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Abstract Let H be a complex Hilbert space. Denote by B(H) and Bs(H) the algebra of all
bounded linear operators on H and the Jordan algebra of all self-adjoint operators in B(H),
respectively. In this paper, the authors first give some elementary properties about higher
dimensional numerical range of generalized (Jordan) product of operators in B(H). Based
on these results, all surjective maps on B(H) (respectively, Bs(H)) that preserve higher
dimensional numerical range of generalized (Jordan) product of operators are completely
characterized. Particularly, they give complete characterizations of all surjective maps
preserving higher dimensional numerical range of operator products, Jordan semi-triple
products and Jordan products on B(H) and Bs(H), respectively.
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1 Introduction

Let H be a complex Hilbert space and B(H) be the algebra of all bounded linear operators

on H . For A ∈ B(H) and a positive integer k with k < dimH , recall that the k-dimensional

numerical range of A is defined by

Wk(A) =
{ 1

k

k
∑

i=1

〈Axi, xi〉 : x1, · · · , xk ∈ H are orthonormal unit vectors
}

.

The k-dimensional numerical range is a natural generalization of the classical numerical range,

which is defined by the set W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1}. Obviously, W1(A) = W (A).

The k-dimensional numerical ranges are also useful tools in studying matrices and operators, and

have important applications in many research fields, for example, the authors in [14] obtained
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some quantum uncertainty relations in quantum information theory by using numerical range

of self-adjoint operators. The readers can see [7, 12–14, 26] for more applications.

Let A be a subset of B(H). We say that a map φ : A → A preserves the k-numerical range

of the operator product ⋆ if Wk(φ(A)⋆φ(B)) =Wk(A⋆B) holds for all A,B ∈ A. The problem

of characterizing maps on operator algebras preserving the k-dimensional numerical range of

different kinds of products, such as the usual product AB, Jordan semi-triple product ABA and

Jordan product AB + BA, has been studied extensively (see [5, 11, 15, 23] and the references

therein).

Note that there are many generalizations of various operator products. In [3, 20], generalized

product and generalized Jordan product were proposed.

Definition 1.1 Fix a positive integer l and a finite sequence (i1, i2, · · · , im) such that

{i1, i2, · · · , im} = {1, 2, · · · , l} and there is an ip not equal to iq for all other q. The gen-

eralized product and generalized Jordan product for operators T1, · · · , Tl ∈ B(H) are defined

respectively by

T1 ◦ · · · ◦ Tl = Ti1 · · ·Tim and T1 ∗ · · · ∗ Tl = Ti1 · · ·Tim + Tim · · ·Ti1 .

Evidently, the generalized products cover the usual product T1T2 and Jordan semi-triple

product T1T2T1, and the generalized Jordan products cover the usual Jordan product T1T2 +

T2T1. About the study of generalized (Jordan) products, the readers may see [1, 3, 17, 27] and

the references therein. Li and Sze in [20] discussed maps preserving the numerical range of the

generalized products on B(H) and Bs(H) (the Jordan algebra of all self-adjoint operators in

B(H)), respectively, and gave their complete characterizations.

The main goal of this paper is to try to characterize maps preserving k-dimensional numerical

range of the generalized (Jordan) product on B(H) and Bs(H), respectively. This paper is

organized as follows. In Section 2, we give some useful properties of the k-numerical range

and some characterizations of bounded linear operators by the k-numerical range of generalized

product and generalized Jordan product. Section 3 is devoted to discussing maps on respectively

Bs(H) and B(H) preserving the k-numerical range of generalized product (Theorems 3.1–3.4).

In Section 4, all maps preserving the k-numerical range of generalized Jordan product on Bs(H)

and B(H) are characterized, respectively (Theorems 4.1–4.2). Particularly, we give complete

characterizations of all surjective maps preserving the k-numerical range of the usual operator

products, Jordan semi-triple products and Jordan products on B(H) and Bs(H), respectively

(Corollaries 3.1–3.4 and 4.1–4.2).

We close this section by fixing some notions and notations. Let H be a complex Hilbert

space. Denote by B(H) and Bs(H) the algebra of all bounded linear operators on H and the

Jordan algebra of all self-adjoint operators in B(H), respectively. Assume A ∈ B(H). kerA,

ranA, rankA and trA stand for the kernel, the range, the rank and the trace of A, respectively.
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Denote by σ(A), σp(A), σap(A) and ∂σ(A) the spectrum, the point spectrum, the approximate

point spectrum of A and the boundary of σ(A), respectively. For any nonzero x, y ∈ H , denote

by x ⊗ y the rank one operator z 7→ 〈z, y〉x, and by [x, y] the subspace spanned by x, y. For a

subset M ⊆ H , M⊥ = {x ∈ H : 〈x, y〉 = 0 for all y ∈ M}. We will use cl(X) and conv(X) to

denote the closure and the convex hull of a set X , respectively.

2 Properties of the k-Dimensional Numerical Range

In this section, we give some properties about the k-dimensional numerical range of bounded

linear operators.

The first proposition summarizes some basic properties of the k-dimensional numerical

ranges of operators which will be needed in this paper.

Proposition 2.1 (cf. [4, 6, 9–10]) Let H be a complex Hilbert space and k be a positive

integer with k < dimH. Assume that A ∈ B(H).

(1) If the operator U ∈ B(H) is unitary, then Wk(A) =Wk(UAU
∗); if the bounded operator

U on H is conjugate unitary, then Wk(UAU
∗) =Wk(A

∗) =Wk(A)
∗, where Wk(A)

∗ = {λ : λ ∈
Wk(A)}.

(2) Wk(A) = {λ} if and only if A = λI.

(3) Wk(A) ⊂ R (the real field) if and only if A is self-adjoint.

(4) If dimH = n <∞ and A is self-adjoint with eigenvalues α1 ≥ · · · ≥ αn, then Wk(A) =
[αn−k+1+···+αn

k
, α1+···+αk

k

]

.

(5) If dimH = n <∞, then (n− k)Wn−k(A) = {trA} − kWk(A).

(6) If A = x ⊗ y with some x, y ∈ H, then Wk(x ⊗ y) is an ellipse with the foci
{

0, 〈x,y〉
k

}

and the minor axis

√
‖x⊗y‖2−|〈x,y〉|2

k
. In particular, if x⊗ y is normal, then Wk(x⊗ y) is a line

segment with endpoints
{

0, 〈x,y〉
k

}

; if 〈x, y〉 = 0, then Wk(x ⊗ y) is a circle with center at the

origin and diameter 1

k
‖x‖‖y‖.

(7) For any x ∈ H, the center of the rectangular box from the vertical and horizontal support

lines of Wk(Ax⊗ x+ x⊗ xA) is 1

k
〈Ax, x〉.

For the k-dimensional numerical range of finite rank operators in infinite dimensional Hilbert

spaces, we have the following result.

Proposition 2.2 (cf. [22, Proposition 2]) Let H be an infinite dimensional complex Hilbert

space and k be a positive integer. Assume that A ∈ B(H) is a finite rank operator. Then there

exists a subspace H1 ⊂ H with k +dim(ker A ∩ ker A∗)⊥ ≤ dimH1 <∞ such that A = A1 ⊕ 0

with respect to the space decomposition H = H1 ⊕H⊥
1 and Wk(A) =Wk(A1).

By Proposition 2.1(5), Proposition 2.2 and [19], the following proposition is obvious.
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Proposition 2.3 Let H be a complex Hilbert space with dimH = n ≥ 2 and k be a positive

integer with k < n. Assume that H has a space decomposition H = H1 ⊕H2 and A ∈ B(H1).

(1) If dimH1 = 1 and B ∈ B(H2) with rankB <∞, then

kWk(A⊕B) = conv{kWk(B),W (A) + (k − 1)Wk−1(B)}.

(2) If dimH1 = 2, then

kWk(A⊕ 0) =



























W (A), if k = 1, n = 2;

conv{{0},W (A)}, if k = 1, n > 2;

conv{{0},W (A), {trA}}, if 2 ≤ k ≤ n− 2;

conv{W (A), {trA}}, if 2 ≤ k = n− 1.

(3) If dimH1 = 3, then

kWk(A⊕ 0) =







































































W (A), if k = 1, n = 3;

conv{{0},W (A)}, if k = 1, n ≥ 4;

{trA} −W (A), if k = 2, n = 3;

conv{W (A), {trA} −W (A)}, if k = 2, n = 4;

conv{{0},W (A), {trA} −W (A)}, if k = 2, n ≥ 5;

conv{{0},W (A), {trA} −W (A), {trA}}, if 3 ≤ k ≤ n− 3;

conv{W (A), {trA} −W (A), {trA}}, if 3 ≤ k = n− 2;

conv{{trA} −W (A), {trA}}, if 3 ≤ k = n− 1.

The following proposition gives a characterization of rank one projections by the k-dimensional

numerical range.

Proposition 2.4 Let H be a complex Hilbert space, k be a positive integer with 2 ≤ k <

dimH, and let m be an even number. For A ∈ B(H), A is a rank one projection if and only if

Wk(A) =Wk(A
m) =

[

0, 1
k

]

.

Proof By Proposition 2.1(4) and Proposition 2.2, the “only if” part is obvious.

For the “if” part, by Proposition 2.1(3), we see that A ∈ Bs(H). Since 0 ∈ Wk(A
m) and m

is an even number, there exist orthonormal unit vectors e1, · · · , ek ∈ H such that

0 =

k
∑

j=1

〈Amej , ej〉 =
k
∑

j=1

〈Am
2 ej , A

m
2 ej〉 =

k
∑

j=1

‖Am
2 ej‖2,

which gives [e1, · · · , ek] ⊆ kerA
m
2 = ker A.

Next, for any unit vector x ∈ H , take orthonormal unit vectors x2, · · · , xk ∈ [e1, · · · , ek] ∩
[x]⊥. By the definition of Wk(A), one gets

〈Ax, x〉 = 〈Ax, x〉 +
k
∑

j=2

〈Axj , xj〉 ∈ kWk(A) = [0, 1],
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which implies

0 ≤ A ≤ I. (2.1)

We claim that

there exists a unit vector x0 ∈ H such that 〈Ax0, x0〉 = 1. (2.2)

Otherwise, 〈Ax, x〉 < 1 for all unit vectors x ∈ H . Note that (2.1) holds. For any unit vector

x ∈ H , if A
m−1

2 x 6= 0, then

〈Amx, x〉 = 〈AAm−1
2 x,A

m−1
2 x〉 < ‖Am−1

2 x‖2 = 〈Am−1x, x〉

= 〈AAm−2
2 x,A

m−2
2 x〉 < ‖Am−2

2 x‖2 = 〈Am−2x, x〉 = · · · < 〈Ax, x〉;

if A
m−1

2 x = 0, then

〈Amx, x〉 = 〈Am+1
2 A

m−1
2 x, x〉 = 0 = 〈Ax, x〉.

So, for any orthonormal vectors x1, · · · , xk ∈ H , we have
k
∑

j=1

〈Amxj , xj〉 <
k
∑

j=1

〈Axj , xj〉 ≤ 1, a

contradiction to 1

k
∈Wk(A

m).

