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Abstract This paper is concerned with logarithmic Laplacian equations and systems with

gradient terms in bounded convex domains. Under some assumptions on the nonlinearities,

the authors prove the strict monotonicity and symmetry of positive solutions. In particular,

the authors establish one new estimate of the logarithmic Laplacian operator that plays an

important role in applying the direct method of moving planes. This paper seems to be the

first one to deal with the monotonicity and symmetry of positive solutions to logarithmic

Laplacian equations and systems with gradient terms.
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1 Introduction

Due to the significant applications and profound boost in the perception of nonlocal phe-

nomena, the interest in the research of nonlinear integro-differential equations has been fueled

by the high frequency study on the qualitative analysis of solutions to integro-differential equa-

tions and systems. Among a large quantity of nonlocal operators, the fractional Laplacian has

received tremendous attention from mathematicians. The prototype of the fractional Laplacian

can be defined as follows:

(−∆)su(x) = cn,s lim
ε→0

∫

Rn\Bε(x)

u(x)− u(y)

|x− y|n+2s
dy,

where 0 < s < 1 and cn,s = 22sπ−n
2 s

Γ(n+2s
2

)

Γ(1−s) . To overcome the difficulty caused by the nonlocal

operator (−∆)s, there have been several methods such as the extension method, the integral

equations method, the direct method of moving planes and the sliding method (see [1, 3–5, 9]

and the references therein).

In 2019, Chen and Weth [2] first introduced the logarithmic Laplacian operator (−∆)L
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which is given by

(−∆)Lu(x) = Cn

∫

Rn

u(x)1B1(x)(y)− u(y)

|x− y|n dy + ̺nu(x)

= Cn

∫

B1(x)

u(x)− u(y)

|x− y|n dy − Cn

∫

Rn\B1(x)

u(y)

|x− y|n dy + ̺nu(x).

Here Cn = π−n
2 Γ

(
n
2

)
, ̺n = 2 log 2+ψ

(
n
2

)
− γ, ψ = Γ′/Γ is the Digamma function and Γ is the

Gamma function. Moreover, γ = −Γ′(1) is the Euler Mascheroni constant and B1(x) denotes

the unit ball with center x. They pointed out that the logarithmic Laplacian operator can be

used to describe the asymptotic behavior of principal Dirichlet eigenvalues and eigenfunctions

of (−∆)s as s→ 0.

Recently, the qualitative analysis of solutions to various logarithmic Laplacian equations has

attracted more and more attention (see [6–7, 10] and the references therein). For instance, Liu

[7] generalized the direct method of moving planes (see [4]) to prove the symmetry and mono-

tonicity of solutions for the following Dirichlet problem of a nonlinear logarithmic Laplacian

equation





(−∆)Lu(x) = f(u) in Ω,

u(x) > 0 in Ω,

u(x) = 0 on Ωc,

(1.1)

where Ω = BR(0). In 2021, Zhang and Nie [10] also considered problem (1.1) in a unit ball and

a nonlinear Schrödinger equation with logarithmic Laplacian in R
n. With the establishment of

various maximum principles under a restricted condition hΩ(x) + ̺n ≥ 0, x ∈ Ω, they applied

the method of moving planes successfully to the monotonicity and symmetry analysis of positive

solutions, where

hΩ(x) = Cn

∫

B1(x)\Ω

1

|x− y|n dy − Cn

∫

Ω\B1(x)

1

|x− y|n dy.

For more details about the monotonicity and symmetry properties of solutions to nonlinear

integro-differential equations and systems, we refer to [3–4, 8–9] and the references therein.

Although there have already emerged some works related to the monotonicity and symmetry

research on nonlinear integro-differential equations and systems, we should point out that the

nonlinear terms involved in the available research lack gradient terms. That is to say, compared

to the tremendous results on nonlinear term f(u), the nonlinear term containing gradient in-

gredient such as f(x, u,∇u) has fewer occurrences in the monotonicity and symmetry research.

