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1 Introduction

Let Bn denote the open unit ball {z ∈ Cn : |z| < 1} of Cn, and let Sn denote its boundary

{z ∈ Cn : |z| = 1}. When n = 1, Bn is the open unit disc D of C. The space H(Bn) consists

of all holomorphic functions on Bn. For 0 < p ≤ ∞, the Hardy space Hp(Bn) (denoted Hp) is

defined as the set of all functions f ∈ H(Bn) such that

‖f‖Hp = sup
0<r<1

Mp(r, f) < ∞,

where Mp(r, f) =
( ∫

Sn
|f(rζ)|pdσ(ζ)

) 1
p when 0 < p < ∞, and M∞(r, f) = sup

|z|=r

|f(z)|. Here,

dσ denotes the normalized surface measure on Sn.

A function ω defined on Bn is considered a weight if it is positive, measurable, and integrable.

A weight ω is said to be radial if ω(z) = ω(|z|) for all z ∈ Bn. Let ω be a radial weight and define

ω̂(z) =
∫ 1

|z| ω(t)dt for all z ∈ Bn. We say that ω is a doubling weight (denoted by ω ∈ D̂) if

there exists a constant C ≥ 1 such that ω̂(r) ≤ Cω̂
(
r+1
2

)
, 0 ≤ r < 1, and ω is a reverse doubling

weight (denoted by ω ∈ Ď) if there exist constants C1, C2 > 1 such that ω̂(r) ≥ C1ω̂
(
1− 1−r

C2

)
,

0 ≤ r < 1. The class of weights satisfying both conditions is denoted by D = D̂ ∩ Ď, and if
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ω ∈ D, we say that ω is a two-sided doubling weight. We say that ω is a regular weight (denoted

by ω ∈ R) if ω is continuous and there exists a constant C = C(ω) > 0 such that

1

C
<

ω̂(r)

(1− r)ω(r)
< C, 0 ≤ r < 1.

See [24–25] for additional details on these weights.

Let 0 < p < ∞ and ω ∈ D. The weighted Bergman space Ap
ω(Bn) (denoted Ap

ω) consists of

all functions f ∈ H(Bn) such that

‖f‖p
A

p
ω
=

∫

Bn

|f(z)|pω(z)dv(z) < ∞,

where dv is the normalized volume measure on Bn. Ap
ω is a Banach space when p ≥ 1 and

a complete metric space with the distance ρ(f, g) = ‖f − g‖Ap
ω

when 0 < p < 1. When

ω(z) = Cα(1 − |z|2)α (α > −1), where Cα = Γ(n+α+1)
Γ(n+1)Γ(α+1) , the space Ap

ω coincides with the

weighted Bergman space Ap
α. When α = 0, the space Ap

ω is just the classical Bergman space

Ap. For more details about these spaces, see [33–34].

Let g ∈ H(Bn). The Volterra type integration operator Tg is defined as

Tgf(z) =

∫ 1

0

f(tz)Rg(tz)
dt

t
, f ∈ H(Bn), z ∈ Bn,

where Rg denotes the radial derivative of g, i.e., Rg(z) =
n∑

k=1

zk
∂g
∂zk

(z), z ∈ Bn. The operator

Tg in the unit disc is always denoted by Jg and was first introduced by Pommerenke [27]. The

operator Tg in the unit ball was introduced by Hu [13].

Pommerenke [27] proved that Jg is bounded onH2(D) if and only if g ∈ BMOA, the analytic

space of bounded mean oscillation. Aleman and Cima [2] characterized the boundedness of Jg :

Hp(D) → Hq(D) for 0 < p, q < ∞. Wu [28] described the boundedness of Jg : Ap
α(D) → Hq(D)

for some 0 < p, q < ∞ and left the case 0 < q < min{p, 2} as an open problem. For more

results about the operator Jg, see [2–3, 10, 17, 28, 30] and the references therein.

Li and Stević [18] proved that Tg is bounded on H2 for the unit ball of Cn if and only

if g ∈ BMOA. In [23], Pau provided a complete characterization of the boundedness and

compactness of Tg from Hp to Hq. Miihkinen, Pau, Perälä, and Wang further studied the

boundedness of Tg from Ap
α to Hq for 0 < p, q < ∞ in [22]. Chen, Pau, and Wang characterized

the compactness of Tg from Ap
α to Hq for all 0 < p, q < ∞ in [7]. For more results about the

operator Tg, see [7, 9, 13, 18–19, 22–23, 26, 29] and the references therein.

Motivated by [7, 22], we investigate the boundedness and compactness of the operator Tg

from weighted Bergman spaces Ap
ω to Hardy spaces Hq for the entire range 0 < p, q < ∞ and

ω ∈ D. The main results are presented as follows.

Theorem 1.1 Let 0 < p, q < ∞, ω ∈ D and g ∈ H(Bn). Then the following statements

hold :



Volterra Type Integration Operators 677

(i) If 0 < p ≤ min{q, 2} or 2 < p < q < ∞, then Tg : Ap
ω → Hq is bounded if and only if

sup
z∈Bn

|Rg(z)|(1− |z|2)1+n
q
−n

p ω̂(z)−
1
p < ∞.

(ii) If 2 < p = q < ∞, then Tg : Ap
ω → Hq is bounded if and only if

|Rg(z)|
2p

p−2
(1− |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)

is a Carleson measure.

(iii) If p > max{q, 2}, then Tg : Ap
ω → Hq is bounded if and only if the function

Ug(ζ) =
( ∫

Γζ

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) p−2

2p

belongs to L
pq

p−q (Sn).

(iv) If 0 < q < p ≤ 2, then Tg : Ap
ω → Hq is bounded if and only if

∫

Sn

sup
z∈Γζ

|Rg(z)|
pq

p−q
(1− |z|2)

pq
p−q

ω̂(z)
q

p−q

dσ(ζ) < ∞.

Theorem 1.2 Let 0 < p, q < ∞, ω ∈ D and g ∈ H(Bn). Then the following statements

hold :

(i) If 0 < p ≤ min{q, 2} or 2 < p < q < ∞, then Tg : Ap
ω → Hq is compact if and only if

lim
|z|→1−

|Rg(z)|(1− |z|2)1+ n
q
−n

p ω̂(z)−
1
p = 0.

(ii) If 2 < p = q < ∞, then Tg : Ap
ω → Hq is compact if and only if

|Rg(z)|
2p

p−2
(1− |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)

is a vanishing Carleson measure.

(iii) If p > max{q, 2}, then Tg : Ap
ω → Hq is compact if and only if the function

Ug(ζ) =
( ∫

Γζ

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) p−2

2p

belongs to L
pq

p−q (Sn).

(iv) If 0 < q < p ≤ 2, then Tg : Ap
ω → Hq is compact if and only if

lim
r→1−

∫

Sn

sup
z∈Γζ\rBn

|Rg(z)|
pq

p−q
(1− |z|2)

pq
p−q

ω̂(z)
q

p−q

dσ(ζ) = 0.

This article is organized as follows: Section 2 provides background materials and important

lemmas used in proving the main results. Section 3 provides a detailed proof for Theorem 1.1.

Section 4 focuses on proving Theorem 1.2, which characterizes the compactness of Tg : Ap
ω → Hq

for all 0 < p, q < ∞ in the unit ball Bn of Cn.