Now, (2.1)–(2.2) imply Ax0 = x0. Thus, with respect to the space decomposition H =

[x0] ⊕ [x0]
⊥, one has A = 1 ⊕ A1 with A1 ∈ Bs([x0]

⊥). For any unit vector y ∈ [x0]
⊥, take

orthonormal vectors y3, · · · , yk ∈ [x0, y]
⊥. Now, by the assumption Wk(A) =

[

0, 1
k

]

and (2.1),

we infer that

1 ≥ 〈Ax0, x0〉+ 〈A(0 ⊕ y), (0⊕ y)〉+
k
∑

j=3

〈A(0⊕ yj), (0 ⊕ yj)〉 ≥ 1 + 〈A1y, y〉 ≥ 1,

which implies 〈A1y, y〉 = 0 for all y ∈ [x0]
⊥. It follows that A1 = 0, and so A = x0 ⊗ x0, as

desired.

Proposition 2.5 (cf. [22, Proposition 5]) Let H be a complex Hilbert space and k be a

positive integer with k < dimH. If A,B ∈ B(H) are rank one operators and Wk(A) =Wk(B),

then trA = trB.

For any T1, · · · , Tl ∈ B(H), write Tip = B and Tiq = A for all other q in Definition 1.1.

Then T1 ◦ · · · ◦ Tl = ArBAs and T1 ∗ · · · ∗ Tl = ArBAs + AsBAr for some r, s ∈ R, which are

the special cases of generalized product and generalized Jordan product.

The following several propositions give characterizations about the k-dimensional numerical

range of the products ArBAs and ArBAs +AsBAr.

Proposition 2.6 Let H be a complex Hilbert space with dimH ≥ 2, k be a positive integer

with k < dimH, and r, s ≥ 0 be integers with (r, s) 6= (0, 0). Assume that B ∈ B(H). Then the

following statements are equivalent:
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(1) B is a rank one operator.

(2) For any A ∈ B(H), Wk(A
rBAs) is an ellipse with 0 as a focus.

Proof (1)⇒(2) If B is a rank one operator, then rank(ArBAs) ≤ 1 for all A ∈ B(H). By

Proposition 2.1(6), Wk(A
rBAs) is an ellipse which has 0 as a focus.

(2)⇒(1) Suppose, on the contrary, that rank(B) ≥ 2. Then there exist x, y ∈ H such that

Bx,By are orthonormal unit vectors. The proof is similar to that of [20, Lemma 2.2] only by

some slight modifications. For the sake of completeness, we give a sketch of the proof.

Case 1 r = 0.

Write C = x ⊗Bx − y ⊗ By. C has an operator matrix representation of the form C1 ⊕ 0,

where C1 ∈ Ml(C) with 2 ≤ l ≤ 4. Let D = D1 ⊕ 0 with D1 = diag(1, · · · , l). Then

C1+νD1 has distinct eigenvalues except for finite many ν ∈ R, that is, there exists an invertible

matrix P ∈ Ml(C) such that P−1(C1 + νD1)P = diag{b1, · · · , bl} is a diagonal matrix. Take

Aν = Pdiag{ s
√
b1, · · · , s

√
bl}P−1 ⊕ 0, and so As

ν = (C1 + νD1) ⊕ 0 = C + νD. Thus, except

for finitely many ν ∈ R, we have Wk(BA
s
ν) = Wk(BC + νBD). Since rank(C), rank(D) < ∞,

we infer that Wk(BC + νBD) is a closed set. Also note that the map ν 7→Wk(BC + νBD) is

continuous. As Wk(BA
s
ν) is an ellipse with 0 as a focus for any sufficiently small ν ∈ R, we get

a contradiction to Wk(BC) =Wk(Bx⊗Bx−By ⊗By) =
[

− 1

k
, 1
k

]

.

Case 2 s = 0.

Let Bt be the transpose of B with respect to an arbitrarily given orthonormal basis of H .

Note that Wk(A
rB) =Wk((A

rB)t) =Wk(B
t(At)r). So, by the same argument as that of Case

1, one can show rank(B) = 1.

Case 3 rs > 0.

Let H1 = [x, y,Bx,By] and B1 = B|H1 ∈ B(H1). It is easily checked that there exists a

2-dimensional subspace H11 of H1 such that B11 = B1|H11 is invertible. Take an orthonormal

basis {u, v} of H11 such that B11 = au⊗ u+ cv ⊗ v + bu⊗ v, where a, b, c ∈ C and ac 6= 0. Let

A = A11⊕0 = (αu⊗u+βv⊗v)⊕0 with α, β ∈ C, αr+sa = 1 and βr+sc = −1. Then ArBAs =

E⊕0 with E = u⊗u−v⊗v+αrβsbu⊗v andW (E) is an elliptical disk with foci {−1, 1}. Note
that 0, trE ∈ W (E). By Proposition 2.3(2), one gets Wk(A

rBAs) = Wk(E ⊕ 0) = 1

k
W (E), a

contradiction.

Hence B is of rank one. The proof is finished.

Proposition 2.7 Let H be a complex Hilbert space with dimH ≥ 2, and r, s ≥ 0 be integers

with (r, s) 6= (0, 0). Assume that A ∈ B(H) and W (A) = [0, 1]. Then the following statements

are equivalent:

(1) A = x⊗ x for some unit vector x ∈ H.

(2) For any B ∈ Bs(H), if 2W (B) =W (ArBAs +AsBAr) = [0, 2], then

{C ∈ Bs(H) : BrCBs +BsCBr = 0} ⊆ {C ∈ Bs(H) : ArCAs +AsCAr = 0}.
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Proof Assume that A ∈ B(H) and W (A) = [0, 1].

(1)⇒(2) If A = x ⊗ x for some unit vector x ∈ H , then, with respect to the space

decomposition H = [x] ⊕ [x]⊥, we have A =
(

1 0
0 0

)

. For any B ∈ Bs(H), write B =
( b1 b2

b2 B3

)

∈
Bs(H).

If rs > 0 and 2W (B) = W (ArBAs + AsBAr) = W
((

2b1 0

0 0

))

= [0, 2], then b1 = 1 and

b2 = 0. For any C =
( c1 c2
c2 C3

)

∈ Bs(H), one has

BrCBs +BsCBr =

(

2c1 c2(B
s
3 +Br

3)

(Br
3 +Bs

3)c2 Br
3C3B

s
3 +Bs

3C3B
r
3

)

.

If BrCBs +BsCBr = 0, then c1 = 0, and so ArCAs +AsCAr =
(

2c1 0

0 0

)

= 0.

If rs = 0, without loss of generality, we assume s = 0. In this case, if

2W (B) =W (ArB +BAr) =W
(

(

2b1 b2

b2 0

)

)

= [0, 2],

noting that {b1 ±
√

b21 + |b2|2} ⊆ σ(ArB + BAr), then b2 = 0 and b1 = 1. Now, for any C =
( c1 c2
c2 C3

)

∈ Bs(H), if BrC + CBr =
( 2c1 c2+c2B

r
3

Br
3c2+c2 Br

3C3+C3B
r
3

)

= 0 and B ≥ 0, then c1 = c2 = 0. So

ArC + CAr =
(

2c1 c2
c2 0

)

= 0.

(2)⇒(1) Since W (A) = [0, 1], we have A ∈ Bs(H) by Proposition 2.1(3) and 1 ∈ σp(A) by

[26, Corollary II.2.4]. Let x ∈ H be the eigenvector for 1. So, under the space decomposition

H = [x]⊕ [x]⊥, we have A = 1⊕A2. Taking B = 1⊕0, and then ArBAs+AsBAr = 2⊕0. This

means W (ArBAs +AsBAr) = 2W (B) = [0, 2]. For C = 0 ⊕ I2 with I2 ∈ B([x]⊥) the identity

operator, it is obvious that BrCBs + BsCBr = 0. By the assumption, ArCAs + AsCAr =

0⊕Ar+s
2 = 0. Note that A2 ∈ Bs([x]

⊥). It follows that A2 = 0, as desired.

Proposition 2.8 Let H be a complex Hilbert space with dimH ≥ 2, and k, r, s be positive

integers with k < dimH. Assume that A ∈ B(H) and Wk(A
r+s+1) =

[

0, 1
k

]

. Then the following

statements are equivalent:

(1) There exists a space decomposition H = [x]⊕ [x]⊥ such that A = λ⊕ A1, where x ∈ H

is a unit vector, λ ∈ C with λr+s+1 = 1 and Ar
1 = As

1 = 0.

(2) For any B ∈ B(H), Wk(A
rBAs+AsBAr) is a closed line segment with 0 as an endpoint.

Proof Assume that A ∈ B(H) and Wk(A
r+s+1) =

[

0, 1
k

]

.

(1)⇒(2) If there exists some unit vector x ∈ H such that A = λ ⊕ A1 with respect to the

space decomposition H = [x] ⊕ [x]⊥, where λ ∈ C with λr+s+1 = 1 and Ar
1 = As

1 = 0, then for

any B ∈ B(H), we have

Wk(A
rBAs +AsBAr) =Wk(2λ

r+s〈Bx, x〉x ⊗ x) = 2λr+s〈Bx, x〉
[

0,
1

k

]

.

So (2) holds.

(2)⇒(1) We will prove the statement (1) by considering two cases.
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Case 1 ∂σ(A) has at most one non-zero element.

If ∂σ(A) has no non-zero elements, then σ(A) = {0}. This means σ(Ar+s+1) = σ(A)r+s+1 =

{0}. In addition, as Wk(A
r+s+1) =

[

0, 1
k

]

, one has that Ar+s+1 is a normal operator, and so

W (Ar+s+1) = convσ(Ar+s+1) = {0}. Hence Ar+s+1 ∈ CI, a contradiction.

Thus, ∂σ(A) has one non-zero element λ. Then σ(A) = {λ} or {0, λ}. If σ(A) = {λ},
a similar argument as above yields a contradiction. If σ(A) = {0, λ}, then σ(Ar+s+1) =

σ(A)r+s+1 = {0, λr+s+1}. Since Ar+s+1 is a normal operator, by [8, Proposition XI.1.4],

{0, λr+s+1} ⊆ σp(A
r+s+1). This and [8, Exercises XI.1.3] give {0, λr+s+1} ⊆ σp(A)

r+s+1. By

keeping in mind that σ(A) = {0, λ}, we obtain σ(A) = σp(A) = {0, λ}, and so σ(A∗) =

σp(A
∗) = {0, λ}. Take unit vectors x, y ∈ H such that

Ax = λx and A∗y = λy.

Letting B = x ⊗ y and by the assumption, one has Wk(A
rBAs + AsBAr) = Wk(2λ

r+sx ⊗ y)

is a closed line segment. Then Proposition 2.1(6) implies y = eiθx for some θ ∈ [0, 2π], and so

A∗x = λx.

If dimker(A − λI) ≥ 2, there are two orthonormal unit vectors e1, e2 ∈ ker(A − λI) such

that

Ae1 = λe1, A∗e1 = λe1, Ae2 = λe2, A∗e2 = λe2.

