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Abstract The authors provide a complete characterization of the boundedness and com-

pactness of the Volterra type integration operator Ty from weighted Bergman spaces AL, in-
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1 Introduction

Let B,, denote the open unit ball {z € C" : |z| < 1} of C", and let S,, denote its boundary
{z € C" :|z] = 1}. When n =1, B, is the open unit disc D of C. The space H(B,,) consists
of all holomorphic functions on B,,. For 0 < p < oo, the Hardy space H?(B,,) (denoted HP) is
defined as the set of all functions f € H(B,,) such that

[fllze = sup Mp(r, f) < oo,
0<r<1

where My (r, f) = ( [, |f(r§)|pda(C))% when 0 < p < oo, and My (r, f) = sup |f(z)|. Here,
do denotes the normalized surface measure on S,,. o

A function w defined on B, is considered a weight if it is positive, measurable, and integrable.
A weight w is said to be radial if w(z) = w(|z]) for all z € B,,. Let w be a radial weight and define
W(z) = fé‘ w(t)dt for all z € B,,. We say that w is a doubling weight (denoted by w € 23) if
there exists a constant C' > 1 such that &(r) < C&(=H),0 < r < 1, and w is a reverse doubling
weight (denoted by w € D) if there exist constants C;, C> > 1 such that &(r) > C1&(1 — 10—_;’),

0 < r < 1. The class of weights satisfying both conditions is denoted by D = DN D, and if
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w € D, we say that w is a two-sided doubling weight. We say that w is a regular weight (denoted
by w € R) if w is continuous and there exists a constant C' = C(w) > 0 such that
1 ~
1__om
C (1—=rw(r)
See [24-25] for additional details on these weights.

Let 0 < p < o0 and w € D. The weighted Bergman space A? (B,,) (denoted A?P) consists of
all functions f € H(B,,) such that

<C, 0<r<l.

11, = / 1F(2)Pw(z)du(z) < o,

n

where dv is the normalized volume measure on B,,. AP is a Banach space when p > 1 and
a complete metric space with the distance p(f,g) = ||f — gllar when 0 < p < 1. When
w(z) = Co(1 — |2]H)* (a > —1), where C, = %, the space AP coincides with the
weighted Bergman space AYZ. When o = 0, the space AP, is just the classical Bergman space
AP. For more details about these spaces, see [33-34].

Let g € H(B,,). The Volterra type integration operator Ty is defined as
! dt
Ty f(2) = / f(tz){)%g(tz)?, fe HB,), z€B,,
0

n
where Rg denotes the radial derivative of g, i.e., Rg(z) = > zka%(z), z € B,,. The operator
k=1

T, in the unit disc is always denoted by J, and was first introduced by Pommerenke [27]. The
operator Ty in the unit ball was introduced by Hu [13].

Pommerenke [27] proved that J, is bounded on H?(D) if and only if g € BMOA, the analytic
space of bounded mean oscillation. Aleman and Cima [2] characterized the boundedness of J; :
H?(D) — HY(D) for 0 < p,q < co. Wu [28] described the boundedness of .J, : AZ (D) — HI(D)
for some 0 < p,q < oo and left the case 0 < ¢ < min{p,2} as an open problem. For more
results about the operator Jy, see [2-3, 10, 17, 28, 30] and the references therein.

Li and Stevi¢ [18] proved that T, is bounded on H? for the unit ball of C" if and only
if g € BMOA. In [23], Pau provided a complete characterization of the boundedness and
compactness of T, from H? to H?. Miihkinen, Pau, Perald, and Wang further studied the
boundedness of T, from AP to H? for 0 < p, ¢ < oo in [22]. Chen, Pau, and Wang characterized
the compactness of T, from AP to HY for all 0 < p,q < oo in [7]. For more results about the
operator Ty, see [7, 9, 13, 18-19, 22-23, 26, 29] and the references therein.

Motivated by [7, 22|, we investigate the boundedness and compactness of the operator T,
from weighted Bergman spaces AP, to Hardy spaces HY for the entire range 0 < p, ¢ < oo and

w € D. The main results are presented as follows.