Inspired by the above observations, we focus on the monotonicity and symmetry analysis

of the integro-differential equations and systems with both logarithmic Laplacian and gradient

terms. To our best knowledge, our paper seems to be the first one to deal with logarithmic

Laplacian equations and systems with gradient terms. More precisely, we consider the following

Dirichlet problems of a logarithmic Laplacian equation:




(−∆)Lu(x) = f(x, u,∇u) in Ω,

u(x) > 0 in Ω,

u(x) = 0 on Ωc,

(1.2)



Monotonicity and Symmetry of Positive Solutions 825

and system





(−∆)Lui(x) = fi(x, u1, u2, · · · , um,∇ui) in Ω,

ui(x) > 0 in Ω,

ui(x) = 0 on Ωc, i = 1, 2, · · · ,m,
(1.3)

where Ω⊂R
n is a bounded domain and Ω is convex in x1-direction (i.e., for any (x1, x

′), (x1, x
′) ∈

Ω and 0 < t < 1, (tx1 + (1 − t)x1, x
′) ∈ Ω). It is clear that (−∆)Lui is well defined if

ui ∈ C1,1
loc (R

n) ∩ L0 for i = 1, 2, · · · ,m. Here

L0 =
{
ui : R

n → R |
∫

Rn

|ui(x)|
1 + |x|n dx <∞

}
.

For the sake of narrative convenience, we introduce some notations which will be frequently

used in the following parts. Set

x = (x1, x
′) ∈ R

n, xλ = (2λ− x1, x
′), Tλ = {(x1, x′) ∈ R

n | x1 = λ},
Σλ = {(x1, x′) ∈ R

n | x1 < λ}, Σ̃λ = {(x1, x′) ∈ R
n | x1 > λ},

Rx1
(A) = {xλ ∈ R

n | x ∈ A}, uλi (x) = ui(x
λ), wλ

i (x) = uλi (x)− ui(x).

We let −→p = (p1, p2, · · · , pn) denote ∇u and ∇ui in the following Theorem 1.1 and Theorem

1.2, respectively.

With the aid of the direct method of moving planes for the logarithmic Laplacian, we will

show the strict monotonicity and symmetry of solutions to (1.2) and (1.3), which can generalize

the results in [7, 10]. In particular, this paper has two major advantages of innovation. Firstly,

the bounded domain Ω in [7, 10] is a ball which is a strictly convex domain. The reflection point

of the boundary Rx1
(Σλ ∩ ∂Ω) lies in the interior part of Ω entirely (see Figure 1(a) below),

which means that wλ
i (x) > 0 for x ∈ Σλ ∩ ∂Ω. However, this fact cannot hold for a general

domain which is not strictly convex (see Figure 1(b) below). Due to the different geometry

between the strictly and non-strictly convex domains, the arguments used in [7, 10] fail here.

Thus, we will establish a new estimate of the logarithmic Laplacian operator to overcome this

setback (see Lemma 2.1 in Section 2 for details). Secondly, comparing with various maximum

principles in [10], we will not need the condition hΩ(x)+ ̺n ≥ 0, x ∈ Ω any longer. In addition,

we also need some new ideas to deal with the appearance of gradient terms.

Figure 1 Reflection part of Σλ ∩ ∂Ω in strictly and non-strictly convex domains.

Our main results can be exactly illustrated as follows.
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Theorem 1.1 Let Ω be a bounded domain in R
n which is convex in x1-direction and

symmetric about x1 = 0. Suppose that u ∈ C1,1
loc (Ω) ∩ C(Rn) solves (1.2) and f(x, u,−→p ) is

Lipschitz continuous with respect to u. If f(x, u,−→p ) satisfies
(F) f(x1, x

′, u, p1, p2, · · · , pn) ≤ f(x1, x
′, u,−p1, p2, · · · , pn) for any x1,−p1 ≤ 0, x1 ≤ x1 ≤

−x1.
Then u(x1, x

′) is strictly increasing in the left half of Ω in x1-direction and

u(x1, x
′) ≤ u(−x1, x′), ∀x1 < 0, (x1, x

′) ∈ Ω.

In particular, if f(x1, x
′, u,−→p ) = f(−x1, x′, u,−→p ), then

u(x1, x
′) = u(−x1, x′).