By taking B = e1⊗e2, one obtainsWk(A
rBAs+AsBAr) =Wk(2λ

r+se1⊗e2). By Proposition

2.1(6) again, Wk(2λ
r+se1 ⊗ e2) is a circle, which contradicts the assumption.

If dimker(A − λI) = 1, then with respect to the space decomposition H = [x] ⊕ [x]⊥, we

have A = λ ⊕ A1 with A1 ∈ B([x]⊥) and σ(A1) = {0}. For any B = b1 ⊕ B1 ∈ B(H) with

b1 ∈ C and rankB1 = 1, we have

ArBAs +AsBAr = 2b1λ
r+s ⊕ C1 with C1 = Ar

1B1A
s
1 +As

1B1A
r
1.

By Proposition 2.3(1), we infer that

kWk(A
rBAs +AsBAr) = conv{kWk(C1), 2b1λ

r+s + (k − 1)Wk−1(C1)}

is a closed line segment for any b1 ∈ C. If C1 6= 0, by taking b1 = 0, we obtain that Wk(C1)

and Wk−1(C1) are collinear segments, and say that the argument of Wk(C1) is θ. Again, by

taking b1 = e
i(θ+ π

2
)

2λr+s , this yields a contradiction to the fact that Wk(A
rBAs +AsBAr) is a line

segment. This implies

C1 = Ar
1B1A

s
1 +As

1B1A
r
1 = 0 for any B1 ∈ B([x]⊥) with rankB1 = 1. (2.3)
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Next, without loss of generality, we always assume r ≥ s in the sequel. We first claim

Ar
1 = 0.

If not, there exists some y0 ∈ [x]⊥ such that A∗r
1 y0 6= 0, and then A∗s

1 y0 6= 0. For any y ∈ [x]⊥,

by taking B1 = y ⊗ y0 in (2.3), one gets that Ar
1y and As

1y are linearly dependent. So, either

there exists some λ ∈ C such that

Ar
1 = λAs

1, (2.4)

or

Ar
1 = x0 ⊗ y1 and As

1 = x0 ⊗ y2

with x0 ∈ [x]⊥ and linearly independent y1, y2 ∈ [x]⊥. (2.5)

If (2.4) holds, (2.3) becomes As
1B1A

s
1 = 0 for all rank one operators B1. It follows that

As
1 = Ar

1 = 0, a contradiction. If (2.5) holds, by taking B1 = y1 ⊗ x0 in (2.3), one has

x0 ⊗ (〈B∗
1y1, x0〉y2 + 〈B∗

1y2, x0〉y1) = 0, which yields a contradiction again. Hence Ar
1 = 0. Now

we will prove

As
1 = 0.

Otherwise, there exist vectors z1, z2 ∈ [x]⊥ such that ‖A∗s
1 z1‖ = 2‖As

1z2‖ 6= 0. Taking B =
(

b1 x⊗z1
z2⊗x 0

)

and by the assumption, we have that

Wk(A
rBAs +AsBAr) =Wk

(

(

2λr+sb1 λrx⊗A∗s
1 z1

λrAs
1z2 ⊗ x 0

)

)

is a line segment which has 0 as an endpoint. So, there exists some δ ∈ [0, 2π) such that

eiδ(ArBAs +AsBAr) ∈ Bs(H), and thus eiδλrx⊗A∗s
1 z1 = (eiδλrAs

1z2 ⊗ x)∗ = e−iδλ
r
x⊗As

1z2.

This entails that ‖A∗s
1 z1‖ = ‖As

1z2‖, a contradiction.

Hence, we have proved that, with respect to the space decomposition H = [x] ⊕ [x]⊥, A =

λ⊕A1 with Ar
1 = As

1 = 0. Also note that Wk(A
r+s+1) =

[

0, 1
k

]

. It follows that λr+s+1 = 1.

Case 2 ∂σ(A) has at least two non-zero elements.

In this case, take λ1, λ2 ∈ ∂σ(A)\{0} with λ1 6= λ2. Obviously, λ1, λ2 ∈ σap(A) and

λ1, λ2 ∈ σap(A
∗). For λ1, there exist {xn ∈ H : ‖xn‖ = 1} and {yn ∈ H : ‖yn‖ = 1} such that

‖Axn − λ1xn‖ → 0 and ‖A∗yn − λ1yn‖ → 0.

For any n, write Bn = xn ⊗ yn. Then

ArBnA
s +AsBnA

r = 2λr+s
1 xn ⊗ yn + Cn



780 S. X. Sun, X. F. Qi and T. Zhang

and Wk(A
rBnA

s +AsBnA
r) is a line segment which has 0 as an endpoint by the assumption.

A simple calculation yields ‖Cn‖ → 0, and so Wk(2λ
r+s
1 xn ⊗ yn) converges to a line segment

which has 0 as an endpoint. This means

lim
n
〈xn, yn〉 = 1. (2.6)

For any n, let yn = αnxn + βnzn, where zn ∈ H is a unit vector with xn ⊥ zn. It is clear that

lim
n

|αn| = 1 and lim
n

|βn| = 0. Note that

‖αnA
∗xn − αnλ1xn‖ = ‖αnA

∗xn + βnA
∗zn − βnA

∗zn − (λ1yn − λ1βnzn)‖

= ‖A∗yn − βnA
∗zn − λ1yn + λ1βnzn‖

≤ ‖A∗yn − λ1yn‖+ |βn|‖A∗‖+ |λ1βn|.

This implies

‖A∗xn − λ1xn‖ ≤ 1

|αn|
(‖A∗yn − λ1yn‖+ |βn|‖A∗‖+ |λ1βn|) → 0

whenever n→ ∞. So

‖A∗xn − λ1xn‖ → 0, n→ ∞.

Similarly, for λ2, one can show

lim
n

‖Aun − λ2un‖ = 0 ⇒ lim
n

‖A∗un − λ2un‖ = 0 for some unit vectors {un} ⊂ H.

Thus, we obtain

λ1 lim
n
〈xn, un〉 = lim

n
〈Axn, un〉 = lim

n
〈xn, A∗un〉 = lim

n
〈xn, λ2un〉 = λ2 lim

n
〈xn, un〉.

It follows that

lim
n
〈xn, un〉 = 0.

Finally, take Bn = xn ⊗ un, and then

ArBnA
s +AsBnA

r = (λr1λ
s
2 + λs1λ

r
2)xn ⊗ un +Dn

with ‖Dn‖ → 0. By the same discussion as in (2.6), one sees that lim
n
〈xn, un〉 = 1, a contradic-

tion.

Combining Case 1 and Case 2, we complete the proof.

Proposition 2.9 Let H be a complex Hilbert space with dimH ≥ 3 and k, r be positive

integers with k < dimH. Assume that A ∈ B(H) and Wk(A
r+1) =

[

0, 1
k

]

. Then the following

statements are equivalent:

(1) A = λx⊗ x for some unit vector x ∈ H and λ ∈ C with λr+1 = 1.

(2) For any B ∈ B(H), Wk(B
rA+ABr) is a closed ellipse.
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Proof We first prove that, for any 3× 3 matrix

C =







2c1 c2 c3

c4 0 0

0 0 0







with any c1, c2, c3, c4 ∈ C, Wk(C ⊕ 0) is a closed ellipse. In fact, it is easy to calculate that

σ(C) =
{

c1 +
√

c21 + c2c4, c1 −
√

c21 + c2c4, 0
}

= {λ1, λ2, λ3},

s = tr(C∗C)−
3
∑

i=1

|λi|2 = 2|c1|2 + |c2|2 + |c3|2 + |c4|2 − 2|c21 + c2c4| > 0,

tr(C) +
1

s

(

3
∑

i=1

|λi|2λi − tr(C∗C2)
)

= 0 = λ3

and

(|λ1|+ |λ2|)2 − |λ1 − λ2|2 = 2|c1|2 − 2|c21 + c2c4|+ 2|c2c4| ≤ s.

By [18, Theorem 2.4], W (C) is an ellipse with foci
{

c1 +
√

c21 + c2c4, c1 −
√

c21 + c2c4
}

. In

addition, the center of the ellipse is c1 = 1

2
trC. Also note that 0, tr(C) ∈ W (C). So

W (C) = {trC} −W (C).

Now, by Proposition 2.3(3), one obtains that kWk(C ⊕ 0) =W (C) is a closed ellipse.

(1)⇒(2) Assume that A = λx ⊗ x for some unit vector x ∈ H and λ ∈ C with λr+1 = 1.

For any B ∈ B(H), there exist unit vectors y, z ∈ H with {x, y, z} orthonormal such that

Brx = αx + βy and B∗rx = αx + γy + µz, where α, β, γ, µ ∈ C. Then, with respect to the

space decomposition H = [x, y, z]⊕ [x, y, z]⊥, we have

BrA+ABr = λ







2α γ µ

β 0 0

0 0 0






⊕ 0.

So Wk(B
rA+ABr) is a closed ellipse.

(2)⇒(1) Assume that A ∈ B(H) withWk(A
r+1) =

[

0, 1
k

]

, and for anyB ∈ B(H),Wk(B
rA+

ABr) is a closed ellipse. Since Wk(A
r+1) =

[

0, 1
k

]

is closed, we see that Ar+1 ∈ Bs(H) and

W (Ar+1) is closed by [2, Theorem 3.1] if dimH = ∞. Write W (Ar+1) = [λ1, λ2] with λ1 <

λ2 ∈ R. By [26, Corollary II.2.4], λ1, λ2 ∈ σp(A
r+1). As σp(A

r+1) = σp(A)
r+1, there exist

µ1 6= µ2 ∈ σp(A) such that µr+1

1 = λ1 and µr+1

2 = λ2. We also may assume µ1 6= 0. Taking unit

vectors e1, e2 ∈ H such that Ae1 = µ1e1 and Ae2 = µ2e2. Then A
r+1e1 = λ1e1 and Ar+1e2 =

λ2e2. Thus, we have

λ1〈e1, e2〉 = 〈Ar+1e1, e2〉 = 〈e1, λ2e2〉 = λ2〈e1, e2〉,



782 S. X. Sun, X. F. Qi and T. Zhang

which implies 〈e1, e2〉 = 0. Under the space decomposition H = [e1, e2]⊕ [e1, e2]
⊥, we get

A =







µ1 0 A1

0 µ2 A2

0 0 A3






.

Next, we will show A1 = 0. Suppose, on the contrary, that A1 6= 0. Write A1 = a1e1 ⊗ f

with a1 ∈ C\{0} and f ∈ [e1, e2]
⊥. Taking

B =







b1 0 0

b2 0 0

0 0 0







with any b1, b2 ∈ C, and then

AB +BA =









2µ1b1 0 a1b1e1 ⊗ f

(µ1 + µ2)b2 0 a1b2e2 ⊗ f

0 0 0









.

With respect to the decomposition H = [e1, e2, f ]⊕ [e1, e2, f ]
⊥, one gets

AB +BA = C ⊕ 0 with C =









2µ1b1 0 a1b1

(µ1 + µ2)b2 0 a1b2

0 0 0









.

