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Abstract In this paper, high-order layered complex networks are proposed. The syn-
chronization is discussed in detail. The relations of synchronization, individual coupling
matrices and the intrinsic function of the uncoupled system are given. As special cases, the
synchronization of monolayer networks and multiplex networks discussed in the literature
can be obtained.
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1 Introduction

In recent years, synchronization of linearly coupled networks has been an important topic in

the research of complex networks. Many models and mathematical concepts have been proposed

(see [1–10]). For example, in [3–4], the following model was discussed:

dxi(t)

dt
= f(xi(t)) + c

N
∑

j=1

lijxj(t), i = 1, · · · , N, (1.1)

where xi(t) ∈ R
n is the state variable of the ith node, f : Rn → R

n, L = (lij) ∈ R
N×N is the

coupling matrix with zero-sum rows and lij ≥ 0 for i 6= j. The roles played by the intrinsic

property of f(x) and the coupling matrix L in synchronization were discussed in [3].

In practice, many networks are interconnected, forming a network of networks, which can

be viewed as multi-layer networks (see [2, 10]). A multiplex network is one kind of multi-

layer networks that consists of several layers, where different layers have the same number of

nodes and possibly different interaction topologies. Each layer can describe a specific type of

interaction among nodes. Layers interact with each other only via counterpart nodes across
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different layers. In [7, 11–17], synchronization of multiplex networks was analyzed. In [11–12,

17], the following model was studied:

dxk
i (t)

dt
= f(xk

i (t)) + c

N
∑

j=1

aijx
k
j (t) + d

K
∑

l=1

bklx
l
i(t), i = 1, · · · , N, k = 1, · · · ,K, (1.2)

where xk
i (t) ∈ R

n is the state of the ith node in the kth layer, A = (aij) ∈ R
N×N is the intra-

layer coupling matrix within layers with zero-sum rows and aij ≥ 0 for i 6= j, B = (bkl) ∈ R
K×K

represents the inter-layer coupling matrix with zero-sum rows and bkl ≥ 0 for k 6= l, and c and

d are coupling strengths.

For multiplex networks, intra-layer and inter-layer synchronization are respectively investi-

gated (see [7, 13–14]). Intra-layer synchronization requires all nodes within the same layer to

reach synchronization, while inter-layer synchronization requires that each node evolves syn-

chronously with all its counterparts in other layers.

In this paper, we propose more general multi-layer networks, called high-order layered net-

works, and study the synchronization of these networks. More precisely, we investigate the

following high-order layered coupled networks:

dxi1,··· ,im(t)

dt
=f(xi1,··· ,im(t)) + c1

I1
∑

j=1

l
(1)
i1j

xj,i2,··· ,im(t)

+ · · ·+ ck

Ik
∑

j=1

l
(k)
ikj

xi1,··· ,ik−1,j,ik+1,··· ,im(t)

+ · · ·+ cm

Im
∑

j=1

l
(m)
imjxi1,··· ,j(t). (1.3)

It is clear that models (1.1)–(1.2) are special cases of the general model (1.3). Therefore,

the results on model (1.3) can be applied to these special cases.

In this paper, we study the synchronization of high-order layered networks (1.3) and explore

how synchronization depends on the eigenvalues of the coupling matrices L(k) and the coupling

strengths ck, k = 1, · · · ,m.

This paper is organized as follows. Section 2 introduces the models and gives some basic

notations, definitions, and assumptions. Section 3 investigates the synchronization of high-

order layered networks in detail. Numerical examples are given in Section 4 to illustrate the

effectiveness of the theoretical results. Finally, Section 5 concludes the paper.

2 Model Description and Background

Let us consider a setup in which the dynamics of nodes in high-order layered networks is

linearly coupled. The coupling among nodes are assumed to be undirected.

We call complex network (1.1) the 1st order layered network and multiplex network (1.2)

the 2nd order layered network.

Notice that each layer of multiplex networks is a 1st order layered network. If we take each

layer as a “node” whose own dynamics follows model (1.1) and bkl as the coupling strength
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between the kth and lth “nodes”, then these linearly coupled “nodes” will generate the multiplex

network (1.2). This implies that the 2nd order layered network is in fact a network composed

of identical 1st order layered networks. For 2nd order layered networks, we call the network

topology among 1st order layered networks the 2nd order subnetwork and the network topology

of each 1st order layered network the 1st order subnetwork.