Theorem 1.1 Let 0 < p,q < 00, w € D and g € H(B,,). Then the following statements
hold :
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(i) If 0 < p <min{q,2} or2 < p < q < oo, then Ty : A¥, = HY is bounded if and only if

n_n _ _1
suBP |Rg(2)|(1 - |z|2)1+q P(2) 7 < 0.
zE n

(i) If2<p=gq<oo, then T, : A?, — H? is bounded if and only if

2 (1 — 2|2 %
()2 L

w(z)7==2
is a Carleson measure.
(iii) If p > max{q,2}, then Ty : AP — HY is bounded if and only if the function
(L—nm)p+2(nt1)
(1= |22 v
U0 = ([ mas L7 aua))

¢ Q(Z)p72

p=2
2

belongs to L~ (S,).
(iv) If0<qg<p<2, then T, : AL, — HY is bounded if and only if

pa (1 — |2 2 %
[ 5w ioca) A LD 400y < .
Sy z€T¢ W(z)r*

Theorem 1.2 Let 0 < p,q < 00, w € D and g € H(B,,). Then the following statements
hold:
(i) If0<p<min{q,2} or2 <p<gq < oo, then T, : AP — H? is compact if and only if

lim |[Rg(2)|(1 - |z|2)1+%_%@(z)_% =0.
|z|—1—

(i) If2<p=gq<oo, thenT,: A", — H? is compact if and only if

2 (1 —2]2 %
Rg(e))7e LD gy )
w(z)r—2

s a vanishing Carleson measure.
(iii) If p > max{q,2}, then T, : A?, — HY is compact if and only if the function

, (1—|z|2)(17n)£f§(n+1) bz
Uy = (| Img(a)s 22— du(2))

. W(z)P2

belongs to L~ (S,).
(iv) If0<qg<p<2, then T, : AV, — H? is compact if and only if

, 2o (1—[22)74
lim sup |Rg(z)|r-1————F——do(¢) =0.
r=17 s, 2eT\rB, O(z)" "

This article is organized as follows: Section 2 provides background materials and important
lemmas used in proving the main results. Section 3 provides a detailed proof for Theorem 1.1.
Section 4 focuses on proving Theorem 1.2, which characterizes the compactness of T, : A, — H4
for all 0 < p,q < oo in the unit ball B,, of C".

Throughout this paper, we say that A < B if there exists a constant C such that A < CB.

The symbol A ~ B means that A < B < A.
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2 Preliminaries

This section introduces background materials and collects important lemmas necessary for

proving the main results presented in this paper.

2.1 Carleson measure

For any ¢ € S,, and ¢ > 0, the non-isotropic metric ball Qs5(¢) is defined by

Qs(¢) ={z€Bu:[1- (20| <o}

Let 0 < s < oo and p be a positive Borel measure on B,,. We say that u is an s-Carleson

measure if

{@-geSn,5>o} < 00,

ns ?

[llesm, = sup
and p is a vanishing s-Carleson measure if

lim M =0, uniformlyfor ¢ €S,,.
§—0 ons

When s =1, the measure p is referred to as the (vanishing) Carleson measure. The norm
lltllear, can be denoted as ||p]leamr. In [32], Zhao and Zhu established several equivalent de-
scriptions for s-Carleson measure (see [32, Theorem 45]). Their findings included the proof that
o is an s-Carleson measure if and only if for each (some) ¢ > 0,

(1—lal?)!
su — 7 du(z) < co.
p/ T (= apprere 402)

n

For 0 < p < oo and a positive Borel measure p on By, the Lebesgue space LF, is the space
of all measurable functions f on B,, such that

1

I fllzz = (/ |J”(Z)|pdu(z))E < 0.

Carleson [6] established that the identity operator I : H?(D) — L (D) is bounded if and
only if u is a Carleson measure. Later, Duren extended Carleson’s theorem and proved that
the identity operator Iq : H?(D) — L},(D) is bounded if and only if  is a I-Carleson measure
when p < ¢ (see [11]). A unit ball version of Duren’s theorem is presented in [23], which we

state in the following lemma.

Lemma 2.1 Let 0 < p < g < o0 and p be a finite positive Borel measure on B,,. Then the

identity operator Iq : H? — L is bounded if and only if p is a %—Carleson measure. Moreover,

1
I Lall o -z = [l é pa -
P

The following Dirichlet type embedding theorem can be found in [5].



Volterra Type Integration Operators

Lemma 2.2 Let f € H(B,,) with f(0) =0. If 0 <p < 2, then

1Fllze S IR FlLas_,-
If0 < p < q< o0, then

[ llza S RS a2
P+

P _p—1
q

2.2 Equivalent norm

Let o > 1 and ¢ € S,,. The admissible approach region I'¢ ,, is defined by

Fea={z€Bu:[l- (0 < F(1-|zP)}.

679

For simplicity, we write I'¢ o by I'c. Obviously, for any » > 1 and « > 1, there exists 8 > 1 such

that

U D(z,r)CTl¢g,
R (z,7) Cl¢p

(2.1)

where D(z,7) = {a € B,, : B(a,z) < r} denotes the Bergman metric ball with center z and

radius 7. Let p be a finite positive measure and ¢ a positive measurable function. By Fubini’s

theorem,
du(z)

[, e~ [ ([ o052 ) e

n n

The following result is the Calderdn’s area theorem (see [1, 23]).