Throughout this paper, we say that A . B if there exists a constant C such that A ≤ CB.

The symbol A ≈ B means that A . B . A.
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2 Preliminaries

This section introduces background materials and collects important lemmas necessary for

proving the main results presented in this paper.

2.1 Carleson measure

For any ζ ∈ Sn and δ > 0, the non-isotropic metric ball Qδ(ζ) is defined by

Qδ(ζ) = {z ∈ Bn : |1− 〈z, ζ〉| < δ}.

Let 0 < s < ∞ and µ be a positive Borel measure on Bn. We say that µ is an s-Carleson

measure if

‖µ‖CMs
= sup

{µ(Qδ(ζ))

δns
; ζ ∈ Sn, δ > 0

}
< ∞,

and µ is a vanishing s-Carleson measure if

lim
δ→0

µ(Qδ(ζ))

δns
= 0, uniformlyfor ζ ∈ Sn.

When s = 1, the measure µ is referred to as the (vanishing) Carleson measure. The norm

‖µ‖CM1 can be denoted as ‖µ‖CM. In [32], Zhao and Zhu established several equivalent de-

scriptions for s-Carleson measure (see [32, Theorem 45]). Their findings included the proof that

µ is an s-Carleson measure if and only if for each (some) t > 0,

sup
a∈Bn

∫

Bn

(1− |a|2)t
|1− 〈z, a〉|ns+t

dµ(z) < ∞.

For 0 < p < ∞ and a positive Borel measure µ on Bn, the Lebesgue space Lp
µ is the space

of all measurable functions f on Bn such that

‖f‖Lp
µ
=

( ∫

Bn

|f(z)|pdµ(z)
) 1

p

< ∞.

Carleson [6] established that the identity operator Id : Hp(D) → Lp
µ(D) is bounded if and

only if µ is a Carleson measure. Later, Duren extended Carleson’s theorem and proved that

the identity operator Id : Hp(D) → Lq
µ(D) is bounded if and only if µ is a q

p
-Carleson measure

when p ≤ q (see [11]). A unit ball version of Duren’s theorem is presented in [23], which we

state in the following lemma.

Lemma 2.1 Let 0 < p ≤ q < ∞ and µ be a finite positive Borel measure on Bn. Then the

identity operator Id : Hp → Lq
µ is bounded if and only if µ is a q

p
-Carleson measure. Moreover,

‖Id‖Hp→L
q
µ
≈ ‖µ‖

1
q

CM q
p

.

The following Dirichlet type embedding theorem can be found in [5].
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Lemma 2.2 Let f ∈ H(Bn) with f(0) = 0. If 0 < p ≤ 2, then

‖f‖Hp . ‖Rf‖Ap

p−1
.

If 0 < p < q < ∞, then

‖f‖Hq . ‖Rf‖Ap

p+
np
q

−n−1
.

2.2 Equivalent norm

Let α > 1 and ζ ∈ Sn. The admissible approach region Γζ,α is defined by

Γζ,α =
{
z ∈ Bn : |1− 〈z, ζ〉| < α

2
(1 − |z|2)

}
.

For simplicity, we write Γζ,2 by Γζ . Obviously, for any r > 1 and α > 1, there exists β > 1 such

that

∪
z∈Γζ,α

D(z, r) ⊂ Γζ,β , (2.1)

where D(z, r) = {a ∈ Bn : β(a, z) < r} denotes the Bergman metric ball with center z and

radius r. Let µ be a finite positive measure and ϕ a positive measurable function. By Fubini’s

theorem, ∫

Bn

ϕ(z)dµ(z) ≈
∫

Sn

( ∫

Γζ,α

ϕ(z)
dµ(z)

(1− |z|2)n
)
dσ(ζ).

The following result is the Calderón’s area theorem (see [1, 23]).

Lemma 2.3 Let 0 < p < ∞ and f ∈ H(Bn) with f(0) = 0. Then

‖f‖pHp ≈
∫

Sn

( ∫

Γζ

|Rf(z)|2(1− |z|2)1−ndv(z)
) p

2

dσ(ζ).

The unit disc version of the lemma below was established by Luecking [20]. The following

lemma can be found in [23].

Lemma 2.4 Let 0 < s < p < ∞ and µ be a positive Borel measure on Bn. Then the

identity operator Id : Hp → Ls
µ is bounded if and only if the function

µ̃(ζ) =

∫

Γζ

dµ(z)

(1 − |z|2)n

belongs to L
p

p−s (Sn). Moreover,

‖Id‖Hp→Ls
µ
≈ ‖µ̃‖

1
s

L
p

p−s (Sn)
.

We also need the following integral estimate (see [4, 15]).

Lemma 2.5 Let 0 < s < ∞, θ > max{ 1
s
, 1}. If µ is a positive measure, then

∫

Sn

(∫

Bn

( 1− |z|2
|1− 〈z, ζ〉|

)θn

dµ(z)
)s

dσ(ζ) ≈

∫

Sn

µ(Γζ)
sdσ(ζ).
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2.3 Separated sequences and lattices

If there is a sequence {ak} ⊂ Bn such that for any i, j with i 6= j, β(ai, aj) ≥ δ for some

δ > 0, then this sequence {ak} is said to be separated. In this case, there exists an r > 0 such

that all D(ak, r) are disjoint from each other.

According to [33, Theorem 2.23], there exists a positive integer N such that for any 0 < r <

1, we can find a sequence {ak} ∈ Bn satisfying the following conditions:

(i) Bn =
⋃
k

D(ak, r).

(ii) The sets D(ak,
r
4 ) are mutually disjoint.

(iii) Each point z ∈ Bn belongs to at most N of the sets D(ak, 4r).

A sequence {ak} that satisfies the above conditions is referred to as an r-lattice in the

Bergman metric. It is evident that any r-lattice sequence is separated.

2.4 Tent spaces

Tent spaces were initially introduced by Coifman, Meyer, and Stein in [8] to address problems

in harmonic analysis. In [20], Luecking utilized tent spaces to investigate embedding theorems

for Hardy spaces on Rn. In this paper, we require tent spaces in the unit ball Bn. Specifically,

let 0 < p, q < ∞ and ν be a positive Borel measure. The tent space T p
q,ν consists of ν-measurable

functions f on Bn with

‖f‖p
T

p
q,ν

=

∫

Sn

( ∫

Γξ

|f(z)|qdν(z)
) p

q

dσ(ξ) < ∞.

The tent space T p
∞,ν consists of ν-measurable functions f on Bn with

‖f‖p
T

p
∞,ν

=

∫

Sn

(
ess sup

z∈Γξ

|f(z)|
)p

dσ(ξ) < ∞.

We will also use a discretization scheme. Suppose 0 < p, q < ∞, Z = {ak} ⊂ Bn is

a separated sequence and ν =
∞∑
k=1

δak
, where δak

represents the Dirac measure at ak. Let

f(ak) = λk. We define λ = {λk} to be in T p
q (Z), if

‖λ‖p
T

p
q (Z)

= ‖{λk}‖pTp
q (Z)

=

∫

Sn

( ∑

ak∈Γξ

|λk|q
) p

q

dσ(ξ) < ∞

and λ = {λk} ∈ T p
∞(Z), if

‖λ‖p
T

p
∞(Z)

= ‖{λk}‖pTp
∞(Z)

=

∫

Sn

(
sup

ak∈Γξ

|λk|
)p

dσ(ξ) < ∞.

