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Inverse Elastic Scattering from a Cavity in
Homogeneous Medium*
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Abstract The paper discusses direct and inverse elastic scattering from a cavity in a
homogeneous medium with both Dirichlet and Neumann boundary conditions. Regarding
direct scattering, the existence and uniqueness are derived using a variational approach.
In the case of inverse scattering, the Fréchet derivatives of the solution operators are
investigated, which provides a local stability for the Dirichlet condition.
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1 Introduction

In this paper, we consider a time-harmonic plane elastic wave incident on a cavity which can
be regarded as a local perturbation below the plane. Elastic scattering has wide applications in
seismology and geophysics such as in [1, 18, 23] and attracts more attention recently. However,
elastic scattering problems have not been studied intensively due to their inherent difficulties
arising from the governing equations and boundary conditions. Arens used integral equation
methods to prove the well-posedness of elastic scattering from periodic and non-periodic sur-
faces in [5-9]. Elschner and Hu applied variational approaches to get similar results for periodic
and non-periodic surfaces in [15-16]. They (see [17]) also considered the solvability in weighted
Sobolev spaces and proved the existence and uniqueness of elastic scattering from unbounded
rough surface with an incident wave. Moreover, Hu, Yuan and Zhao [20] combined the variation-
al formula and the integral equation to prove the uniqueness and existence of two-dimensional

local perturbed surface scattering problem with Lipschitz graph.
For cavity problems, there are considerable research results in the literature. For instance,
Ammari, Bao and Wood proved the uniqueness and existence of electromagnetic cavity prob-
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lems for TE and TM polarization by variational approaches in [4], and by integral equation
methods in [2]. They also showed similar results for Maxwell’s equations in [3] using variational
approaches. Recently, Bao et al. established a stability result explicitly dependent on the wave
number for TE polarization based on Fourier analysis in energy spaces in [14], and for TM
polarization in [13]. Numerical methods for large cavities can be found in [12, 21, 24]. For
elastic scattering from cavities, Hu, Li and Zhao considered elastic scattering from a cavity in
three dimensions and proved the uniqueness under Dirichlet boundary conditions in [19].

The inverse cavity problem is typically formulated to reconstruct the shape of a cavity by
measured far-field data on artificial boundaries. In general, to reconstruct a shape, the Fréchet
derivative is commonly used. For instance, Bao, Gao and Li considered TE and TM polar-
izations in [10], proved the uniqueness for lossy media and studied the domain derivative and
local stability for the inverse electromagnetic cavity. A similar result for Maxwell’s equations
was extended in [22]. Bao and Lai [11] proposed an optimization scheme to design a cavity for
radar cross section reduction. Recently, Hu, Yuan and Zhao considered the domain derivative
for the inverse elastic scattering by a locally perturbed rough surface in [20]. To the authors’
best knowledge, research on inverse elastic scattering from cavities is still in its infancy stage.

In this paper, we consider a time-harmonic plane wave incident on a cavity, which is shown
in Figure 1, denoted by D with boundary I' U S, where I" C {z2 = 0} is bounded and S is a
Lipschitz curve, i.e., there exists an invertible map f : [0,1] — S satisfying

|f(t1) — f(t2)| < L|t1 — ta|, t1,t2 € [0,1],

Figure 1 Geometry of the cavity problem.

with the Lipschitz constant L > 0 and

£ 1) — £ p2)| < L'|p1 — pa|, p1,p2 €S,

with the Lipschitz constant L’ > 0. We assume if © = (21, 22) € S, then 25 < 0. It is noted that
S is not necessarily a graph of some function. In addition, denote I' = {z € R? : 25 = O}\I'.
The medium is assumed to be homogeneous. Suppose the incident time-harmonic plane wave
takes the form

u; = cpcfexp(ikp(xl sin @ — x5 cos0)) + cod-exp(iky (x1 sin — x5 cos h)),
where
cp,cs € C, d= (sin@, — cosb), d+ = (cosf,sinf), 6¢€ (— — —).

Define the compressible and shear wave numbers by
w

k _Y v
Ve ST
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For simplicity, throughout this paper, we assume ¢, = kp, ¢; = 0. Consider the total wave field
u which satisfies the following Navier equation with Lamé constants A > 0, x> 0 and frequency
w >0

pAu+ (u+ANV(V-u) +w?u=0 in DU {zs > 0}. (1.1)

For convenience, denote by A*u := pAu + (i + A)V(V - u). This paper considers two kinds of
boundary conditions, i.e., the Dirichlet condition

u=0 onSUT*® (1.2)
and the Neumann condition
Tu=0 onSUTI* (1.3)

where the differential operator T' is defined by Tu := pd,u + (A + p)Adivu. Consider the
Helmholtz decomposition for u, i.e.,

u = —i(grad ¢ + curl v), (1.4)
with
i, i
o= —k—%dwu, Y = k—zcurlu, (1.5)

—
where curlu = (Jauq, —alug)T and curlu = dyus — doup. Then, ¢ and v satisfy the Helmholtz
equations

(A+k2)p=0, (A+kHp=0, z>0. (1.6)

The total wave field consists of the incident wave u;, the reflected wave u, and the scattered
wave Ug, i.e., 4 = u; + u, + ug. Here, the reflected wave u,. satisfies

A*u, + w?u, =0 in {zz > 0},
ur+u; =0 on {xs =0}, (1.7)
or T(u;j+wu)=0 on {xy=0} (1.8)

For the scattering wave ug, it is required to satisfy the following half-plane Kupradze-
Sommerfeld radiation condition:

Tlig)lo T%(6T¢(5L') —ikyp(x)) =0 in {z € R? 12y >0} (1.9)
and

Tlig)lo 12 (Op(z) — ikytp(z)) =0 in {z € R? : 5 > 0}, (1.10)
with r = |z| for ¢ = —divu, and ¢ = klgcurlus.

Now we can state the following two problems, respectively.