For C, it is easily checked that

σ(C) = {0, 0, 2µ1b1} = {λ1, λ2, λ3},

s = tr(C∗C)−
3
∑

i=1

|λi|2 = |a1b1|2 + |a1b2|2 + |(µ1 + µ2)b2|2

and

t = tr(C) +
1

s

(

3
∑

i=1

|λi|2λi − tr(C∗C2)
)

= 2µ1b1 −
2µ1b1|(µ1 + µ2)b2|2 + 2µ1b1|a1b1|2 + (µ1 + µ2)b1|a1b2|2

|a1b1|2 + |a1b2|2 + |(µ1 + µ2)b2|2
.

By taking b1b2 6= 0 and |b1|2 6= −1

2|a1|2
(

2|(µ1+µ2)b2|2+
(

1+ µ2

µ1

)

|a1b2|2
)

, we infer that t /∈ σ(C).

This and [18, Theorem 2.4] yield that

W (C) is not an ellipse.

As 0 and trC in W (C), Proposition 2.3(3) becomes

kWk(C ⊕ 0) =















W (C), if k = 1, n ≥ 3;

{trC} −W (C), if 2 ≤ k = n− 1;

conv{W (C), {trC} −W (C)}, if 2 ≤ k ≤ n− 2.
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If conv{W (C), {trC}−W (C)} is an ellipse represented as S, then ∂W (C) contains the elliptic

arc of length greater than zero. It follows from [16, Lemma 2.1] that S ⊆W (C). So W (C) = S
is an ellipse, a contradiction. Thus, conv{W (C), {trC} −W (C)} is not an ellipse. Hence

Wk(AB +BA) =Wk(C ⊕ 0) is not an ellipse. (2.7)

With respect to the decomposition H = [e1, e2, f ]⊕ [e1, e2, f ]
⊥, let

D = D1 ⊕ 0 with D1 =







1 0 0

0 2 0

0 0 3






.

For B the above, B can be written as

B = B1 ⊕ 0 with B1 =







b1 0 0

b2 0 0

0 0 0






.

Except for finitely many ν∈R, B1+νD1 has distinct eigenvalues, and then there exists invertible

matrix P such that P−1(B1+νD1)P is a diagonal matrix. LetBν = P (P−1(B1+νD1)P )
1
rP−1⊕

0, and then Br
ν = B+νD. Actually, we haveWk(AB

r
ν +B

r
νA) =Wk(AB+BA+ν(AD+DA))

is an ellipse except for finitely many ν ∈ R. Letting ν → 0, we obtain that Wk(AB + BA) is

an ellipse, a contradiction to (2.7). Hence A1 = 0.

Thus, A can be represented as A =µ1⊕A′ for some A′∈B([e1]⊥) with respect to the space

decomposition H = [e1]⊕[e1]
⊥. If A′ = 0, then A = µ1e1⊗ e1. Let λ = µ1. It follows from the

fact Wk(A
r+1) =

[

0, 1
k

]

that λr+1 = 1, completing the proof. So, it remains to show that

A′ = 0. Otherwise, there exists e3 ∈ [e1]
⊥ such that 〈A′e3, e3〉 6= 0. Under the space decompo-

sition H = [e1, e3]⊕ [e1, e3]
⊥, we have

A =







µ1 0 0

0 a2 A3

0 A4 A5







with a2 6= 0. Take B = b
1
r

1 e1 ⊗ e1 + b
1
r

2 e3 ⊗ e3 with b1, b2 ∈ C, and then

ABr +BrA = 2µ1b1 ⊕ E with E =

(

2a2b2 b2A3

b2A4 0

)

.

By Proposition 2.3(1), one obtains

kWk(AB
r +BrA) = kWk(2µ1b1 ⊕ E) = conv{kWk(E), 2µ1b1 + (k − 1)Wk−1(E)}.

Thus, we can choose a suitable b1 ∈ C such that Wk(AB
r + BrA) is not an ellipse, a contra-

diction.
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3 Maps Preserving the k-Dimensional Numerical Range of Generalized
Products

In this section, we are devoted to discussing maps preserving the k-dimensional numerical

range of generalized products on Bs(H) and B(H), respectively.

For the special generalized product BrABs, we can obtain the following Theorems 3.1–3.2,

which are also of independent interest.

Theorem 3.1 Let H be a complex Hilbert space with dimH ≥ 3, k be a positive integer

with k < dimH and r, s ≥ 0 be integers with (r, s) 6= (0, 0). Suppose that φ : Bs(H) → Bs(H)

is a surjective map. Then φ satisfies

Wk(A
rBAs) =Wk(φ(A)

rφ(B)φ(A)s) for all A,B ∈ Bs(H)

if and only if one of the following statements holds:

(1) r 6= s, there exists some λ ∈ R with λr+s+1 = 1 and a unitary operator U ∈ B(H) such

that φ(A) = λUAU∗ for all A ∈ Bs(H).

(2) r = s, there exists some λ ∈ R with λr+s+1 = 1 and a unitary or conjugate unitary

operator U on H such that φ(A) = λUAU∗ for all A ∈ Bs(H).

Theorem 3.2 Let H be a complex Hilbert space with dimH ≥ 3, k be a positive integer

with k < dimH and r, s ≥ 0 be integers with (r, s) 6= (0, 0). Suppose that φ : B(H) → B(H) is

a surjective map. Then φ satisfies

Wk(A
rBAs) =Wk(φ(A)

rφ(B)φ(A)s) for all A,B ∈ B(H)

if and only if one of the following statements holds:

(1) r 6= s, there exists some λ ∈ C with λr+s+1 = 1 and a unitary operator U ∈ B(H) such

that φ(A) = λUAU∗ for all A ∈ B(H).

(2) r = s, there exists some λ ∈ C with λr+s+1 = 1 such that either φ(A) = λUAU∗ for all

A ∈ B(H), where U is a unitary operator, or φ(A) = λUA∗U∗ for all A ∈ B(H), where U is a

conjugate unitary operator.

Particularly, for the usual operator product and the Jordan semi-triple product, the following

corollaries are immediate.

Corollary 3.1 Let H be a complex Hilbert space with dimH ≥ 3 and k be a positive integer

with k < dimH. Suppose that φ : Bs(H) → Bs(H) is a surjective map. Then φ satisfies

Wk(AB) =Wk(φ(A)φ(B)) for all A,B ∈ Bs(H)

if and only if there exists some λ ∈ {−1, 1} and a unitary operator U ∈ B(H) such that

φ(A) = λUAU∗ for all A ∈ Bs(H).
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Corollary 3.2 Let H be a complex Hilbert space with dimH ≥ 3 and k be a positive integer

with k < dimH. Suppose that φ : Bs(H) → Bs(H) is a surjective map. Then φ satisfies

Wk(ABA) =Wk(φ(A)φ(B)φ(A)) for all A,B ∈ Bs(H)

if and only if there exists a unitary or conjugate unitary operator U on H such that φ(A) =

UAU∗ for all A ∈ Bs(H).

Corollary 3.3 Let H be a complex Hilbert space with dimH ≥ 3 and k be a positive integer

with k < dimH. Then a surjective map φ : B(H) → B(H) satisfies

Wk(AB) =Wk(φ(A)φ(B)) for all A,B ∈ B(H)

if and only if there exists some λ ∈ {−1, 1} and a unitary operator U ∈ B(H) such that

φ(A) = λUAU∗ for all A ∈ B(H).

Corollary 3.4 Let H be a complex Hilbert space with dimH ≥ 3 and k be a positive integer

with k < dimH. Then a surjective map φ : B(H) → B(H) satisfies

Wk(ABA) =Wk(φ(A)φ(B)φ(A)) for all A,B ∈ B(H)

if and only if there exists some λ ∈ C with λ3 = 1 such that either φ(A) = λUAU∗ for all

A ∈ B(H), where U is a unitary operator, or φ(A) = λUA∗U∗ for all A ∈ B(H), where U is a

conjugate unitary operator.

Now, based on Theorems 3.1–3.2, we can give a complete characterization of all maps

preserving the k-dimensional numerical range of generalized products.

Theorem 3.3 Let H be a complex Hilbert space with dimH ≥ 3 and k be a positive integer

with k < dimH. Assume that φ : Bs(H) → Bs(H) is a surjective map and the generalized

product is defined in Definition 1.1. Then φ satisfies

Wk(A1 ◦ · · · ◦Al) =Wk(φ(A1) ◦ · · · ◦ φ(Al)) for all A1, · · · , Al ∈ Bs(H)

if and only if one of the following statements holds:

(1) m 6= 2p− 1 or (i1, · · · , im) 6= (im, · · · , i1), there exists some λ ∈ R with λm = 1 and a

unitary operator U ∈ B(H) such that φ(A) = λUAU∗ for all A ∈ Bs(H).

(2) m = 2p− 1 and (i1, · · · , im) = (im, · · · , i1), there exists some λ ∈ R with λm = 1 and a

unitary or conjugate unitary operator U on H such that φ(A) = λUAU∗ for all A ∈ Bs(H).

Theorem 3.4 Let H be a complex Hilbert space with dimH ≥ 3 and k be a positive integer

with k < dimH. Assume that φ : B(H) → B(H) is a surjective map and the generalized product

is defined in Definition 1.1. Then φ satisfies

Wk(A1 ◦ · · · ◦Al) =Wk(φ(A1) ◦ · · · ◦ φ(Al)) for all A1, · · · , Al ∈ B(H)
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if and only if one of the following statements holds:

(1) m 6= 2p− 1 or (i1, · · · , im) 6= (im, · · · , i1), there exists a fixed scalar λ ∈ C with λm = 1

and a unitary operator U ∈ B(H) such that φ(A) = λUAU∗ for all A ∈ B(H).

(2) m = 2p−1 and (i1, · · · , im) = (im, · · · , i1), there exists a fixed scalar λ ∈ C with λm = 1

such that either φ(A) = λUAU∗ for all A ∈ B(H), where U ∈ B(H) is a unitary operator, or

φ(A) = λUA∗U∗ for all A ∈ B(H), where U : H → H is a conjugate unitary operator.

In the rest of this section, we give the proofs of the above main theorems.

Proof of Theorem 3.1 For the “if” part, it is straightforward by Proposition 2.1(1). We

will prove the “only if” part by the following several claims. For the case k = 1, it holds by

[20, Theorem 1.2]. So, we always assume k ≥ 2 in the sequel.

Claim 1 φ is injective.

For any A,B ∈ Bs(H), suppose φ(A) = φ(B). For any unit vector x ∈ H , one has

Wk((x⊗ x)rA(x⊗ x)s) =Wk(φ(x ⊗ x)rφ(A)φ(x ⊗ x)s)

=Wk(φ(x ⊗ x)rφ(B)φ(x ⊗ x)s)

=Wk((x⊗ x)rB(x⊗ x)s). (3.1)

If rs > 0, (3.1) reduces to 〈Ax, x〉Wk(x ⊗ x) = 〈Bx, x〉Wk(x ⊗ x), which implies 〈Ax, x〉 =

〈Bx, x〉. If rs = 0, assuming r = 0, (3.1) reduces to Wk(Ax ⊗ x) = Wk(Bx ⊗ x). Combining

this with Proposition 2.5 yields 〈Ax, x〉 = 〈Bx, x〉, too. It follows from the arbitrariness of x

that A = B.