The following result can be found in [4, 20].

Lemma 2.6 Let 1 < p < ∞ and Z = {ak} be a separated sequence. If 1 < q < ∞, then the

dual of T p
q (Z) is isomorphic to T

p′

q′ (Z) under the pairing

〈η, λ〉T 2
2 (Z) =

∞∑

k=1

ηkλk(1 − |ak|2)n, η = {ηk} ∈ T p
q (Z), λ = {λk} ∈ T

p′

q′ (Z),
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where p′, q′ are the conjugate indices of p and q, respectively. If 0 < q ≤ 1, then the dual of

T p
q (Z) is isomorphic to T p

∞(Z) under the same pairing.

The next result is the factorization of sequence tent spaces (see [22]).

Lemma 2.7 Let 0 < p, q < ∞ and Z = {ak} be an r-lattice. If p < p1, p2 < ∞, q <

q1, q2 < ∞ and satisfy 1
p1

+ 1
p2

= 1
p
and 1

q1
+ 1

q2
= 1

q
, then

T p
q (Z) = T p1

q1
(Z) · T p2

q2
(Z).

3 Boundedness

In this section, we provide a detailed proof for Theorem 1.1. We begin this section by

presenting two helpful lemmas.

Lemma 3.1 Let 0 < p, q < ∞, f ∈ H(Bn) and µ ∈ R. Then there exists r0 ∈ (0, 1) so

that, if 0 < r < r0 and Z = {ak} is an r-lattice, then
∫

Sn

( ∫

Γζ

|f(z)|qµ(z)dv(z)
) p

q

dσ(ζ) .

∫

Sn

( ∑

ak∈Γζ

|f(ak)|qµ(ak)(1 − |ak|2)n+1
) p

q

dσ(ζ),

whenever the left-hand-side is finite.

Proof It is obvious that
∫

Γζ

|f(z)|qµ(z)dv(z) .
∑

ak∈Γ̃ζ

∫

D(ak,r)

|f(z)|qµ(z)dv(z),

where Γ̃ζ is an approach region with aperture larger than Γζ . For z, w with β(z, w) < r < 1
2 ,

from [16, Lemma 2.2], we have

|f(z)− f(w)|q . rq
∫

D(w,1)

|f(u)|q (1− |w|2)n+1

|1− 〈u,w〉|2n+2
dv(u).

Therefore, Fubini’s theorem and (2.1) yield that

∑

ak∈Γ̃ζ

∫

D(ak,r)

|f(z)− f(ak)|qµ(z)dv(z)

.
∑

ak∈Γ̃ζ

∫

D(ak,r)

rq
∫

D(ak,1)

|f(u)|q (1− |ak|2)n+1

|1− 〈u, ak〉|2n+2
dv(u)µ(z)dv(z)

. rq
∑

ak∈Γ̃ζ

∫

D(ak,1)

|f(u)|qµ(u)dv(u) . rq
∫

˜̃
Γζ

|f(u)|qµ(u)dv(u),

where
˜̃
Γζ is an approach region with aperture larger than Γ̃ζ . Note that µ(z) ≈ µ(w) for all

z ∈ Bn and w ∈ D(z, r) when µ ∈ R. Then

∑

ak∈Γ̃ζ

∫

D(ak,r)

|f(z)|qµ(z)dv(z)
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.
∑

ak∈Γ̃ζ

∫

D(ak,r)

|f(z)− f(ak)|qµ(z)dv(z) +
∑

ak∈Γ̃ζ

|f(ak)|qµ(ak)(1− |ak|2)n+1

. rq
∫

˜̃
Γζ

|f(u)|qµ(u)dv(u) +
∑

ak∈Γ̃ζ

|f(ak)|qµ(ak)(1− |ak|2)n+1.

Noting that the admissible approach regions with different apertures define the same tent space

with equivalent quasinorms, we obtain that

∫

Sn

(∫

Γζ

|f(z)|qµ(z)dv(z)
) p

q

dσ(ζ) ≤ Crq
∫

Sn

(∫

Γζ

|f(z)|qµ(z)dv(z)
) p

q

dσ(ζ)

+ C

∫

Sn

( ∑

ak∈Γζ

|f(ak)|qµ(ak)(1 − |ak|2)n+1
) p

q

dσ(ζ).

Hence, choosing r0 < (2C)−
1
q , we have

∫

Sn

(∫

Γζ

|f(z)|qµ(z)dv(z)
) p

q

dσ(ζ) ≤ 2C

∫

Sn

( ∑

ak∈Γζ

|f(ak)|qµ(ak)(1− |ak|2)n+1
) p

q

dσ(ζ)

for any r ∈ (0, r0). The proof is complete.

Similarly, we obtain the following lemma.

Lemma 3.2 Let 0 < p < ∞, f ∈ H(Bn) and µ ∈ R. Then there exists r0 ∈ (0, 1) so that,

if 0 < r < r0 and Z = {ak} is an r-lattice, then

∫

Sn

sup
z∈Γζ

|f(z)|pµ(z)dσ(ζ) .
∫

Sn

sup
ak∈Γζ

|f(ak)|pµ(ak)dσ(ζ),

whenever the left-hand-side is finite.

Proof Note that µ(z) ≈ µ(w) for w ∈ D(z, r) when z ∈ Bn and µ ∈ R, where 0 < r < 1.

By the subharmonicity of |f |p, we have

|f(z)|p .
1

(1 − |z|2)n+1µ(z)

∫

D(z,r)

|f(w)|pµ(w)dv(w)

.
1

(1 − |z|2)n+1µ(z)

∫

D(ak,2r)

|f(w)|pµ(w)dv(w)

for some ak in the lattice. Therefore, for 0 < r < 1
4 ,

sup
z∈Γζ

|f(z)|pµ(z) . sup
ak∈Γ̃ζ

1

(1− |ak|2)n+1

∫

D(ak,2r)

|f(w)|pµ(w)dv(w).

Similar to the proof of Lemma 3.1, we obtain that

sup
z∈Γζ

|f(z)|pµ(z) . rp sup

z∈
˜̃
Γζ

|f(z)|pµ(z) + sup
ak∈Γ̃ζ

|f(ak)|pµ(ak).
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Integrating both sides over Sn deduces the desired result. The proof is complete.

Proof of Theorem 1.1 (i) Assume that Tg : Ap
ω → Hq is bounded. Consider the test

function

fa(z) =
1

(1− |a|2)n
p ω̂(a)

1
p

( 1− |a|2
|1− 〈z, a〉|

) γ+n
p

, a ∈ Bn,

where γ is large enough. From [9, Lemma 6] we see that fa ∈ Ap
ω. Using the standard pointwise

estimate for the derivative of Hardy space functions, we get

|R(Tgfa)(z)| = |fa(z)||Rg(z)| . ‖Tg‖Ap
ω→Hq‖fa‖Ap

ω

(1− |z|2)1+ n
q

.

Therefore,

sup
a∈Bn

|Rg(a)|(1 − |a|2)1+n
q
−n

p ω̂(a)−
1
p . ‖Tg‖Ap

ω→Hq < ∞.

