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Abstract In this paper, the authors prove a Schwarz lemma at the boundary for holo-
morphic mappings between non-equidimensional unit polydiscs and consider an inequality
for holomorphic self-mappings of the unit polydisc.
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1 Introduction

Let D be the unit disk in the complex plane C. We denote the n-dimensional complex linear

n
space by C", whose inner product is defined as (z,w) = Y 2;W;, where z = (21, -+, 2,) T, w =
i=1
(wy, -, w,)T € C* I ||z] = (2,2)2 and ||z]jec = uax |zj| are defined on C", then || - ||
<j<n

and || - ||oo are both norms on C™ and topologically equivalent. Let B" = {z € C" : ||z|| < 1}
be the unit ball in C” and its boundary is 9B™ = {z € C" : ||z|| = 1}. Denote the unit
polydisc in C™ as D™ = {z € C" : ||zl < 1}. Let D™ = {z € C" : ||z]|c = 1} and
Tr = {z € C" : |z;| = 1,1 < j < n} denote the topological boundary and characteristic
boundary of D", respectively.

In this paper, the symbol H ({21, {22) is used to represent the set of holomorphic mappings
from 2, C C" into 2o C C™. For any f = (f1, -+, fm)T € H(§21,2), the complex Jacobian
matrix of f at point a € (27 is defined as J¢(a) = (Z_Z(a))mm'

For a bounded domain V in C", C*(V') denotes the set of all functions f defined on V' such
that for 0 < o < 1, the function f satisfies

sup{M:z,z’ev,z;ﬁz’} < 0.

|z — 2|~

Ck+(V) is the set of all functions f on V whose k-th order partial derivatives exist and
belong to C*(V) for an integer k > 0.
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The boundary Schwarz lemma in complex analysis is a hot topic. It provides a powerful
tool for the study of geometric function theory. Garnett first proposed the following classical
boundary Schwarz lemma.

Theorem 1.1 (cf. [1]) Let f: D — D be a holomorphic function. If f is holomorphic at
z =1 with f(0) =0 and f(1) =1, then /(1) > 1. Moreover, f'(1) =1 if and only if f(z) = z

In recent years, since Garnett’s work, based on different domains and mappings, many
authors have studied different versions of the boundary Schwarz lemma and extended the above
theorem to higher dimensions. For further details, please refer to references [2-5, 8-9, 13, 15-16,
19] and the citations contained therein.

More recently, Tang et al. proved the boundary Schwarz lemma of holomorphic self-
mappings of the unit polydisc and considered the properties of the Jacobian matrix at boundary
points in [18]. This result is stated as follows.

Theorem 1.2 (cf. [7]) Suppose that p = (p1,--* ,ps,Pa+1, " ,Pn) € OD™ with |p| =

=Ips| =1 and |pp1] < 1, - ,|pn] <1 and w = (w1, , Wa, Wat1, - ,wy) T € D™ with
[wi| =+ =|wa| =1 and |was1| < 1,--- ,|Jwy| < 1. If f : D™ — D™ is a holomorphic mapping
and f is holomorphic at p with f(p) = w, then the following four statements hold:

i) A= ng—f(p) >M>Oforz—l
7j=1

= 1—|w; f:(0)|?
.e Af; 9fi —_— . ofi y
(i) If1 <i < a, then a—f(p) = agj(p)|wipj forj =1,---,8; 3 f ( ) =0 for j =
B
=1
(iii) Ifa+1<i<n, then
n
0 1
1 2 Z afl } T 1 2
_ |wl| 1,102 B+1<j<n 1 — |p;|
(iv) Suppose that pgy1,--- , pn are all the eigenvalues of
ofi T
d e
(8zj D )i,j:ﬂ—i—l,m,n and (§p41 &n)
is a monzero eigenvector of (8fL (p))ij:6+1 ., with respect to p;,i =+ 1, n. Ifa <p,
e & 5|
|4 —r— < max —L
B+l<]<n 1-— |wj| B+1<j<n 1 — |pj|
if a > (3, then
at1<j<n 1 — |w;? 7 a+i<j<n 1 — |p;[?
and there are at least (o — ) zeros in g4, -+ , fn-

In [14], Liu et al. proved the boundary Schwarz lemma for holomorphic mappings from the
unit polydisc to the unit ball, which is the following result.