Theorem 1.2 Let Ω be a bounded domain in R
n which is convex in x1-direction and

symmetric about x1 = 0. Suppose that ui ∈ C1,1
loc (Ω) ∩ C(Rn) (i = 1, 2, · · · ,m) solve (1.3) and

fi(x, u,
−→p ) (i = 1, 2, · · · ,m) are Lipschitz continuous with respect to u = (u1, u2, · · · , um). If

fi(x, u,
−→p ) (i = 1, 2, · · · ,m) satisfy

(F1)
∂fi
∂uk

≥ 0 for k 6= i, 1 ≤ i, k ≤ m;

(F2) fi(x1, x
′, u, p1, p2, · · · , pn) ≤ fi(x1, x

′, u,−p1, p2, · · · , pn) for any x1,−p1 ≤ 0, x1 ≤
x1 ≤ −x1.
Then ui(x1, x

′) (i = 1, 2, · · · ,m) are strictly increasing in the left half of Ω in x1-direction and

ui(x1, x
′) ≤ ui(−x1, x′), ∀ x1 < 0, (x1, x

′) ∈ Ω.

In particular, if fi(x1, x
′, u,−→p ) = fi(−x1, x′, u,−→p ), then

ui(x1, x
′) = ui(−x1, x′).

The rest of this paper is organized as follows. In Section 2, one new crucial estimate for the

logarithmic Laplacian operator is derived. Then we present the detailed proofs of main results

in Section 3.

2 Preliminaries

In this section, we establish a new estimate lemma that will play a vital role in the application

of the method of moving planes.

Lemma 2.1 Let w ∈ L0 satisfy w(x1, x2, · · · , xn) = −w(2λ− x1, x2, · · · , xn), x ∈ Σλ and

w(x) ≥ 0, x ∈ Σλ\Ω. Assume that there exists one point x ∈ Σλ ∩ Ω such that

w(x) = inf
Σλ∩Ω

w(y) < 0.

If w is C1,1 at x, then we have

(−∆)Lw(x) ≤
(
CnC

′ ln
1

2δ
− CnC + ̺n

)
w(x) − nδCn

∫

Σλ∩Ω

(w(y)− w(x))(λ − y1)

|x− yλ|n+2
dy,

where δ = d(x, Tλ) = |x1 − λ| ∈
(
0, 12

)
, C′ and C both denote some positive constants.
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Proof It follows from the definition of logarithmic Laplacian operator that

(−∆)Lw(x) = Cn

∫

B1(x)

w(x) − w(y)

|x− y|n dy − Cn

∫

Rn\B1(x)

w(y)

|x− y|n dy + ̺nw(x)

= Cn(I + J) + ̺nw(x).

Set A = B1(x
λ)∩Σλ, B = B1(x)∩(Σλ\A). Then Rx1

(A) = B1(x)\Σλ, B1(x) = A∪B∪Rx1
(A)

and

I =

∫

A

w(x) − w(y)

|x− y|n dy +

∫

B

w(x) − w(y)

|x− y|n dy +

∫

Rx1
(A)

w(x) − w(y)

|x− y|n dy

=

∫

A

w(x) − w(y)

|x− y|n dy +

∫

B

w(x) − w(y)

|x− y|n dy +

∫

A

w(x) + w(y)

|x− yλ|n dy

≤ −
∫

A

(w(y) − w(x))
( 1

|x− y|n − 1

|x− yλ|n
)
dy

+

∫

A

2w(x)

|x− yλ|n dy +
∫

B

w(x) − w(y)

|x− y|n dy. (2.1)

Let C = Σλ\B1(x), Rx1
(B),Rx1

(C) denote the reflection of B, C with respect to Tλ. Then we

have

J = −
∫

C

w(y)

|x− y|n dy −
∫

Rx1
(B)

w(y)

|x− y|n dy −
∫

Rx1
(C)

w(y)

|x− y|n dy

= −
∫

C

w(y)

|x− y|n dy +
∫

B

w(y)

|x− yλ|n dy +
∫

C

w(y)

|x− yλ|n dy

= −
∫

C

w(y)
( 1

|x− y|n − 1

|x− yλ|n
)
dy +

∫

B

w(y)

|x− yλ|n dy

≤ −
∫

C∩Ω

w(y)
( 1

|x− y|n − 1

|x− yλ|n
)
dy +

∫

B

w(y)

|x− yλ|n dy. (2.2)

Combining (2.1) and (2.2), we see

I + J ≤ −
∫

A∪B∪(C∩Ω)

(w(y) − w(x))
( 1

|x− y|n − 1

|x− yλ|n
)
dy +

∫

A

2w(x)

|x− yλ|n dy

+

∫

B

w(x)

|x− yλ|n dy − w(x)

