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Second Main Theorem and Uniqueness Problem of
Meromorphic Functions with Finite Growth Index
Sharing Five Small Functions on a Complex Disc*

Si Duc QUANG!

Abstract This paper has a twofold purpose. The first is to establish a second main
theorem for meromorphic functions on the complex disc A(Rp) C C with finite growth
index and small functions, where the counting functions are truncated to level 1 and the
small term is more detailedly estimated. The second is to prove a generalization and
improvement of the five values theorem of Nevanlinna for the case of five small functions
on the complex disc A(Rp).
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1 Introduction and Results

In 1926, Nevanlinna [1] showed that two distinct non-constant meromorphic functions f
and g on C cannot have the same inverse images for five distinct values. This theorem is called
the five values theorem. Later on, many authors have improved and generalized this theorem
by replacing the five values with five small functions and by weakening the condition “having
the same inverse images”. For related results, we refer the readers to some important papers
such as [1, 5-6, 8] and the references therein. All of the proofs of these results are based on
the second main theorem of Yi and Yang [7] or the second main theorem of Yamanoi [4] for
meromorphic functions and small functions on C.

Recently, Ru and Sibony [3] gave a definition of a class of meromorphic functions on the
complex disc A(Rp) = {z € C;|z| < Ro} with finite growth index, which is larger than the class
of transcendental meromorphic functions. They also established a new second main theorem for
meromorphic functions in this class with fixed values. Motivated by their work, in this paper
we will give a truncated second main theorem for meromorphic functions of finite growth index
on A(Rp) with small functions, which generalizes the second main theorem of Yi and Yang

mentioned above.
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In order to state our result, we recall the following notations. Let A(Ry) = {z € C;|R| <
Ro} (0 < Ry < 400) be a disc in C. Let v be a divisor on A(Rp), which is regarded as a
function on A(Rp) with values in Z such that Supp (v) := {z;v(2) # 0} is a discrete subset of
A(Rp). The counting function of v is defined by

n(t):=> v(z) 0<t<Ry and N(r,y);:/orw

t
|z|<t

dt.

Let f : A(Rog) — CU{oo} be a non-constant meromorphic function. We denote by v/} (resp.

VJ‘?O) the divisor of zeros (resp. divisor of poles) of f. For a meromorphic function a, we define

N(r,a, f) := N(r, I/?_a) and N(r,a, f):= N(r,min{1, V;)_a}).

Here, if a = oo then we regard u})_oo as v°. We say that the function N(r,a, f) (resp.
N(r,a, f)) is the counting function with multiplicity (resp. the counting function without mul-
tiplicity) of the divisor of all a-points of f.

The proximity function and the characteristic function of f are defined respectively by

2 )
mvjy=A log™ |f(rei®)[dd
and
T(r, f):=m(r,f)+ N(r,o0, f).

A meromorphic function a is said to be small with respect to f if T'(r,a) = o(T'(r, f)) as r — Rp.

The first main theorem states that

ﬂnﬁzTGg )+dﬂnﬁ)

1
f—a
for every small function a (here we regard ——as f )

According to Ru and Sibony [3], the growth index of f is defined by

cp = inf{c > O;/R exp(cT'(r, f))dr = —|—oo}.
0

For convenience, we will set ¢y = +o00 if {c > 0; fOR exp(cT'(r, f))dr = +oo} = 0.
For the case where the domain A(Ry) is C, Yi and Yang proved a second main theorem for

small functions as follows.

Theorem A (see [7, p. 185]) Let f be a non-constant meromorphic function on C and let

ay, -+ ,as be five distinct small functions (with respect to f). Then we have

5
1 270,) < 3N 06 )+ ol (5.
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Here, the notation “|| P” means the assertion P holds for all » € (0,+00) outside a set of
finite Borel measure. Hence, for ¢ distinct small functions aq,--- , a4 (¢ > 5), from the above

second main theorem we get
2q !
H =T(r Z (r,ai, f) +o(T(r, f)).

We note that, Yamanoi in [4] improved the above result by increasing the coefficient 22 to
(¢ —2). The result of Yamanoi is believed to be sharp for the case of functions on C. However,
the method of Yamanoi in [4] does not work for the case of functions on complex discs with
finite growth index.