Theorem 1.3 (cf. [8]) Let f € H(D",BY) for any n,N > 1. Given zo € 9D", assume
20 € B, with the first r components at the boundary of D for some 1 < r <n. If f is C'T* at
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20 and f(z0) = wo € OBY, then there exists a sequence of nonnegative real numbers vy, -+ , Yy
T
satisfying Y v; > 1 and X € R such that
j=1

T .
J¢(z0) wo = Adiag(y1, - ,%,0,---,0)zo,

|1—ET7JJ0‘2

where \ = e > 0, a = f(0) and diag represents the diagonal matriz.

As a generalization of Theorem 1.1, Liu et al. in [12] obtained a boundary rigidity theorem
for holomorphic self-mappings of the unit polydisc.

Theorem 1.4 (cf. [14]) Let f : D™ — D™ be a holomorphic mapping with f(0) = 0.
Assume f is holomorphic at o, € T™ and f(ag) € T™ for k=1,--- ,n. Then

f(ak)TJf(Ozk)ak >n, k=1, ,n.

Moreover, if aq,- -+, au, are linearly independent and f(ay), -+, f(an) are linearly independent
as well, then the n equalities above hold if and only if f(z) = J¢(0)z, where J;(0) has exactly
one complex unit in each row and each column and zeros elsewhere.

In this paper, inspired by [14, 20], we first prove a boundary Schwarz lemma for holomorphic
mappings between non-equidimensional unit polydiscs, which is a meaningful addition to The-
orem 1.2. Then we consider an inequality for holomorphic self-mappings of the unit polydisc.
As an application, we establish another new version of the boundary Schwarz lemma on the
unit polydisc, which is a generalization of [17].

2 Some Lemmas

In this section, we introduce two lemmas, which will be used in the following proof.

Lemma 2.1 (cf. [15]) Let f be a holomorphic self-mapping of D. If f is holomorphic at
z =1 with f(1) =1, then

pys 2 FOR

1= [£(0)] + [f(0)]

The Kobayashi metric has many very nice properties. For example, the Kobayashi metric has
the property of maintaining stability in complex geometric structures (cf. [7]), which provides
a fundamental understanding for the proof of the boundary Schwarz lemma in Lemma 2.2.
Many mathematicians have studied the boundary Schwarz lemma using the properties of the
Kobayashi metric (cf. [2, 6-7, 10-11, 13]). In this paper, the non-increasing property of the
Kobayashi distance defined on the basis of the Kobayashi metric is proved.

Lemma 2.2 (cf. [15]) Let f be a holomorphic self-mapping of B™. If f is holomorphic at
z =« € 0B" with f(a) = € OB™, then
T )
7 is)a > — P IOF__
1—[8fO)P +[[7£(0)]
where || J¢(0)| is the norm of J¢(0) and the norm || - || is defined in such a way that, for an

n X n complex matriz A, the operator norm || A|| = sup ”ﬁZH” = max{||A0]| : 6 € OB"}.
z#0
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3 Main Results

We now establish the Schwarz lemma at the boundary for holomorphic mappings of the unit
polydisc.

Theorem 3.1 Let f € H(D", DY) with f(0) = 0 for any n, N > 1. Given zy € dD",
assume 2o € Fy,, where E,, indicates that for 1 < ry < mn, the first r1 components of zo are at
the boundary of D. Similarly, E,, means that for 1 < ro < N, the first ro components of wq

are at the boundary of D. Then there exists a sequence of nonnegative real numbers Ai,--- , Ar,
such that the following statements hold:

(1) Jt(20) wo = diag(Ai,--+, Ay, 0,---,0)20, where diag represents the n x n diagonal
matriz.

(i) tr(diag(A1, -+, Ay, 0,-++,0)) > ra.