Conversely, suppose that sup
a∈Bn

|Rg(a)|(1 − |a|2)1+ n
q
−n

p ω̂(a)−
1
p < ∞. We divide the rest of

the proof into two parts.

Case 1 p = q ≤ 2. Applying the fact that ω̂(z)
1−|z|2 ∈ R and Lemma 2.2, we obtain that

‖Tgf‖Hp . ‖R(Tgf)‖Ap
p−1

=
( ∫

Bn

|f(z)Rg(z)|p(1− |z|2)p−1dv(z)
) 1

p

≤ sup
a∈Bn

|Rg(a)|(1− |a|2)ω̂(a)− 1
p

( ∫

Bn

|f(z)|p ω̂(z)

1− |z|2 dv(z)
) 1

p

.
(∫

Bn

|f(z)|pω(z)dv(z)
) 1

p ≤ ‖f‖Ap
ω
.

Case 2 p < q. By Lemma 2.2 and ω̂(z)
1−|z|2 ∈ R, we get that

‖Tgf‖Hp . ‖R(Tgf)‖Ap

p+
pn
q

−n−1
=

(∫

Bn

|f(z)Rg(z)|p(1− |z|2)p+
pn
q

−n−1dv(z)
) 1

p

≤ sup
a∈Bn

|Rg(a)|(1− |a|2)1+n
q
−n

p ω̂(a)−
1
p

( ∫

Bn

|f(z)|p ω̂(z)

1− |z|2 dv(z)
) 1

p

.
(∫

Bn

|f(z)|pω(z)dv(z)
) 1

p ≤ ‖f‖Ap
ω
.

(ii) Suppose that

dµg(z) = |Rg(z)|
2p

p−2
(1− |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)

is a Carleson measure. For any f ∈ Ap
ω, consider the measure

dµf,g(z) = |f(z)|2|Rg(z)|2(1 − |z|2)dv(z).

Employing Lemma 2.3, we have

‖Tgf‖pHp ≈
∫

Sn

(∫

Γζ

|Rg(z)|2|f(z)|2(1− |z|2)1−ndv(z)
) p

2

dσ(ζ).
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For any h ∈ H
p

p−2 , by Hölder’s inequality and ω̂(z)
1−|z|2 ∈ R, we obtain

‖h‖L1
µf,g

=

∫

Bn

|h(z)||f(z)|2|Rg(z)|2(1 − |z|2)dv(z)

.
(∫

Bn

|f(z)|p ω̂(z)

1− |z|2 dv(z)
) 2

p
(∫

Bn

|h(z)|
p

p−2 |Rg(z)|
2p

p−2
(1− |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)
) p−2

p

≈
(∫

Bn

|f(z)|pω(z)dv(z)
) 2

p
(∫

Bn

|h(z)|
p

p−2dµg(z)
) p−2

p

. ‖f‖2Ap
ω
‖µg‖

p−2
p

CM‖h‖
H

p
p−2

,

which implies that the identity operator Id : H
p

p−2 → L1
µf,g

is bounded. Therefore, using

Lemmas 2.3–2.4, we get

‖Tgf‖2Hp ≈
∥∥∥
∫

Γζ

dµf,g(z)

(1− |z|2)n
∥∥∥
L

p
2 (Sn)

≈ ‖Id‖
H

p
p−2 →L1

µf,g

. ‖µg‖
p−2
p

CM‖f‖2Ap
ω
.

Thus Tg : Ap
ω → Hp is bounded and ‖Tg‖Ap

ω→Hp . ‖µg‖
p−2
2p

CM .

Conversely, assume that Tg : Ap
ω → Hp is bounded. Then for any f ∈ Ap

ω,

‖Id‖
H

p
p−2 →L1

µf,g

≈ ‖Tgf‖2Hp . ‖Tg‖2Ap
ω→Hp‖f‖2Ap

ω
.

Therefore, for any h ∈ H
p

p−2 , we have

‖h‖L1
µf,g

=

∫

Bn

|h(z)||f(z)|2|Rg(z)|2(1− |z|2)dv(z)

. ‖Tg‖2Ap
ω→Hp‖f‖2Ap

ω
‖h‖

H
p

p−2
.

Now define dυh,g(z) = |h(z)||Rg(z)|2(1− |z|2)dv(z). [14, Theorem 4] gives that

(∫

Bn

( υh,g(D(z, 1))

ω̂(z)(1− |z|2)n
) p

p−2 ω̂(z)

(1 − |z|2)dv(z)
) p−2

p

. ‖Id‖2Ap
ω→L2

υh,g

. ‖Tg‖2Ap
ω→Hp‖h‖

H
p

p−2
.

By the subharmonicity of |h||Rg|2, we get

υh,g(D(z, 1)) & |h(z)||Rg(z)|2(1 − |z|2)n+2.

Therefore,

‖h‖
L

p
p−2
µg

=
( ∫

Bn

|h(z)|
p

p−2 |Rg(z)|
2p

p−2
(1 − |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)
) p−2

p

. ‖Tg‖2Ap
ω→Hp‖h‖

H
p

p−2
,

which means that µg is a Carleson measure and ‖µg‖
p−2
2p

CM . ‖Tg‖Ap
ω→Hp .
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(iii) Suppose first that Ug ∈ L
pq

p−q (Sn). For any f ∈ Ap
ω, employing Lemma 2.3 and Hölder’s

inequality, we obtain that

‖Tgf‖qHq ≈
∫

Sn

(∫

Γζ

|Rg(z)|2|f(z)|2(1− |z|2)1−ndv(z)
) q

2

dσ(ζ)

.

∫

Sn

(∫

Γζ

|f(z)|p ω̂(z)

(1 − |z|2)n+1
dv(z)

) q
p

·
( ∫

Γζ

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) q(p−2)

2p

dσ(ζ)

.
(∫

Sn

∫

Γζ

|f(z)|p ω̂(z)

(1 − |z|2)n+1
dv(z)dσ(ζ)

) q
p

·
( ∫

Sn

(∫

Γζ

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) q(p−2)

2(p−q)

dσ(ζ)
) p−q

p

. ‖f‖q
A

p
ω
‖Ug‖q

L
pq

p−q (Sn)
. (3.1)

The last inequality comes from the fact that
∫

Sn

∫

Γζ

|f(z)|p ω̂(z)

(1− |z|2)n+1
dv(z)dσ(ζ)

=

∫

Bn

|f(z)|p ω̂(z)

(1− |z|2)n+1

(∫

Sn

χΓζ
(z)dσ(ζ)

)
dv(z)

≈
∫

Bn

|f(z)|p ω̂(z)

1− |z|2dv(z) . ‖f‖p
A

p
ω
.

Therefore, Tg : Ap
ω → Hq is bounded and ‖Tg‖Ap

ω→Hq . ‖Ug‖
L

pq
p−q (Sn)

.

Conversely, assume that Tg : Ap
ω → Hq is bounded. We claim that

ζ 7→
( ∑

ak∈Γζ

|Rg(ak)|
2p

p−2
(1− |ak|2)

2p
p−2

ω̂(ak)
2

p−2

) q(p−2)
2p ∈ L

p
p−q (Sn),

when Z = {ak} is an r-lattice and r is small enough. Then Lemma 3.1 gives the desired result.

Now we only need to prove the above claim.