Our first purpose in this paper is to generalize Theorem A to the case of meromorphic

functions on A(Rp) with finite growth index. Namely, we will prove the following.

Theorem 1.1 Let f be a non-constant meromorphic function on A(Rp) and let aq,--- ,as
be five distinct small functions (wz’th respect to f). Let v(r) be a mon-negative measurable
function defined on (0, Ry) with fo r)dr = +o00. Then, for every e > 0,

5
g 27 (r Z rai, f) +19((1 + &) logy(r) + elogr) + o(T(r, f)).

Here and later on, we use the notation “||gP” to say that the assertion P holds for all
r € (0; Ro) outside a subset £ of (0; Ry) with [, ~(r)dr < +oc.

Remark 1.1 (1) If the characteristic function T'(r, f) grows rapidly enough (more than the
order of log ﬁ), then Theorem 1.1 is no more special than Theorem A. But for the general
case, Theorem 1.1 will be more interesting since the error term in the second main theorem
may not be a small term o(T'(r, f)).

(2) If we assume that f is of finite growth index (i.e., ¢y < 400), then in Theorem 1.1 we
may take y(r) = exp (cy +¢&)T(r, f).

(3) For the case of Ry = 400, we may take ¢; = 0 (with a non-constant meromorphic

function f) and Theorem 1.1 will give back Theorem A.

Our second aim in this paper is to apply the above second main theorem to investigate the
uniqueness problem of meromorphic functions on A(Ry) with finite growth index sharing some
small functions ignoring multiplicity.

Now, for two meromorphic functions h, a and a positive integer k (k may be +00), we
denote by Ek) (a, h) the set of all zeros of the function h — a with multiplicity not exceeding k
(if @ = oo then Fk) (a, h) is regarded as the set of all poles of h with multiplicity not exceeding

k). Our uniqueness theorem is stated as follows.

Theorem 1.2 Let f and g be non-constant meromorphic functions on A(Ry) with finite
growth indices c¢,cq. Let ay,--- ,aq be q (¢ > 5) distinct small functions (with respect to f and

g) and let k be a positive integer or k = 4+00. Assume that

Ep(ai, f) = Exy(ai,g), 1<i<gq
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If

crtcg <

E(2q —8) — 3(q + 4)
k(19¢ — 22) +19(q + 4)°

then f =g.
Remark 1.2 (1) If ¢ = ¢4, = 0, then the condition of the above theorem is fulfilled with

3(qg+4)

k> .
29— 8

Moreover, for the case of ¢ = 5, we only need k > 14. Therefore, our result improves the result
of Yao in [5] (for ¢ = 5,k > 22) and generalizes the result of Yi in [6] (for ¢ = 5, k > 14).
(2) If k = +00 and ¢ = 5, then the condition of the above theorem is fulfilled with
< —=.
Ccf+¢g 3
Then, we have a generalization of the classical five values theorem of Nevanlinna.
(3) In the proof of Theorem 1.2, we use the method of Yi in [6]. However, the most difficulty
comes from the fact that all error terms occurring are not small with respect to these functions.

Therefore, we will have to control such terms at every step in the proof.

2 Truncated Second Main Theorem for Meromorphic Functions and
Small Functions on the Complex Disc

In this section, we will prove Theorem 1.1. Firstly, we need the following lemma on loga-

rithmic derivative due to Ru and Sibony [3].

Lemma 2.1 (Lemma on logarithmic derivative) (see [3, Theorem 5.1]) Let 0 < R < 400
and let y(r) be a non-negative measurable function defined on (0, Rg) with fORO ~(r)dr = oo.

Let f(z) be a meromorphic function on A(Ry). Then, for e > 0, we have

!/
HE m(r, f7) < (1+¢)logvy(r) +elogr + O(log T (r, f)).
Then, for any small function a (with respect to f) we also have
I

HE m(r, %) < (1 +¢e)logy(r) +elogr+ o(T(r, f)). (2.1)

This implies that

/! ! /! !