Proof We claim that for any n, N > 1, if f € H(D", DY) with f(0) = 0, then || f(w)] s <
||lw]| oo, Where w € D™. Due to the fact that for any z,w € D™, the Kobayashi distance of the
unit polydisc is Kpn(z,w) = %log%, where ¢, (w) is an automorphism of D™. Taking
into account the property of the Kobayashi distance contraction under holomorphic mappings,

this implies that Kpn~ (0, f(w)) < Kp«(0,w). Hence

L+ [[f(w)loo
1= [[f(w)lloo
1+t

It is obvious that ¢ — Flogitt is increasing for ¢ € [0,1). Therefore, || f(w)s < [|w]|oo-

Now, we prove the Schwarz lemma at the boundary for the unit polydisc in any dimension.

1+ [wllo

< .
1 — [Jwl]oo

log

1 1
5 08 2

Let e and el¥ represent the i-th column of the identity matrix I,, and the s-th column of the

identity matrix Iy, respectively.

1
Step 1 Without loss of generality, we assume that zp = Y e € E,, and the holomorphic
i=1

T2
mapping f in the neighborhood V of zg is C1T with f(z9) =wo = . el € E,,.

s=1

r1

Let p=z0,q0 = — Y el +ike} for 1 <1 <r; and k € R, where i represents the imaginary
i=1

unit. Then p + tq; = (1 — t)zo + ikte]* for t € R. Note that ||p + tq|jec < 1 & |1 —t+ikt] <1

and [1 -t <1 0<t< H_%, ast — 0T, for any given k € R, p+tq, € D" NV. For ¢t that
satisfies the above conditions, the Taylor expansion of f(p + tq;) at t =0 is

f(p+tq) =wo + Jy(20)qut + Ot +?).
Then
1 (2 +ta)lloo = llwo + J¢(z0)aut + Ot ) [|loo < [Ip + tar]|oo-
This implies

' 2 < %
Jmax |f5(p +ta)l” < (llp + o)

Through calculation, it can be concluded that

(lp + talloo)? = |1 — t +ikt|? = 1 — 2t 4+ O(t?)

or
(Ip + tarlleo)? = |1 — > = 1 — 2t + O(#?).
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Then
. 1+O¢ 2 < _ 2
12}2}(]\[ [(wo)j + Jg,; (z0)qut + O )" <1 =2t + O(t*).

T2
Substituting wo = Y eV, we have
s=1

max {14 2ReJy, (20)qit + O(t'T*)} <1—2t+ O(t?).

1<j<rs

Let t — 0T, then

 max {ReJy, (z0)qi} < —1. (3.1)
<is

T
Substituting ¢; = — 3 e} + ike]’ into (3.1), we get

=1

1?%)5’2 {Rle zo( Ze +1kel)}_

That is

IN

i {Ro( - 3020 | OBy -

1=

Since 2Li(z0) — Reaf” (z0) 4 1Im6f] (ZO) , (3.2) is equivalent to

0z 0z
max {Re( — Tzl 5]2%72’20)) — klm%(zo)} < —1.
i=1 '

1<j<ry zZl
That is
. 3fj(20) 8fj(2'0)
1£ij1_1<r1r2 {Re ZE 1 - + kIm . } 1. (3.3)

As (3.3) is valid for any k € R, it holds that Im?330) = 0,1 < z <.

Z

Therefore, 8fJ Z0) Reaf”(zo) 1<1<r; and inln {Re 6f] } > 1.

1=

Step 2 Let p=z,q = —Ze +kej for1 <1<r;andk <0. Then p+tq = (1—t)zo+

i=

kte} for t € R. Note that Hp+tql||oo <le|l—t+kt|<land|l-t<1e0<t< 2, as
t — 0T, for any given k < 0, p+tq € D" NV. For t that satisfies the above conditions, the
Taylor expansion of f(p 4+ tq) at t =0 is

flp+tq) =wo+ Jf(Zo)Qlt + O(tH—a).
Then
max |(wo); + Iy, (z0)qut + Ot )| <1 -2t + O(t?).

1<y

ro
Using wo = Y. e, we have

max {1+ 2ReJy, (20)qit + O(t'™*)} <1—2t+ O(t?).

1<j<rs
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Let t — 0T. Then

max {ReJy, (z0)q1} < —1. (3.4)

1<j<ry

1
Substituting ¢; = — ) e} + ke]' into (3.4), we obtain
i=1

s {Reg o) (= et ket )} <1

That is

max {Re( - i 915(z0) +k 8fj(zo))} < -1 (3.5)

1<j<rs 0z 0z

We know from Step 1 that 2 (ZO) Reaféifg) for 1 <1<y, so (3.5) is equivalent to

min {Rei 9f;(z0) — afj(zo)} > 1.