Lemma 2.3 Let 0 < p < oo and f € H(B,,) with f(0) =0. Then

11170 ~ /
S

(/F Rf(2)P(1 - |Z|2)1_”dv(z))gda(g),

n

The unit disc version of the lemma below was established by Luecking [20]. The following

lemma can be found in [23].

Lemma 2.4 Let 0 < s < p < oo and p be a positive Borel measure on B,.

identity operator 1 : H? — Ly, is bounded if and only if the function

T dp(z)
Ae) = / (EBE

belongs to L7+ (Sn). Moreover,

1
I s~ ||l e .
[ alle—r;, = |1 L5 )

We also need the following integral estimate (see [4, 15]).

Lemma 2.5 Let 0 < s < 00, 0 > Inax{%, 1}. If p is a positive measure, then

[ ([ () ) a0~ [ urorasto),

n

Then the



680 L. Hu, S. X. Li and R. Yang

2.3 Separated sequences and lattices

If there is a sequence {ar} C B,, such that for any 7, j with ¢ # j, 5(a;,a;) > ¢ for some
0 > 0, then this sequence {ay} is said to be separated. In this case, there exists an r > 0 such
that all D(ag,r) are disjoint from each other.

According to [33, Theorem 2.23], there exists a positive integer N such that for any 0 < r <
1, we can find a sequence {aj} € B, satisfying the following conditions:

(i) B, = D(ag,r).

(ii) The sgts D(ag, 7) are mutually disjoint.

(iii) Each point z € B,, belongs to at most N of the sets D(ay, 47).

A sequence {aj} that satisfies the above conditions is referred to as an r-lattice in the

Bergman metric. It is evident that any r-lattice sequence is separated.

2.4 Tent spaces

Tent spaces were initially introduced by Coifman, Meyer, and Stein in [8] to address problems
in harmonic analysis. In [20], Luecking utilized tent spaces to investigate embedding theorems
for Hardy spaces on R™. In this paper, we require tent spaces in the unit ball B,,. Specifically,

let 0 < p, ¢ < oo and v be a positive Borel measure. The tent space TP, consists of v-measurable

Hf”%;u :/S (/F |f(z)|qdu(z))§da(§) < o0.

The tent space T%, ,, consists of v-measurable functions f on B, with

functions f on B,, with

Hf”ijwgw = / ( ess sup |f(z)|)pda(§) < 0.

Sn ZEFg
We will also use a discretization scheme. Suppose 0 < p,q < oo, Z = {arp} C B, is
a separated sequence and v = Y d,,, where d,, represents the Dirac measure at ap. Let
k=1
flar) = Ar. We define A = {\} to be in TP(Z), if
P
Mgy = 1 = [ (30 ") dote) < o0
n akGFg
and A = {\y} € T (2), if
P
Mg 2y = 1 iz = [ ( sup al)"do(e) < o
S, “ar€le

The following result can be found in [4, 20].

Lemma 2.6 Let 1 < p < oo and Z = {ax} be a separated sequence. If 1 < q < oo, then the
dual of TV(Z) is isomorphic to T;ﬁl(Z) under the pairing

Nrz(z) = ank L—laxl?)", n={m} € T7(Z), \={\} € T} (2),
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where p',q' are the conjugate indices of p and q, respectively. If 0 < q < 1, then the dual of
TP (Z) is isomorphic to T% (Z) under the same pairing.

The next result is the factorization of sequence tent spaces (see [22]).

Lemma 2.7 Let 0 < p,q < oo and Z = {ax} be an r-lattice. If p < p1,pa < 00, q <

q1,q2 < 0o and satisfy pll + plz = % and qil + q% = %, then

TP(Z) = TPH(Z) - TP (Z).

q
3 Boundedness

In this section, we provide a detailed proof for Theorem 1.1. We begin this section by

presenting two helpful lemmas.

Lemma 3.1 Let 0 < p,q < oo, f € H(B,,) and u € R. Then there exists ro € (0,1) so
that, if 0 <r < rg and Z = {ay} is an r-lattice, then

[ ([ e o) a0 (0) 5 /sn(a,;c'f @) (@) (1~ Janf2) ) do(c),

whenever the left-hand-side is finite.