02T = ) ()
< N(r,0,a) + N(r,00,a) + (1 + &) logy(r) + elogr + o(T(r, f))
= (1+4¢)log~(r) +clogr + o(T(r, f)). (2.2)

Ru and Sibony proved the following second main theorem for fixed values.
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Theorem 2.1 (see [3, Theorem 1.7]) Let f be a non-constant meromorphic function on
A(Rp) (0 < Ry < +00). Let y(r) be a non-negative measurable function defined on (0, Ry) with
fORD ~(r)dr = oo and let ¢1,- - ,cq be g distinct values in CU {oo}. Then, for every e > 0, we

have

g (g—n—1)T(r,f) SZ (ryei, £+ (1 +¢e)logy(r) + elogr + o(T(r, f)).

Proof of Theorem 1.1 We set S(r) = (1 4+ ¢)log~y(r) 4+ clogr. Replacing f by its

quasi-Mobius transformation
f—as az—a
f—a az—as ’

if necessary, we may assume that a; = co,a2 = 0,a3 = 1 and a4 = by, a5 = by, where by, by are

two small functions with respect to f.
If by or bs is constant, then we get the conclusion from the second main theorem for four

values (Theorem 2.1). Then, we may assume that both b; and be are not constant. We define
e =

F = |biby b, b3 —by]. (2.3)
bably, by b5 — by

We consider the following two cases.
Case 1 F(z)=0. From (2.3), we get

(__b_)( f—l_bgbil)z(blbi1_bzbil)(f7—z—z)- (24)

We distinguish the following four subcases

v b . . .
Subcase 1 =2 = 5 We have ﬁ % b 7, since if otherwise b; and by are constants.

T(r, f) = o(T(r,

b . .
Subcase 2 = —2-. By the same arguments as in Subcase 1, we get again a contra-
b1—1 b2—1 9

by
Therefore, from (2.4), we have fT = b— , and hence f = cby with a constant c¢. This implies that
)) and we get a contradlctlon.

v,

diction.

b, b, v, o, b, _ b, v,
Subcase 3 H¢b2’b1 1?_éb2 1°by ~ by — bi—1  bp—1

froo b 5

(2.4) implies that

Then, we have

where c is a constant. Therefore

and hence
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This is a contradiction
Subcase 4 1 5_'5 2 b1 T 7 b2 1, A2 5_'5 b1 —2—. The identity (2.4) may be rewritten

as
AN AR AV
- — == - - == - . (2.5)
by b)) f—1 biy—1 ba—1) f  bi(ba—1) ba(b1—1)

From (2.5), we see that each zero of (f —1) must be a zero or a 1-point or a pole of b; (j = 1,2)

b/
or a zero of ﬁ - b—2 Therefore,

min{1,v}_,} < Z Z min{1, v, _a}—l—mln{l Vb/ 1,2}. (2.6)
i=1,2 a=0,1,00 )
Similarly, we have
min{1, uf} < Z Z min{1, v} a}—l—mln{l 0 R } (2.7)
i=1,2 a=0,1,00 T b1

From (2.7), we also see that each pole of f must be a zero or a 1-point or a pole of b; (j =1, 2)

or a zero of (— - z—g) (blbi bzb 7.27)- Therefore, by the similar arguments, we have

min{1, 7} < Z Z min{l,ul?i_a}+min{1,1/(€1;7/1_i)_( v, ) )} (2.8)

i=1,2 a=0,1,00 b1—1 bp—1

[
&4
N

Combining (2.6)—(2.8), we have

Z min{1,§_,} < Z Z min{l,ul?i_a}—i—min{l,ygll bé}

a=0,1,00 i=1,2 a=0,1,00 b1 b2

+min{1,1/0b/1 b’2 }—i‘min{l,V?b/l b/g)_( b/l b’2 )} (29)

by —1 bgp—1 by bg by —1 bg—1

By using the second main theorem (Theorem 2.1), we get

e T(r, f) < N(r,0,f) + N(r,1, f) + N(r,00, f) + S(r)

N by b 4 b,
Si:LM:OZLOON(TOb —a)—I—N(rO by b2)+N( "by—1 bgil)
e )t ) s

<48(r) (by (2.2)).

Then we have the desired second main theorem in this case.
Case 2 F(z) #0. We set

= min{1, |b1(2)[, [b2(2)], [b1(2) — 1], [b2(2) — 1], [b1(2) — ba(2)[},
{0:1f(re”) = b;(re”)| < 3(re’”)},  j =12,
= {0:]f(re”)| < 8(re'”)},
{0:1f(re) —1] < 6(re'”)}.
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It is clear that the sets 6;(r) N 0;(r) (i # j,1,5 = 1,2,3,4) have at most finitely many points.