∫

C∩Ω

( 1

|x− y|n − 1

|x− yλ|n
)
dy

≤ −
∫

Σλ∩Ω

(w(y) − w(x))
( 1

|x− y|n − 1

|x− yλ|n
)
dy

+

∫

A∪B

w(x)

|x− yλ|n dy −
∫

C∩Ω

w(x)

|x− y|n dy. (2.3)

Applying the mean value theorem, we can compute that

∫

Σλ∩Ω

(w(y) − w(x))
( 1

|x− y|n − 1

|x− yλ|n
)
dy

=

∫

Σλ∩Ω

(w(y) − w(x))
n

θn+1
(|x− yλ| − |x− y|)dy

≥ n

∫

Σλ∩Ω

(w(y) − w(x))
(λ − x1)(λ− y1)

|x− yλ|n+2
dy



828 X. H. Xu and T. Z. Cheng

= nδ

∫

Σλ∩Ω

(w(y) − w(x))(λ − y1)

|x− yλ|n+2
dy, (2.4)

where θ ∈ (|x − y|, |x − yλ|). While, let D =
{
y | x1 + δ < y1 < x1 +

1
2 , |y′ − x′| < 1

4

}
, and

we can claim that D ⊂ Rx1
(A ∪B) ⊂ Σ̃λ. In fact, from the information displayed in Figure 2,

we can rewrite the coordinate of M , Rx1
M as M = (x1 − 1, x′) and Rx1

M = (2λ− x1 + 1, x′).

Moreover, we can also set the coordinate of Q as Q = (λ,Q′), where (λ− x1)
2 + |x′ −Q′|2 = 1.

Hence, for y = (y1, y
′) ∈ Rx1

(A ∪ B), we can deduce from Figure 2 that λ < y1 ≤ 2λ− x1 + 1

and |y′ − x′|2 ≤ |Q′ − x′|2 = 1− (λ − x1)
2. Furthermore, from the definition of δ, we can also

know that δ = λ− x1 < y1 − x1 ≤ 2λ− 2x1 + 1 = 2δ+1 and |y′ − x′|2 ≤ 1− δ2. In a word, for

y = (y1, y
′) ∈ Rx1

(A∪B), we can achieve that y1 ∈ (x1+ δ, x1+1+2δ] and |y′−x′| ≤
√
1− δ2.

Thanks to the fact that 0 < δ < 1
2 , we can obtain the conclusion that

D =
{
y | x1 + δ < y1 < x1 +

1

2
, |y′ − x′| < 1

4

}

⊂ E = {y | x1 + δ < y1 < x1 + 1 + 2δ, |y′ − x′| ≤
√
1− δ2}

⊂ Rx1
(A ∪B).

Then, for ωn−2 = |∂B1(0)| in R
n−1, we can also get

∫

A∪B

1

|x− yλ|n dy

≥
∫

D

1

|x− y|n dy =

∫ 1
2

δ

∫ 1
4

0

ωn−2τ
n−2

(ρ2 + τ2)
n
2

dτdρ =

∫ 1
2

δ

∫ 1
4ρ

0

ωn−2ρ
n−2tn−2

(ρ2 + ρ2t2)
n
2

ρdtdρ

≥
∫ 1

2

δ

∫ 1
2

0

ωn−2t
n−2

(1 + t2)
n
2

dt
1

ρ
dρ ≥ C′ ln

1

2δ
. (2.5)

Figure 2 Location of domain D.

Moreover, since |x− y| > 1 for all y ∈ C, we have
∫

C∩Ω

1

|x− y|ndy < |C ∩ Ω| ≤ |Ω| < C. (2.6)

Thus, by (2.3)–(2.6), we see that

(−∆)Lw(x) ≤
(
CnC

′ ln
1

2δ
− CnC + ̺n

)
w(x) − nδCn

∫

Σλ∩Ω

(w(y)− w(x))(λ − y1)

|x− yλ|n+2
dy.

The proof of Lemma 2.1 is completed.
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3 Proofs of Main Results

In this section, we mainly present the detailed proof of Theorem 1.2. The proof of Theorem

1.1 can be done by the similar arguments to those of Theorem 1.2. For simplicity, we leave it

to the readers.