Dirichlet Problem Find u which satisfies (1.1)—(1.2), where us satisfies the Kupradze-
Sommerfeld radiation condition (1.9)—(1.10).
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Neumann Problem Find u which satisfies (1.1) and (1.3), where u satisfies the Kupradze-
Sommerfeld radiation condition (1.9)—(1.10).

Remark 1.1 Obviously, the reflected waves exist and we can give the following examples.
In fact, we can choose functions

u1 = (o, B) Texp(i(az; — Bra)),
U2 = (Oé, —ﬁ)TeXp(i(axl + BZEQ)),
uz = (n, —a) exp(i(az + nza)),
with a = kpsiné, 8 = k,cosd and n = \/k2 — 2, which are linearly independent solutions to

the Navier equation. For the Dirichlet boundary condition (1.7), we can take the reflected wave

a? — Bn 2a3
— Uy — us,
a2+ fBn 2 a2+ fBn 8

Up,1 = UL

and take the reflected wave

A+ wkp 4+ pB2n + pap

Uy 2 = 2Ma2ﬁ U1
—(\+ wky — pp*n + pa’p (b + Nkp + ps?
+ Ug + U3
2pap pan

for the Neumann boundary condition (1.8).

This paper will give the well-posedness of the above Dirichlet problem and Neumann prob-
lem. By employing transparent boundary conditions (TBCs for short) given by the Dirichlet
to Neumann (DtN for short) and the Neumann to Dirichlet (NtD for short) operators, the
original problems can be reduced to a boundary value problem in a bounded domain. Then
the variational approach is used to prove the existence and uniqueness of the elastic scattering
problem in two dimensions with the Dirichlet condition or the Neumann condition. For the
Dirichlet problem, the existence in two dimensions is actually trivial compared to three dimen-
sions in [19]. However, we can obtain the uniqueness for two dimensions while it is still open
for three dimensions. One of the main novelties in this paper is to prove the uniqueness for
the Neumann problem which is not a trivial extension of the Dirichlet problem. In fact, the
main difference between the Dirichlet problem and the Neumann problem is the transparent
boundary condition which is given by an DtN operator for the Dirichlet problem, but given by
a NtD operator for the Neumann problem. Hence, more complicated discussions are necessary
to give the uniqueness for the Neumann problem. Another contribution of this paper is giving
the Fréchet derivative for the Neumann problem. In fact, this paper investigates the Fréchet
derivative for both the Dirichlet problem and the Neumann problem. But again, the Neumann
case is more complicated because the boundary value problem reduced to a bounded domain in
Section 2 has an inhomogeneous Neumann boundary condition by directly applying NtD oper-
ator. Hence, in order to take advantage of the TBC deduced by a DtN operator, we have to use
an additional artificial boundary to rewrite the boundary value problem for the Neumann case.
Moreover, the Fréchet derivative for the Neumann problem can only be represented by a vari-
ational problem, unlike the Fréchet derivative for the Dirichlet case which can be represented
by a boundary value problem.

The paper is outlined as follows. In Section 2, the direct problems are reduced to variational
problems in a bounded domain by the DtN operator and the NtD operator. In Section 3 and



Inverse Elastic Scattering from a Cavity in Homogeneous Medium 629

Section 4, the existence and the uniqueness for the Dirichlet problem and the Neumann problem
are established, respectively. Moreover, the solutions to variational problems can be extended
to satisty the Kupradze-Sommerfeld radiation condition and the Navier equation in upper half-
space. In Section 5, the Fréchet derivatives for the Dirichlet problem and the Neumann problem
are given respectively and a local stability result is given for the Dirichlet problem. Conclusions
are given in Section 6.

2 Variational Formulation

To reformulate the two problems in Section 1 in an unbounded domain, it is necessary to
introduce transparent boundary conditions to reduce the model problems to a bounded domain.
By the Helmholtz decomposition, the wave fields us, u, satisfy (1.4) with corresponding ¢, ¢
satisfying (1.5)—(1.6). Applying the Fourier transform to (1.6) with respect to 21 and using the
radiation condition gives

¢ = P(&)exp(izayp(€)), ¥ = S(E)exp(iaays(£))

with
(&) =\/kp — &, () = VkZ - €.

Denote by u(§) = Fu(§) the Fourier transform of w with respect to 1. Then the Fourier
transform of u is given by

<175_,1 ) _ ( £ —i0s ) ( P(&)exp(irayp) ) (2.1)
s —i0y  —¢ ) \ S(&)explirzys) ) '
a . as,l(&ao) _ 5 Vs P(g)

5(5’0)_<a5,2(§,0)>_<7,, _§><5(5))’ (2.2)

<P(§)> __ 1 ( & ) <?s,1(§,0) ) 23)
S(&) Etmrs \ vy ¢ us,2(&,0)

Inserting (2.3) into (2.1) arrives at the following representation for u:

Let zo =0,

which implies

= == [ (el (€)M (€) + expliaann (ML) (€ Oexpline)ds (2:4)

in {z2 > 0} with

2 _
MyE) 1 ( SN ) ML) 1 <7p% vsé“)'

- £ +7p7s € Vps B £+ Ww7s —Yp§ 52
Recalling the definition of differential operator T', we have

Tus := puOpus + (A + p)idivus, onT. (2.5)
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Combining (2.4)—(2.5), direct calculation implies that

1 N .
Tu, = —= / M(€)1s (&, 0)exp(i€)de, (2.6)
where
. 2 2 2
ur _ i W Yp —Ew* + f,u(f + VP'YS) . 9.7
© £+ Ms < w® = EuE® + s wys 0

Then the Dirichlet to Neumann operator can be defined by
Tf:=F YMf), feH*R)>.

So Tus = Tus on I'. Noting that u; + u, = 0 on {z2 = 0} and u = 0 on I'°, then TBC for the
Dirichlet problem can be given by

Tu=Tu+g onl withg=T(u; + u,).
By TBC, the Dirichlet problem can be reformulated as

A*u+w?u=0 in D,
u=0 ondS,

Tu=Tu+g onl.