Proof It is obvious that

JCHICIOED Sy SENLC oL

ag EF

where fc is an approach region with aperture larger than I'c. For z,w with f(z,w) < r < %,

from [16, Lemma 2.2], we have

_ ,w2 n+1
@ -swr s [ ),

D(w,1)

Therefore, Fubini’s theorem and (2.1) yield that

>/ )= ezt

akGF
(1 — |ag|?)"*!
S rq/ |f(w)]|! —————dv(u)u(z)dv(z)
a; ‘/;(akﬂ‘) D(a,1) |1 — <u’ ak>|2”+2

S X sl £t [ 1)

where T'¢ is an approach region with aperture larger than I'¢. Note that u(z) ~ u(w) for all
z € B,, and w € D(z,r) when u € R. Then
> [ @)

~ JD(ag,r
arele (ak,r)
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S [ W f@ )+ Y e ) ol

akEF akefg
/ ) pwdo) + 3 1@ ar) (1 — [apP)™.
akGFC

Noting that the admissible approach regions with different apertures define the same tent space

with equivalent quasinorms, we obtain that

[ (] rermeae) o < e [ ([ i) a0

n

w0 [ (X el atan) @ facy) ao(o)

Sn akGFC

Hence, choosing rg < (20)_5, we have

L (L veruea ) o0 <20 [ (3 If(alutonn ) dotc)
Sn apel¢
for any r € (0,79). The proof is complete.
Similarly, we obtain the following lemma.

Lemma 3.2 Let 0 < p < oo, f € H(B,,) and u € R. Then there exists o € (0,1) so that,
if0<r<ryand Z = {ax} is an r-lattice, then

/ sup | £(=)Pu(2)do(¢) < / sup |f(a)|P(ax)do(C),
S S

n ZEFC n Gk EF(
whenever the left-hand-side is finite.

Proof Note that u(z) = u(w) for w € D(z,r) when z € B, and p € R, where 0 < r < 1.
By the subharmonicity of |f|?, we have

for some ay, in the lattice. Therefore, for 0 < r < i,

1
s 1M S o0 s [ )P uludvta)

Similar to the proof of Lemma 3.1, we obtain that

sup |f(2)[Pu(z) S 17 sup [f(2)[Pu(z) + sup [f(ar)[’p(ar).

=€l zel¢ ak€l¢
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Integrating both sides over S,, deduces the desired result. The proof is complete.

Proof of Theorem 1.1 (i) Assume that T, : A?, — HY is bounded. Consider the test

function

1
fa(2) = = T
= oyt 1=

where 7 is large enough. From [9, Lemma 6] we see that f, € AP. Using the standard pointwise

1 __|a|2 atn

>|) g , a€B,,

estimate for the derivative of Hardy space functions, we get

1Tl a2 mall fall 4z
R(Tyfa) (2)] = |fal2)|[Rg(2)] S L2200
(1T—z[*) "
Therefore,
n_n _ _1
Sup Rg(a)|(1 — [a*) T 572D (a) ™% SN Tyllag—me < 0.

Conversely, suppose that sup |PRg(a)|(1 — |a|2)1+%_%fu(a)_% < oo. We divide the rest of
a€B,

the proof into two parts.
Case 1 p=q < 2. Applying the fact that ©z) ¢ R and Lemma 2.2, we obtain that

122

T, S IRy, = ([ 1FERe P = P o))"

n

< sup [Bg(@l(1 - o)) ([ 1P sae)

a€B,, n

< ([ EPe)” <11l

n

w(z)

Case 2 p < ¢q. By Lemma 2.2 and = € R, we get that

Tl

I, e S INT Dl = ([ IFERaP (= P+ au(a))

< sup [Bg(@[(1 ~ )5 3000 ([ 17GIP T Dgdut))”

a€B,

([ 1r@Peee)

n

s =

< [I.f[]az,-

(ii) Suppose that

Aty (2) = [Rg(z)[2 %de

is a Carleson measure. For any f € AP consider the measure
dpgg(2) = |f(2)P1Rg(2)P(1 — [2[*)dv(2).
Employing Lemma 2.3, we have

1T~ [ ([ 1Ma@PIFRA - )" du(e)) do(c)

Sn e
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For any h € Hr—2 = , by Holder’s inequality and (‘z)‘z € R, we obtain

Iy, = [ WEIFEPRE)R - 2P

Brn
s (=)’ (), |h(2)|ﬁ|%9(2)|%%dv(z)>¥

< ([ werataan)’ ([ werrane) "

n n

p—2
S e legllcha Pl 2y

which implies that the identity operator Iy : H RN Lb by 8 bounded. Therefore, using
Lemmas 2.3-2.4, we get

dpgg(
A e
Hp FC |Z|

v 2
S ||Ng||c5v( ||f||Ag'