Let Z = {ak} be an r-lattice and r is small enough. Set

fk(z) =
1

(1− |ak|2)
n
p ω̂(ak)

1
p

( 1− |ak|2
1− 〈z, ak〉

)λ+n
p

and consider the test functions

Ft(z) =

∞∑

k=1

(1− |ak|2)
n
p λkrk(t)fk(z),

where λ = {λk} ∈ T p
p (Z) and rk are the Rademacher functions. By [31, Theorem 3.2], we have

‖Ft‖pAp
ω
.

∞∑

k=1

(1− |ak|2)n|λk|p ≈
∞∑

k=1

|λk|p
∫

Sn

χΓζ
(ak)dσ(ζ)
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=

∫

Sn

( ∑

ak∈Γζ

|λk|p
)
dσ(ζ) = ‖{λk}‖pTp

p (Z)
.

Using Lemma 2.3, Fubini’s theorem, Kahane’s inequality (see [21, Lemma 5]), Khinchine’s

inequality (see [12, Appendix A]) and Lemma 2.5, we get

∫ 1

0

‖TgFt‖qHqdt

≈
∫ 1

0

∫

Sn

( ∫

Γζ

|Rg(z)
∞∑

k=1

(1− |ak|2)
n
p λkrk(t)fk(z)|2(1− |z|2)1−ndv(z)

) q
2

dσ(ζ)dt

≈
∫

Sn

∫ 1

0

( ∫

Γζ

|Rg(z)

∞∑

k=1

(1− |ak|2)
n
p λkrk(t)fk(z)|2(1− |z|2)1−ndv(z)

) q
2

dtdσ(ζ)

≈
∫

Sn

( ∫

Γζ

∫ 1

0

|Rg(z)

∞∑

k=1

(1− |ak|2)
n
p λkrk(t)fk(z)|2dt(1− |z|2)1−ndv(z)

) q
2

dσ(ζ)

≈
∫

Sn

( ∞∑

k=1

|λk|2
∫

Γζ

|Rg(z)(1− |ak|2)
n
p fk(z)|2(1− |z|2)1−ndv(z)

) q
2

dσ(ζ)

≈
∫

Sn

( ∞∑

k=1

|λk|2
∫

Bn

( 1− |z|2
|1− 〈z, ζ〉|

)θn

|Rg(z)(1− |ak|2)
n
p fk(z)|2(1 − |z|2)1−ndv(z)

) q
2

dσ(ζ),

where θ > max
{

1
s
, 1
}
. Next, replacing the integral over Bn by an integral over D(ak, r) and

using the subharmonicity, we obtain that

∫

Sn

( ∞∑

k=1

|λk|2
( 1− |ak|2
|1− 〈ak, ζ〉|

)θn

|Rg(ak)|2
(1− |ak|2)2

ω̂(ak)
2
p

) q
2

dσ(ζ) .

∫ 1

0

‖TgFt‖qHqdt.

Note that 1− |ak|2 ≈ |1− 〈ak, ζ〉| for any ak ∈ Γζ . Then for any ζ ∈ Sn, by summing over only

the points ak ∈ Γζ ,

∫

Sn

( ∑

ak∈Γζ

|λk|2|Rg(ak)|2
(1− |ak|2)2

ω̂(ak)
2
p

) q
2

dσ(ζ)

.

∫ 1

0

‖TgFt‖qHqdt

. ‖Tg‖qAp
ω→Hq‖Ft‖qAp

ω

. ‖Tg‖qAp
ω→Hq‖λ‖qTp

p (Z)
.

Let υ = {υk}, where
υk = |Rg(ak)|q

(1 − |ak|2)q

ω̂(ak)
q
p

.

Then we need to prove that υ ∈ T
p

p−q

2p
q(p−2)

(Z), which is equivalent to υ
1
s ∈ T

ps
p−q

2ps
q(p−2)

(Z) for any

s > 1. For any η = {ηk} ∈ T s′
2s

2s−q

(Z) and λ = {λk} ∈ T p
p (Z), let ξ = {ξk}, where ξk = ηkλ

q
s

k .
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Applying Hölder’s inequality, we have

|〈ξ, υ 1
s 〉T 2

2 (Z)| ≤
∞∑

k=1

|ηkλ
q
s

k υ
1
s

k |(1− |ak|2)n ≈
∫

Sn

∑

ak∈Γζ

|ηkλ
q
s

k υ
1
s

k |dσ(ζ)

.

∫

Sn

( ∑

ak∈Γζ

|ηk|
(

2s
q

)
′)1− q

2s
( ∑

ak∈Γζ

|λk|2|υk|
2
q

) q
2s

dσ(ζ)

.
(∫

Sn

( ∑

ak∈Γζ

|ηk|
2s

2s−q

)s′· 2s−q
2s

dσ(ζ)
) 1

s′
( ∫

Sn

( ∑

ak∈Γζ

|λk|2|υk|
2
q

) q
2

dσ(ζ)
) 1

s

. ‖η‖
T s′

2s
2s−q

(Z)

( ∫

Sn

( ∑

ak∈Γζ

|λk|2|υk|
2
q

) q
2

dσ(ζ)
) 1

s

.

Therefore,

∞∑

k=1

|ηkλ
q
s

k υ
1
s

k |(1 − |ak|2)n . ‖η‖
T s′

2s
2s−q

(Z)

(∫

Sn

( ∞∑

k=1

|λk|2|Rg(z)|2 (1 − |ak|2)2

ω̂(ak)
2
p

) q
2

dσ(ζ)
) 1

s

. ‖η‖
T s′

2s
2s−q

(Z)‖Tg‖
q
s

A
p
ω→Hq‖λ‖

q
s

T
p
p (Z)

.

Lemmas 2.6–2.7 give that

T
ps

p−q

2ps
q(p−2)

(Z) =
(
T

( ps
p−q

)′

( 2ps
q(p−2) )

′
(Z)

)∗

=
(
T s′

2s
2s−q

(Z) · T
ps
q

ps
q

(Z)
)∗

and υ
1
s = {υ

1
s

k } ∈ T
ps

p−q

2ps
q(p−2)

(Z), that is,

‖υ 1
s ‖

T

ps
p−q
2ps

q(p−2)

(Z)
=

(∫

Sn

( ∑

ak∈Γζ

((1 − |ak|2)|Rg(ak)|
ω̂(ak)

1
p

) 2p
p−2

) q(p−2)
2(p−q)

dσ(ζ)
) p−q

ps

. ‖Tg‖
q
s

A
p
ω→Hq .

Using Lemma 3.1, we obtain

‖Ug‖
pq

p−q

L
pq

p−q (Sn)
=

∫

Sn

(∫

Γζ

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) q(p−2)

2(p−q)

dσ(ζ)

.

∫

Sn

( ∑

ak∈Γζ

( (1− |ak|2)|Rg(ak)|
ω̂(ak)

1
p

) 2p
p−2

) q(p−2)
2(p−q)

dσ(ζ) . ‖Tg‖
pq

p−q

A
p
ω→Hq < ∞.

(iv) Assume that

∫

Sn

sup
z∈Γζ

|Rg(z)|
pq

p−q
(1− |z|2)

pq
p−q

ω̂(z)
q

p−q

dσ(ζ) < ∞.