Denote V = HL(D)? = {u € H'(D)? : u|s = 0}. Then for u,v € V, the Betti formula gives

0= —/ (A* + wu - vda z/ E(u,7) — w?u - vdx — /(Tu—l—g) - vds,
D D r
where
E(u,v) = u(Vuy - Vog + Vug - Vug) + (A + p)(V - u)(V - v). (2.8)

Define a sesquilinear form B : V x V — C by

B(u,v)z/ 5(u,6)—w2u-ﬂdx—/7u-ﬁds.
D r

Now we obtain the variational formula of Dirichlet boundary value problem.

Variational Problem 2.1 Find u € V such that B(u,v) = (g,v)r,Vv € V.

It is similar to give TBC and the variational formula corresponding to the Neumann problem.
Notice that in this case, it is not us but Tus, that has compact support on I'. So (£, 0) may
not be integrable with respect to £ € R. Thus, (2.3) and (2.6) may not hold in this case.
However, us(£,0) can be represented by fu\s(f ,0) similarly. According to (2.4), we obtain

— /M?z 0 as)l
Tus(8,@2) = ( IO+ 10)E (0 +20)0s ) < T ) ' (2.9)

Combining (2.1) and (2.9) yields

fu\(fx):< 110y 0 )( 13 —182><P(5)eXp(ix2~yp)>
ST we arawa )\ s g )\ S©@explizn) )
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Take xo = 0, then P and S can be represented by m({ ,0). Inserting the representation in
(2.1), we have

s (€, 72) = (exp(iz27,(€)) My (€) + exp(iz274(€)) M (€)M~ T (€, 0),
Taking the inverse Fourier transformation and xo = 0 gives
us(€,0) = F~H(M™1,(€,0).
Hence the NtD operator A can be defined by
A =F UM, feH ER),

which implies
A(Tug) =us onT.
Denote h = u, +u; and g = —(A* +w?)h. Then the Neumann problem can be reformulated as
A*ug + w?us =0 in D,
Tus =-Th on S, (2.10)
us = A(Tus) onT.

Define the function space
_1
W ={ue HY(D)*: Tu € Hy *(T)?,ulr = A(Tulr)},

where .
Hy*(T)? ={ue H 3(T)*: A() € H?(K)? VK cC R?},

and u is zero extension of w. In fact, it is clear that HO_%(I‘)Q is the dual space of Hz(I')? in
[7]. The sesquilinear form B: W x W — C is defined by

B(v,w) = /D E(, W) — w?v - wdr — /FTu - A(Tw)ds.

Now we can give the following variational formula by the Betti formula.

Variational Problem 2.2 Find u, € W such that

B(us,w)zf—Th-Eds—/ g -wdz, YweW.
s D

In the next two sections, we consider the existence and uniqueness of solutions to the above
two variational problems. Moreover, they can be extended to {x2 > 0} satisfying the Kupradze-
Sommerfeld radiation condition.

3 Existence and Uniqueness for the Dirichlet Problem

Since this problem is in a bounded domain with Lipschitz continuous boundary, we have
the well-known compact embedding result that H'(D) is a compact subset of L?(D). Hence
the uniqueness of the variational problem and Fredholm alternative yield existence directly.
To this end, we show that the continuity of the DtN operator results in the continuity of the
sesquilinear form B, which is stated in the following lemma with the proof omitted.
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1
Lemma 3.1  The DtN operator T is a continuous linear operator from HZ ()% to H = (I')2.

In order to use the Fredholm alternative, it is necessary to show the sesquilinear form satisfies
the Garding inequality. Take the real part of B,

RB(u,u) = / E(u, ) — wu - udz — %/ Tu-uds.
D r
Considering (2.8) gives

| e ads = pTulap + (o IV - o = kTl
It turns out that
RB(u,u) > pl|VulZe(pyz — w?||ullfepyz — R(Tu, u)r. (3.1)
By the Plancherel identity,
—R(Tu,u)r = —(RM Fu, Fu)r,
where RM = M+TMT However, the sign of —R(7u, u)r is undetermined. But fortunately, for
sufficiently large |£], we know —RM (€) is positive definite, as given in Lemma 3.2.

Lemma 3.2 —RM (§) > 0 for |£| > ks.

The proof is also omitted here as it is trivial compared to the results in [16]. Noting that

(MFu, Fu) = /
[€]>ks

M(©)[alde + / M(€)[alde,

1€1<ks

and using Lemma 3.2, we have

—(RMFu, Fu) > — / RM (€)]i[2dE.

€] <ks

Therefore, it suffices to estimate the intergal in {|¢| < k,}. The following inequality is similar
to the three-dimensional case in [20].

Lemma 3.3 For any u € V, we have RB(u,u) > Cl||Vu||%2(D)2 - CQ||u||2L2(D)2, where
C1,Cy are positive constants which depend on A\, pu,w.

Next, the uniqueness and existence of the variational problem can be derived by Lemma 3.3
and the Fredholm alternative.

Theorem 3.1 Variational Problem 2.1 admits a unique solution u € V.

proof Assume g = 0. We have
0=g,u)r = —SB(u,u) = S(Tu,u)r = (Mu,u)r.

Combining (2.2) and (2.7) gives

P\" HEYp w? — pg? &7 P
[ de.
(M, Wz /n;(S) <w2—u€2 — s )(”Y_p _5><§> 5
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A:< HEYp w2—u€2><§ T)
w?—pg? = ps ™ )

Taking the real part implies

Denote the matrix by

07 lf |§| > kSa
NA = { widiag(0,~s), if k, < €] < ks,
wrdiag(vp,vs), if [€] < k.

So we have

S(Tu, u)r = wQ(/

[€1<kp

o(€)| P(E)[2dE + /

|€]<ks

w(EISE L) 0. (32)

Hence
P =5() =0 for ¢ <k,

which implies
u(€,0) =0 for |¢| < kp.