Then we can obtain a 3rd order layered network by regarding the 2nd order layered network

as a “node” and linearly coupling these “nodes”. The network topology among these identical

2nd order layered networks is called the 3rd order subnetwork (see Figure 1).

Figure 1 Example of a 3rd order layered network. (a) The full graph of the whole network. (b)

The 3rd order subnetwork. (c) The 2nd order subnetwork. (d) The 1st order subnetwork. Nodes

in the same size belong to the same order subnetwork and follow the same uncoupled dynamics.

Inductively, we can obtain an mth order layered network. And the kth order subnetwork of

the mth order layered network can be defined in sequence, k = m, · · · , 1.

In fact, the mth order layered network defined above is undirected and satisfies the sym-

metric property that every kth order subnetwork can be regarded as the 1st order subnetwork,

k = 2, · · · ,m. For instance, if we regard the subnetwork in Figure 1(b) as the 1st order subnet-

work, and the subnetwork in Figure 1(d) as the 3rd order subnetwork, then the graph topology

of the newly generated 3th order layered network is equivalent to the original graph in Figure

1(a).

Interactions between subnetworks occur because the same nodes participate in multiple

subnetworks. These shared nodes allow the propagation of influence, information, or behaviors

between subnetworks. Suppose that the mth order layered network has Ik nodes in its kth

order subnetwork, k = 1, · · · ,m. Denote by L(k) ∈ R
Ik×Ik the coupling matrix of the kth order

subnetwork with zero-sum rows, i.e., [L(k)]ij ≥ 0 for i 6= j and [L(k)]ii = −
Ik
∑

j=1,j 6=i

[L(k)]ij , and

ck the coupling strength among nodes in the kth order subnetwork.

Next, we will introduce the model of high-order layered networks inductively. Firstly, we

consider the 1st order layered network. Denote by x
(1)
i1

(t) ∈ R
n the state of the i1th node in

the 1st order layered network. Then the dynamics of the 1st order layered network satisfies

dx
(1)
i1

(t)

dt
= f(x

(1)
i1

(t)) + c1

I1
∑

j=1

l
(1)
i1,j

x
(1)
j (t), i1 = 1, · · · , I1. (2.1)
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Denote x(1)(t) = [x
(1)
1 (t)T, · · · , x

(1)
I1

(t)T]T, f(x(1)(t)) = [f(x
(1)
1 (t))T, · · · , f(x

(1)
I1

(t))T]T. Then

x(1)(t) ∈ R
nI1 . System (2.1) can be written in the matrix form

dx(1)(t)

dt
= f(x(1)(t)) + c1(L

(1) ⊗ En)x
(1)(t), (2.2)

where ⊗ is the Kronecker product and En is the n× n identity matrix. Consider that the 2nd

order layered network is obtained by linearly coupling I2 identical 1st order layered networks.

Denote by x
(2)
i2

(t) ∈ R
nI1 the state of the i2th 1st order layered network, whose uncoupled

dynamics follows model (2.2). Hence, the dynamics of the 2nd order layered network satisfies

dx
(2)
i2

(t)

dt
= f(x

(2)
i2

(t)) + c1(L
(1) ⊗ En)x

(2)
i2

(t) + c2

I2
∑

j=1

l
(2)
i2j

x
(2)
j (t), i2 = 1, 2, · · · , I2.

Denote x(2)(t) = [x
(2)
1 (t)T, · · · , x

(2)
I2

(t)T]T, f(x(2)(t)) = [f(x
(2)
1 (t))T, · · · , f(x

(2)
I2

(t))T]T. Ap-

parently, x(2)(t) ∈ R
nI1I2 . Then the dynamics of 2nd order layered networks can be written in

the matrix form:

dx(2)(t)

dt
= f(x(2)(t)) + c1(EI2 ⊗ L(1) ⊗ En)x

(2)(t) + c2(L
(2) ⊗ EI1 ⊗ En)x

(2)(t). (2.3)

Inductively, we obtain the dynamics of the mth order layered network as follows:

dx(m)(t)

dt
= f(x(m)(t)) +

m
∑

k=1

ck(EIm ⊗ · · · ⊗ EIk+1
⊗ L(k)

⊗ EIk−1
· · · ⊗ EI1 ⊗ En)x

(m)(t), (2.4)

where x(m)(t) = [x
(m)
1 (t)T, · · · , x

(m)
Im

(t)T]T ∈ R
nI1···Im .

