur — uz|| # 0 on
Q, namely uz — u; has full support.

Now according to Step 1, there exists y; € LO(F) with 0 < 3 < 1 such that

T(uy,a) = T (uy, 0n) + (1 — py)T (g, az);
according to Step 2, there exists s € LO(F) with 0 < ps < 1 such that
Ty 4 (1= Nus, @) = poT(ur, 1) + (1 — po)T (us, aa).
Since

Tauy + Tae(Aug + (1 — Nus)
= Taduy + T4 (1 — Nug + Tae dug 4+ Tae(1 — Nus
= Tadug + T4 (1 — Nug + Tae dug + Tac(1 — Nus
=g + (1 — Nus

= u’
by the stable property of f, we get

f(u,a)
= IuT(u1, ) + Lae Ty + (1= Nug, a)
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= La(mT(ur, on) + (1 = )T (ur, a9)) + Lae (paT(ur, a1) + (1 — o) T (uz, 2))
= (Lapy 4 Laepa)T(ug, a1) 4+ Ta(1 — p1)T (s, cn) + Tae (1 — po) T (uz, c2)
= (Lapa + Laep2)T(un, 00) + [Ta(L = pua) + Lae (1 pi2)|T (2, x2),
if we set p = Iapy + Lacpo, then p € LO(F) with 0 < < 1 and
T(u,a) = pT(u1, 1) + (1 — )T (uz, a2).
This finally completes the proof.

Now we can give an explicit form of T.

Proposition 3.8 T : E* x LO(F) — E* x LO(F) is invertible and L°-affine. Precisely,
there exist w € E*, 7 € LY (F), B € L°(F), a module automorphism D : E* — E* and an
LO-linear function d : E* — LY(F) such that for each (u,a) € E* x L°(F),

T(u,a) = (Du + w,d(u) + Ta + ).

Proof According to Proposition 3.5, 7' is invertible. By Proposition 2.1(1), there exists
up € E* such that ||ug|| = 1. If £ and 7 belong to L°(F) and &(ug,0)+n(0,1) = (£ug,n) = (6,0),
then clearly ¢ = 1 = 0, and thus (ug,0) and (0,1) are L’-independent in E* x L°(F). By
Proposition 3.7, T:E*x LY°(F) — E*x L°(F) maps any L'line segment to an LC-line segment.
Invoking the fundamental theorem of affine geometry in regular L%modules (see [23, Theorem
1.1]), T must be L%-affine. In view of Lemma 3.1, we can denote T'(u, o) = (y(u),v(u, a)) for
each (u,a) € E* x L9(F). Then both y : E* — E* and v : E* x LO(F) — L°(F) are L°-affine,
namely there exist w € E*, 7 € L°(F), 8 € L°(F), a module homomorphism D : E* — E*
and an L°-linear function d : E* — L°(F) such that y(u) = Du +w, v(u,a) = d(u) + 7o + B.
Since 7 is bijective and preserves the order of the second variable, we can see that D must be
invertible and 7 € LY , (F).

Remark 3.1 In [19], the affineness of T:X*xR— X* xR is established separately for
the mapping y : X* — X* (see [19, Corollary 4]) and the mapping v : X* x R — R (see [19,
Proposition 7]). Since the affineness of y relies on the fundamental theorem of affine geometry,
Tusem, Reem and Svaiter had to impose the assumption that the Banach space X in their
main results, Theorems 1-2, has dimension not less than 2. As a comparison, we establish the
L% affineness of 7' as a whole so that we do not need an additional assumption that F contains

a free submodule with rank 2.
We proceed to verify the a.s. boundedness of D and d.

Proposition 3.9 Both D and d in Proposition 3.8 are a.s. bounded and thus continuous.
Specially, d € E**.

Proof We first prove d is a.s. bounded. Since g = || - || € €(F), we denote g1 = T'(g). Let
B be the random closed unit ball of E*, i.e., B={u € E* : |Ju|| < 1}. Since ||z|| = V{hyo(z) =
(u,x) : u € B} for every x € E, we have
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=V{T(hyo)(z) : u € B}
=V{hz, 0 () 1 u e B}
=V{(Du+ w,z) + d(u) + 8 : u € B}.
Therefore, ¢1(0) = V{d(u) +  : u € B} = V{d(u) : w € B} + 8. By Proposition 3.3, we have
V{d(u) : u € B} = g1(0) — B € L°(F), and thus d is a.s. bounded with ||d|| = ¢1(0) — f3.
We then prove that D is a.s. bounded. By Proposition 3.3,
V{{Du+w,z) +d(u)+B:u€ B} =g (z) € L°(F), Vre€E,
and thus
(Du, ) < g1(x) — (w,x) —d(u) = < g1(x) — (w, z) +[|d] = 8
for every u € B and x € E. Then