Since w has compact support on {y = 0}, @(&,0) is analytic with respect to £&. By unique
continuation, @(&,0) = 0 for £ € R. So u(x,0) =0 and Tu = Tu = 0 on I'. By the Holmgren
uniqueness theorem, u = 0 in D which implies uniqueness. Finally, combining Lemma 3.3 and
the Fredholm alternative yields existence.

Remark 3.1 Theorem 3.1 shows that there exists a unique solution w to Variational
Problem 2.1 in a bounded domain D. We can extend us = u — u; — u, to {z2 > 0} by (2.4),
though it may not satisfy the Kupradze-Sommerfeld radiation condition. In fact, the condition
that ugs satisfies (2.4) is weaker than the half-plane Kupradze-Sommerfeld radiation condition
(1.9)—(1.10) (see [8]). But we can extend ug by

e = / T.Gp(x,y)us(v)ds(y), @ € {w2 > 0}, (3:3)

where Gp(x,y) is the half-space Green tensor for the Dirichlet problem. According to the
property of Green tensor, we can verify that the corresponding w is the solution to the Dirichlet
problem in D U {z5 > 0} (see [8]). Then by representation theorem we know that any solution
to Dirichlet problem in D U {x2 > 0} satisfies (3.3), which means that the extension is unique.

4 Existence and Uniqueness for the Neumann Problem

Recalling the two variational problems in Section 2, we can find that the main difference
between the Dirichlet problem and the Neumann one is that M in (2.7) is replaced by M1,

ie.,

et PO w?y, Ew? — Epp 1)
R —&wr+Eup Wy ’ '

where
2 _ 4 2 2
P=E +7Yp, d=w vy + (§w” —Eup)”.
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This section shows that M ~! has similar properties to M though it is more complicated. Before
proceeding to the uniqueness, we give the following lemma to show that A is continuous, which
implies that the sesquilinear form is also continuous.

Lemma 4.1 The NtD operator A is a bounded linear operator from HO_% (T2 to H=(T)2.

Proof
MAwly [ nrapa+ etae
|4]|> = sup T ”2 = sup (4.2)
uEW,u#0 77(1‘)2 ueW,u#0 / |u| 1+ 62
When |£]| = 400, it is easy to calculate
. . kp + k3
W~ il s el (€ ) ~ T
It turns out that
k? + k2
[€w® — Eu(€? +75p)] ~ §(w2 o G ”) (4.3)
and
k2 + k2\2
Wty + (6w? = E(g? +77p)%] ~ €[t — (w? — =52 ]. (4.4)

Combining (4.1) and (4.3)—(4.4) gives an estimate of ||M 1|,
M~ <oa+e)™
Inserting it into (4.2) yields ||A]| < C, where C depends on w,  and .
Then we consider —3tM ~! similarly to in Section 2.

Lemma 4.2 —RM~1(£) > 0 for sufficiently large |£|.

Proof Taking the real part of M~! for || > ks, we have

o pl§) < w?|ys| —i(Ew?® — Epup) )
M= d(€) \i(6w® — Eup) W[l ’
with
p(&) = & — [7sl 1] >0
and

d(§) = —w* sl | + (§w® — Epp)*.
In order to prove —RM ~1(£) > 0, it suffices to verify d(g) 2|vs| < 0 and det (-RM~1) >0
out that

Recall that when || — oo, s ~ i|€], v, ~ i|¢| and p ~

dme((w - nE ) ) (- D) <o
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which means that £ (5) w?|ys| < 0 for sufficiently large |¢]. Direct calculation gives

2
det(—RM ') = dg( sl = (6w? = €up)?) > 0

for sufficiently large |¢]. So —RM 1! is positive definite for sufficiently large |¢|.
Using the above lemma, we can estimate RB(u, u) and then get the following inequality.

Lemma 4.3 For any u € W, we have RB(u,u) > C1[|VullZzpy> — Collu]|72(pe, where
C1, Cy are positive constants and they both depend on A\, u and w.

Proof Similar to Section 3, for u € W, we have
RB(u,u) > pl|Vullz(pye — & [ullF2(pyz — R(Tu, A(Tw))r. (4.5)

By Lemma 4.2, there exists ko > 0 such that —RM ~1(£) > 0 for [£] > ko. So it can be deduced
that

“R(Tu, ATu))r > —R T M\ Tude > —c/ MY\ Tul2de. (4.6)
[€1<ko [§1<ko

Noting for |¢| < ko,
IM7Y <C1+€)7F <O+

So we have
/ M [Tupde < © / (1+ €)Y T2 < C|Tul? ) (4.7)
€] <ko €] <ko ’

By the trace theorem and the interpolation inequality, we obtain

I Tul -1 (ry2 < Cllullfery < Cllull? < ellullFpy + CE)lullz(py- (4.8)

Hi()2 =

Here C' > 0 are different constants depending on p, A and w, € > 0 is sufficiently small and
C(e) > 0 is dependent on p, A\,w and . By combining (4.5)—(4.8), we obtain the inequality

RB(u,u) > pl|VulZzpye = w[ullZ2py — Cellulltnpyz — Cle)ullz pye-
As € is sufficiently small, it turns out that

RB(w,u) > C1[[Vul2:pys — Collull3a(ye-

Next, we can proceed to the uniqueness for the Neumann problem. Though M ! is more
complicated than M, it is difficult to directly give the representation of the imaginary part of
the sesquilinear form like (3.2). But the following proof shows that it is not necessary to get
the exact representation of the imaginary part of the sesquilinear form.

Theorem 4.1 Variational Problem 2.2 admits a unique solution u € W.