1<j<rs — 0z; 0z
1=

We also know from Step 1 that mln {Re afJ ZO)} > 1 for k € R. Then we can conclude
=1

1£1f11<n { kaf’ ZO)} > 0. Since k < O is arbltrary, M >0,1<1<r.
SISTr2

Step 3 Letp—zo,ql——Ze +ikep for r1 +1 <1 < nand 0 # £k € R. Then

i=

p+tq = (1 —t)zo + ikte] for t € R. It is easy to prove that |[p +tqljcc <14 |1 —t] <1 and
likt| <140 <t <min{k TR 2}. Therefore, for any given 0 # k € R, there exists t — 0% such
that p+tg € D™ NV. For t that satisfies the above conditions, based on the Taylor expansion
of f(p+tq) at t =0, we can conclude that

max |(wo); + T, (z0)qit + O F)|* < 1= 2+ O(t?).
<g<

T2
Substituting wo = >_ e, we have
s=1

max {14 2ReJy, (20)qit + O(t' ™)} <1—2t+ O(t?).

1<j<rs

By letting t — 07, we have

max. {ReJy, (z0)qi} < —1. (3.6)

T
Substituting ¢; = — 3 e} + ike] into (3.6), we obtain
i=1

-~ 0f4(z0) ;. 9fi(=0)
1?;25’2 {Re( B ZZ: 0z; ik 0z ) } -1
Similarly, write af] (ZO) = Re afé(ZO) + iIma%—('zO). Then
Z] Z]
o~ Ofi(z0) 1 0Fi(20)
g {Re( =3 S - k=L b <o (37)

i=1
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Since (3.7) holds for any 0 # k € R, we have Im%ﬁfo) = 0,7 + 1 <1 <n. Therefore

dfi(z0) 5f (20)
éim_ 51 m+1<i<n. (3.8)

Step 4 Let p = z9,q = —Ze + ke for ry +1 <1 < nand 0 # k € R. Then
=1
p+tq = (1 —1t)z + kte] forteR It is easy to check that ||p + tq]|ec <1< |1 —t <1 and

kt| <1< 0<t<min ,2}. Therefore, given any k # 0 € R, there exists ¢ — 07 such that
\k\
p+tgeD"NV.
By the same analysis as in Step 2, we can conclude that

max. {ReJy, (z0)qi} < —1. (3.9)

T
Substituting ¢; = — Y e} + ke into (3.9), we obtain
i=1

max {Re( - i 9f;(z0) + k 8fj(zo))} < -1

1<j<rs — 0z; 0z
1=

It follows from (3.8) that

1<j<r2 Zi 21

max {Re(—i%(zo)) —i—kRe%(zo)} < -1 (3.10)
i=1

Since (3.10) holds for any k # 0 € R, we know that Re=4=2 8fj(z°) =0forr; +1<1[<n. It follows
that aféijo) =0,71 +1 <1 <n. From the above dlscuss10n, we have

Jf(ZQ)TwQ = diag(/\l, s 7)\r170, e ,O)Zo,

)
where \; = > 6f]<z°) >0(1<i<ry) and Z)\ = Z Z afJ ) > 21—7‘2
Jj=1 1=17=1
Step 5 Let zo be any given point 1n BD" And the first ry components are at the boundary

of D. Namely, zy is not necessarily Z el". According to [14], there exists a special kind of
i=1

T
diagonal unitary matrix U,, such that U,, - zo0 = Y e'. Let f(z0) = wo € E,,. But wy may
i=1
T2 T2
not necessarily be > €. Similarly, there is a unitary matrix U,,, such that Uy, -wo = > ¥
s=1 s=1
T . . . .
Set g = Uy, o foU,, . Then g: D" — D¥ is a holomorphic mapping and g is C1*® at 2,
T1 T2
with g(0) = 0 and g(Y e?) = . e¥. From the analysis in Step 4, there exists a sequence of

i=1 s=1
nonnegative real numbers Aq,--- , A, such that

(Z ) Ze =diag(A1, -, Ay, 0,0 - ,O)Ze?, (3.11)

i=1 i=1

72 71
Where/\i:Za‘%—SO)EO(lgigrl)andZ)\iZTQ.

