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Non-relativistic Limit from Complex Klein-Gordon
Equation to a System of Coupled Nonlinear
Schrodinger Equations in 2D and 3D*

Rui JIA! Zhibo YANG!

Abstract In this paper, the authors consider the non-relativistic limit of solutions to
the defocusing cubic nonlinear Klein-Gordon equations. Inspired by the work of Lei and
Wu (2023), which considered the real-valued case, the authors show that the solutions to
the complex Klein-Gordon equation can be described by using a system of two coupled
nonlinear Schrodinger equations as the speed of light tends to infinity both in two and
three dimensions. On the one hand, if the initial data belong to a lower-regularity Sobolev
space H, a € [1,4], the error is proportionate to the « order of the reciprocal of the speed
of light, with a constant that grows linearly in time. On the other hand, if initial data
are smoother (at least in H*), the error is proportionate to the square of the reciprocal of
the speed of light, with a constant that grows linearly in time. The error of two different
regularity requirements holds globally over time.

Keywords Nonlinear Klein-Gordon equations, Nonlinear Schrédinger equations,
Non-relativistic limit, Convergence rate
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1 Introduction

1.1 Background

In this paper, we consider the defocusing cubic nonlinear Klein-Gordon equation, which
reads
2 2
h—Qﬁttu— h—Au—l—chu—i— |u|?u = 0, (1.1)
me m
where u = u(t,r) : R**% — C is a complex-valued function, ¢ denotes the speed of light, &
is the Planck constant, and m > 0 is the mass of particles. The Klein-Gordon equation, a
relativistic counterpart to the Schrédinger equation, accurately describes high-speed particles
and those with spin 0. In the non-relativistic limit, the relativistic correction terms in the
Klein-Gordon equation tend to zero, leaving behind the part corresponding to the Schrodinger
equation. Exploring its non-relativistic limit is crucial in quantum physics and computational
mathematics. In physics, it enhances the understanding of quantum mechanics, especially
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in scenarios involving spin. In computational mathematics, since the Klein-Gordon equation
is relativistic, solving it numerically is more complex than that of the Schrédinger equation,
and exploring the non-relativistic limit can yield more efficient numerical methods for solving
quantum problems involving spinning particles.

In this paper, we focus on the convergence rate in the non-relativistic regime (¢ — 0) of the
nonlinear Klein-Gordon equation (1.1). The initial data are given as

U1

uw(0,2) 2 ug = uo(z), Khu(0,z) 2 u§ = = (1.2)

where ug and u; are complex-valued functions satisfying certain regularity assumptions.

The non-relativistic limit of (1.1) has attracted significant attention in mathematical analy-
sis, as evidenced by works such as [2, 7, 9-14] and references therein. In particular, Masmoudi
and Nakanishi [11] demonstrated that a broad class of solutions to (1.1) can be characterized
by a system of coupled nonlinear Schrédinger equations. They established an error estimate of
(9(5%) within an L? framework, assuming finite energy and L? convergence of the initial data.
It is worth noting that the estimates obtained in [11] are valid for some fixed time interval.
Furthermore, Bao, Lu and Zhang [2] extended the study to the three-dimensional problem and
demonstrated that for any

(uo, ur) € (H*H*(R%) N L (R?))?

with s > 2, the error estimate is O((1 + t)e?) for a = 1,2. Their estimate is valid for times up
to O(e—2%).

Recently, Lei and Wu [7] achieved a significant breakthrough in the non-relativistic limit
problem. They conducted a thorough exploration of the fundamental aspects of the equation,
yielding superior results in terms of convergence order, minimal regularity optimization, and
validity time interval. They proved that for any

(uo,u1) € H*(R?) x HY(R?)

with 1 < a < 4, the error estimate is O(2 + (¢2¢)1?), and the estimate holds for all ¢ >
0. Furthermore, their paper demonstrates that the convergence estimate and the regularity
requirements they derived are optimal.

Despite the comprehensive and in-depth investigation into convergence speed estimates,
necessary regularity of initial data, validity time intervals, and the underlying mechanism as
outlined in [7], along with the provision of optimal estimates, their setup restricts the solution
u to being a real-valued function. However, as shown in the following, to estimate the complex-
valued function, one needs to handle more complex Schrodinger equation systems. In this
paper, we will follow the method proposed in [7] to extend their results to the case where u is
a complex-valued function, aiming to enhance the classical results presented in [11].

1.2 Main result

Without loss of generality, we will set the constants as h = m = 1 and ¢ = ¢~ ! in the rest
of the paper. Then (1.1) can be reduced to
1
£20u° — Au® + —u + [u®|?u® = 0,
€ (1.3)

2!