Proof Similar to Section 3, we will prove the uniqueness, which yields existence. Assume
h =0 (i.e., u = us) which implies g = 0. Taking the imaginary part of the variational formula
gives
SB(u,u) = —S(Tu, A(Tw))r = —(Tu, M Tu)p = (SM~*Tu, Tu)r = 0.
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For |€] > ks, we have
p=E—usllnl,  d=—wlysllnl + (Ew? — Eup)*.
Then take the imaginary part of (4.1) to get SM~! = 0. For || < k,, we have

p= 52 + |'YS||'Y;D| >0, d= w4|75||7p| + (€w2 - fﬂpy > 0.

o —1__& w?|s] 0 )
SM= d(&)( 0 Wyl )

It turns out that SM ! < 0. For k, < |¢| < ks, we have

Simple calculation gives

p= 52 + i|'78||'7p|a d= w4|'78||'7p|i + (5“’2 - 5#9)2-

Direct calculation gives

1 1 a; b

M = e ()
where

ar = =Pyl ap = —pPE0? s ),

b= —i[=Ceulpllvs] — (€ = E e pllysll,
with
(=w’—&p

Obviously a; < 0, then it suffices to verify det (3M~!) = 0. In fact, we have

(¢t + € P )2 det (SM 1)
= aiaz + b?
= 1P Cw [P ? = (—1PEw? + 0% — Cep)? Pl
= 12wt Iy 1sl? = b Pl P2 (C + 1€®)?
= N2§2C2|7p|2|'75|2(w4 - W4) =0.
Therefore it turns out that det(3M 1) = 0, and thus SM ! <0.
In summary,
=0, if || > ks,
SM~1L<0, if ky < €] < ks,
<0, if |§| <kp.
Hence T'u = 0 for |¢] < kp. Similarly to Section 3, by unique continuation and the Holmgren’s
uniqueness theorem, u = 0 in D which implies uniqueness. Combining Lemma 4.3 and the
Fredholm alternative yields existence.

Remark 4.1 Similar to Section 2, we can extend us to {z3 > 0} by

Ug = — /F Gn(x,y)Tus(y)ds(y), € {x2 >0}, (4.9)

where Gy (z,y) is the half-space Green tensor for the Neumann problem. Obviously by repre-
sentation theorem, this extension is unique. Hence we get the unique solution to the Neumann
problem in D U {x2 > 0}.
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5 Local Stability of Inverse Cavity Problems

In this section, inverse cavity problems, i.e., to reconstruct the unknown cavity S from u|r,
are considered by investigating the Fréchet derivative of the solution operator for the two cases.
For the Dirichlet problem, the Fréchet derivative implies a local stability result of inverse cavity
problem directly. This can be deduced by the fact that when the Dirichlet data of Fréchet
derivative on the boundary of the cavity vanishes, i.e., the solution u to the original problem is
zero. However, for the Neumann case, the Fréchet derivative satisfies different boundary value
condition, which results in major difference from the Dirichlet case.

5.1 Dirichlet case

Let S be C? and h(z) € C%(S,R)? satisfying h(x)|sur = 0. Denote by S, = {x + h(x) :
x € S} and Dy, the domain with boundary S; UT. Similarly denote V}, = {u € H'(Dp)? : u =
0,0n Sy }. Define the solution operator U : C2(S,R2) — Hz(I')? by

U(h) = un|r,
where uy, is the solution to the variational problem for the Dirichlet boundary condition, i.e.,
Bp(up,vn) = (g,vn)r, Yop €V} (5.1)
with

Bh(uh, ’Uh) = S(Uh,ﬁh) - w2uh -vpdx — / Tuy, - Upds. (5.2)
Dy, T

Extend h(z) to C?(D,R?) and still denote it by h such that h(z)|r = 0 and
2]l 100 (py2 < ClR 100 (592 (5.3)

Denote Hp, by Hn(y) = v+ h(y), y € D. Obviously, it is invertible for sufficiently small
[I7]l1,00- Then taking the variable transform x = Hj(y) implies

2
By (up,vp) = u/ > Vi, jﬂglj%lvﬁhj det Jy, dy

Jj=1

eemy

(Vi JH;I)(vﬁh : J}TL},I) det J3, dy
D t v

— w2/ up, -ﬁh det Jpy, dy — / Ty, -i}thds(y) = Bh(ﬁh,ih),
D T

where U, = up o Hp €V, Uy = v, o Hy, € V. Hence B is a sesquilinear form on V' x V. Thus
the variational formula (5.1) becomes

B"(up,v) = (g,v)r, YweV. (5.4)

Next we proceed to derive the Fréchet derivative of the solution operator U. Let U’(0):
C2(S,R)2 — H2(T')2 be the Fréchet derivative of U at 0. Notice that C2(S,R)? is equipped
with norm [| - || 1. (g)2. The following theorem shows for h € C?(S,R)?, U’(0)h satisfies the ho-
mogeneous Navier equation in D, the homogeneous TBC on I' and an inhomogeneous Dirichlet
condition (5.7) on S.
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Theorem 5.1  Suppose h € C%(S,R)? satisfying h = 0 on SUT. Let u* be the solution
to the problem

(A* +w?)u* =0 in D, (5.5)
Tu* =Tu* onT,
u*=—(n-h)0,u onS. (5.7)

Then U'(0)h = u*|r.

Proof Let wp, = h-Vu. Then h|r = 0 implies wy|r = 0. So wp +u* € V and (wp, +u*)|r =
u*|p. By the trace theorem,

lup —u —u*| < COllap —u —u* —wp| g1 (py2 (5.8)

HE ()2 =

with the constant C' > 0. For convenience, we denote [|h[|1,00 = ||| 1.0 (p)2. Then combining
(5.3) and (5.8) yields that we only need to prove

||ﬁh —Uu — u* — wh||H1(D)2 —0
17 ]l1,00—0 [1A0]1,00 '

For any v € V,
B(up —u —u* —wp,v) = B(ay, — u,v) — B(u* 4+ wp, v).