V{|(Du,z)| : uw € B} = V{{(Du,x) : u € B} < g1(x) — (w,z) + ||d|| — B € L°(F)

for every x € E. Using uniform boundedness principle in RN modules (see [10, Theorem 29]),
we obtain that {Du : u € B} is a.s. bounded, and therefore D is a.s. bounded.

Now we can give the proof of Theorem 1.1, which is just a copy of the proof of [19, Theorem

1], except that we should be more careful in dealing with the indicator functions.

Proof of Theorem 1.1 Sufficiency can be easily shown by straightforward verification.
We only prove the necessity.

From Corollary 2.1, for any f € € (E) we have that f = V{hy o : hu,o < f}. Then according
to Proposition 3.2, T'(f) = V{Thy,a : huo < f}. By Propositions 3.8-3.9, there exist w € E*,

de E**, 7€ LY (F),B € L°(F) and a continuous module automorphism D of E* such that
f(u, a) = (Du+w, (d,u) + Ta + ),
and thus for each x € F,
[T(f)l(x) = V{{(Du+w,z) + (d,u) + oo+ 5 : hyyo < f}
=V{(Du,x) + (d,u) + T : hy o < f} + (w,z) + 8
=7V {{Cu,z) + {c,u) + a: hyo < f} + {(w,z) +
=7V{Cx+cu)+a:hyo < [f}+ (wz)+ 5,

where C = 77'D, ¢ = 77 'd and C* : E** — E** is the conjugate of C, so that C*z must be
understood through the natural embedding £ C E**. It follows from Proposition 2.2 that

[T(H(x)=7f"(C*'z+c)+{w,z)+ 8, VrekE. (3.6)

Define Z C E** as Z = {C*z + c¢: x € E}. We will prove that Z = E.
We first show that E C Z. Assume that there exists ¥ € E\ Z. Consider the indicator
function 0z : E — fo(]-"). From Lemma 2.1, 67 € €(F) and 6%*(z**) = 0z(x**) for every

x** € E**, where T is seen as an element in E**. It follows from (3.6) that

[T(07)](x) =10z (C*x + ¢) + (w,x) + , Vr € E.
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However, since = ¢ Z, we have C*z + ¢ # ¥ for all x € E. Thus
Z(C*x+c)=00 on[C'z+c#T|eFy

for all € E, which implies that dom(7'(dz)) = (. This is a contradiction.

We then show that Z C E. Suppose now that there exists & € Z \ E. Since & € Z, there
exists 2 € E such that C*2’ + ¢ = . Consider the indicator function 6, : £ — L (F). Since
T is a bijection, there exists g € ¥(F) such that T'(g) = d,/. Then it follows from (3.6) that

dp () =79 (C*x+¢) + (w,z) + B, Vze€E.

Now that dom(d,/) = {z’}, we have ZNdom(g**) = {C*z' +c} = {%}. Since F C Z and & ¢ F,
we obtain that F N dom(g**) = ). From the random Fenchel-Moreau duality theorem we see
that ¢**|g = g, and thus dom(g) = F Ndom(g**) = (. This is a contradiction.

We have completed the proof of E = Z. We observe now that, since C*z 4 ¢ € F for all
x € E, by taking x = 0, we obtain ¢ € E. As a consequence, H := C*|g, the restriction of C*
to E, is a continuous module automorphism of E.

Using f**|g = f, we obtain that

[T(N](@) =7f(C"x+c) + (w,z) + B=7f(Hz +¢) + (w,x) + B, V€ E.

This completes the proof.
Then we give the proof of Corollary 1.1.
Proof of Corollary 1.1 This is just a copy of the proof of [19, Corollary 6].

As a complement of Theorem 1.1, we give an example showing that a fully order preserving
operator T': € (F) — € (F) is not necessarily stable.