Then, we easily see that

2m 21

1 1 1 1 1 1 1 1
— [ 1og—df < —/10 max{ 1, — — , , }d@
QWO/ & 5(ra®) " = oF / & oo Tool Tor — 1] To2 — 1| Jor — ba]

Therefore

27

% 0/log ﬁde =o(T(r, f))- (2.10)

We also see that

FF=(f =b)(f" = b)) + L (f = br) + b (f" = bh) + babh,
f/: (f/_b/l)+b/].7
2= f=(f—b)*+ (2b1 — 1)(f — b1) + b — by.

Substituting these functions (on the right hand side) into (2.3), by the properties of the Wron-
skian, we have
e fl-bh Y
F = |bb} b} by — b1, (2.11)
bab bl bl — by

where

o= (f=b)(f = b))+ Vi (f —b1) +ba(f = by),
¢ =(f—01)"+ (2b1 — 1)(f — br).

From (2.11) we see that each zero with multiplicity p (p > 1) of f — by which is neither a pole of
b1 nor a pole of by must be a zero of F' with multiplicity at least p — 1. Similarly, each zero with
multiplicity p (p > 1) of f — by which is neither a pole of b; nor a pole of by must be a zero of
F with multiplicity at least p — 1. Moreover, from (2.3) one sees that each zero of multiplicity
p (p>1) of f or f —1 which is neither a pole of b; nor a pole of bs must be a zero of F' with
multiplicity at least p — 1. This implies that

5

Z(N(T, aiaf) —N(T, a‘i7f)) < N(T,O,F). (212)
=2

On the other hand, since |f(re!?) — by (rel?)| < §(rel?) < 1+ |by(re'?)] for every 6 € 0;1(r),

looe [ el s gy [os (v 725 o
61(r) 61(r)
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S% / tog { (1+ B4 (1 + [br ) (1 + J}__f ) 1F = bl a0
01(r
+ % )/ log { (1+ [ba])(1 + (8} ]) b6
01(r
tor (/) log { (1+ [ba)(1 + [85]) b0 + O(1)
01(r
ol S o ) 20 ) o
4S(r) + oT(r, ). (2.13)

Therefore, from (2.9) and (2.13), we have

2m

HE m(r,ﬁ) < % / 10g+ ‘ﬁ‘dG—i— %b/log ﬁd&

91(7‘)

1 | F 1
61(r) 61(r)

:% / log* md9+45() o(T(r, f)). (2.14)
01(r)
Similarly, we get
1 1
|, m(r ) < 5 / log’+ md9+45() o(T(r, f)), (2.15)
02(r)
1
| m(r,%)gﬁ / log+ md9+45() o(T(r, f)), (2.16)
03(r)
1 1
| m(r,f_l) < o / log+ Wd9+45() o(T(r, f)). (2.17)
04(r)

Therefore

e AT(r, £) <> N(r,ai, f) = N(r,0,F) + T(r, F) + 165(r) + o(T(r, f)).

i=2
Combining this inequality with (2.12), we obtain

5
g AT (r, ) <Y N(r,ai, f) + T(r, F) + 16S(r) + o(T(r, f)). (2.18)

=2
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Also, from (2.3), we have
m(r, F) <2m(r, f) + m(r, f?l) + m(r, %) + m(r, %) +o(T(r, f))
and
N(r,00,F) < 2N(r,00, f) + N(r,00, f) + o(T(r, f)).

These yield that
g T(r,F) <2T(r, f) + N(r,00, f) + 3S(r) + o(T(r, f)). (2.19)

From (2.18)—(2.19), we have the conclusion of the theorem.

3 Uniqueness Theorem for Meromorphic Functions with Finite Growth
Index Sharing Five Small Functions

In this section, we will prove Theorem 1.2. Firstly, we prove the following lemma.