j=1 i=1
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By direct computation, we know J, (z) = UyoJs (U 2)Ua . This implies that

UzOJf ZO

= diag(A1, -+, Ary, 0, Ze (3.12)

Multiplying both sides by U—ZOT of (3.12), we obtain

T2
TrGo) Uy’ SN = T2, "diag(A, - Ary, 0,00+ ,0) S el
s=1 3

. —T . . . .
Since U, is a diagonal matrix, we can verify that

U_Z()Tdia“g()‘la"' 7)\T1707"' 70):dla'g()‘1a 7AT‘1707”' 7O)Uz0 :

Hence, we have

Jf(ZO)TwO = dla’g()\la 7)\7’17 P Z() Ze dla’g Alv"' 7AT1705"' 70)Z0-

Thus, the theorem is proved.
Similar to the above proof, we obtain the following theorem.

Theorem 3.2 Let f € H(B", DY) with f(0) = 0 for any n,N > 1. If f is C'T at
z0 € OB™ and f(z0) = wy € E,, where E, means that for 1 < r < N, the first r components
of wy are at the boundary of D, then there exists a nonnegative real number A satisfying A\ > r
such that J¢(z0) wo = Azp.

Next, we use the method of Lemma 2.2 to generalize Lemma 2.1 to the unit polydisc and
establish an inequality relationship for the holomorphic self-mappings of the unit polydisc.

Theorem 3.3 Let f € H(D"™,D") for anyn > 1. If f is holomorphic at z = zp € T™ with
f(z0) =wo €T, then

2n(n — [w5" f(0)])® < 2n(1 — [|£(0)[loc)*
—[@o" f(0)[2 + 12| J7(0)20/l0 — 1= (1£(0)ll0)? + [I7£(0)20loc "

Wy Jf(20)z0 > 5
n

= %w_on(ézo),f € D. Then g : D — D is a holomorphic mapping with
1. According to Lemma 2.1, we get

/ 2|1 - g(0)|2
g (1) > .
W2 TP + 190
Note that g(0) = wg™ f(0) and ¢'(0) = 2we"J¢(0)z0. Then

Proof Set g(&)
9(1) = 3o f(z0) =

1 2
21— ~w" 7(0)
n

1

g'(1) = =wg " Jy(20)20 > 3 :
n I__p I__p

1- ‘ﬁwo f(O)‘ + ‘ﬁwo Jf(o)zo‘

That is

1 2
2n|1 — =5 £(0)
w_OTJf(ZO)ZO 2 Tl} ’erO }

1 2 1
L= |Lmt fO)] o+ a0
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2n|n —wg " £(0)[?
% — [wg" £(0)]2+ n2[[wo " [|oolJ£(0) 20|
2n(n — [wy" £(0)])2
~n?—[wg" f(0)]2+n2[J£(0)20]l00

(3.13)

Let a = n2 + n2[|J;(0)20]lee > n2 and = oo oy — g ~
+(0)z0]]oc > n* and o(x) , where x = |[wg~ f(0)] € (0,n). It is

jl a—x2
obvious that o(z) is decreasing for z € (0,n). Thus

__ 2n(n — 1) £(0)])? 2n(1 — || £(0)[|)?
wo " Jf(20)20 > = .
O R l fO)]l0)? + 2T (0)z0llee — 1= (1F(O0)1o0)? + 770200
Corollary 3.1 Let f € H(D™, D™) for anyn > 1. If f is holomorphic at z = zp € T™ with

f(z0) =wo €T, then

2(n — [wo " £(0)])? - 2(1 — [ £(0)]]0)?
n? — [w5 " f(0)] + n2|Jp(0)z0llec — 1= (I (0)loc)? + 177 (0)20l 0

175(20) 20|00 =

Especially, if f(0) =0, we have ||Jf(20)20]|c0 > m.

Proof Since |wo " Jf(20)z0| < n||Jf(20)20]/00, the result follows from Theorem 3.3.
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