Lemma 2.3 and Hölder’s inequality imply that

‖Tgf‖qHq ≈
∫

Sn

(∫

Γζ

|Rg(z)|2|f(z)|2(1− |z|2)1−ndv(z)
) q

2

dσ(ζ)

.

∫

Sn

Vg(ζ)
q
(∫

Γζ

|f(z)|2ω̂(z) 2
p (1 − |z|2)−n−1dv(z)

) q
2

dσ(ζ)
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. ‖Vg‖q
L

pq
p−q (Sn)

(∫

Sn

(∫

Γζ

|f(z)|2ω̂(z) 2
p (1− |z|2)−n−1dv(z)

) p
2

dσ(ζ)
) q

p

.

Here Vg(ζ) = sup
z∈Γζ

|Rg(z)| 1−|z|2

ω̂(z)
1
p

. Let {ak} be an r-lattice. It is easy to check that

(∫

Γζ

|f(z)|2ω̂(z) 2
p (1 − |z|2)−n−1dv(z)

) p
2

.

∞∑

k=1

χ(Γζ ∩D(ak, r))
( ∫

D(ak,r)

|f(z)|2ω̂(z) 2
p (1− |z|2)−n−1dv(z)

) p
2

.

∞∑

k=1

χ(Γζ ∩D(ak, r))
(

max
z∈D(ak,r)

|f(z)|p
)
ω̂(ak)

.

∞∑

k=1

χ(Γζ ∩D(ak, r))

(1 − |ak|2)n
∫

D(ak,2r)

|f(z)|p ω̂(z)

(1− |z|2)dv(z) (3.2)

and ∫

Sn

χ(Γζ ∩D(ak, r))dσ(ζ) . (1− |ak|2)n. (3.3)

Therefore, using the fact that ω̂(z)

1− |z|2 ∈ R, we have

‖Tgf‖qHq . ‖Vg‖q
L

pq
p−q (Sn)

( ∞∑

k=1

∫

D(ak,2r)

|f(z)|p ω̂(z)

(1− |z|2)dv(z)
) q

p

≈ ‖Vg‖q
L

pq
p−q (Sn)

( ∞∑

k=1

∫

D(ak,2r)

|f(z)|pω(z)dv(z)
) q

p

. ‖Vg‖q
L

pq
p−q (Sn)

‖f‖q
A

p
ω
,

which implies that Tg : Ap
ω → Hq is bounded.

Conversely, suppose that Tg : Ap
ω → Hq is bounded. Similar to the proof of (iii), we also

have
∫

Sn

( ∑

ak∈Γζ

|λk|2|Rg(ak)|2
(1− |ak|2)2

ω̂(ak)
2
p

) q
2

dσ(ζ) . ‖Tg‖qAp
ω→Hq‖λ‖qTp

p (Z)

and

|〈ξ, υ 1
s 〉T 2

2 (Z)| . ‖η‖
T s′

2s
2s−q

(Z)‖Tg‖
q
s

A
p
ω→Hq‖λ‖

q
s

T
p
p (Z)

.

Lemmas 2.6–2.7 give that

T
ps

p−q
∞ (Z) =

(
T s′

2s
2s−q

(Z) · T
ps
q

ps
q

(Z)
)∗

and υ
1
s = {υ

1
s

k } ∈ T
ps

p−q
∞ (Z). Therefore,

‖υ 1
s ‖

T

ps
p−q
∞ (Z)

=
(∫

Sn

(
sup

ak∈Γζ

(1− |ak|2)|Rg(ak)|
ω̂(ak)

1
p

) pq
p−q

dσ(ζ)
) p−q

ps

. ‖Tg‖
q
s

A
p
ω→Hq .
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Using Lemma 3.2, we obtain

∫

Sn

(
sup
z∈Γζ

|Rg(z)|(1− |z|2)
ω̂(z)

1
p

) pq
p−q

dσ(ζ) .

∫

Sn

(
sup

ak∈Γζ

|Rg(ak)|(1− |ak|2)
ω̂(ak)

1
p

) pq
p−q

dσ(ζ)

. ‖Tg‖
pq

p−q

A
p
ω→Hq < ∞.

The proof is complete.

4 Compactness

In this section, we will prove Theorem 1.2. We begin this section with a useful lemma.

Lemma 4.1 Let 0 < p < ∞, f ∈ H(Bn), Z = {ak} be an r-lattice and µ ∈ R. If

∫

Sn

sup
z∈Γζ

|f(z)|pµ(z)dσ(ζ) < ∞

and

lim
δ→1−

∫

Sn

sup
ak∈Γζ\δBn

|f(ak)|pµ(ak)dσ(ζ) = 0,

whenever r > 0 is small enough, then

lim
δ→1−

∫

Sn

sup
z∈Γζ\δBn

|f(z)|pµ(z)dσ(ζ) = 0.

Proof For any ε > 0, choose r > 0 small enough such that rp < ε. Fix this r. Let

δ̃ = inf{|ak| : ak ∈ Z, ak ∈ D(z, r) for some |z| ≥ δ}.

Similar to the proof of Lemma 3.2, we have

sup
ak∈Γζ\δBn

|f(z)|pµ(z) . rp sup
z∈

˜̃
Γζ

|f(z)|pµ(z) + sup
ak∈Γ̃ζ\δ̃Bn

|f(ak)|pµ(ak).

Integrating over Sn and noting that the admissible approach regions with different apertures

define the same tent space with equivalent quasinorms, we get
∫

Sn

sup
z∈Γζ\δBn

|f(z)|pµ(z)dσ(ζ)

. rp
∫

Sn

sup
z∈

˜̃
Γζ

|f(z)|pµ(z)dσ(ζ) +
∫

Sn

sup
ak∈Γ̃ζ\δ̃Bn

|f(ak)|pµ(ak)dσ(ζ)

. ε+

∫

Sn

sup
ak∈Γ̃ζ\δ̃Bn

|f(ak)|pµ(ak)dσ(ζ).

Since δ̃ → 1− as δ → 1−, it is easy to obtain that

lim sup
δ→1−

∫

Sn

sup
z∈Γζ\δBn

|f(z)|pµ(z)dσ(ζ) . ε.
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The proof is complete.

Proof of Theorem 1.2 (i) The desired result can be proved by standard modifications

of the proof of Theorem 1.1(i). Here we omit the details.

(ii) Suppose that

dµg(z) = |Rg(z)|
2p

p−2
(1− |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)

is a vanishing Carleson measure. Let {fk} be a bounded sequence in Ap
ω and converge to 0

uniformly on any compact subset of Bn. Next, we show that ‖Tgfk‖Hp → 0 as k → ∞. For

any f ∈ Ap
ω , we consider the measure

dµf,g(z) = |f(z)|2|Rg(z)|2(1 − |z|2)dv(z).