W (0,2) £ uf = uola), O (0,2) £ uf = 2.
e
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Then we apply the following decomposition to the solution of (1.3):

ut = esi_éu+ e 41 (1.4)

The decomposition (1.4) is called the WKB decomposition, which has been widely used in
non-relativistic limit studies (see [1, 11] and the references therein). The profile functions
uy,u_ are usually called modulated wave functions of «®. This decomposition can eliminate
the time oscillations of the wave function. It is worth noting that in the case where u® is a
complex-valued function, there is a certain difference between the WKB decompositions in the
complex-valued case and the real-valued case. In the case where u® is a real valued function,
the WKB decomposition takes the following form

uazes%’u—i—e 5254—7’5, (15)

where v, T are a pair of conjugate functions. However, in (1.4), uy and u_ are not necessarily
required to be equal. This difference makes it difficult to directly generalize the results in the
case of real valued functions to the case of complex functions, which we will further explain in
the following text.

Inserting (1.4) into (1.3), we have

1
e%0ur® — Ar® + 6—27"6 + (us, u—, 7%) + W (ug, u-) + Iy, Opu-)

+ e [2i0uy — Ay + Jug [Pus + 2Ju_Puy]
it

+e 2 [-2i0u_ — AU_ + |u_|*T_ + 2us|*u_] =0, (1.6)
where

D(up,u_,r?) = 2r5|es%u+ + e_s%ﬂ_|2 + T_E(es%qu + e_s%ﬂ_)z

_ it
22

+(r)2 (e E Uy + etul) + 22 (e T uy + e u) + )2,

Wluy,us) = e (ug)Pu_ +e 2 (a_)%ay,
QOyuy, Opu_) = €2 [es% Opus + e_s%attﬂ_].
Formally, we may set v, u_ to be the C2-valued solutions of the following system of nonlinear
Schrédinger equations:
2i0puy — Auy + |uy [Puy + 2Ju_|?uy =0,
2i0u_ — Au_ + |[u_|*u_ + 2ui|*u_ =0, (1.7)
1

Uy =Uyg = §(u0 +iug), u-=u_o= §(u_0 — iuy).

It is obvious that, in general, uy # u_, if ug is a complex-valued function. In this case, the
initial data for r¢ are

r°(0) =0, 0;r°(0) £y = —dyuy o — du_, (1.8)
and ¢ satisfies the following equation:

1
£20ur® — Ar® + 5—27"5 + O(ug,u_, ) + U(ug,u_) + Q(Opug, Opu_) = 0. (1.9)
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At this juncture, our primary objective shifts towards investigating the remainder function
r€, which tends to zero in the non-relativistic limit ¢ — 0. We also aim to establish estimates
for ¢ in terms of a power of ¢, along with the necessary regularity of the initial data and the
validity time interval.

As previously mentioned, the WKB decomposition of complex-valued functions and real-
valued functions takes different forms, resulting in distinct structures for their corresponding
Schrodinger equations. When w is a real function, the profile function satisfying (1.5) consists of
conjugate functions, simplifying the equations they satisfy to either the standard defocusing cu-
bic nonlinear Schrodinger-wave equation or the standard defocusing cubic nonlinear Schrodinger
equation.

However, in the case where u is a complex function, the equation satisfied by the profile
function becomes a more complex Schrédinger system (1.7). This complexity poses the most
significant challenge when extending the results from [7] to the case of complex-valued functions.
The standard equations satisfied by the profile functions in the case of real-valued functions
have been thoroughly studied, and a complete theory of well-posedness and scattering exists.
However, for complex-valued functions, it is essential to establish relevant estimates for the
solutions of the Schrodinger system. Fortunately, the methods presented in [4] equip us with
ample tools to develop a scattering theory for the solutions.

To estimate r¢, we apply a scaling transformation S. to (1.6), where S.f = ef(e%t,ex).
This transforms the main operator part of the equation into the standard form of the Klein-
Gordon equation. Utilizing the scattering theory for the system (1.7), we can easily estimate
D(uy,u_,r) and Q(Osuq, Ou—). To estimate W(uy,u_), under the scaling transformation
and normal form transformation, W(u4,u_) is transformed into the following form:

t
/ =NV P (S uy, Seu)ds. (1.10)
to

It is worth noting that the estimate for the above integral is straightforward when its inte-
grand is operated by an operator P>;. Frequency-localized operators will be defined in Section
2. The low-frequency component can be estimated using the technique of integration by parts.

Our final result will be proven in two steps. Firstly, we provide an estimate for ¢ for the
regular case, where the initial values satisfy (ug,u;) € H* %, Utilizing the results from the
regular case, we can easily obtain estimates for the low-frequency part, as mentioned in (1.10).
This allows us to extend the results to cases where (ug,u;) € H* for some « € [1,4]. Our main
result is outlined below.

Theorem 1.1 Let u® and (us,u_) be solutions to (1.3) and (1.7), respectively. When
d=2,3, t >0, suppose that
(uo,u1) € H*(R?) x H*(RY), «a €[1,4].