Firstly consider

B(tip — u,v) = B(tn,v) — (g,v)r = B(un,v) — B"(un,v) = Z B;(un,v),

where
2

Bu(iin,v) = 1 / S Vit (T = Ty 1 T+ det T, )V, (5.9)
D5 n

By(iin, v) = ()\+u)/ (V-@)(V - T) = (Vi : Ty ) (V5 I1 1) det Trde,  (5.10)

D h

Bg(ﬂh,v)sz/ i - B(det Fae, — 1)da. (5.11)

D

Consider the Jacobi matrix
In, = I + Vh.
Direct calculation implies
det Jy, = 1+V~h+O(|\h|\%7m||v|\H1(D)z) (5.12)
and

Ty = Iy = Vh 4 O3 o]l ). (5.13)
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Combining (5.12)—(5.13) gives
JEZIJH; det Ty, = I — (Vh+ VL") — (V- h) Lo + O(||h|| sol[v]l 21 (Dy2)-

Insert (5.12)—(5.14) into (5.9)—(5.11),

3
> Bian,v) Zgz )(@n,v) + ORI sollvll 1 (py2),
1=1

where

2
g1(h)(up,v) = u/ Z Vi, ;(Vh + VAT — (V- h) L) V7;da,

D3
ga(R)(Tp,v) = (/\+u)/D(V p) (VT : VAT) + (V- 9)(Vay, : VAT)
= (V-W)(V-0)(V - ap)dz,
g3(h)(tip,v) = w? /D (Un, - T)(V - h)dz.
It is easy to verify
19i(R) (i, v) — ga(R)(w, )| = OIhll1,col[0]l 11 2 i — w13 ().
Insert (5.19) into (5.15)—(5.18),

B(ip — u,v) = g1(h)(u,v) + g2(h) (u, v) + g3(h) (u, v) + O(|AlI} o [v]l 112 (12)
+ O([Allv.collvll 1 (D)2 1un = wll 11 (p)2)-

For ¢1(h)(u,v), applying the identity

Vu(Vh+ VAT — (V- h)L)Vo =V -{h-(Vu)Vv + (h-Vv)Vu — (Vu - Vo)h}
— (h-Vv)Au — (h - Vu)Av,

and the divergence theorem gives

:—MZ{/ h-Vu;)AT; + (h - VT;)Aujdz
—/S(h-vuj)(n-ijr(h-wj)(n-vuj) - (h-n)(wj-vuj)ds}.

Considering (A* + w?)u = 0, integration by parts gives

2
;M/D(h-V@)Aujdx:()\_yu)/(V_u)v.(h.vmdx

D
— -u)(n - - VU s—w2 - V) - udx.
<A+u>/5<v )+ (h- VB)d /D<h Vo) - ud

Integration by parts again gives

2
Z,u/ (h-Vu;)AT;dx = —u/
j=1 /P

V(h-Vu): Vodz + ,u/(h -Vu) - (nVD)ds.
D

S
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(5.14)

(5.15)

(5.16)

(5.17)
(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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Denote n = (n1,n2)T and 7 = (—ng,n1)T. Notice v|g = 0 implies d,v|s = 0. This turns out

that
2
Z/(h VT, (n - V) — (h-n)(Va, - V5;)ds = 0.
i=175
Applying the divergence theorem again and noticing h|r = 0, v|s = 0, we obtain
/ (V-h)(u-7)+u- (h-Vﬁ)dx:/ V- ((u-0)h) — (h-Vu) - -vdzx
D D
= —/ (h - Vu) - vdx.
D
Inserting (5.21)—(5.25) into (5.16) and (5.18) yields
g1(h)(u,v) + gs(h)(u,v) = u/ V(h-Vu): Vode — (A + u)/ (V-u)V - (h-Vv)dz
D D
—w2/ (h-Vu)-vdx + (/\—|—u)/(V ~u)(n - (h-Vv))ds.
D 5
For g2(h)(u,v), direct calculation gives
/ (V- u)(Vo: VAT)de = / (V- w)V - (h- VD) — (V- u)(h- (V- VoT))da
D D
and similarly
/ (V-7)(Vu : VA )dx = / (V-5)V - (h-Vu) = (V-5)(h-(V-Vul))dz.
D

D

Then applying the divergence theorem yields

/ (V) (h- (V- VuT))dz +/ (V- w)(h- (V- V5"))dz
D D
+ /D(v )V )V - h)da = /Dv (Y - u)(V - T))da
_ /(h n)(V - u)(V - T)ds.
S
Recalling 0;v|s = 0, we have
/(h n)(V-u)(V-7)ds = /(V ~u)(n - (h-V7))ds.
S S
Together with (5.27)—(5.30) implies

g2(h)(u,v) = ()\—l—u)/D(V )V (h-VO)+ V- (h-Vu)(V - -7)de

— (A4 n) /S(V ~u)(n - (h-V1))ds.

Now recalling wy, = h - Vu, wp|r = 0 and combining the representations of g;(h)(u,v) in

and (5.31) implies

3

S gi(h)(u,v)

=1

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.26)
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:u/ V(h-Vu): Vﬁdx—i-(/\—i-u)/ V-(h-Vu)(V-ﬁ)dx—oﬂ/ (h-Vu)-vdz
D D D
~ Blun.v). (532)

Notice u* satisfies (5.5)—(5.6), so it satisfies the variational formula B(u*,v) = 0 for any v € V.
Hence by (5.20) and (5.32), we can obtain

B(up —u —u* — wp,v)

= O([[hll1,00) + O(lltr, — ull 11 (p)2)- (5.33)
17ll1,00 |01 12 (D)2 (D)
The Dirichlet boundary condition (5.7) and u, u, € V deduce (up —u —u* — wp)|s = 0 so that
up —u — u* —wp € V. Then using Theorem 3.1, we know the sesquilinear form B generates
an invertible bounded linear operator which is still denoted by B. By Banach open mapping
theorem, B~! : V* — V is also a bounded linear operator which implies

|B(up, —u — u* — wp, v)|

lan — u —u* _whHHl(D)2 <C sup (5.34)

VEV,0#£0 HU||H1(D)2
Then combining (5.33)—(5.34) gives

lan —u — u* — wp| g1 (02 -
7L P — O(||h1.00) + Ol[iin — ull 11 (py2)-

Hence we only need to prove when |h|10c — 0, |[up — u — u* — wp||g1(p)2 — 0. Since
B"(u,v) — B(u,v) = By (u,v) + Ba(u,v) + Bs(u,v), inserting (5.12)—(5.14) gives

|B" (u,v) = B(u,v)| < Cllh]l1collullm ppellvllm e

Since
Bh(ﬂhvv) = (g,'U)F = B(U,’U),
we obtain
- B"(u,v) — B(u,v
lun — ullgr(py> < C sup sup |B" (u, v) (u, V)| < C|h|l1,00 — 0.
u€V,u#0 veV,v#£0 ||UHH1(D)2||U||H1(D)2
Hence

up — U —u* —w
o |2 nllm (D) -
[IAl]1,00 =0 1All1,00

which completes the proof.