Lemma 3.1 Let f and g be two distinct meromorphic functions on A(Rg) with finite growth
indices ¢y and cg, respectively. Let ay,--- ,aq (¢ > 5) be distinct small functions with respect

to f and g. Suppose that
Elai, k, f) = FE(ai, k,g), 1<i<q.
Let € be a positive real number. Setting
T(r) = T(r, f) +T(r,g), ~(r) = elTFmexterealT0)

and

S(r) = (14¢)logvy(r) +clogr,

then we have

q 4
| Y Nai £,9) < S (Noenr (o )+ Nipsa (6, 9)) + 78(r) + o(T(0).
i=5 i=1
Here, N(r,a, f,g) denotes the counting function without multiplicity which counts all common
zeros of (f —a) and (g—a), and N (11 (r, a, f) denotes the counting function without multiplicity
which counts zeros of (f — a) with multiplicity at least k + 1.

Proof Weset S= | {z;ai(2) = a;(2)}. Then we see that S is a discrete subset of
1<i<j<q

A(Rp) and N(r,8) = o(T(r)).
By considering two functions L(f) and L(g) instead of f and g if necessary, where L is the

quasi-Mobius transformation
(w—a1)(as — az2)
(w—a2)(az —ay)’

L(w) =
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we may assume that a; = 0,a2 = 00,a3 =1 and ay = a with a & {0,1,00}. Here, we note that
the quasi-Mobius transformation L only makes the counting functions in the inequality of the
lemma change up to small terms o(T'(r)).

Consider the function

H:

f'dg—ag)(f—g) g'f—af)(f—g) (3.1)
(f(f =1g(g —a)) gg-Df(f—a) '

We rewrite H as

_ (f—9)@Q
=500 a9 D —a)’ (3.2)

where

Q=fdg—ad)(f —a)lg—1) —g'(a'f —af)(g—a)(f - 1)
=d'ff'g’—dffg—ala—-1)ff'g —ad f'g* +ad f'g
—a' f?99' +d'fgg' +ala—1)f'g99' +ad' f?g' —ad'fg'. (3.3)
Case 1 Suppose that H = 0. Then from (3.1), we have
f'ld'g—ag) _ g(a'f—af)

(f=Dlg—a) (-1 —a)

This implies that

It yields that

fl-g _(Q-ag@i-a)  J -
f=g aglg-1(f-a) g
Hence, if there exists a point zg ¢ S which is a common zero of (f —a;) and (g —a;) (5 <1i < ¢),
then it must be a pole of the left hand side of (3.4) but not a pole of the right hand side. This
is a contradiction. Therefore each common zero of (f —a;) and (g —a;) (5 < i < ¢) must belong
to S. Thus

S N(raif.9) < (4 - N, 8) = oT(1)),
=5

where N (7, S) is the counting function without multiplicity which counts all points in S. Hence,
the lemma is proved in this case.

Case 2 Suppose that H £ 0. From (3.1)—(3.2), we easily see that if z ¢ S is a common
zero of (f —a;) and (g —a;) (5 <14 < g) then it is a zero of (f — ¢) and is not a pole of

Q
f(f=1)(f —a)glg —1)(g —a)’
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and hence it is a zero of H. Therefore we have

Zﬁ(raala.ﬂg) < N(T‘,O,H) + (q - 4)N(T7 S)
=5

N

<T(r,H)+o(T(r))

(r,H) + N(r,00, H) 4+ o(T(1)). (3.5)

IN
3

We now estimate the proximity function m(r, H). Firstly, we have

g 1 ab—ad_(fil_ésab—ad

f=1g(g—a) g—a
B g/ a/f_af/_( g/ _g_/)a/f_af/
g—1f(f-a) g—1 g/ f-a
(=) - (- 5 (- l=5)
I (e

By the lemma on logarithmic derivatives, we get

/

e <) o) onle ) e 5

f / f - 1 9= 1
+ m(r, (];%(Z)) + m(r, l=a) —ga) ) + m(r, %) +o(T(r))
< 75(r) + o(T(r)). (3.7)

We now estimate the counting function N (r, 00, H). From (3.6), we see that each pole of H
must be a zero of some functions (f —a;) or (9 —a;) (i =1,---,4) (here we regard f —oo = )
or a pole of a’ or a. We consider the following four subcases.