Then the following error estimates

it it

[|uf(t) — e?u+(t) —e 2u_(t)|2 < Ce* + (6275)%0‘), when « € [1,2], (1.11)
Jus(t) — eFuy (t) — e 2u_(1)|| g2 < C(e2+ (2)3%),  when a € [2,4] (1.12)

hold for all t > 0, where the generic constant C depends only on ||(ug, u1)|| g
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Remark 1.1 Compared to the results in [11], our study yields superior convergence esti-
mates under the same regularity assumptions. Additionally, our results provide convergence
estimates under more general regularity conditions. Furthermore, our findings are applica-
ble to arbitrary time and two- or three-dimensional spaces, demonstrating a broader scope of
applicability compared to previous research.

2 Preliminary

2.1 Notation

We denote (x) = (1+ |x[?)2. Let C > 0 be a positive constant. If f < Cg, we write f < g
or f=0(g).

For short, we write L? = LP(R?), H® = H*(R%), LIL"(I) = LIL"(I x R?) and LIHS(I) =
LIH:(I x RY). We denote the norm

[ fllxny = 1flIx + £y
We denote the norm
1 ) lxxy = 1 Fllx + llglly-

To simplify the notation, when two spaces X,Y are the same, we use ||(f,¢g)||x instead of

10, Dl xxx

We use for F f to denote the Fourier transform of f:
o =719 [ e,

Let x € C3°(RY) be a radial, real-valued and smooth cut-off function such that y > 0 and y
satisfies

Moreover, we also need the following frequency cut-off operators: For any N € 27,

PonfEF (X(%)f(i)),

Ponf 2 f—Pnf.

2.2 Useful lemmas
First, we recall the following Strichartz estimates (see [6] and the references therein).
Lemma 2.1 (Strichartz estimate) Let I C R. Suppose that (q,7) and (q,7) are L?-

admissible. Then

d+2

i d+2 01 1
Iz S 1TV E=Dy s (2.1)
and
t
i(t—s)(V) < GO-3-3) »
| [ p@as],, S0 FEOEDR@)] (22)
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The Kato-Ponce inequality will be frequently used in this paper. The result was originally
proved in [5] and then extended to the endpoint case in [3, 8] recently.

Lemma 2.2 (Kato-Ponce inequality) For s > 0, 1 < p < oo, 1 < p1,p3 < o0 and

1 < p2,ps < 00 satisfying
1 1 1 1 1 1
p p1 p2 P pP3 pa

the following inequality holds:

17°(F9)llee < CUT* (D) zriligllnez + 1T°(9)|rs | £l 2ra),

where the constant C' > 0 depends on s, p, p1, P2, D3, P4-
We also need the following estimate for the solution of (1.7).

Lemma 2.3 (Scattering for the system of NLS) Let d = 2,3, (ug,u1) € H*(R?) and let
(ug,u_) be a solution of (1.7). Suppose that (q,r) is L%-admissible. Then

1AV P uss IVPu )l pgry @ < Cll(uwos wi)llga-2)ll(wo, ur)ll g for any s > 0. (2.3)

The proof of Lemma 2.3 can be followed from the method in [4].

3 Regular Case

Proposition 3.1 Let d = 2,3 and T > 0. Assume that there exists g > 0 such that
(1) (ug,u1) € H***e;
when d = 3, additionally assume that
(2) 2T [|(uo, ur)ll 9 < do-
Let u®, (uq,u_) be the solutions to (1.3) and (1.7), respectively. Then

SFP]HuE(w—e%m(w e ET_ (D)2 < O3 (o, ur)| g2 + €T | (o, un) 514),
tel0,T

where the constant C' > 0 only depends on ||(uo,u1)| g1 -

Proof Firstly, we define the scaling transformation
S.f =ef(?t,ex).

Let R(t,z) = Scr®(t,x) = er®(e%t,ex). Similarly, we define h° = S.uy and ¢° = S.u_. Then
by (1.9), R obeys the following equation:

{aﬁR AR+ R+ E(h%,¢°, R) + F(h?, ¢°) + e*G(Opuy, Opu_) = 0, 51)

R(0,2) =0, O;R(0,z) = e?S.r,
where
E(h%, g%, R) = 2R|e"h® + ™ "gF|? + R(eh° + e~ "g7)?
+ R%(e7'hE + €l'g%) + 2|R)?(¢"hF + e g%) + |R*R, (3.2)
F(h,¢°%) = e (h%)?g" + =" (g7)* e,
G(Opuq, Opu_) = el LS. (Opuy) + e 1tg Se(Ouu—). (3.4)
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Denote
¢1 2 (V)10 + (V)R

¢2 £ (V)71 — i(V))R.

It is easy to derive that
i
R= —§(¢1 — ¢2),

O = (V)61 + 02).

Then we have that ¢; obeys the following equation:

(0 Fi(V)); + (V) E(h*, 6%, R) + F(h®, g%) + &' G(Oreus, Opu—)] = 0

with the initial data
$;5(0) £ ¢j0 = e*(V) "' Sory.

By Duhamel’s formula, we obtain that

6;(t) = =V g5(t0)

to

t
—/ HUmITNT)THE(RE, o°, R) + F(h®, %) + €' G(Ohus, Opu-)]ds.