Claim 2 φ(0) = 0.

For any unit vector x ∈ H , by the surjectivity of φ, there exists some Sx ∈ Bs(H) such that

φ(Sx) = x⊗ x. Then one gets

{0} =Wk(S
r
x0S

s
x) =Wk((x ⊗ x)rφ(0)(x ⊗ x)s)

for any x ∈ H . By a similar discussion to that in the proof of Claim 1, one can show φ(0) = 0.

Claim 3 There exists some λ ∈ R with λr+s+1 = 1 such that φ(I) = λI .

By the assumption, one gets {1} = Wk(I
r+s+1) = Wk(φ(I)

r+s+1), which, together with

Proposition 2.1(2), implies φ(I)r+s+1 = I. Note that φ(I) ∈ Bs(H). If r+ s+1 is odd, we have

σ(φ(I)) = {1}, which implies φ(I) = I. If r+s+1 is even, we have σ(φ(I)) ⊆ {−1, 1}. So there

exists a projection P ∈ Bs(H) such that φ(I) = 2P − I. If P /∈ {0, I}, we can take x0 ∈ [ranP ]

and y0 ∈ [ranP ]⊥. By the surjectivity of φ and Claim 2, there exists some 0 6= S ∈ Bs(H) such

that φ(S) = x0 ⊗ y0 + y0 ⊗ x0, and thus

Wk(S) =Wk(I
rSIs) =Wk(φ(I)

r(x0 ⊗ y0 + y0 ⊗ x0)φ(I)
s).
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Note that one of r and s is odd. Without loss of generality, we can assume that r is odd. Then,

the above equation becomes

Wk(S) =Wk(x0 ⊗ y0 − y0 ⊗ x0) ⊆ iR ∩ R,

and so Wk(S) = {0}. It follows from Proposition 2.1(2) that S = 0, a contradiction. Hence

φ(I) = ±I in the case r + s+ 1 even.

Claim 4 There exists some λ ∈ R with λr+s+1 = 1 and a unitary or conjugate unitary

operator U on H such that φ(A) = λUAU∗ for all A ∈ Bs(H).

For any unit vector x ∈ H , by Claim 3, one has

[

0,
1

k

]

=Wk((x ⊗ x)r+s+1) =Wk(φ(x ⊗ x)r+s+1),

[

0,
1

k

]

=Wk((x ⊗ x)rI(x ⊗ x)s) = λWk(φ(x ⊗ x)rIφ(x ⊗ x)s) =
1

λr+s
Wk(φ(x⊗ x)r+s)

and

[

0,
1

k

]

=Wk(I
rx⊗ xIs) = λr+sWk(I

rφ(x ⊗ x)Is) =
1

λ
Wk(φ(x⊗ x)).

So

Wk

( 1

λ
φ(x ⊗ x)

)

=Wk

(( 1

λ
φ(x ⊗ x)

)r+s)

=Wk

(( 1

λ
φ(x ⊗ x)

)r+s+1)

=
[

0,
1

k

]

,

which, together with Proposition 2.4, implies 1

λ
φ(x⊗x) = yx⊗ yx for some unit vector yx ∈ H ,

that is, for any unit vector x ∈ H ,

φ(x⊗ x) = λyx ⊗ yx for some unit vector yx ∈ H. (3.2)

Next, take any unit vectors x1, x2 ∈ H . By (3.2), there exist some unit vectors yx1 , yx2 ∈ H

such that

φ(x1 ⊗ x1) = λyx1 ⊗ yx1 and φ(x2 ⊗ x2) = λyx2 ⊗ yx2 .

This and the fact that λr+s+1 = 1 imply

Wk((x1 ⊗ x1)
r(x2 ⊗ x2)(x1 ⊗ x1)

s) =Wk((yx1 ⊗ yx1)
r(yx2 ⊗ yx2)(yx1 ⊗ yx1)

s).

If rs 6= 0, we arrive at |〈x1, x2〉|2Wk(x1 ⊗ x1) = |〈yx1 , yx2〉|2Wk(yx1 ⊗ yx1), which means

|〈x1, x2〉| = |〈yx1 , yx2〉|. If rs = 0, say s = 0, we get 〈x2, x1〉Wk(x1 ⊗ x2) = 〈yx2 , yx1〉Wk(yx1 ⊗
yx2), which, together with Proposition 2.5, implies |〈x1, x2〉| = |〈yx1 , yx2〉|.

Now, noting that φ is a bijective map, by Wigner’s Theorem (see [25]), there exist a unitary

or conjugate unitary operator U on H and a complex number θx with |θx| = 1 such that

yx = θxUx for all unit vectors x ∈ H . Thus, by (3.2), one obtains φ(x⊗ x) = λUx⊗Ux for all

unit vectors x ∈ H . Hence for any A ∈ Bs(H) and any unit vector x ∈ H , one has

Wk((x ⊗ x)rA(x ⊗ x)s) = λr+sWk((Ux⊗ Ux)rφ(A)(Ux ⊗ Ux)s).
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A similar argument to that in the proof of Claim 1 gives

〈Ax, x〉 = λr+s〈φ(A)Ux,Ux〉 for all unit vectors x ∈ H,

which implies φ(A) = λUAU∗ for all A ∈ Bs(H).

Claim 5 If r 6= s, it cannot occur that U is a conjugate unitary operator.

Suppose, on the contrary, that U is a conjugate unitary operator. In this case, by Proposition

2.1(1), one has

Wk(B
rABs) =Wk(φ(B)rφ(A)φ(B)s) =Wk(B

sABr) for all A,B ∈ Bs(H).

In addition, we may assume that r > s.

Case 5.1 2k 6= dimH .

Take B = B1 ⊕ 0 and A = A1 ⊕ 0, where

B1 =























µ
1

r−s

1 0 · · · 0

0 µ
1

r−s

2 · · · 0

...
...

. . .
...

0 0 . . . µ
1

r−s

l























,

A1 = B−s
1



























0 i
1

µ1 − µ2

· · · i
1

µ1 − µl

−i
1

µ1 − µ2

0 · · · i
1

µ2 − µl

...
...

. . .
...

−i
1

µ1 − µl

−i
1

µ2 − µl

. . . 0



























B−s
1 ,

µ1, · · · , µl ∈ R\{0}, µi 6= µj when i 6= j and

l =

{

dimH − k + 2, if 2k > dimH,

k + 2, if 2k < dimH.

Then

BsABs = C ⊕ 0 and Br−s = D ⊕ 0

with

C =



























0 i
1

µ1 − µ2

· · · i
1

µ1 − µl

−i
1

µ1 − µ2

0 · · · i
1

µ2 − µl

...
...

. . .
...

−i
1

µ1 − µl

−i
1

µ2 − µl

. . . 0



























, D =

















µ1 0 · · · 0

0 µ2 · · · 0

...
...

. . .
...

0 0 . . . µl

















.
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A direct calculation gives

DC − CD = i



















0 1 · · · 1

1 0 · · · 1

...
...

. . .
...

1 1 · · · 0



















.

By Proposition 2.1(4) and Proposition 2.2, we get

Wk((DC − CD)⊕ 0) =















1

k
[−(dimH − k + 1), dimH − k], if 2k > dimH,

1

k
[−k, k + 1], if 2k < dimH,

which means Wk((DC − CD)⊕ 0) 6= −Wk((DC − CD)⊕ 0). It follows that

2iImWk(B
rABs) = 2iImWk(DC ⊕ 0) =Wk((DC − CD)⊕ 0)

6= −Wk((DC − CD)⊕ 0) = −2iImWk(B
rABs).

So Wk(B
rABs) 6=Wk(B

rABs)∗ =Wk(B
sABr), a contradiction.

Case 5.2 2k = dimH .

In this case, take B = B1 ⊕ 0 and A = A1 ⊕ 0, where

B1 =









3
1

r−s 0 0

0 2
1

r−s 0

0 0 4
1

r−s









, A1 = B−s
1









0 ei
π
4 1

e−iπ4 0 1

1 1 0









B−s
1 .

Then BsABs = C ⊕ 0 and Br−s = D ⊕ 0 with

C =









0 ei
π
4 1

e−iπ4 0 1

1 1 0









and D =









3 0 0

0 2 0

0 0 4









.

It is easy to see that det(ImCD) 6= 0, det(ReCD) 6= 0 and tr(ImCD) = tr(ReCD) = 0.

These mean 0 ∈ ImW (CD) =W (ImCD) 6= −W (ImCD) and 0 ∈ ReW (CD) =W (ReCD) 6=
−W (ReCD). By Proposition 2.3(3), and keeping in mind that trCD = 0 ∈ W (CD), one

obtains kWk(B
sABr) = kWk(CD ⊕ 0) = conv{W (CD) ∪ (−W (CD))}. So Wk(B

sABr) 6=
Wk(B

sABr)∗ =Wk(B
rABs), yielding another contradiction.

The proof of the theorem is completed.

Proof of Theorem 3.2 Still, we only need to show the “only if” part for the case k ≥ 2.

Claim 1 φ is injective.

The proof is similar to that of Claim 1 in the proof of Theorem 3.1, and we omit it here.

Claim 2 For any A ∈ B(H) and any λ ∈ C, we have φ(λA) = λφ(A).
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For any unit vector x ∈ H , there exists some C ∈ B(H) such that φ(C) = x⊗ x. Then, for

any A ∈ B(H) and any λ ∈ C, by the assumption, we have

Wk((x ⊗ x)rφ(λA)(x ⊗ x)s)

=Wk(C
rλACs) = λWk(C

rACs)

= λWk((x⊗ x)rφ(A)(x ⊗ x)s)

=Wk((x ⊗ x)rλφ(A)(x ⊗ x)s)

for all unit vectors x ∈ H . Now, the claim is true by the same argument as in Claim 1 in the

proof of Theorem 3.1.

Claim 3 φ(S) = S, where S = {λx⊗ x : λ ∈ C with λr+s+1 = 1, x ∈ H with ‖x‖ = 1}.
Take any A = λx ⊗ x ∈ S, where x ∈ H is a unit vector and λ ∈ C with λr+s+1 = 1. By

Proposition 2.6, for any B ∈ B(H), Wk(B
rABs) = Wk(φ(B)rφ(A)φ(B)s) is an ellipse which

has 0 as a focus. By Proposition 2.6 again and the surjectivity of φ, we obtain rank(φ(A)) = 1.

Let φ(A) = u⊗ v with u, v ∈ H and ‖v‖ = 1. Note that

[

0,
1

k

]

=Wk(A
r+s+1) =Wk(φ(A)

r+s+1) = 〈u, v〉r+sWk(u⊗ v).