For any h ∈ H
p

p−2 , employing Hölder’s inequality and the fact that ω̂(z)
1−|z|2 ∈ R, we have

∫

Bn

|h(z)|dµfk,g(z)

=

∫

rBn

|h(z)||fk(z)|2|Rg(z)|2(1− |z|2)dv(z) +
∫

Bn\rBn

|h(z)||fk(z)|2|Rg(z)|2(1 − |z|2)dv(z)

.
(∫

rBn

|h(z)|
p

p−2 |Rg(z)|
2p

p−2
(1 − |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)
) p−2

p
( ∫

rBn

|fk(z)|p
ω̂(z)

1− |z|2dv(z)
) 2

p

+
( ∫

Bn\rBn

|h(z)|
p

p−2 |Rg(z)|
2p

p−2
(1− |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)
) p−2

p
( ∫

Bn\rBn

|fk(z)|p
ω̂(z)

1− |z|2 dv(z)
) 2

p

≈
(∫

rBn

|h(z)|
p

p−2dµg(z)
) p−2

p
( ∫

rBn

|fk(z)|pω(z)dv(z)
) 2

p

+
( ∫

Bn\rBn

|h(z)|
p

p−2dµg(z)
) p−2

p
( ∫

Bn\rBn

|fk(z)|pω(z)dv(z)
) 2

p

. ‖h‖
H

p
p−2

( ∫

rBn

|fk(z)|pω(z)dv(z)
) 2

p

+ ‖h‖
H

p
p−2

‖fk‖2Ap
ω
‖χ(Bn\rBn)µg‖

p−2
p

CM .

From [7, Lemma 3.1], for any ε > 0, there exists 0 < r0 < 1 such that

‖χ(Bn\r0Bn)µg‖
p−2
p

CM < ε.

Fix this r0. Since {fk} converges to 0 uniformly on r0Bn,

( ∫

r0Bn

|fk(z)|pω(z)dv(z)
) 2

p

< ε as k → ∞.

Therefore, ∫

Bn

|h(z)|dµfk,g(z) . ε‖h‖
H

p
p−2

as k → ∞,

which means that

lim
k→∞

‖Idk
‖
H

p
p−2 →L1

µfk,g

= 0.
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Employing Lemmas 2.3–2.4, we have

‖Tgfk‖2Hp ≈
( ∫

Sn

(∫

Γζ

|Rg(z)|2|fk(z)|2(1− |z|2)1−ndv(z)
) p

2

dσ(ζ)
) 2

p

≈
∥∥∥
∫

Γζ

dµfk,g(z)

(1 − |z|2)n
∥∥∥
L

p
2 (Sn)

≈ ‖Idk
‖
H

p
p−2 →L1

µfk,g

→ 0 (4.1)

as k → ∞. This implies that Tg : Ap
ω → Hp is compact.

Conversely, assume that Tg : Ap
ω → Hp is compact. Similar to (4.1), we have that the

identity operator Idf
: H

p
p−2 → L1

µf,g
is compact and for any h ∈ H

p
p−2 ,

∫

Bn

|h(z)|dµf,g(z) . ‖Tgf‖2Hp‖h‖
H

p
p−2

.

Let BA
p
ω
= {f ∈ Ap

ω : ‖f‖Ap
ω
≤ 1} be the closed unit ball of Ap

ω. Then Tg(BA
p
ω
) is a relatively

compact set in Hp. For any ǫ > 0, there are f1, · · · , fN ∈ BA
p
ω
such that for any f ∈ Ap

ω, there

exist some fm, m = 1, · · · , N satisfying

‖Tgf − Tgfm‖Hp <
√
ε.

Let {hk} be a bounded sequence in H
p

p−2 and converge to 0 uniformly on any compact subset

of Bn. Since Idf
: H

p
p−2 → L1

µf,g
is compact, for m ∈ {1, · · · , N}, there exists Km > 0 such

that k > Km satisfying ∫

Bn

|hk(z)|dµfm,g(z) < ε.

Now we define

dυhk,g(z) = |hk(z)||Rg(z)|2(1− |z|2)dv(z).

Let f ∈ BA
p
ω
and k > K = max{K1, · · · ,KN}. Then there exists m ∈ {1, · · · , N} such that

∫

Bn

|f(z)|2dυhk,g(z) ≤
∫

Bn

|f(z)− fm(z)|2dυhk,g(z) +

∫

Bn

|fm(z)|2dυhk,g(z)

=

∫

Bn

|hk(z)|dµf−fm,g(z) +

∫

Bn

|hk(z)|dµfm,g(z)

. ‖Tg(f − fm)‖2Hp‖hk‖
H

p
p−2

+

∫

Bn

|hk(z)|dµfm,g(z)

. ε,

which means that these identity operators Idk
: Ap

ω → L2
υhk,g

are bounded and

lim
k→∞

‖Idk
‖2Ap

ω→L2
υhk,g

= 0.

From the proof of Theorem 1.1, we have

‖hk‖
L

p
p−2
µg

=
(∫

Bn

|hk(z)|
p

p−2 |Rg(z)|
2p

p−2
(1− |z|2)

2+p
p−2

ω̂(z)
2

p−2

dv(z)
) p−2

p

. ‖Idk
‖2Ap

ω→L2
υk,g

.
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Thus,

lim
k→∞

∫

Bn

|hk(z)|
p

p−2dµg(z) = 0,

which implies that Id : H
p

p−2 → L
p

p−2
µg is compact and µg is a vanishing Carleson measure.

(iii) The necessity is obvious. Now we only need to consider the sufficiency. Suppose that

the function Ug ∈ L
pq

p−q (Sn). Then for any ε > 0, there exists δ0 ∈ (0, 1) such that

( ∫

Sn

(∫

Γζ\δ0Bn

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) q(p−2)

2(p−q)

dσ(ζ)
) p−q

pq

< ε
1
q .

Let {fk} be a bounded sequence in Ap
ω and converge to 0 uniformly on any compact subset of

Bn. Next, we show that ‖Tgfk‖Hq → 0 as k → ∞. Similar to getting (3.1), by Lemma 2.3 and

Hölder’s inequality, we have

‖Tgfk‖qHq ≈
∫

Sn

( ∫

Γζ∩δ0Bn

|Rg(z)|2|fk(z)|2(1− |z|2)1−ndv(z)
) q

2

dσ(ζ)

+

∫

Sn

(∫

Γζ\δ0Bn

|Rg(z)|2|fk(z)|2(1− |z|2)1−ndv(z)
) q

2

dσ(ζ)

.
( ∫

Sn

∫

Γζ∩δ0Bn

|fk(z)|p
ω̂(z)

(1 − |z|2)n+1
dv(z)dσ(ζ)

) q
p

·
( ∫

Sn

(∫

Γζ∩δ0Bn

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) q(p−2)

2(p−q)

dσ(ζ)
) p−q

p

+
(∫

Sn

∫

Γζ\δ0Bn

|fk(z)|p
ω̂(z)

(1 − |z|2)n+1
dv(z)dσ(ζ)

) q
p

·
( ∫

Sn

(∫

Γζ\δ0Bn

|Rg(z)|
2p

p−2
(1− |z|2)

(1−n)p+2(n+1)
p−2

ω̂(z)
2

p−2

dv(z)
) q(p−2)

2(p−q)

dσ(ζ)
) p−q

p

. ‖Ug‖q
L

pq
p−q (Sn)

(∫

Sn

∫

Γζ∩δ0Bn

|fk(z)|p
ω̂(z)

(1− |z|2)n+1
dv(z)dσ(ζ)

) q
p

+ ε‖fk‖qAp
ω

. ‖Ug‖q
L

pq
p−q (Sn)

(∫

δ0Bn

|fk(z)|pω(z)dv(z)
) q

p

+ ε‖fk‖qAp
ω
→ 0

as k → ∞. This means that Tg : Ap
ω → Hq is compact.