759

(3.8)

Since the arguments to estimate ¢;(t) and ¢2(t) are the same, we only give the details of ¢ (¢).
First, we consider the term ftto (=) (V)1 F(h®, g%)ds. From the definition of F in (3.3),

we can split the term into three parts as follows:
¢
eit(V)/ e~ i5UV)=3) ()= P_, [(h¥)2¢F]ds
to
¢
4t / e~ (V)+3) (7)1 p_ [(5F) 2R ds
¢
. ‘ 0
+/ =)V (V)1 P, F(he, g°)ds.
to
Note that
d .
_ = (a—is({(V)£3)
= ds (e )

Using (3.10) and integrating by parts, we have
t
[ e ) g (s

—Ois _ 1 1 e\2 e1|s=t
(V) 3)m<v> P<1[(h®) g%]I5=,

=e

1
e (V)T Py [0 - Osh° - gF]ds

(3.11)
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Similarly, we have

t
/ oV (T) =L Py [(gF) *RFds

to

_ o—is((V)+3) -1 £\2Fe]|s=t
€ _1(<v> ¥ 3) <v> Pﬁl[(g ) h ]|s:t0

t
. 1 —
—9 “s(MH3)_____— yylp [0F - 0sg% - hF]d
/toe =ED MRS

' —is 1 - — 7
— ‘/t0 e (<v>+3)m<v> 1P§1[(g )2 . 65h ]dS (312)

Now we insert (3.11)—(3.12) into (3.9), and then we obtain that

¢1(t)
= elt=10){V) g, () (3.13a)
— /t ei(t_s)W) (V}‘l[E(hs, gs, R) + P>1F(h€, gs) + E4G(8ttu+, 8ttu_)]ds (313b)
b ) P (1) (1)) — o G b (1) ()] (3.130)
(V) —3) <! g i(V) - 3) st o
o3t ) S Qilt—t0)(V) =3t e
+ UED) (V)" P<1[(go(t))"he(t EGEDR V)" P<1[(g°(t0)) R (to)] (3.13d)
it ! —is((V)— 1 - € e . ¢
=26 [ e e () Pl 00 g7 (3.13¢)
oy [ sy —a) 1 ~1 2. 5. ¢%lds
e /toe o (V) Pl 27l (3.136)
it ! —is 1 -1 —z E . he
— 26it(V) /toe (<V>+3)m<v> P<1[g7 - 0597 - he]ds (3.13g)
it ! —is 1 - )2 . 9. hE
iUV /toe (4 ey (V) Pal@)? - el (3.13h)

Second, we denote some useful norms as follows:
1 flls..cry 2 MV fI 2w
Li.* (D)

se /o L
Ifllyo. ) & WS llso, oy + 1IVIPAVD 2 fll oo nz o,

and

/1

Zo.(n = ||f||L§ 0’ when d = 2,

1
I1fllz..cr) £ ”|v|2fHL:70L§’*7(1)’ when d = 3.
For the linear term, by Lemma 2.1, we have that
i(t— 5 se
Ve g5 (1), @y S (V)2 (V755 (t0) | 2 (3.14)

e Estimate for (3.13b).
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By Lemma 2.1, we have

11V (3.13b)ly.. 1y S NIV E(RS, 6%, R)|| 2., 1y + NIV Poa F'(RS, 6| 2. (1)
+ eIV Gy, Brru) | L2 (1) (3.15)

First, we estimate (3.15) for the case when d = 2. In this case, we only need to consider the
case of v = 0. Then for the first part of (3.15) we have

]:2
VB, 6%, Bl 2oty S SRS, 1y + 19 I o IR
]:0
S s, un )l o IRIS - (3.16)
j=0

For the second part P~1F(h¢,¢%), we have

PoyF(h®,g°) = €' [Ps h® - h* - g° + Ps1g° - (h°)7]
+e 3t[P>1g -g° h5—|—P>1h5-(_5)2]. (3.17)

Then by Hélder’s inequality, we have

[1Ps1F (R, 95) | zo (1) S P21 [[so(r) + 1P219% s 1A% ([ 501y 19 |5 (1)
+ 1 P>19° ||SO(I)||h8||%0(I) + ||P21h€||50(1)||96||250(1)

S (I1P21h% L5001y + 122195 o) IR 51y + 97180 (1))- (3.18)
Note that
n SV n+ |||V|2P>1f||ssc(1)a (3.19)
so we have
1P>10%|so(1) + 1Po19% 501y < IV (RS, 9%) | so(n)- (3.20)

Furthermore, by Lemma 2.3, we have

(7%, 9%) I sacry = [[(ug, u)llse(e20) < C5 (3.21)
V(12,95 5oy < VI (ur, u)ll sy < Ol (w0, un)ll = (3.22)

It is worth noting that the constant C here and below depends only on ||(ug, u1)|| ga—2. Com-
bining (3.18)—(3.22), we get

1P F (B, 9%) | zo(r) < C&*[ (w0, ua) | 7= (3.23)
For the last term of (3.15), we have that

|G (Oerur, Opeu—) L1y S I (Oreust, Oreu)| oo 2 () (3.24)
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From (1.7), we obtain

Ot | = O{A%us + Auy (uf +u2) + up[(Vug)® + (Vu-)?]