By Proposition 2.1(3), u = µv for some µ ∈ C. So 〈u, v〉r+sWk(u ⊗ v) = µr+s+1Wk(v ⊗ v) =
[

0, 1
k

]

, which means µr+s+1 = 1 and φ(A) = µv ⊗ v, that is, φ(S) ⊆ S. Since φ is bijective by

Claim 1, φ(S) = S.
Claim 4 φ is additive.

For any unit vector x ∈ H , by Claim 3, there is a rank one operator Cx ∈ B(H) such that

φ(Cx) = x ⊗ x. Take any A,B ∈ B(H). We have Wk(C
r
xAC

s
x) = Wk((x ⊗ x)rφ(A)(x ⊗ x)s),

which, together with Proposition 2.5, implies

tr(Cr
xAC

s
x) = tr((x ⊗ x)rφ(A)(x ⊗ x)s).

Similarly, one can get

tr(Cr
xBC

s
x) = tr((x⊗ x)rφ(B)(x ⊗ x)s)

and

tr(Cr
x(A+B)Cs

x) = tr((x⊗ x)rφ(A+B)(x ⊗ x)s).

Combining the above equations gives

tr((x⊗ x)r(φ(A) + φ(B))(x ⊗ x)s) = tr((x⊗ x)rφ(A+B)(x ⊗ x)s)

for all unit vectors x ∈ H . It follows that 〈(φ(A) + φ(B))x, x〉 = 〈φ(A + B)x, x〉 holds for all

unit vectors x ∈ H , which implies φ(A+B) = φ(A) + φ(B).
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Claim 5 There exists some λ ∈ C with λr+s+1 = 1 such that either φ(A) = λUAU∗ for all

A ∈ B(H), where U is a unitary operator, or φ(A) = λUA∗U∗ for all A ∈ B(H), where U is a

conjugate unitary operator. Furthermore, the latter case cannot occur if r 6= s.

For any unit vector x ∈ H , by Claim 3, there exists a unit vector yx ∈ H and a scalar

λx ∈ C with λr+s+1
x = 1 such that φ(λxyx ⊗ yx) = x⊗ x. As

Wk((λxyx ⊗ yx)
rI(λxyx ⊗ yx)

s) =Wk((x⊗ x)rφ(I)(x ⊗ x)s),

by Proposition 2.5, one has tr((λxyx ⊗ yx)
r(λxyx ⊗ yx)

s) = tr((x ⊗ x)rφ(I)(x ⊗ x)s), and so

λr+s
x = 1

λx
= 〈φ(I)x, x〉 holds for each unit vector x ∈ H . This means W (φ(I)) ⊆ {λ ∈ C :

|λ| = 1}. Also note that W (φ(I)) is convex. Thus, we obtain that W (φ(I)) is a single point

set. Applying Proposition 2.1(2) yields

φ(I) = λI for some λ ∈ C.

Since {1} =Wk(I
r+s+1) =Wk(φ(I)

r+s+1), we have λr+s+1 = 1. Hence, for any A ∈ B(H), we

have

Wk(A) =Wk(I
rAIs) =Wk(φ(I)

rφ(A)φ(I)s) =Wk(λ
r+sφ(A)). (3.3)

Define a map ψ : B(H) → B(H) by ψ(·) = λr+sφ(·). By Claims 1–2, Claim 4 and (3.3), ψ is a

linear bijective map satisfying Wk(A) = Wk(ψ(A)) for all A ∈ B(H). Now, by [21] and Claim

3, one obtains that either

φ(A) = λUAU∗ for all A ∈ B(H),

where U ∈ B(H) is a unitary operator, or

φ(A) = λUA∗U∗ for all A ∈ B(H),

where U ∈ B(H) is a conjugate unitary operator.

Finally, to complete the proof, we still need to check that the second case cannot occur if

r 6= s. In fact, if r 6= s and φ(A) = λUA∗U∗ with U a conjugate unitary operator, then

Wk(B
rABs) =Wk(φ(B)rφ(A)φ(B)s) =Wk(B

sABr) for all A,B ∈ B(H).

In particular, take A =
(

0 0
0 1

)

⊕ 0 and B =
(

1 1
0 1

)

⊕ 0 with respect to some decomposition

H = H1 ⊕H⊥
1 with dimH1 = 2. If rs > 0, then

BrABs =

(

0 r

0 1

)

⊕ 0 and BsABr =

(

0 s

0 1

)

⊕ 0.

Note that W
((

0 r
0 1

))

6=W
((

0 s
0 1

))

and 0, 1 ∈W
((

0 r
0 1

))

. By Proposition 2.3(2), one gets

Wk(B
rABs) =

1

k
W
(

(

0 r

0 1

)

)

6= 1

k
W
(

(

0 s

0 1

)

)

=Wk(B
sABr),
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a contradiction. If rs = 0, say r = 0, then

ABs =

(

0 0

0 1

)

⊕ 0 and BsA =

(

0 s

0 1

)

⊕ 0.

Note that ABs ∈ Bs(H) and BsA /∈ Bs(H). This, together with Proposition 2.1(3), implies

that Wk(AB
s) 6=Wk(B

sA), yielding another contradiction.

Proof of Theorem 3.3 By Proposition 2.1(1), the “if” part is clear.

For the “only if” part, take any A,B ∈ Bs(H). Plug Aip = B and Aiq = A for all other

q 6= p. Then A1◦· · ·◦Al = Ap−1BAm−p. Thus, by applying Theorem 3.1, there exists a unitary

or conjugate unitary operator U on H and some λ ∈ R with λm = 1 such that φ(A) = λUAU∗

for all A ∈ Bs(H); and in particular, the case that U is a conjugate unitary operator cannot

occur if m 6= 2p− 1.

To complete the proof, we still need to check that the case where U is a conjugate unitary

operator cannot occur if m = 2p− 1 and (i1, · · · , im) 6= (im, · · · , i1). Otherwise, assume that U

is a conjugate unitary operator, m = 2p− 1 and (i1, · · · , im) 6= (im, · · · , i1). Then, one can get

Wk(Ai1 · · ·Ai2p−1) =Wk(Ai2p−1 · · ·Ai1 ) for all Ai1 , · · · , Ai2p−1 ∈ Bs(H).

Take any unit vector x ∈ H and let Aip = x⊗ x. By Proposition 2.5, we have

tr(Ai1 · · ·Aip−1x⊗ xAip+1 · · ·Ai2p−1) = tr(Ai2p−1 · · ·Aip+1x⊗ xAip−1 · · ·Ai1 ),

that is,

〈Aip+1 · · ·Ai2p−1Ai1 · · ·Aip−1x, x〉 = 〈Aip−1 · · ·Ai1Ai2p−1 · · ·Aip+1x, x〉,

which implies

Aip+1 · · ·Ai2p−1Ai1 · · ·Aip−1 = Aip−1 · · ·Ai1Ai2p−1 · · ·Aip+1 for all Ai1 , · · · , Ai2p−1 ∈ Bs(H).

Let (ip+1, · · · , i2p−1, i1, · · · , ip−1) = (j1, · · · , j2p−2). Clearly, (j1, · · · , j2p−2) 6= (j2p−2, · · · , j1).
Let t ∈

[

1, 2p−1

2

]

be the smallest integer such that jt 6= j2p−1−t. Take any λ > 0, and

take Ajt = D ⊕ 0 with D =
(

λ 0
0 1

)

and Ajq = S ⊕ 0, where S is a fixed 2 × 2 self-adjoint

invertible matrix for all jq 6= jt. By a direct calculation, it is easily seen that there exists some

λ > 0 such that Ajt · · ·Aj2p−1−t
6= Aj2p−1−t

· · ·Ajt . So Aj1 · · ·Aj2p−2 6= Aj2p−2 · · ·Aj1 , that is,

Aip+1 · · ·Ai2p−1Ai1 · · ·Aip−1 6= Aip−1 · · ·Ai1Ai2p−1 · · ·Aip+1 . Thus, we get a contradiction. So

(i1, · · · , i2p−1) = (i2p−1, · · · , i1).

Proof of Theorem 3.4 Still, we only need to check the “only if” part. To do this, for

any A,B ∈ B(H), by taking Aip = B and Aiq = A for all other q 6= p, and applying Theorem

3.2, there exists some λ ∈ C with λm = 1 such that either

φ(A) = λUAU∗ for all A ∈ B(H),
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where U ∈ B(H) is a unitary operator, or

φ(A) = λUA∗U∗ for all A ∈ B(H),

where U ∈ B(H) is a conjugate unitary operator, and the second case occur only when m =

2p− 1.

Now, by a similar discussion to that in the proof of Theorem 3.3, one can show that the

second case also cannot occur if (i1, · · · , im) 6= (im, · · · , i1). The proof is finished.

4 Maps Preserving the k-Dimensional Numerical Range of Generalized
Jordan Products

In this section, we will discuss all maps preserving the k-numerical range of generalized

Jordan products on Bs(H) and B(H), respectively.

Theorem 4.1 Let H be a complex Hilbert space with dimH ≥ 2 and k be a positive integer

with k < dimH. Suppose that φ : Bs(H) → Bs(H) is a surjective map. Then the following

statements are equivalent:

(1) Wk(A1 ∗ · · · ∗ Al) = Wk(φ(A1) ∗ · · · ∗ φ(Al)) holds for all A1, · · · , Al ∈ Bs(H), where

A1 ∗ · · · ∗Al is defined in Definition 1.1.

(2) Wk(B
rABs +BsABr) =Wk(φ(B)rφ(A)φ(B)s + φ(B)sφ(A)φ(B)r) holds for all A,B ∈

Bs(H), where r + s+ 1 = m.

(3) There exists some λ ∈ R with λm = 1 and a unitary or conjugate unitary operator U on

H such that φ(A) = λUAU∗ for all A ∈ Bs(H).

Theorem 4.2 Let H be a complex Hilbert space with dimH ≥ 2 and k be a positive

integer with k < dimH. Suppose that φ : B(H) → B(H) is a surjective map. Then the

following statements are equivalent:

(1) Wk(A1 ∗ · · · ∗ Al) = Wk(φ(A1) ∗ · · · ∗ φ(Al)) holds for all A1, · · · , Al ∈ B(H), where

A1 ∗ · · · ∗Al is defined in Definition 1.1.

(2) Wk(B
rABs +BsABr) =Wk(φ(B)rφ(A)φ(B)s + φ(B)sφ(A)φ(B)r) holds for all A,B ∈

B(H), where r + s+ 1 = m.

(3) There exists some λ ∈ C with λm = 1 such that either φ(A) = λUAU∗ for all A ∈ B(H),

where U ∈ B(H) is a unitary operator, or φ(A) = λUA∗U∗ for all A ∈ B(H), where U : H → H

is a conjugate unitary operator.

Particularly, for the Jordan product, we have the following results.

Corollary 4.1 Let H be a complex Hilbert space with dimH ≥ 2 and k be a positive

integer with k < dimH. Suppose that φ : Bs(H) → Bs(H) is a surjective map. Then Wk(AB+

BA) = Wk(φ(A)φ(B) + φ(B)φ(A)) holds for all A,B ∈ Bs(H) if and only if there exists some
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λ ∈ {−1, 1} and a unitary or conjugate unitary operator U on H such that φ(A) = λUAU∗ for

all A ∈ Bs(H).