Example 3.1 Let the probability space (2, F, P) be ([0,1),8,m), where B is the Borel
o-algebra of [0,1) and m is the Lebesgue measure. Set (E,| - ||) = (L°(F),| -|). Define a
mapping 6 : [0,1) = [0,1) as O(w) = w+ 1 forw € [0,4) and §(w) =w— 3 for w € [1,1). Then
6 is an involution, namely 6 is a bijection with inverse #~' = . Since 6 is obviously measure
preserving, 6 is an automorphism of ([0,1), 8, m). 6 induces an involution o : 7’ (F) — 7’ (F)
by sending each x € 7’ (F) to the equivalence class of 2°(6(-)), where 2°(-) is a representative
of z. It is easy to check that o is fully order preserving: For every x,y € fo(]-"), x <y iff
o(x) < oly).

Now for every f € €(FE), define T'(f) : E — ZO(}') by [T'()](z) = o[f(o(x))],Vz € E. We
then check that T'(f) € € (F).

(1) For any x € F, it is obvious that [T'(f)](x) > —oc on .

(2) For any x € dom(f), we see that o(z) € dom[T(f)], and thus dom[T(f)] is nonempty.

(3) For any z,y € E and A € L%(F) with 0 < X\ < 1, we have f(Az + (1 — \)y) < Af(x)
+(1 = \)f(y) since f is L-convex. As a result

[Tz + (1 = Ny) = o(flo(Az + (1 = Ny)))
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and thus T'(f) is L°-convex.
(4) Since epi(f) is a closed subset of E x L(F) and
epi(T(f)) = {(o(x),0(r)) : (z,7) € epi(f)},

we see that epi(T'(f)) is also a closed subset of E x LO(F).

After this verification, by f — T'(f) we obtain an operator T : € (E) — ¢ (F). It is easy
to see that T is order preserving and T(T'(f)) = f for every f € €(E) since o2 is the identity.
Thus T is an order preserving involution.

We claim that T is not stable. In fact, let A = [0,3) and B = A® = [$,1). Then

0(A) = B and 0(B) = A, equivalently, o(I4) = Ip and o(Ip) = Ix. Choose fy € C(E) as
fo(z) = z,Vx € E. Then by construction,
[T(fo)l(x) = olfo(o(x))] = o(0(2)) =2, VzeE,
namely, [T'(fo)] = fo, and thus
[TAT(fo)l(x) = Iafo(x) = Iax, Vo€ E

and
[T(Iafo)](z) = ollac(z)] = c(Ix)o(o(x)) = Ipx, V€ E.

We see that 14T (fo) # T(Iafo). Noting that T(0) = 0, we have
T(Iafo+Ip-0) = T(Iafo) # IaT(fo) = TaT(fo) + IpT(0),

which implies that T is not stable.

4 The Order Reversing Case

This section gives the proof of Theorem 1.2.
Proposition 4.1 below is indeed implied in the proof of random Fenchel-Moreau duality
theorem (see [15, 18, Theorem 5.1]).

Proposition 4.1 The random conjugate transform f v~ f* is a bijection from €(E) to
Cw-(E).

We give the proof of Theorem 1.2 as follows.

Proof of Theorem 1.2 Sufficiency can be easily shown by straightforward verification.

We only prove the necessity.
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For an operator S : €(E) — %, (E"), it follows from Proposition 4.1 that there exists

a unique g € ¥ (E) for each f € F(E) such that S(f) = ¢g*. We can define an operator

T:
ord

€ (F)— €(E)by T(f) = gsuchthat S(f) = ¢g* for each f € €(F). If S is a stable and fully
er reversing operator, then it is easily verified that T is a stable and fully order preserving

operator. Thus according to Theorem 1.1, there exists a continuous module automorphism

H,

:E— E,andce€ E,we E*,and 7 € LY (F), p1 € L°(F) such that

[T(H)(z) =7f(Hiz+c) + (w,z) + p1, YfeC(E), z€E.

Consequently, for each u € E*,

[S(H](u) = [T(f)] (w)
V{(u,z) = 7f(Hix+c) — (w,z) —p1 : x € E}
— V{{u—w, Hy (2 — ) = /() — p1 : 2 € B}
V{{u—w,H{'2) = 7f(2): 2 € B} — (u —w, H{ *¢) — p1
=7V {{u—w Hz)— f(2): 2 € B} + (u,—H; ‘¢) + (w, H; *¢) — py
=7f"(H"u+v)+ (u,y) + p,

where H = LH; ", v=—H*w, y=—Hj 'cand p = (w, H; ') — p1.

We see that H : E — E is a continuous module automorphism, v € E*, y € E and

p € LO(F).
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