+ VurVu_u- + Au_upu— + (uy)® + (ug ) (us)? + uy (us)?},
|Ouu—| = O{A%u_ + Au_(u? +u?) +u_[(Vuy)? + (Vu_)?]

+ Vu_Vuguy + Auguyu_ + (us)® 4+ (us)?(uy)? +u_(ug)?}.

Therefore, by Gagliardo-Nirenberg’s inequality, we obtain
||(8ttu+78ttu—)||L§°L§(R) < O(||(u+vu—)||L§°L§(R))||(u+vu—)HLgOH;l(R)-
Using the conservation law of mass of (1.7), we have
[[(ug, u)llLgo 2wy = [[(ug 0, u—0)ll 22wy < [l(wo, wa)lL2(r), (3.25)
and by the scattering theory in Lemma 2.3, we have
(s w )| oo ragy < Cll (o, wn) || ragy- (3.26)
Combining (3.25) and (3.26), we obtain
[(Onus, Q)| Lo r2(r) < Cll(uo, w)|l grawy- (3.27)

Together with (3.16), (3.23) and (3.27), we obtain

1(3.13b) vy < Cu Z o) I o IRI
+ Coe? (o, us) s + Cae 1111 (o, ) s - (3.28)

where the constants C},j = 1,2, 3 depend only on ||(ug, u1)|| 2.
Next, we estimate (3.15) when d = 3. In this case, v € [— %, O], Se =
Firstly, for the first term of (3.15), by Lemma 2.2, we have

1
5

j=2
V7B 6" B2y 0y S SN, oy + 8° s, o IRIE ) NIV Rllsy o
7=0
j=2
S M u ), o | RIZ VT Rl 1) (3.29)
=0 2 2

Similar to the case of d = 2, we perform the decomposition (3.17) on the second term
P-1F(h%,¢%). Then by Holder’s inequality, we get

|||V|7P>1F(h6796)||z%(1)
S VT Pabfllsy o + VI Peaglls, RIS, @y + 19713, (1) (3.30)
2 2
Using (3.19) for (3.30), we obtain

IV Perhflls, 1y + VI Porg®lls, oy < V(A% %)l (-
2 2 2
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Again by Lemma 2.3, we have

|||V|2+7(h€,9€)||5% (1 < €2+7|||V|2+V(U+=U—)||Sl ®) < Ce*|(uo, )l 544 (3.31)
— 3 2
||(h8=9€)||5%(1) = |||V|2(U+7U—)||Ltl_§( agy < (E1))3 |||v|(u+7u_)||L§0L;75(s2I)
< C(2|1))7. (3.32)

Combining (3.31) and (3.32), we obtain that
VP Por E (R g9z, () < Ce> | (uo, )l 1, min{L, (€%11)7 ). (3.33)
For the last term, similar to (3.27) we get

|||V|AYJr (8ttu+,8ttu )||L§°L§(R) < O(||(U+7U—)|| )||(U+,U—)||

- - 24y .
L¥HZ (R) LyEHZ  (R)

Using Lemma 2.3, we have

||(U+,’UJ_)||L?0H§ (®) < O||(U0,U1)||H2(R)

el gom gy < Ol w3

Cll(uo, ur)| a1

a2
So we have
V2 (Oerur, O Lo 2 ) < Cll(uo, ur)ll ;g4 (3.34)
Combining (3.29) and (3.33)~(3.34), for d = 3, v € [ — ,0], we get
IV (3.13b) v, ) < € Z I(uy,u (52,)||R||§;{,)|||V|7R||s%m
. 1
+ 0252+V||(U0aul)“H%+w min{1, (?|1])2}
+ G5e[| (o, ur)| 4y g4 (3.35)

where the constants C},j = 1,2, 3 depend only on ||(ug, u1)|| g
e Estimate for (3.13¢)—(3.13d).
Recalling the expressions of (3.13¢)—(3.13d), we have

3it . . 5 . el (t—t0){V)+3ito . . 5 .
(3.13¢) = m<v> P<y[(R5())7g° ()] — W<V> P<1[(h*(t0))"9" (to)],
o 3it eilt—to)(V)=3its . .
(3.13d) = m<v> "P<a[(9°(8)7he(1)] — W<V> ' P<1[(g°(to))*h= (to)].
Note that
vrellod g™, g S Ml

Then, we have

1] [(3.13¢) + (3.13)] .. (1)
SV (RE)2gE s, 1y + IV ()28 | e 12 1)

IV (9920 s, 1y + IV 12 (0) 2% e 2 1y
S AR 91 s,y + (VP TERS, VP H 369 e L2 o)) - (15, 67) 13 -
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Gagliardo-Nirenberg’s inequality gives that

(1%, 9% ILoe ey = 2l (s u) 1 Zge, S €2l (uges um)llngore | (g, )l e gy

||(hsag€)||2Lt°fz(RxR3) = 62||(u+,u_)||%§?x S 52||(U+aU—)HL?H;||(U+au—)||Lt°°Hg'

By Lemma 2.3, we obtain that

H(hsagE)H%S?I(RXR?) < CEQ”(Uovul)”H?’
1(h%, %) 2, ey < CE° Il (o, un)l =,

IAVITRE IV g) s, (1) < Ce.