Next we consider a local stability result for inverse cavity problem. For two domains €21, €25
in R?, define the Hausdorff distance between Q; and 5 by

dist(Q1, Q2) = max{p(Q1,Q2), p(Q2, )},
where

p(Q1,Q2) = sup inf |z —y).
zEQ, YERL2

Take h(z) = kp(z)n, where k € R and p(x) € C?(S,R). Our goal is to give the following local
stability result.
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Theorem 5.2 Given p € C%(S,R) and k > 0 is sufficiently small, then
dist(Dg, D) < Cllug — u||H%(F)2,

where Dy, = Dypp, Uk = Ugpn and C > 0 is a constant independent of k.

Proof For p(xz) =0, it is obvious that this conclusion is true. So we can assume p # 0.
We firstly prove dist(D, Dy) = O(k). For any fixed z¢ € S, denote yo = zo + kp(zo)n(xo).
Then

inf |z —y| < |zo — wo| < Ck,
Y€ Dy

where C is a constant only dependent on p. Hence we obtain p(D, Dy) < Ck. And similarly
we have p(Dy, D) < Ck, which gives

dist(D, D) < Ck. (5.35)
Since p # 0, without loss of generality, let p(z) # 0. Then we know
dist(D, Dk) > p(Dy, D) > nf lyo — x| = |yo — xo| = |p(w0)|k. (5.36)
Combining (5.35)—(5.36) gives dist(D, Dx) = O(k).

Now we prove the conclusion. Assume the conclusion is not true. There exists a p(z) €
C?(S,R) such that

HUIC, —

- HH%(W 50, when K — 0, (5.37)

where {uy/} is some subsequence of {uy}. Applying Theorem 5.1 to h(x) = kp(z)n gives

. up —u—u*
1 Hi —0, 5.38
s k HE(T)? (5.38)
where u* satisfies
(A* +w?)u* =0 in D,
Tu*=Tu* onT,
u* = —hpd,u on S.
Let v* = “—h*, then v* satisfies
(A* +whv* =0 in D,
Tv* =Tv* onT,
v* = —pdpu on S.
Then by (5.38), we obtain
. Up — U . U — U
| H - =1 H _ = 0. 5.39
asoll R v H? (T)? ol & v H% (T)? (5:39)
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Combining (5.37) and (5.39) yields ||v*|| = 0. Hence

H? (T)?
Tv*=Tv*=0 onT.

By the unique continuation,

v* =0 in D.

Recalling that
v* = —pdyu on S,

p# 0 and p € C?(S,R), there must exist a continuous part S’ C S such that
p#0 onlS,
which implies
Opu=0 onS.

Then by the unique continuation, v = 0 in D, which is a contradiction to Tu = Tu + g on T

5.2 Neumann case

Next, consider the Neumann problem. Notice that the boundary value problem deduced by
the NtD operator has the inhomogeneous boundary condition (2.10), so it is difficult to directly
calculate the Fréchet derivative like the Dirichlet problem. Here, we still take advantage of
the TBC given by a DtN operator, though its definition on I' is difficult. Instead, an upper
half-circle artificial boundary is taken (see Figure 2).

- -

Figure 2 The Neumann case.

Take R > 0 such that {xo = 0, |z| > R} C I'¢ in Figure 2. Denote Q = DUTU{0 < x9, |z| <
R}, Tr={x2>0,|z| = R} and Sg = SU (TN {|z|] < R}). Let x € RN {|z| > R}.

Recalling that the scattering wave us of the Neumann problem satisfies T'ug|re = 0, the
Green’s representation theorem yields

Us = /F TyGN(xa y) : us(y) - GN(xa y)Tyus(y)dS(y)a

where T}, is the differential operator 7" with respect to y. Taking 2 — I'r gives

1
R
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Define the single-layer operator S by
Su(w) = [ Gulay) vl)ds(y), v e HE(Tr)
r
and double-layer operator D by

Do(x) = / T,Gx(z,y)o(y)ds(y), ve H }(Tx).

We can choose R such that w? is not the interior Dirichlet eigenvalue of A* so that S is invertible.
Then define the DtN operator by

1
7 =81 (—I - D),
2
where 7 is the identity operator. It is easy to verify that this DtN operator implies the TBC
Tu=Ju+g onlpg

with g = T'(u; + ur) — (u; + uy).
Then rewrite the boundary value problem as
(A* +w?)u=0 inQ,
Tu=0 on Sg,
Tu=Ju+g onl..

The variational formula is given by
@(u, U) = (gv U)FR? Vv € Hl (Q)Qv (540)

where B, : H'(Q)? x H'(2)? — C is defined by

B(u,v) :/ E(u, ) — wu - vdx — Tu - vds.
Q Tr
The Dirichlet data on I'g is directly given from the Neumann data on I' by (4.9). Hence it is
enough to consider the reconstruction from the Dirichlet data on I'g.
Let Q, = D, UT U{0 < x9,|z] < R}. Define the solution operator Uy : C?(S,R?) —
H?3(Tg)? by

Un(h) = uplry,
where uy, is solution to
B (un,vn) = (9,0n)rp, Yon € H (Q)? (5.41)
with
B (un,vn) = ; E(up, ) — wup - Tpda — g T up, - Upds. (5.42)
n R

Extend h(z) to C%(Q, R?) and still denote it by h such that

h(z) =0 onTg
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and

[AllE1o )2 < OBl 1. (52
with constant C' > 0. Define H}, by

Hi(y) =y +h(y), ye

It is invertible for sufficiently small ||h|| 1,0 ()2
Then taking the variable transform x = H,(y) in (5.42) implies

%h(uh, ’Uh) = @h(ﬁh, 5}1).