Notice that the mth order layered network has a total number of (Im · · · I2I1) nodes in the

network (see Figure 1(a)). Let us consider the dynamics of these nodes, which are denoted

by vi1,i2,··· ,im , with ik being the node index in the kth order subnetwork, k = 1, · · · ,m. The

state of each node vi1,i2,··· ,im is represented as xi1,i2,··· ,im ∈ R
n. Apparently, xi1,i2,··· ,im =

[· · · [[x
(m)
im

]im−1 ]im−2 · · · ]i1 . Then from (2.4), we get that the dynamics of node vi1,i2,··· ,im in the

mth order layered network satisfies model (1.3).

Similar to synchronization in multiplex networks, different forms of synchronization phe-

nomenon can emerge in high-order layered networks.

In this paper, synchronization of high-order layered networks is defined as follows.

Definition 2.1 Consider the mth order layered network (1.3).

(1) For any 1 ≤ k ≤ m, network (1.3) is said to reach kth order synchronization if for any

1 ≤ p, q ≤ Ik,

lim
t→∞

‖xi1,··· ,ik−1,p,ik+1,··· ,im(t)− xi1,··· ,ik−1,q,ik+1,··· ,im(t)‖ = 0

holds for any fixed is = 1, · · · , Is, s = 1, · · · , k − 1, k + 1, · · · ,m.

(2) Network (1.3) is said to realize complete synchronization if

lim
t→∞

‖xi1,i2,··· ,im(t)− xj1,j2,··· ,jm(t)‖ = 0 (2.5)

holds for any 1 ≤ ik, jk ≤ Ik, k = 1, · · · ,m.
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In other words, the high-order layered network can reach complete synchronization if and

only if it can reach every kth order synchronization, k = 1, · · · ,m.

Throughout this paper, we suppose f satisfies the following QUAD condition.

Assumption 2.1 The continuous function f(x, t) : Rn × [0,+∞) → R
n is said to satisfy

QUAD condition if there exists a constant α such that

(x − y)T [f(x)− f(y)] ≤ α(x− y)T(x− y) (2.6)

holds for all x, y ∈ R
n.

The role of the QUAD condition in synchronization of complex networks was investigated

in [1, 4]. Many well-known systems, such as the Lorenz system, the Chuas circuit, the Chen

system and some cellular neural networks, satisfy the QUAD condition.

Assumption 2.2 All coupling matrices L(k) = [l
(k)
i,j ] ∈ R

Ik×Ik , k = 1, · · · ,m are symmetric.

For any k, the eigenvalues of L(k) are denoted as 0 = λ
(k)
1 ≥ λ

(k)
2 ≥ · · · ≥ λ

(k)
Ik

.

3 Main Results

In this section, we provide a unified approach to analyse synchronization of the network

(1.3). The following theorem reveals how synchronization depends on the eigenvalues of the

coupling matrices L(k) and the coupling strengths ck, k = 1, · · · ,m.

Theorem 3.1 Suppose Assumptions 2.1–2.2 are satisfied. For any k = 1, · · · ,m, the mth

order layered network (1.3) can reach kth order synchronization if ckλ
(k)
2 + α < 0, where α is

the constant defined in Assumption 2.1.

Proof Here we mainly consider the case m = 3. The proof for case m > 3 can be given in

a similar argument. For any fixed 1 ≤ i2 ≤ I2 and 1 ≤ i3 ≤ I3, we define

x
(1)
·,i2,i3

(t) =
1

I1

I1
∑

j=1

xj,i2,i3(t). (3.1)

Then for any function J(t) independents of the index i1, we have

∑

i1,i2,i3

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]TJ(t) = 0.

Note that
dx

(1)
·,i2,i3

(t)

dt and f(x
(1)
·,i2,i3

(t)) are independent of the index i1, we have

∑

i1,i2,i3

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]T
dx

(1)
·,i2,i3

(t)

dt
= 0 (3.2)

and

∑

i1,i2,i3

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]Tf(x
(1)
·,i2,i3

(t)) = 0. (3.3)
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Define a Lyapunov function

V (X(t)) =
1

2

∑

i1,i2,i3

‖xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)‖22. (3.4)

Differentiating V (X(t)) and by (3.2), we have

dV (X(t))

dt
=

∑

i1,i2,i3

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]Tf(xi1,i2,i3(t))

+ c1
∑

i1,i2,i3

I1
∑

j=1

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]Tl
(1)
i1j

xj,i2,i3(t)