Corollary 4.2 Let H be a complex Hilbert space with dimH ≥ 2 and k be a positive integer

with k < dimH. Suppose that φ : B(H) → B(H) is a surjective map. Then Wk(AB + BA) =

Wk(φ(A)φ(B)+φ(B)φ(A)) holds for all A,B ∈ B(H) if and only if there exists some λ ∈ {−1, 1}
such that either φ(A) = λUAU∗ for all A ∈ B(H), where U ∈ B(H) is a unitary operator, or

φ(A) = λUA∗U∗ for all A ∈ B(H), where U : H → H is a conjugate unitary operator.

Now, we are in the position to give proofs of Theorems 4.1–4.2.

Proof of Theorem 4.1 (3)⇒(1)⇒(2) This is obvious.

(2)⇒(3) We divide the proof into several claims.

Claim 1 φ is injective.

Let A,B ∈ Bs(H) and suppose that φ(A) = φ(B). For any unit vector x ∈ H , we have

Wk((x⊗ x)rA(x⊗ x)s + (x⊗ x)sA(x ⊗ x)r)

=Wk(φ(x ⊗ x)rφ(A)φ(x ⊗ x)s + φ(x ⊗ x)sφ(A)φ(x ⊗ x)r)

=Wk(φ(x ⊗ x)rφ(B)φ(x ⊗ x)s + φ(x ⊗ x)sφ(B)φ(x ⊗ x)r)

=Wk((x⊗ x)rB(x⊗ x)s + (x⊗ x)sB(x ⊗ x)r).

If rs > 0, then the above equation gives 〈Ax, x〉Wk(x ⊗ x) = 〈Bx, x〉Wk(x ⊗ x), which means

〈Ax, x〉 = 〈Bx, x〉 for all unit vectors x ∈ H . If rs = 0, say r = 0, then the above equation

reduces to Wk(Ax ⊗ x + x ⊗ xA) = Wk(Bx ⊗ x + x ⊗ xB). By Proposition 2.1(7), one gets

〈Ax, x〉 = 〈Bx, x〉 for all unit vectors x ∈ H . It follows that A = B.

Claim 2 φ(0) = 0.

For any unit vector x ∈ H , by the surjectivity of φ, there exists some S ∈ Bs(H) such that

φ(S) = x⊗ x. By the assumption, we have

{0} =Wk(S
r0Ss + Ss0Sr) =Wk((x ⊗ x)rφ(0)(x ⊗ x)s + (x⊗ x)sφ(0)(x ⊗ x)r).

By the same argument as in the proof of Claim 1, one can show φ(0) = 0.

Claim 3 There exists some λ ∈ R with λr+s+1 = 1 such that φ(I) = λI.

By the assumption, one has {2} = Wk(2I
r+s+1) = Wk(2φ(I)

r+s+1), which, together with

Proposition 2.1(2), implies φ(I)r+s+1 = I. By the same discussion as that of Claim 3 in the

proof of Theorem 3.1, if r + s + 1 is odd, then φ(I) = I; if r + s + 1 is even, then one of

r, s is odd and φ(I) = 2P − I for some projection P ∈ B(H). If P /∈ {0, I}, we can take

x0 ∈ [ranP ] and y0 ∈ [ranP ]⊥. Let S ∈ Bs(H) be such that φ(S) = x0 ⊗ y0 + y0 ⊗x0. A direct

calculation gives T = φ(I)r(x0 ⊗ y0 + y0 ⊗ x0)φ(I)
s + φ(I)s(x0 ⊗ y0 + y0 ⊗ x0)φ(I)

r = 0. So

Wk(2S) = Wk(I
rSIs + IsSIr) = Wk(T ) = {0}. This implies S = 0, a contradiction to Claim

2. Hence P ∈ {0, I} and φ(I) = ±I.
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Claim 4 There exists some λ ∈ R with λr+s+1 = 1 such that φ(x ⊗ x) = λyx ⊗ yx for all

unit vectors x ∈ H , where yx ∈ H is a unit vector depending on x.

Take any unit vector x ∈ H . By Claim 3, one gets

2
[

0,
1

k

]

=Wk(2(x⊗ x)r+s+1) =Wk(2φ(x⊗ x)r+s+1),

2
[

0,
1

k

]

=Wk((x⊗ x)rI(x⊗ x)s + (x⊗ x)sI(x⊗ x)r)

= λWk(φ(x ⊗ x)rIφ(x⊗ x)s + φ(x ⊗ x)sIφ(x ⊗ x)r)

=
2

λr+s
Wk(φ(x ⊗ x)r+s)

and

2
[

0,
1

k

]

=Wk(I
rx⊗ xIs + Isx⊗ xIr)

= λr+sWk(I
rφ(x ⊗ x)Is + Isφ(x ⊗ x)Ir)

=
2

λ
Wk(φ(x ⊗ x)).

Comparing the above equalities gives

Wk

( 1

λ
φ(x ⊗ x)

)

=Wk

(( 1

λ
φ(x⊗ x)

)r+s)

=Wk

(( 1

λ
φ(x⊗ x)

)r+s+1)

=
[

0,
1

k

]

. (4.1)

If k ≥ 2, then (4.1) and Proposition 2.4 imply 1

λ
φ(x ⊗ x) = yx ⊗ yx for some unit vector

yx ∈ H , that is, φ(x ⊗ x) = λyx ⊗ yx.

If k = 1, take any B ∈ Bs(H). By Proposition 2.7, if

2W (B) =W ((x⊗ x)rB(x⊗ x)s + (x⊗ x)sB(x ⊗ x)r) = [0, 2], (4.2)

then we have

{C ∈ Bs(H) : BrCBs +BsCBr = 0}

⊆{C ∈ Bs(H) : (x⊗ x)rC(x⊗ x)s + (x⊗ x)sC(x ⊗ x)r = 0}. (4.3)

Note that

W
(( 1

λ
φ(x ⊗ x)

)r

λr+sφ(B)
( 1

λ
φ(x ⊗ x)

)s

+
( 1

λ
φ(x ⊗ x)

)s

λr+sφ(B)
( 1

λ
φ(x ⊗ x)

)r)

=W (φ(x ⊗ x)rφ(B)φ(x ⊗ x)s + φ(x ⊗ x)sφ(B)φ(x ⊗ x)r). (4.4)

And by Claim 3,

2W (λr+sφ(B)) = λr+sW (Irφ(B)Is + Isφ(B)Ir) =W (IrBIs + IsBIr) = 2W (B). (4.5)

Now, if

2W (λr+sφ(B))
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=W
(( 1

λ
φ(x ⊗ x)

)r

λr+sφ(B)
( 1

λ
φ(x ⊗ x)

)s

+
( 1

λ
φ(x ⊗ x)

)s

λr+sφ(B)
( 1

λ
φ(x ⊗ x)

)r)

= [0, 2],

then by (4.4)–(4.5) and the assumption about φ, we see that (4.2) holds. So (4.3) also holds.

Thus, by Proposition 2.1(2), we have

{φ(C) ∈ Bs(H) : φ(B)rφ(C)φ(B)s + φ(B)sφ(C)φ(B)r = 0}

⊆{φ(C) ∈ Bs(H) : φ(x ⊗ x)rφ(C)φ(x ⊗ x)s + φ(x⊗ x)sφ(C)φ(x ⊗ x)r = 0},

which is equivalent to

{φ(C) ∈ Bs(H) : (λr+sφ(B))rφ(C)(λr+sφ(B))s + (λr+sφ(B))sφ(C)(λr+sφ(B))r = 0}

⊆
{

φ(C) ∈ Bs(H) :
( 1

λ
φ(x⊗ x)

)r

φ(C)
( 1

λ
φ(x⊗ x)

)s

+
( 1

λ
φ(x⊗ x)

)s

φ(C)
( 1

λ
φ(x ⊗ x)

)r

= 0
}

.

It follows from Proposition 2.7 and the surjectivity of φ that there exists a unit vector yx ∈ H

such that 1

λ
φ(x ⊗ x) = yx ⊗ yx, that is, φ(x⊗ x) = λyx ⊗ yx.

Claim 5 The statement (3) holds, that is, there exists some λ ∈ R with λm = 1 and a

unitary or conjugate unitary operator U on H such that φ(A) = λUAU∗ for all A ∈ Bs(H).

Firstly, take any unit vectors x1, x2 ∈ H . By Claim 4, there exist some unit vectors yx1 , yx2 ∈
H such that

φ(x1 ⊗ x1) = λyx1 ⊗ yx1 and φ(x2 ⊗ x2) = λyx2 ⊗ yx2 .

This and the fact that λr+s+1 = 1 imply

Wk((x1 ⊗ x1)
r(x2 ⊗ x2)(x1 ⊗ x1)

s + (x1 ⊗ x1)
s(x2 ⊗ x2)(x1 ⊗ x1)

r)

=Wk((yx1 ⊗ yx1)
r(yx2 ⊗ yx2)(yx1 ⊗ yx1)

s + (yx1 ⊗ yx1)
s(yx2 ⊗ yx2)(yx1 ⊗ yx1)

r).

If rs 6= 0, we arrive at 2|〈x1, x2〉|2Wk(x1 ⊗ x1) = 2|〈yx1 , yx2〉|2Wk(yx1 ⊗ yx1), which means

|〈x1, x2〉| = |〈yx1 , yx2〉|. If rs = 0, say s = 0, we get

Wk((x1 ⊗ x1)(x2 ⊗ x2) + (x2 ⊗ x2)(x1 ⊗ x1))

=Wk((yx1 ⊗ yx1)(yx2 ⊗ yx2) + (yx2 ⊗ yx2)(yx1 ⊗ yx1)),

which, together with Proposition 2.1(7), implies 〈(x1 ⊗ x1)x2, x2〉 = 〈(yx1 ⊗ yx1)yx2 , yx2〉, that
is, |〈x1, x2〉| = |〈yx1 , yx2〉|.

Now, by a similar argument to that of Claim 4 in the proof of Theorem 3.1, one can show

that the statement (3) holds.

The proof of the theorem is completed.

Proof of Theorem 4.2 (3)⇒(1)⇒(2) This is a direct calculation.
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(2)⇒(3) We will prove it by a series of claims.

Claim 1 φ is injective and homogeneous.

The proof of injectivity is similar to that of Claim 1 in the proof of Theorem 4.1, and we

omit it.

To show that φ is homogeneous, take any A,C ∈ B(H) and any λ ∈ C. Then we have

Wk(φ(C)
rφ(λA)φ(C)s + φ(C)sφ(λA)φ(C)r)

=Wk(C
rλACs + CsλACr)

= λWk(C
rACs + CsACr)

= λWk(φ(C)
rφ(A)φ(C)s + φ(C)sφ(A)φ(C)r)

=Wk(φ(C)
rλφ(A)φ(C)s + φ(C)sλφ(A)φ(C)r).