(iv) We first consider the sufficiency. Assume that

lim
r→1−

∫

Sn

sup
z∈Γζ\rBn

|Rg(z)|
pq

p−q
(1− |z|2)

pq
p−q

ω̂(z)
q

p−q

dσ(ζ) = 0.

Then for any ε > 0, there exists δ0 ∈ (0, 1) such that

∫

Sn

sup
z∈Γζ\δ0Bn

|Rg(z)|
pq

p−q
(1− |z|2)

pq
p−q

ω̂(z)
q

p−q

dσ(ζ) < ε
p

p−q .

Let {fk} be a bounded sequence in Ap
ω and converge to 0 uniformly on any compact subset of

Bn. Next, we show that ‖Tgfk‖Hq → 0 as k → ∞. Note that there exists N ∈ N such that
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|fk| < ε
1
q on δ0Bn for all k > N . Using Lemma 2.3, (3.2)–(3.3) and Hölder’s inequality, we

have that

‖Tgfk‖qHq ≈
∫

Sn

(∫

Γζ∩δ0Bn

|Rg(z)|2|fk(z)|2(1− |z|2)1−ndv(z)
) q

2

dσ(ζ)

+

∫

Sn

( ∫

Γζ\δ0Bn

|Rg(z)|2|fk(z)|2(1 − |z|2)1−ndv(z)
) q

2

dσ(ζ)

.
( ∫

Sn

sup
z∈Γζ∩δ0Bn

|Rg(z)|
pq

p−q
(1 − |z|2)

pq
p−q

ω̂(z)
q

p−q

dσ(ζ)
) p−q

p

·
(∫

Sn

( ∫

Γζ∩δ0Bn

|fk(z)|2ω̂(z)
2
p (1− |z|2)−n−1dv(z)

) p
2

dσ(ζ)
) q

p

+
( ∫

Sn

sup
z∈Γζ\δ0Bn

|Rg(z)|
pq

p−q
(1 − |z|2)

pq
p−q

ω̂(z)
q

p−q

dσ(ζ)
) p−q

p

·
(∫

Sn

( ∫

Γζ\δ0Bn

|fk(z)|2ω̂(z)
2
p (1− |z|2)−n−1dv(z)

) p
2

dσ(ζ)
) q

p

. ε+ ε ·
( ∫

Sn

(∫

Γζ\δ0Bn

|fk(z)|2ω̂(z)
2
p (1− |z|2)−n−1dv(z)

) p
2

dσ(ζ)
) q

p

. ε+ ε‖fk‖qAp
ω
,

which implies that Tg : Ap
ω → Hq is compact.

Now we consider the necessity. Suppose that Tg : Ap
ω → Hq is compact. Let

Vg,δ(ζ) = sup
z∈Γζ\δBn

|Rg(z)|1− |z|2

ω̂(z)
1
p

.

Theorem 1.1(iv) gives that Vg,0 ∈ L
pq

p−q (Sn). Next, we show that

lim
δ→1−

‖Vg,δ‖
L

pq
p−q (Sn)

= 0.

By Lemma 4.1, it is sufficient to prove that

ζ 7→ sup
ak∈Γζ\δBn

|Rg(ak)|q
(1 − |ak|2)q

ω̂(ak)
q
p

converges to 0 in L
p

p−q (Sn) as δ → 1−, where Z = {ak} is an r-lattice for r small enough. Let

BT
p
p (Z) = {λ ∈ T p

p (Z) : ‖λ‖Tp
p (Z) ≤ 1} be the closed unit ball of T p

p (Z). For any λ = {λk} ∈
BT

p
p (Z), define

S(λ)(z) =

∞∑

k=1

(1− |ak|2)
n
p λkfk(z), z ∈ Bn,

where

fk(z) =
1

(1 − |ak|2)
n
p ω̂(ak)

1
p

( 1− |ak|2
1− 〈z, ak〉

)λ+n
p

.

Then we have that S(λ) ∈ Ap
ω with ‖S(λ)‖Ap

ω
. 1 for any λ ∈ BT

p
p (Z). Since Tg : Ap

ω → Hq is

compact, it is obvious that Tg ◦S(BT
p
p (Z)) is a relatively compact set in Hq. Using Lemma 2.3,
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there exists δ0 ∈ (0, 1) such that
∫

Sn

( ∫

Γζ\δ0Bn

|Rg(z)S(λ)(z)|2(1− |z|2)1−ndv(z)
) q

2

dσ(ζ)

=

∫

Sn

(∫

Γζ\δ0Bn

|Rg(z)

∞∑

k=1

(1 − |ak|2)
n
p λkfk(z)|2(1− |z|2)1−ndv(z)

) q
2

dσ(ζ)

. εq

for any λ ∈ BT
p
p (Z). Similar to the proof of Theorem 1.1(iv), we have
∫

Sn

( ∑

ak∈Γζ\δ′0Bn

|λk|2|Rg(ak)|2
(1− |ak|2)2

ω̂(ak)
2
p

) q
2

dσ(ζ) . εq‖λ‖q
T

p
p (Z)

,

where δ′0 = inf{|ak| : D(ak, r) ⊂ Bn\δ0Bn}. Let υδ = {υk,δ}, where

υk,δ = |Rg(ak)|q
(1− |ak|2)q

ω̂(ak)
q
p

χ(Bn\δBn)(ak).

Then we need to prove that

lim
δ→1−

‖υδ‖
T

p
p−q
∞ (Z)

= 0,

which is equivalent to

lim
δ→1−

‖υ
1
s

δ ‖
T

ps
p−q
∞ (Z)

= 0

for any s > 1. Similar to the proof of Theorem 1.2(iii), we get

∞∑

k=1

|ξkυ
1
s

δ |(1− |ak|2)n . ε
q
s ‖η‖

T s′

2s
2s−q

(Z)‖λ‖
q
s

T
p
p (Z)

,

whenever δ > δ′0, where η and ξk are defined as Theorem 1.2(iii). Lemmas 2.6–2.7 give that

T
ps

p−q
∞ (Z) =

(
T s′

2s
2s−q

(Z) · T
ps
q

ps
q

(Z)
)∗

and υ
1
s

δ = {υ
1
s

k,δ} ∈ T
p

p−q
∞ (Z). Therefore,

‖υ
1
s

δ ‖
T

ps
p−q
∞ (Z)

=
(∫

Sn

(
sup

ak∈Γζ\δBn

(1− |ak|2)|Rg(ak)|
ω̂(ak)

1
p

) pq
p−q

dσ(ζ)
) p−q

ps

. ε
q
s .

Using Lemma 3.2, we obtain

‖Vg,δ‖
pq

p−q

L
pq

p−q (Sn)
=

∫

Sn

(
sup

z∈Γζ\δBn

|Rg(z)|(1− |z|2)
ω̂(z)

1
p

) pq
p−q

dσ(ζ)

.

∫

Sn

(
sup

ak∈Γζ\δBn

|Rg(ak)|(1 − |ak|2)
ω̂(ak)

1
p

) pq
p−q

dσ(ζ) . ε
pq

p−q .

The proof is complete.
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[24] Peláez, J., Small Weighted Bergman Spaces, Proceedings of the Summer School in Complex and Harmonic
Analysis, and Related Topics, University of Eastern Finland, Kuopio, 2016, 29–98.
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