+ c2
∑

i1,i2,i3

I2
∑

j=1

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]Tl
(2)
i2j

xi1,j,i3(t)

+ c3
∑

i1,i2,i3

I3
∑

j=1

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]Tl
(3)
i3j

xi1,i2,j(t)

= V1(t) + V2(t) + V3(t) + V4(t). (3.5)

From (3.3) and Assumption 2.1, we have

V1(t) ≤ α
∑

i1,i2,i3

‖xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)‖22. (3.6)

By Assumption 2.2, L(1) is symmetric and has zero-sum rows, then we have

V2(t) = c1
∑

i1,i2,i3

I1
∑

j=1

l
(1)
i1j

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]T · [xj,i2,i3(t)− x
(1)
·,i2,i3

(t)]

≤ c1λ
(1)
2

∑

i1,i2,i3

‖xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)‖22. (3.7)

Because l
(2)
i2j

x
(1)
·,j,i3

(t) is independent of i1 and
∑

i1

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)] = 0, we have

∑

i1,i2,i3

I2
∑

j=1

[xi1,i2,i3(t)− x
(1)
·,i2,i3

(t)]Tl
(2)
i2j

x
(1)
·,j,i3

(t) = 0. (3.8)

Let δx
(1)
i1,i2,i3

(t) = xi1,i2,i3(t) − x
(1)
·,i2,i3

(t). Then by (3.8) and Assumption 2.2, L(2) is sym-

metric and semi-negative, and we have

V3(t) = c2
∑

i1,i2,i3

I2
∑

j=1

δx
(1)
i1,i2,i3

(t)Tl
(2)
i2j

[xi1,j,i3(t)− x
(1)
·,j,i3

(t)]

= c2
∑

i1,i3

∑

i2,j

δx
(1)
i1,i2,i3

(t)Tl
(2)
i2j

δx
(1)
i1,j,i3

(t) ≤ 0. (3.9)

Similarly, we can derive V4(t) ≤ 0. Therefore,

dV (X(t))

dt
≤ 2(c1λ

(1)
2 + α)V (t), (3.10)
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which implies for any fixed 1 ≤ i2 ≤ I2 and 1 ≤ i3 ≤ I3,

‖xp,i2,i3(t)− xq,i2,i3(t)‖ = O(e2(c1λ
(1)
2 +α)t), 1 ≤ p, q ≤ I1, (3.11)

i.e., the 1st order synchronization can be realized if c1λ
(1)
2 + α < 0. Similarly, we can derive

that for any fixed 1 ≤ i1 ≤ I1 and 1 ≤ i3 ≤ I3,

‖xi1,p,i3(t)− xi1,q,i3(t)‖ = O(e2(c2λ
(2)
2 +α)t), 1 ≤ p, q ≤ I2 (3.12)

and for any fixed 1 ≤ i1 ≤ I1 and 1 ≤ i2 ≤ I2,

‖xi1,i2,p(t)− xi1,i2,q(t)‖ = O(e2(c3λ
(3)
2 +α)t), 1 ≤ p, q ≤ I3. (3.13)

From (3.11)–(3.13), we have that the kth order synchronization can be realized if ckλ
(k)
2 +α <

0, k = 1, 2, 3. This completes the proof.

Combining (3.11)–(3.13), we have that for any 1 ≤ ik ≤ Ik and 1 ≤ jk ≤ Ik, k = 1, 2, 3,

‖xi1,i2,i3(t)− xj1,j2,j3(t)‖ = O(e
max

k
2(ckλ

(k)
2 +α)t

). (3.14)

This implies that complete synchronization of the 3rd order layered network can be realized

if max
k=1,2,3

(ckλ
(k)
2 + α) < 0, which leads to the following corollary.

Corollary 3.1 Suppose Assumptions 2.1–2.2 are satisfied. Then the mth order layered

network (1.3) will realize complete synchronization if max
k=1,··· ,m

(ckλ
(k)
2 + α) < 0.

In fact, if we consider the case m = 2, model (1.3) turns to be the multiplex network model

(1.2) with L(1) = A and L(2) = B. Then, as a special case of Theorem 3.1, we obtain the results

on multiplex networks with identical layers given in [17].