Subcase 1 z is a pole of a’ or a. Hence z must be a pole of a. We note that each pole of
every meromorphic function of the form % has multiplicity at most 1. Therefore, from (3.6)
we have

Vi (z) <vl(z) +2 < 3v5°(2).
Subcase 2 z is not a pole of @ and z is a common zero of (f —u) and (g —u) for a function
u € {0,1,a}. From (3.2), we rewrite H as follows
/ !/

L e = I

where

P:|: f/ g_/_ f/ g/_a/ f_/g/_a/_ g/ f_/+ g/ f/_a/_f/_a/g_/]
f-1g f-1g—a fg—a g—1f g-1Ff-a f—ay

Hence, z is a zero of (f — ¢g) and is a simple pole of P. Therefore z is not a pole of H.

Subcase 3 z is not a pole of @ and is a common pole of f and g. From (3.2)—(3.3), we

easily see that z is not a pole of H.
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Subcase 4 z is not a pole of a and z is either a zero of f — a; or a zero of g — a; for some
ie{l,---,4}. From (3.6), we see that H has the following form

(f —uw) (g—v)
H = Ay ’
u,ve%;l,a} (f —u) (g —v)

utv

where a,, are constants or £a’ or £a. Hence

v (2) < max (V. (2) + v 0y (2)
u,v6{071,a} (f—u) (g—v)

4
< D CninL o}, (2} + min{L, o, (2)) = in{ (2, 1)

From the above four cases, we have

4

vy < 3ve° —I—Z min{1, Vf a } + min{1, 2 }—min{l,yg_ai . Vg_ai}).
=1

This yields that

4
N(T7OO7H) S Z(N(Tv Qg f) +N(T7 Qg f) - N(Tv Qs fﬂ g)) + O(T(T))

i

INA
-1

Y (Nera(rai, f) + Ny (r, ai, g)) + o(T(r))-

i=1

Combining the above inequality and (3.5) and (3.7), we get

q 4
ZN(T, ai, f,9) Z Njg1(r,as, ) + Ngyr(ryai, g)) + 78(r) + o(T(r)).
i=5 i1

Then the lemma is proved in this case.

Proof of Theorem 1.2 Suppose contrarily that f # g. We define T'(r),~(r) and S(r) as

in Lemma 3.1. By Lemma 3.1, for every subset {i1, 2,143,474} of {1,---,¢q} we have

.MQ
M’“

s
Il
-

Taf’Lafa Ta'L]7.f7

j=1

(N (es1(r, iy, f) + N (103, 9)) + 7S(r) + o(T(r)).

'M%

Jj=1

Summing up both sides of the above inequality over all subsets {i1, 12,143,714}, we obtain

q

—4)Y N(rai, f,9) <4>_ (Npeyr (i, ) + Nega (.0, 9)) + 748 (r) + o(T(r)).

1=1 =1

Since

N(Ta Qi .f) +N(Ta aivg) < N(Ta Qi fv g) + N(k+l(rv ai, f) + N(k-%l(’ra aivg)v I<i<g
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the above inequality implies that

(¢—4) Z (N(r,ai, ) + N(r,a;,9))

3

I
-

MQ

<(¢+4) (N(k+1(7“7 ai, )+ N(k+1(r, ai,g)) +79S(r) + o(T(r))
=1
q+4 K _
= L Z(kN(kH(Tv ai, [) + Nag1(r,ai,9)) +7¢S(r) +o(T(r)).

=1

=

Since kN(k+1(T‘, a;,h) + N(r,a;,h) < N(r,a;,h) (i=1,---,q;h = f,g), we easily have

q+4 1 _
( 4+—) Z T a”La +N(T7a’iag))

<t Z roai ) + N(r.ai,g)) + 745(r) + o(T(r))
< (q D976 4 74500) + o(T(r)).

k

By the second main theorem, we have

| (a-a+ %4) L(27(r) — 385(r)) < @T(ﬂ +74S(r) + o(T(r)),

ie.,
H k(2qg —8) — 3(q +4)
E k(38q —117) + 38(q + 4)

Letting € — 0, and then letting » — Ry (r € E), we obtain

T(r) <S(r) + o(T(r)).

k(2¢ —8) —3(q+4)
(19¢ — 81y +19(q + 4)

¢y +cg > 2min{cs, ¢y} > p
This contradiction completes the proof of the theorem.
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