I
Lhs.) N el g2, Ly,
p=2
Thus T, : A¥, — H? is bounded and || Ty || a» —zr S [litgll o -
Conversely, assume that T : AP — HP is bounded. Then for any f € AP,

[ al SN Taf i S 1Tl g g 1 s

p
Hp—2 L1
Kf.g

Therefore, for any h € H %, we have

Al =/B R (2)[f (2)P[%g(2)[*(1 — |2[*)dw(z)

n

S Tollog o LIz IR 2y -

Now define dvy, 4(2) = |h(2)||Rg(2)[*(1 — |2]?)dv(z). [14, Theorem 4] gives that

Ung(D(z,1)) )ﬁ w(z) )ijz 2 2
~ d < | Lall%e < [Tyl %5 hl| »_.
(/ GEr) o) T S Ml | ST i, .
By the subharmonicity of |h||Rg|?, we get
Un,g(D(2,1)) Z [h(2)||Rg(2)P(1 — [2[*)"*2.
Therefore,

w (L= s)FE N

I, ges = () W= B = o)

g9 n

S Tl g - pro 1]

r )
Hpr—2

p=2
which means that p, is a Carleson measure and ||pl|o %y S Tyl 4z o



Volterra Type Integration Operators 685

(ili) Suppose first that U, € L7 (Sp). For any f € AP, employing Lemma 2.3 and Hélder’s

inequality, we obtain that

7115~ [ ([ @RGP - 27" ae) ao o)

< [ ([ ver=imae)’

a-— ”)P+2(n+1)
p—

(/ (=) )7 L 'L'G() ) T o)

(] rer g i)’

")P+2('ﬂ+1) q(p—2)

27;,2 (1 | | ) 2(p—a) L;q
X / n ( B )
S LA )

The last inequality comes from the fact that

a(2)
L e g i aniie o

_ p_ W)
[ e g (e @do))ancs
W(z
< [ 1) S 1,
n 1 - |Z| “
Therefore, Ty : AP — H9 is bounded and || Ty a» o < || 9HLp - 50"
Conversely, assume that T}, : AP — H? is bounded. We claim that

aw-2)
R o L )

ar€le (ak)z)fz

when Z = {a} is an r-lattice and 7 is small enough. Then Lemma 3.1 gives the desired result.
Now we only need to prove the above claim.

Let Z = {ax} be an r-lattice and r is small enough. Set

A+n

2) — 1 1—|ak|2 P
) = et =)

and consider the test functions

oo

Fi(z) =Y (1= lar|®)? A (t) fi(2),

k=1

where A = {\;} € TP(Z) and ry, are the Rademacher functions. By [31, Theorem 3.2], we have

(P23 A Z (1= lax*)" [Ae]” =~ ZIMI”/ xr, (ax)do(¢)
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= [ (X we)aote) = 1t

n akGFC

Using Lemma 2.3, Fubini’s theorem, Kahane’s inequality (see [21, Lemma 5]), Khinchine’s

inequality (see [12, Appendix A]) and Lemma 2.5, we get

1
12 F
0

z//s(/ %g(2) il—mn Mk (O = )" a0()) do gt

< [ (L 900 320 = ) eI — e anda

k=1

~ (L ot 30 = o e s = ) )

,_.

= [ (S [ )~ ) R~ ) o )

Sn k=1 e
N - 2 1—[z]> \fn (1 — lanl?)2 22_221—11“2%0
~/Sn(;m| L (an) 0~ o A1~ ) z)) do ),

where 6 > max{%, 1}. Next, replacing the integral over B,, by an integral over D(ay,r) and

using the subharmonicity, we obtain that
q

| (Zw e e >|2(('$” ) a0 5 [ 1Tl

@ ak)P

Note that 1 —|ax|? ~ |1 — (a, ()| for any aj, € I'¢. Then for any ¢ € S,,, by summing over only
the points ay € I'¢,

/ S PRy (ar) 2 Il ('“’“' 5 aot)

akGFC w ak)
< [ InE I
0
STl a1 F2ll s,
S 1117

i Wl

Let v = {vy}, where

(L — [axl*)
v = |Rg(ax)|! 7
w(ag)»
_P_ _Ps_
Then we need to prove that v € T7,% (Z), which is equivalent to v= € T?,% (Z) for any
a(p—2) a(p—2)

s>1. Forany n = {nx} € T%. (Z) and A = {\} € TP(Z), let & = {&k}, where & = le/\g-
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Applying Holder’s inequality, we have

©)

(& v >T2(Z)|<Z|77k/\ v [(1 = Jakl*)"
k=1

Sn ag GFC

/ ( > |77k|(2q)) ( > el luk]e )2i do(¢)