Thus, we obtain that when d = 2,

[1(3-13¢) + (3.13d) [lv, (1) < C£* | (uo, wr)l| e
and when d = 3, v € [— %,O],
IIV7[(3-13¢) + (3.13d)]ly, (1) < C&* 7| (o, ua)l -
e Estimate for (3.13¢) and (3.13g).
Recalling the definitions of (3.13e) and (3.13g), and by Lemma 2.1, we have
11VI71(3-13¢) + (3.13g)]llv... (1)
S |Vrmpmgpatone g, |V g P od

S VP (R - 0:h° - g7)

zo.(n) T NIVI(67 - 0:g7 - 2%) | 2, (1)

Now, we consider the case of d = 2 and d = 3 respectively.
For d = 2, we only need to consider v = 0 as before. By Holder’s inequality, we have

|1 - 8:h® - g%l 2o (1) + 197 - Oeg® - 1= | zo(1)
S NP so 10:2° 150 (0 119 150 (1) + 19° | s0(2) 1969 150 (1) 12 Nl 561
S 10:h [ so(ry + 110:9° | so(1y) = 1A= 50 (r * 119 | 50 (1)

S 1 Brurs Du) sy (el (g, u) 13 21y
By (1.7) and Lemma 2.3, we obtain that

10rusllsy S [1Auxsy + llutlls,(lutlZoe, + llu—Zee)
S 1Aulsy + lullsoll (s, u)llpgopa [|(wss u)ll oo g2

< Ofl(uo, ua) |-
By (3.21), we obtain

1(3-13¢) + (3.13g)llvy (1) < 4C?[(uo, u1)]| -

(3.36)

(3.37)

(3.38)
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Ford =3, v ¢ [ — %, O] and s, = %, by the Kato-Ponce inequality and the Sobolev inequality,

we have

V17 (A - 0eh - 99|z, (1) + V17 (% - g - o)l 2, )
2 2

< (Illvl”athalls% o F IV 0o lls, (1)) - ||h8||5% (1" ||95||s% %))

1
2

S 62JFAY|||V|V(3tU+, 3tu—)||s% (521)||(U+7U—)||2sl(521)-
2
Using the same argument as in the case of d = 2, we have

IV druslls, SNV Puslls, + VP uxlls, (leslZe + lu-lZz)
SIVPPullsy + NV utlls 1wl e i (s w)l e
< Ol (uo, wa )

54 T (w0, un) | 2]

For the case of d =3 and v € [— %, O}, by (3.32), we obtain
IIVI71(3.13¢) + (3-13g)lly, (1)
< C?M| (ug, u) | 34, min{1, (211)2} + || (uo, )|l 2. (3.39)

e Estimate for (3.13f) and (3.13h).
Similarly to (3.13e) and (3.13g), we have

IIV7[(3-136) + (3.130)]]ly., (1)
SIVIIR)? - 0%l z..ry + 11V (9%)? - 0:0°1)

Zse (D)
Arguing as in (3.38)—(3.39), we obtain that when d = 2,
1(3.130) + (3.130) 1y < C=21l(ut0, 1) o (3.40)
and when d = 3 and ~ € [— %,O],
IIVI1(3-13) + (3-130)]llv, ()
< Ce || (w0, wr)| 34, min{L, (£2|11) 2} + (0, wr)| 2] (3.41)

Now we are ready to prove Proposition 3.1. First, we prove the case when d = 2.
Based on all the analysis and estimates above, we obtain that for d =2 and j =1, 2,

1=2
1 i —1i
5llvo(ry < Coll (V)2 8;(t0)ll2 + Cr Y Il(ur, us)|lsy 2 I RIE ()
i=0

+ Coe?||(uo, ur) || 2 + Cse® ||| (o, wr) |l ja

where the constants Cj,j =0, 1,2, 3 depend only on ||(ug, u1)||L2. By Young’s inequality

1
I65llvacn) < Coll (V)25 (t0) 122 + Cull Rll sy (1 (s, u) o genry + 1RIZ 1)
+ Cae (o, ur) g2 + e 1111 (o, )| s (3.42)
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We split R into several subintervals which are denoted by J;, that is

L
Us=r"
=1
with
JOZ[Outl]u Jl:[tlatl-‘rl) fOI'l:].,Q,"' 7L_17 JL:[tL7+OO)7
such that

: (3.43)