Corollary 3.2 (see [17, Theorem 1]) Consider the multiplex network (1.2). Suppose As-

sumption 2.1 is satisfied and coupling matrices A and B are symmetric. The eigenvalues of

A are 0 = µ1 ≥ µ2 ≥ · · · ≥ µN . The eigenvalues of B are 0 = ν1 ≥ ν2 ≥ · · · ≥ νK . Then

the multiplex network will realize (i) intra-layer synchronization if cµ2 + α < 0, (ii) inter-layer

synchronization if dν2 + α < 0, and (iii) complete synchronization if max{cµ2, dν2}+ α < 0.

4 Numerical Simulations

In this section, we give some numerical examples to verify the effectiveness of theoretical

results given in previous sections.

In these examples, the network is a 3rd order layered network whose full graph is given in

Figure 1(a).

Denote by xi1,i2,i3(t) the state of node vi1,i2,i3 at time t, where 1 ≤ i1 ≤ 4, 1 ≤ i2 ≤ 3,

1 ≤ i3 ≤ 2. The intrinsic dynamics of each node is the Lorenz system described by

ṡ(t) = f(s(t)) =















10(s2(t)− s1(t))

28s1(t)− s2(t)− s1(t)s3(t)

s1(t)s2(t)−
8s3(t)

3















. (4.1)
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Define qualities E1(t), E2(t) and E3(t) for the 1st order, 2nd order and 3rd order synchro-

nization errors, respectively, where

E1(t) =
∑

p<q

3
∑

i2=1

2
∑

i3=1

‖xp,i2,i3(t)− xq,i2,i3(t)‖
2
2,

E2(t) =

4
∑

i1=1

∑

p<q

2
∑

i3=1

‖xi1,p,i3(t)− xi1,q,i3(t)‖
2
2,

E3(t) =

4
∑

i1=1

3
∑

i2=1

‖xi1,i2,1(t)− xi1,i2,2(t)‖
2
2.

(4.2)

As for the coupling matrices, we pick

L(1) =









−3 3 0 0
3 −6 2 1
0 2 −4 2
0 1 2 −3









,

L(2) =





−1 1 0
1 −2 1
0 1 −1



 ,

L(3) =

(

−2 2
2 −2

)

.

(4.3)

The largest nonzero eigenvalues of L(1), L(2) and L(3) are λ
(1)
2 = −2.0905, λ

(2)
2 = −1,

λ
(3)
2 = −4.

Example 4.1 In this example, the initial state of each node in the network is randomly

chosen in [0, 1]. The coupling coefficients are c1 = 1, c2 = 1 and c3 = 1.

Figure 2 Dynamics of E1(t), E2(t) and E3(t) with respect to time t for the linearly coupled

high order layered network (1.3).

In Figure 2, we plot the dynamics of E1(t), E2(t) and E3(t) with respect to time, which

shows that E3(t) converges to zero fastest and E2(t) converges slowest. This numerical result

coincides with the fact that c3λ
(3)
2 ≤ c1λ

(1)
2 ≤ c2λ

(2)
2 < 0.

From Figure 3(a), it can be seen that the larger c1 is, the faster E1(t) converges to zero.

Figure 3(b) shows that the convergence rate of E1(t) scales linearly with respect to c1, which
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coincides with the estimation (3.11). That is, the 1st order synchronization depends on the

coupling coefficient c1.

Figure 3 (a) Dynamics of E1(t) under different values of c1. (b) The convergence rate of E1(t)

with respect to c1.

Example 4.2 In this example, we want to reveal the relevance between synchronization

and coupling coefficients. For brevity, we only present the results for coupling coefficient c1

since the results for the other two coefficients are similar. The parameters that are kept fixed

are c2 = 1, c3 = 1.

Figure 4 (a) Dynamics of E2(t) under different values of c1. (b) The convergence rate of E2(t)

with respect to c1.

In comparison with E1(t), dynamics of E2(t) and E3(t) give different results. Here we only

present the results on E2(t) since dynamics of E2(t) and E3(t) give the similar results. From

Figure 4, it can be seen that as c1 increases, the convergence rate of E2(t) increases distinctly

at first, then rarely changes for c1 > 2. This is because strengthening interactions among nodes

in the 1st order subnetwork enhances the 2nd order synchronization. But the enhancement is

limited since the 2th order synchronization is mainly governed by the value of c2 and λ
(2)
2 .

5 Conclusions

In this paper, we investigate the synchronization of the high-order layered network (1.3) and

explore the relations between synchronization and the eigenvalues of the coupling matrices. An

effective theoretical analysis is provided. Numerical examples confirm our analytic results.
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