Sn apel¢ apel¢
S A, JUPRE
S(L (X me) ([ (X and?) ao(0))
akGFC akGFC
([ (X Weft) aotc )’
ap €l

Therefore,

Zlm 51—|ak|2)”§|lnllT:;{ (/n(ZM Rg(2) %)gdd())

1
s

a a
S lnllze, 1 Tollag - alM 7z 2y

25—q

Lemmas 2.6-2.7 give that

) - (e )

Go=

T7,7 (Z) = (T

2ps
q(p—2)

and v: = {vk } e szp"s (Z), that is,

a(p—2)

p a(p—2) pP—q

1 (1 — |ax iRgak r—a) Ps 4
i, = (f (8 (DB = 05000 0) ™ < 113l

2ps S akerc (ak)

Using Lemma 3.1, we obtain

(1=m)p+2(n+1) a(p—2)

p q _ 2p (1 | | ) P2 2(p—aq)
i, = [ (e () do()

©
(Ul yaten)ly 2y 8525 .
s ( ) ) d0(0) S Tyl o < o0

akEPC ak)

(iv) Assume that

ra (1 — |2 2 %
[ s gt EE o) < .
Sn z€l¢ w(z)"

Lemma 2.3 and Holder’s inequality imply that

7115~ [ ([ BRI RL - 7 ae) ao )

S [ vor( [ reraeia - pta) e
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SVl (L (f P@PREEQ - R au)) ao(0)

Here V(¢) = sup |Rg(2)| (‘ . Let {ar} be an r-lattice. It is easy to check that

zel'¢

-

p
2

ROl O EERREC)

< Te N D(ag,r 2)2o(2)7 (1 — |2]2) " Ldo(z :
S 2N Doy ))(/D(amlf()l (2)% (1= |1%) 7" av(2))
<X N Dlasr)) (__max (7)) B(a)

k=1 o

= X(T¢ N D(a,r)) RO
D B T S O T e 62

and
| xTen Dla o) £ (1~ jarfy (33)

n

Therefore, using the fact that 1 A(T) B € R, we have
— |z

a(:) :
1T, S 1Vl Z o VOV )

~ || Vy / )Pw(z)dv(z v
IVall? aa E:D(W) 2)Pew(z)dv(2))
< q q
SVl o o 10,

which implies that T}, : A? — H? is bounded.
Conversely, suppose that T, : A?, — HY is bounded. Similar to the proof of (iii), we also

have

[ (X i ak>|2(('$'))§da<c>s Tyl N

Sn " ayel w(ag)»

and

1 a a
|<€7US>T22(Z)| N ||77||TS’25 (Z)”Tg”;lg_)HA bp(Z)-

25—q

Lemmas 2.6-2.7 give that

TL7(2) = (T, (2) T2 (2))

1 _ps_
and vF = {vg} € T *(Z). Therefore,

= (/S ( sup (1- |ak|2)|gfg(ak)|)%do(o)% < ||Tg||§5_)Hq.

n o~ ar€l w(ag)r

ol

lo¥]|__es
TS (2)
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Using Lemma 3.2, we obtain

[ (5w IR 1) 5 4) < [ (o D)1 la)y#5 g
Sn ZGFC Q(Z)% ~ Sn akGFc @(U«k)%
<L 157, < oo

The proof is complete.

4 Compactness

In this section, we will prove Theorem 1.2. We begin this section with a useful lemma.

Lemma 4.1 Let 0 <p < oo, f € HB,), Z = {ar} be an r-lattice and pn € R. If

/S sup | £()Pp(2)do(C) < oo

n 2€10¢

and

lim sup [ f(ax)|"u(ar)do () =0,
6217 Js,, arel¢\6B,

whenever r > 0 is small enough, then

lim [ sup |f(2)lPu(2)do(C) = 0.
=17 Js, 2eT:\B,

Proof For any € > 0, choose r > 0 small enough such that r? < ¢. Fix this r. Let
6 = inf{|ax| : ax € Z,aj, € D(z,r) for some |z| > §}.
Similar to the proof of Lemma 3.2, we have

sup [ f(2)[Pu(z) S 7 sup [f(2)u(z) +  sup_|f(an)[Pplar).
ar €T \SB, zele ar €l \OB,,

Integrating over S,, and noting that the admissible approach regions with different apertures

define the same tent space with equivalent quasinorms, we get

/s sup |f(2)|Pu(z)do(¢)

n ZEFC\[S]BTL

> /sn sup [ f(2)[Pp(2)do(C) +/s sup_ | f(ax)["p(ar)do(C)

Zefg n akefg\gﬂn

<ot / sup  |f(ar)Pular)do ().

n ap Ef( \an

Since § — 1~ as § — 17, it is easy to obtain that

Jim sup / sup | f(2)]Pu(2)do(¢) S e.
o—1— Sn ZEFC\(S]ETL
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The proof is complete.