B~ =

Cl”(“-ﬁ-u”—)”%'o(h) <

Denote I; = e=2J; N[0, T] and T; = e~2t;. Then by (3.42)—(3.43), we have that for any [ < L,

4 1 4
165 llvor) < 5C0I{V)205(TD) 2 + 3 Call Rl 5,y
4. o 4. 4

+ 5025 ||(’(L0,U1)||H2 + 5036 T||(UQ,U1)||H4. (344)
From the definition of the initial data of ¢;(0) in (3.7), it is worth noting that
149)26;(0)ll > < €*|Ser| 2.
Denoting

ao = (2C)"[€°||Ser1|r2 + 2C28” || (uo, u1)|| g2 + 2C3e* T || (w0, ua) || ga],

choosing ¢ suitably small such that for any ¢ € [0,20] and finite interval [0,7] C R, we have
that

4 1
gcla,g <7 (3.45)
Suppose that for some 0 <[ < L — 1,
V)26 (T2 < (2C0)'e?||Sert |2
-1
+) (2C0)* (222 (w0, ur) || g2 + 2C5*T || (g, ua) | - (3.46)
k=0

Then we have
1
(V)20 (T7)|| > < ao.

Therefore, by (3.44) for [;, and applying the bootstrap argument on Sy (/;) norm first, we obtain
that

l

16501561y < (2C0) 12 (|Serlz2 + D (2C0)*(2C2e? | (uo, un)l| = + 2056 T || (w0, wr) | )
k=0

< ap.

Inserting it into (3.44), we can obtain the estimate for Yy(I;), that is

l

163 llvocn) < (2C0) F1e2(ISerillz2 + Y (2C0o)*(2C22||(uo, wr) || 72 + 2C36*T || (w0, ur) | 4.
k=0
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This proves (3.46) for [ + 1, and thus it holds for any 1 <[ < L. Therefore, we obtain that

165 llvocry < C(% [ (o, ua)ll g + € T (wo, ur) | gra)-

Scaling back, and from the definition of ¢; in (3.5), we obtain when d = 2,

7l Lee £z jo,77) < C(E* [ (w0, wa) || g2 + €T || (w0, ua) |l j74)-

Next, we prove Proposition 3.1 for the case when d = 3.
Similarly to the case of d = 2, we split RT into intervals. To simplify notations, we apply
the same notations as before. We have already proved that when d = 3,

VP éillyy (1 < Goll(V)2 IV 5(t0)l 4 + CLRIG, (1) + (s, u)lE, @IV Ells, )

+ o [[[ (w0, ur) | g2 + [| (o, w) |y 5., min{1L, (711)2 ]

+ 0384+’Y|I|||(’U,0,’LL1) (347)

HH%*“

where the constants Cj,j = 0,1,2,3 depend only on ||(ug,u1)|/g:. First, we treat the case of
v = 0. Under the same assumption as (3.43), we choose ¢p and dy suitably small for any
e € [0,&0], such that
5,1
' 1|l (uos ur)ll g < 00, e2[I12 (w0, ur)] ;5 < Do

For any 1 <[ < L, we have

4 1 1 4
193]l 2y = 3Coll{V)ZIVIZ;(to)ll 2 + gCluR”%%(Iz)

34 ) 1.,

+ 5025 | (wo, wr)|| = + §C3£ T||(u0,u1)||H%. (3.48)
Note that

V)21V 12 65(t0) 12 < €°lImll 34
and denote

ar = (2Co)* [l ;3 + 2022 (w0, un) || 2 + 2C3 T | (w0, ua)ll 5 -

Choose €y and 4y suitably small for any e € [0, £g] such that

1

4
gcla,% <7 (3.49)

Under the same assumption as (3.43), using the same argument as above, we obtain that

1Rllyy n = C(€?|l(uo, un)ll g2 + |1 (uo, ur)ll ;5 + Tl (wo, ur)ll ,3)- (3.50)

Choose € suitably small. Then the last estimate (3.50) gives that

1
CilIRI%, (1) < 1
2

Inserting this estimate into (3.47), we have that for any —5 <~ <0,

1
2

1
VT é5llvy (ry < CUCVIEIVI @5 (to) 3 + e[ (uo, un)ll = + e (o, ua)ll g 14 )-
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Choosing v = —% and scaling back, we obtain that for any

1
T: T (o)l 3 <00, €T (uo,w)ll 5 < bo,

H

it holds that
17[l o= L2 0,11y < Cle? (w0, ua)ll g2 + €T || (wo, w) | ] (3.51)

4 Non-regular Case

In this section, we continue to consider the case when (ug,u1) € H® for some « € [1,4].
The main result is as follows.

Proposition 4.1 Let T > 0. Assume that d = 2,3, (ug,u1) € H for some a € [1,4].
Then there exist constants 6o > 0 and g9 > 0 such that for any 0 < € < g¢ satisfying 2T < dy,
the following holds: When 1 < «a < 2, we have

sup [|[us(t) — eFuy () — e~ 2 a_(t)||re < C(e* + (2T)%).
te[0,T]
When o > 2, we have

sup [|uf(t) — e uy (t) — e FT()]| 2 < C(e2 + (£2T)7°).
t€[0,T]

Proof Let N = N(eg) > 0 be a parameter to be determined later which satisfies that
N(e) - 00, ase—0.