Here %" is the similarly defined as B" in Section 5.1 except that Dy, I and T are replaced by €y,
I'r and 7, respectively. Since uy, v, € HY(Q)2, 8" is a sesquilinear form on H(2)2 x H(Q)2.
So the variational formula (5.41) becomes

‘%h(ahav):(g7v)l—‘1a7 VveHl(Qh)Z,

Let Uy (0) : C2(S,R)2 — H=(I'g)? be the Fréchet derivative of Uy at 0. Then result similar
to Theorem 5.1 holds for the Neumann case.

Theorem 5.3  Suppose h € C%(S,R)? satisfying h =0 on SNT. Let u* be solution to the
variational problem

B(u*,v) = A(v), Yve HY(Q)? (5.43)

where A € (H(Q)?)* is a functional defined by
A@) = wZ/ (u-v)(h-n)ds
Sr

—()\—l—u)/s (V-u)(v-ﬁ)(n-h)ds—u/s (h-n)(Vu : VU)ds.

Then Up (0)h = u*|p, .

Proof Let wy, = h-Vu. Then h|r, = 0 implies wy|r,. So wy + u* € H'(2)? and
(wp, + u*)|r, = u*|pg. Similarly to Theorem 5.1, we only need to prove

||ﬁh —u—u*— wh||H1(Q)z

=0
311,00 =0 |2 ]]1,00 ’

where || - [[1,00 = || - [| 1 ()2 For any v € H'(Q2)?,
B(up, —u—u* —wp,v) = Blup, —u,v) — Bu* + wp,v).
Like Section 5.1, we have

P(un — u,v) = g1(h)(u,v) + g2(h)(u, v) + gs(h)(u, v)
+ ORI sollvll 1 2)2) + O(lIR]

Loollvll @2 [t — wll g (a)2), (5.44)

where g;(h) is defined the same as (5.16)—(5.18) except that D is replaced by .



646 T.J. Wang, Y. W. Lin and X. Xu

For g1(h)(u,v), similarly to (5.21), we obtain
—MZ{/ h-Vuj)AT; + (h- VT;)Aujde
— / (h - Vu;)(n-V1;) + (h-VU;)(n - Vu,)
Sr

— (h-n)(VT, - Vuj)ds}.
By (A* 4+ w?)u = 0 and integration by parts, we have
2
Zu/ (h - V7;)Au;de
j=1 “9
- ()\+u)/(V~u)V-(h-Vﬁ)d:z:
Q
— +u)/ (V- w)(n - (h-VF))ds —w2/(h V) - uda.
Sk Q
Integration by parts again gives
2
Z,u/ (h - Vu;)AT;dx
j=1 79
= —u/ V(h-Vu): Vﬁdx—i—u/ (h-Vu)-(n-Vo)ds
Q

Sr

Combining (5.45)-(5.47) and (A + p)(V - u)n + pd,u = 0 on Sk gives

g1(h)(u,v) / V(h-Vu): Vodz — (A —I—,LL)/(V w)V - (h- VU)dz

+w /(h - V7) - udx — ,u/ (h-n)(Vu : Vo)ds.
Q Skr
Apply the divergence theorem again, we obtain

/(V-h)(u-ﬁ)—l—u-(h-Vﬁ)dx:/V-((u-ﬁ)h)—(h-Vu)-de
Q Q

:/ (u-ﬁ)(h-n)ds—/(h-Vu)-de.
Sr Q
Combining (5.48)—(5.49) yields

91(h)(u, v) + g3 (h)(u, v)

=u/QV(h~Vu):Vﬁdx—(/\+u)/Q(V-u)V~(h~Vﬁ)dx

—wz/ﬂ(h-Vu)~de+w2/SR(u-E)(h-n)ds—u/SR(h~n)(Vu:Vﬂ)ds.

For go(h)(u,v), a similar discussion as in (5.27)—(5.29) shows

g2(h)(u,v) = (/\—|—u)/Q(V )V (h-VO)+ V- (h-Vu)(V-v)dzx

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)
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- (A—i—u)/ (V- u)(V - T)(n - h)ds. (5.51)
Sr

Combining wy|r,, = 0, (5.43) and (5.50)—(5.51) gives
3
Zgi(h)(u,v) = ,u/ V(h : Vu)Vude
i=1 a2

+(/\+u)/QV-(Vu~h)(V-E)dx—(/\+u)/S (V- u)(V - T)(n- h)ds

—u/SR(h-n)(Vu:VE)ds—Fw /S (u-D)(h-n)ds

R

= B(wp, + u*,v).
Then we arrive at
B(in —u—u* —wp,v) = O(|hl1F vl i1 (9)2) + OUlun — ull gy lvll a2 1h]]1,00)-

It completes the proof.

Remark 5.1 We cannot get local stability from the Fréchet derivative like the Dirichlet
problem. Let h(z) = kp(z)n with k > 0 and p(z) € C?(S,R). Assume p(x) #Z 0. For any
v € HY(Q)?2, the equality

—()\—l—u)/s p(V-u)(V-U)ds—u/s p(Vu:Vﬁ)ds-i—wz/ p(u-v)ds =0

R Skr

does not imply u|s, = 0. In fact, we can see in [10] for electromagnetic scattering, the local
stability holds only for lossy medium, i.e., non-real wave number.

6 Conclusions

In this paper, the elastic cavity problem with the Dirichlet or Neumann condition is reduced
to a bounded domain by the DtN or NtD operator, respectively. The variational approach is
utilized to prove the uniqueness and existence of the boundary value problem in a bounded
domain. For the inverse cavity problem, the Fréchet derivative is given for shape reconstruction
and a local stability result is given for the Dirichlet problem. The stability results explicitly
dependent on with frequency for large elastic cavities as in [13—14] remain unsolved, which will
be discussed in a forthcoming paper.
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