Proof of Theorem 1.2 (i) The desired result can be proved by standard modifications
of the proof of Theorem 1.1(i). Here we omit the details.
(ii) Suppose that
e 1
dug(2) = [Rg(2)[P—2 ——————duv(2)
w(z)r-2
is a vanishing Carleson measure. Let {f;} be a bounded sequence in A2 and converge to 0
uniformly on any compact subset of B,,. Next, we show that || T, fx||z» — 0 as k — oo. For

any f € AP, we consider the measure

dppg(2) = 1f(2)P[Rg(2)P(1 — |2[*)dv(2).

For any h € H7- 2, employing Hélder’s inequality and the fact that ‘”(‘Z)P € R, we have

| hdus o)

= [ BEUADERR = Pl + [ I PRa(:) P~ e)du(z)

2+p

([, mer e )FWM@)’%([W o2 )’

W(z)r=2
2+p p—2

([ IUCIEETE i LR ) 7 /Mm o % o)

o(z)7

~ (/TIB% |h(2)|ﬁdﬂg(z))¥(/ﬂg |fk(Z)|pw(Z)dU(z))%

pP—2

+ (/Bn\an |h(2)|P_g2dﬂg(2))T (/En\rmn |fk(2)|pw(2)dv(z))

Sl o2 |fi(2)Pw(2)dv(z) ) +||h|| e s X a5 gl -
HP B

Hp—2

2
P

From [7, Lemma 3.1], for any € > 0, there exists 0 < r9 < 1 such that

p=2
X @ \roBo) Hgllcia < €

Fix this ro. Since {f} converges to 0 uniformly on r¢B,,

(/TB |fk(z)|paJ(z)dv(z))% <e ask— oo.

Therefore,
| @i S el e, a5k,

which means that
lim ||IdkH =0.
k— oo

Hpr— 2—>L1
Pfp9
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Employing Lemmas 2.3-2.4, we have

p
2

3

e =~ ([ (). |mg<z>|2|fk<z>|2<1—|z|2>1-”dv<z>) do (<))

~ H/ d,ufk,
(1- |z|

as k — oo. This implies that T, : AP, — HP is compact.

~ ol > =0 (4.1)

( ) Hpr—2 —>th

Conversely, assume that T, : A’ — H? is compact. Similar to (4.1), we have that the

identity operator Iy, : Hv? — Llltf . is compact and for any h € Hﬁ,

[ )i o(2) S VT el e

n

Let Byr = {f € AP : | f]lar, < 1} be the closed unit ball of A?. Then T,(B,r) is a relatively
compact set in HP. For any € > 0, there are fi,---, fy € B» such that for any f € AP, there

exist some f,,, m=1,---, N satisfying

”Tgf - TgmeHp < \/g

Let {hi} be a bounded sequence in H 77 and converge to 0 uniformly on any compact subset
of B,,. Since I, : H7? Ltfg is compact, for m € {1,---, N}, there exists K,, > 0 such
that k > K, satisfying

[ n@ldus, o) <

B,

Now we define
dun, ¢(2) = [P (2)[|Rg(2)P(1 = |2*)do(2).

Let f € Byr and k > K = max{Ky,---,Kn}. Then there exists m € {1,---, N} such that

| @R o) < [ 170 = @ vyl + [ 1n)Pdon, (2

n n

- / () g g, g(2) + / e (2)l g, o(2)

n

UL = Lol Wl + [ () o)

n

<eg,

which means that these identity operators I, : AP, — L%hk , are bounded and
lim || Zq, % =0.
kgl;o ” dkHAf)_,L%hk’g 0

From the proof of Theorem 1.1, we have

29

gy (L FE 2
Il e, = ([ Il 799 E=E 0e) 7 S s,

9
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Thus,
dm [ ()R () =0,

k— oo

which implies that I; : H?»—2 =N L, 72 is compact and ji4 is a vanishing Carleson measure.
(iii) The necessity is obvious. Now we only need to consider the sufficiency. Suppose that

the function U, € L7 (Syp). Then for any € > 0, there exists dp € (0,1) such that

a-— ”)P+2(n+1) q(p—2) p—gq

(f (oo EE ) Vo) ™ < et

Let {fx} be a bounded sequence in AP and converge to 0 uniformly on any compact subset of

B,,. Next, we show that ||Tfi|#« — 0 as k — oco. Similar to getting (3.1), by Lemma 2.3 and

Q=

Holder’s inequality, we have

Totillye~ [ ([ PR = ) () da(0
S[(] BPIAERA - ) ()

Sn c\doBr

<(/ /5 RO = (1o )

a-— ”)P+2(n+1) q(p—2) p—gq

-( / L) O

Sn

a-— ”)P+2(n+1) q(p—2) p—gq

P e IR = SPRT
(/ (/Q\mn Mg (2)]7 w(z)% du( )) =D 4 (g))
S0 g (e, VO o201+ il

A (S)( /. |fk<z>|pw<z>dv<z>)P+a||fk||?4wo

[N

as k — oo. This means that 7, : A — H? is compact.