Denote by (uff,u) the solutions to the following system with initial data (v (0),u?(0)) =
(P<nu4,0, P<nu—o):

2i0puy — Auy + |uyPuy + 2lu_|?uy =0,

2i0u_ — Au_ + |[u_|*u_ + 2uy Pu_ =0,

U (O,l‘) = PSNUJ,.)Q, ’U,_(O,l') = P§NU—7O~
Set wy = uy —ul, w- = u_ —uY. Then w; and w_ are the solutions to the following
equations:

210wy — Awy + [ugPuy + 2u—Puy — |ul Pud — 2/ ?ull =0,

2i0,w_ — Aw_ + |u_|?u_ + 2usPu_ — [u¥ Pul = 20l PuN =0,

wi(0,2) = Psnuyo, w-(0,2) = Psnu_p.

We will complete the proof in two parts. First, we consider the case of « € [1,2].

e The case of a € [1,2].

By Lemma 2.3, there exists some constant C' > 0 which depends only on ||(ug, u1)]|| 2 such
that

(s u)lls,, 2y + @, u) s, ) < C- (4.1)

Sc



Non-relativistic Limit from KG to NLSs 769

Moreover, by Lemma 2.1, we have for any I = [tg,t1] C R,

[ (ws+, w—)||Lg°L§(1)

< (w(0), w—(0)) [ 2 + ll(ws, w-) | ge 2 () (Il (ur, u-) 13

S T 1@ uIE, o)

By (4.1) and then arguing similarly to the regular case in Proposition 3.1, we obtain that
[(we, w)llpger2(ry < CH(Ps>nuo, Psnur)|ze < CN™(uo, ur)l| g, (4.2)
where the constant C' > 0, depends only on || (ug, u1)| 1. Now we write

us(t) — e Fuy (t) —e () = us(t) — ez ul (1) — e~ AN (1)
t

Note that under the hypothesis in Proposition 4.1, (P<nyuo, P<nu1) satisfy the assumption in
Proposition 3.1. Then we obtain that

sup [[us(t) — e ulY () — e~ TN (1) 12
te[0,T

< C(*[|(P<nuo, P<nua)|| g2 + T (P<nuo, P<yus)| j74)
for any T satisfying

T < oo, whend=2;
e2TN3 < C(||(uo, u1) ||z )60, €TZNZ < C(||(uo,ur)||g1)d0,  when d = 3. (4.3)

Bernstein’s inequality gives that

[(P<nuo, P<yu1)|l g2 < N*7*C(||(uo, ur) || =),
| (P<nuo, P<nu)| o < N*7*C(||(wo, u1)| o).

Hence, it implies that

sup |Ju®(t) — es%uf(t) - e_siﬂjj(t)HLz < C(2N* ™ 4 TN ).
te[0,7)

Combining this with (4.2), we obtain that

sup [|uf(t) — eFuy(t) — e Fa_(t)|| 12 < C(2N?2 4+ 2T N 4 N=%),  (4.6)
t€[0,T]

where the constant C' depends only on ||(ug, u1)||go. When T < 2, we choose N = ¢7!, and

when T > £2, we choose N = (¢2T)~%. Moreover, (4.3) holds if £2T < &,. Based on (4.6), we
get the desired result in the case of « € [1,2] when 2T < 4.

e The case of o > 2.

Repeating the above procedure, we obtain that when a > 2,

sup ||u®(t) — es%uf(t) — e_si*tﬂ]_v(t)HLz
t€[0,T]

< C(||(P<nuo, P<yuy)|| g2)(e* + €T || (P<nuo, P<yui)| j74) (4.7)
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for any T satisfying

T < oo, whend=2;

E2TN3 < C(||(uo, u1)||2)0, €TZN? < C(||(uo,ur)||gr2)d0,  when d = 3. (4.8)
Combining (4.2) and (4.5), we obtain
sup [|us(t) — eFuy(t) — e Fa_(t)|| g2 < C(e2 + 2T N~ + N=), (4.9)
te[0,7)

where the constant C' depends only on ||(ug,u1)|ge. Choose N = (¢2T)~%. Then (4.3) and
(4.8) hold if 2T < §y. Based on (4.6) and (4.9), we prove Theorem 1.1 when 2T < 4.

Proof of Theorem 1.1 Note that we have the energy conservation law:
3
/(82|6tu€|2 + |vua|2 +E—2|ua|2 4 §|ua|4) dz
3
_ / (21ui P+ IVugl? + =2 ug? + Slusl) o (4.10)

This implies that [[u]| e 2 @) < C|l(uo,u1)|| g1« 2. This yields (1.11)-(1.12) when 2T > &.
This finishes the proof of Theorem 1.1.
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