Since φ is surjective, for any unit vector x ∈ H , we can take φ(C) = x ⊗ x. Now by a similar

argument to that of Claim 1 of Theorem 4.1, again, one can prove φ(λA) = λφ(A).

Claim 2 If rs > 0, then there exists some λ ∈ C with λr+s+1 = 1 such that φ(I) = λI and

φ is additive.

Assume that rs > 0. For any unit vector x ∈ H , by the surjectivity of φ, there exists some

Yx ∈ B(H) such that

φ(Yx) = x⊗ x.

Then for any B ∈ B(H), we have

Wk(Y
r+s+1
x ) =Wk((x⊗ x)r+s+1) =

[

0,
1

k

]

and

Wk(Y
r
xBY

s
x + Y s

xBY
r
x ) =Wk((x⊗ x)rφ(B)(x ⊗ x)s + (x⊗ x)sφ(B)(x ⊗ x)r).

Applying Proposition 2.8 to x⊗x, one gets thatWk((x⊗x)rφ(B)(x⊗x)s+(x⊗x)sφ(B)(x⊗x)r)
is a closed line segment which has 0 as an endpoint, and soWk(Y

r
xBY

s
x +Y

s
xBY

r
x ) is also a closed

line segment with 0 as an endpoint. Applying Proposition 2.8 again to Yx, there exists some

unit vector yx ∈ H such that under the space decomposition H = [yx] ⊕ [yx]
⊥, Yx = λx ⊕ Zx

with λr+s+1
x = 1 and Zr

x = Zs
x = 0. This yields

2λr+s
x

[

0,
1

k

]

=Wk((λx ⊕ Zx)
rI(λx ⊕ Zx)

s + (λx ⊕ Zx)
sI(λx ⊕ Zx)

r)

=Wk((x ⊗ x)rφ(I)(x ⊗ x)s + (x⊗ x)sφ(I)(x ⊗ x)r)

= 2〈φ(I)x, x〉Wk(x⊗ x),

which implies |〈φ(I)x, x〉| = |λr+s
x | = 1. Note that W (φ(I)) is convex. It follows that there

exists a scalar λ ∈ C with |λ| = 1 such that φ(I) = λI. AsWk(I
r+s+1) =Wk(φ(I)

r+s+1) = {1},
we get λr+s+1 = 1.
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In addition, one has

2Wk(λx ⊕ Zx) =Wk(I
r(λx ⊕ Zx)I

s + Is(λx ⊕ Zx)I
r) =Wk(2λ

r+sx⊗ x) ⊆ λr+s
R.

This means λZx ∈ Bs([yx]
⊥). As Zr

x = 0, we obtain Zx = 0, and so

φ(λxyx ⊗ yx) = x⊗ x for all unit vectors x ∈ H. (4.6)

Now, for any A ∈ B(H), one has

2Wk(λ
r+s
x (yx ⊗ yx)A(yx ⊗ yx))

=Wk((λxyx ⊗ yx)
rA(λxyx ⊗ yx)

s + (λxyx ⊗ yx)
sA(λxyx ⊗ yx)

r)

=Wk((x ⊗ x)rφ(A)(x ⊗ x)s + (x⊗ x)sφ(A)(x ⊗ x)r)

= 2Wk((x⊗ x)φ(A)(x ⊗ x)),

which, together with Proposition 2.5, implies

tr(λr+s
x Ayx ⊗ yx) = tr(φ(A)x ⊗ x).

So, for any B ∈ B(H), we have

tr(λr+s
x Byx ⊗ yx) = tr(φ(B)x ⊗ x) and tr(λr+s

x (A+B)yx ⊗ yx) = tr(φ(A +B)x⊗ x).

Combining the above equations gives tr((φ(A) + φ(B))x ⊗ x) = tr(φ(A + B)x ⊗ x), that is,

〈(φ(A)+φ(B))x, x〉 = 〈φ(A+B)x, x〉 holds for all unit vectors x ∈ H . It follows that φ(A+B) =

φ(A) + φ(B).

Claim 3 If rs > 0, then the statement (3) holds.

For any A ∈ B(H), by Claim 2, we have

2Wk(A) =Wk(I
rAIs + IsAIr) =Wk(φ(I)

rφ(A)φ(I)s + φ(I)sφ(A)φ(I)r) = 2λr+sWk(φ(A)).

So, by Claims 1–2, the map λr+sφ(·) is a linear bijective map preserving the k-dimensional

numerical range of operators. Based on the result in [21], and by using (4.6), either there exists

a unitary operator U ∈ B(H) such that φ(A) = λUAU∗ for all A ∈ B(H), or there exists a

conjugate unitary operator U such that φ(A) = λUA∗U∗ for all A ∈ B(H).

Claim 4 If rs = 0 and dimH ≥ 3, then the statement (3) holds.

Without loss of generality, let s = 0. Take any unit vector x ∈ H . We have

Wk((x⊗ x)r+1) =Wk(φ(x ⊗ x)r+1) =
[

0,
1

k

]

.

Note that

Wk(B
r(x⊗ x) + (x⊗ x)Br) =Wk(φ(B)rφ(x ⊗ x) + φ(x ⊗ x)φ(B)r) for all B ∈ B(H).
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By the surjectivity of φ and Proposition 2.9 twice, one gets

φ(x ⊗ x) = λxyx ⊗ yx for some unit vector yx ∈ H and some λx ∈ C with λr+1
x = 1.

Now, for any two unit vectors x1, x2 ∈ H , there are two unit vectors yx1 , yx2 ∈ H and scalars

λx1 , λx2 ∈ C with λr+1
x1

= λr+1
x2

= 1 such that

φ(x1 ⊗ x1) = λx1yx1 ⊗ yx1 and φ(x2 ⊗ x2) = λx2yx2 ⊗ yx2 .

Then

Wk((x1 ⊗ x1)
r(x2 ⊗ x2) + (x2 ⊗ x2)(x1 ⊗ x1)

r)

= λrx1
λx2Wk((yx1 ⊗ yx1)

r(yx2 ⊗ yx2) + (yx2 ⊗ yx2)(yx1 ⊗ yx1)
r),

which, together with Proposition 2.1(7), implies

|〈x1, x2〉|2 = λrx1
λx2 |〈yx1 , yx2〉|2. (4.7)

It follows that 〈x1, x2〉 = 0 if and only if 〈yx1 , yx2〉 = 0. Combining this, Claim 1 and Uhlhorn’s

Theorem ([24]), one obtains that there exists a unitary or conjugate unitary operator U on H

and θx ∈ C with |θx| = 1 such that yx = θxUx. Hence

φ(x⊗ x) = λxUx⊗ Ux for all unit vectors x ∈ H. (4.8)

Furthermore, (4.7) becomes

|〈x1, x2〉|2 = λrx1
λx2 |〈Ux1, Ux2〉|2 = λrx1

λx2 |〈x1, x2〉|2 for all unit vectors x1, x2 ∈ H.

If 〈x1, x2〉 6= 0, then λrx1
λx2 = 1, which together with λr+1

x1
= 1 imply λx1 = λx2 . If 〈x1, x2〉 = 0,

we can take x3 = αx1 + βx2 ∈ H with |α|2 + |β|2 = 1 and αβ 6= 0. By (4.8), one has

φ(x3 ⊗ x3) = λx3Ux3 ⊗ Ux3 for some λx3 ∈ C with |λx3 | = 1. Note that 〈x1, x3〉 6= 0 and

〈x2, x3〉 6= 0. One achieves λx1 = λx3 = λx2 .

So far, we have proved that there exists a scalar λ ∈ C with λr+1 = 1 and a unitary or

conjugate unitary operator U on H such that

φ(x⊗ x) = λUx⊗ Ux for all unit vectors x ∈ H.

Then, for any A ∈ B(H) and any unit vector x ∈ H , we have

Wk((x ⊗ x)rA+A(x⊗ x)r) = λrWk((Ux ⊗ Ux)rφ(A) + φ(A)(Ux ⊗ Ux)r).

It follows from Proposition 2.1(7) that 〈Ax, x〉 = λr〈φ(A)Ux,Ux〉 holds for all unit vectors

x ∈ H . If U is unitary, then we have φ(A) = λUAU∗ for all A ∈ B(H); if U is conjugate

unitary, then one gets 〈x,A∗x〉 = λr〈x, U∗φ(A)Ux〉, that is, φ(A) = λUA∗U∗ for all A ∈ B(H).
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Claim 5 If rs = 0 and dimH = 2, then the statement (3) holds.

Still, we assume s = 0. In this case, it must be k = 1. Note that, for any A ∈ B(H) with

dimH = 2, W (A) is an ellipse with foci the eigenvalues of A. So, one has

σ(BrA+ ABr) = σ(φ(B)rφ(A) + φ(A)φ(B)r) for all A,B ∈ B(H).

Thus, by [17, Theorem 3.1], there is a scalar λ ∈ C with λr+1 = 1 and an invertible operator

T ∈ B(H) such that either

φ(A) = λTAT−1 for all A ∈ B(H), (4.9)

or

φ(A) = λTA∗T−1 for all A ∈ B(H). (4.10)

This means φ(I) = λI, and so

2W (A) =W (IrA+AIr) = λrW (Irφ(A) + φ(A)Ir)

= 2λrW (φ(A)) for all A ∈ B(H). (4.11)

If (4.9) holds, then λrφ(·) is a linear bijective map satisfying W (A) =W (λrφ(A)). By [21],

and keeping in mind that λr+1 = 1, there exists either a unitary operator U ∈ B(H) such

that φ(A) = λUAU∗ for all A ∈ B(H), or a conjugate unitary operator U on H such that

φ(A) = λUA∗U∗ for all A ∈ B(H), as desired.

If (4.10) holds, then (4.11) becomes

W (A) =W (TA∗T−1) for all A ∈ B(H), (4.12)

which implies W (x⊗x) =W (Tx⊗T−1∗x) for all unit vectors x ∈ H. Note that x⊗x ∈ Bs(H).

So Tx and T−1∗x are linearly dependent, and hence T = µT−1∗ for some µ ∈ C. Obviously,

TT ∗ = µI, and thus µ > 0. Write V = 1√
µ
T . It is clear that V ∈ B(H) is a unitary operator.

Now, by (4.12), one has W (A) = W (V A∗V ∗) = W (A∗) for all A ∈ B(H), which is impossible.

So (4.10) cannot occur.

The proof of the theorem is completed.

Remark 4.1 Finally, we remark that the surjectivity assumption of maps in Sections 3–

4 cannot be removed. For example, let H be an infinite dimensional complex Hilbert space.

Define a map φ : B(H) → B(H ⊕H) by φ(A) = A⊕A for every A ∈ B(H). It is clear that φ is

not surjective. Note that W (X ⊕ Y ) = conv{W (X),W (Y )} for all X,Y ∈ B(H). It is obvious

that W (A1 ◦ · · · ◦Al) =W (φ(A1) ◦ · · · ◦ φ(Al)) and W (A1 ∗ · · · ∗Al) =W (φ(A1) ∗ · · · ∗ φ(Al))

hold for all A1, · · · , Al ∈ B(H). However, φ does not have the standard forms represented in

theorems.
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