(iv) We first consider the sufficiency. Assume that

. po (1 — 2|37
lim sup  [Rg(2)[7=7 —————do(() = 0.
r=17Js, 20 \rB, O(z)" "

/S sup  [9g(=)|72% S 4o(¢) < o7,

n ZEFC\[sQ]Bn (’J(z)pfq

Let {fx} be a bounded sequence in AP and converge to 0 uniformly on any compact subset of

B,. Next, we show that |7} fx|[m« — 0 as k — co. Note that there exists N € N such that
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[fe] < et on 6B, for all k > N. Using Lemma 2.3, (3.2)-(3.3) and Holder’s inequality, we
have that

sl [ ([ aGRRGR0 - ) du) do(o)

[N

L, PRI 1) o O

: e (1= |z[)77a ot
S([ o, oo R o0)
([ (L meraeia- ) ao)

F( s g U )

J
n ZGF(\JQBn a(z) r—a

(/S (/F - | fi(2)]?0(2 )%(1—| %)~ "_1dv(z))%dcr(<))%

sever ([ ([, BEPBERR0 -1 ) a0 o)

Setellfilly,

(SIS
1

which implies that T, : AP — H? is compact.

Now we consider the necessity. Suppose that T, : A?, — HY is compact. Let

IZI2
Vys(C) = sup |Rg(z )I

2€T\6B, W(z)

Tl=

Theorem 1.1(iv) gives that V, o € L4 (S,). Next, we show that

hm % ‘5”Lﬁ(s | =0.

By Lemma 4.1, it is sufficient to prove that

(1 — lag[*)?

aq

¢ sup  |Rg(ap)|*
ar€T¢\6B, W(ag)?»

converges to 0 in L7 (Sp) as § — 17, where Z = {ay} is an r-lattice for r small enough. Let
Brrzy = {N € T)(Z) : IMllzr(z) < 1} be the closed unit ball of T)(Z). For any A = {\¢} €
Brr(z), define

Zl—|@k| P\ fi(2), 2 €B,,
k=1

where

fol) = 1n l(11—|ak|2 )“T"

(1= Jax[2)0(ap) M = (2 ar)
Then we have that S(\) € AZ, with [|[S(A)[| 4z, < 1 for any A € Byp(z). Since Ty @ AL, — HY is

compact, it is obvious that Ty o S(Brp(z)) is a relatively compact set in H9. Using Lemma 2.3,
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there exists dg € (0, 1) such that

L ([ maEsMERa () do(o
T \6oBn

3 —la 22_221—71“2%0
/ /Fg\éolB |Rg(= ;1 |a|?) /\kfk( )2 (1 = |2%) d())d(c)

(SIS

for any A € Brp(z). Similar to the proof of Theorem 1.1(iv), we have
a
[ X et o) s copgy
Sn akepc\g/ W(ak)
where 0) = inf{|ay| : D(ag,r) C B,\ooB,}. Let vs = {vy s}, where

vis = [Rg(ap)r 1)

7)((15%”\51@”)(%)-
W(ak)®

Then we need to prove that

lim ||U5H _p_ ZO,

S—1- T2 (Z)
which is equivalent to

lim [[vg =0

6—1 TP T (2)

for any s > 1. Similar to the proof of Theorem 1.2(iii), we get

Z|€k”5| (1= Jax)" Se*

= 2s—q

Z)H)‘HTP (z)’

whenever § > d(, where n and &, are defined as Theorem 1.2(iii). Lemmas 2.6-2.7 give that

TE7(2) = (T (2) T2 (D))

2s—q q

and U(;% = {UE)J} € TL ?(Z). Therefore,

o = ([ (s OBy B )7
oo S

q(Z) n akng\tSIBn a(ak);

Using Lemma 3.2, we obtain

pa_ R 1-1z
Vool 7 = [ (s PRI 0
LP=a(Sn) Js, MzeT(\6B, W(z)»
R 1 — ar]?)\ 774 pq
S [ ( sy Dol ) ¢
Sn Nar€T¢\By, w(ak)?r

The proof is complete.
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