Proof of Theorem 1.2 For the sake of discussion, we can suppose that Ω ⊂ {|x1| ≤ 1}
and ∂Ω ∩ {x1 = −1} 6= ∅. We will apply the direct method of moving planes to complete the

proof of this theorem. Exactly, two steps can be presented as follows.

Step 1 Show that there exists ι > 0 small enough such that

wλ
i (x) ≥ 0, ∀x ∈ Σλ, ∀λ ∈ [−1,−1 + ι], i = 1, 2, · · · ,m.

Otherwise, by the conditions of ui, there exist i0 ∈ {1, 2, · · · ,m}, λ0 > −1 and x0 ∈ Σλ0
∩ Ω

such that

wλ0

i0
(x0) = inf{wλ

i (x) | ∀x ∈ Σλ, ∀λ ∈ [−1,−1 + ι], i = 1, 2, · · · ,m} < 0

and
∂wλ

i0
(x0)

∂λ

∣∣∣
λ=λ0

≤ 0, ∇wλ0

i0
(x)|x=x0

= 0.

Thus in fact

∂uλi0(x0)

∂λ

∣∣∣
λ=λ0

= −∂u
λ0

i0
(x)

∂x1

∣∣∣
x=x0

≤ 0, ∇uλ0

i0
(x0) = ∇ui0(x0). (3.1)

Inspired by (3.1) and condition (F2), we can compute that as follows:

(−∆)Lwλ0

i0
(x0)

= fi0

(
xλ0

0 , uλ0

1 (x0), u
λ0

2 (x0), · · · , uλ0

m (x0),−
∂uλ0

i0
(x0)

∂x1
,
∂uλ0

i0
(x0)

∂x2
, · · · , ∂u

λ0

i0
(x0)

∂xn

)

− fi0

(
x0, u1(x0), u2(x0), · · · , um(x0),

∂ui0(x0)

∂x1
,
∂ui0(x0)

∂x2
, · · · , ∂ui0(x0)

∂xn

)

≥ fi0(x0, u
λ0

1 (x0), u
λ0

2 (x0), · · · , uλ0

m (x0),∇uλ0

i0
(x0))

− fi0(x0, u1(x0), u2(x0), · · · , um(x0),∇ui0(x0))
= fi0(x0, u

λ0

1 (x0), u
λ0

2 (x0), · · · , uλ0

m (x0),∇ui0(x0))
− fi0(x0, u1(x0), u

λ0

2 (x0), · · · , uλ0

m (x0),∇ui0(x0)) + · · ·
+ fi0(x0, u1(x0), u2(x0), · · · , uλ0

k (x0), u
λ0

k+1(x0), · · · , uλ0

m (x0),∇ui0(x0))
− fi0(x0, u1(x0), u2(x0), · · · , uk(x0), uλ0

k+1(x0), · · · , uλ0

m (x0),∇ui0(x0)) + · · ·
+ fi0(x0, u1(x0), u2(x0), · · · , uλ0

m (x0),∇ui0(x0))
− fi0(x0, u1(x0), u2(x0), · · · , um(x0),∇ui0(x0))

≥ c1(x0)w
λ0

1 (x0) + c2(x0)w
λ0

2 (x0) + · · ·+ ck(x0)w
λ0

k (x0) + · · ·+ cm(x0)w
λ0

m (x0), (3.2)

where

ck(x0) =
fi0(x0, · · · , uλ0

k (x0), u
λ0

k+1(x0), · · · ,∇ui0(x0))
uλ0

k (x0)− uk(x0)
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− fi0(x0, · · · , uk(x0), uλ0

k+1(x0), · · · ,∇ui0(x0))
uλ0

k (x0)− uk(x0)
.

It can be easily deduced from the conditions of ui and fi0 that ck(x0) are uniformly bounded.

Furthermore, by (F1), we see that ck(x0) ≥ 0 for k 6= i0 and

m∑

k=1

ck(x0)w
λ0

k (x0)

= c1(x0)w
λ0

1 (x0) + c2(x0)w
λ0

2 (x0) + · · ·+ ci0(x0)w
λ0

i0
(x0) + · · ·+ cm(x0)w

λ0

m (x0)

≥ c1(x0)w
λ0

i0
(x0) + c2(x0)w

λ0

i0
(x0) + · · ·+ ci0(x0)w

λ0

i0
(x0) + · · ·+ cm(x0)w

λ0

i0
(x0)

=
[ m∑

k=1

ck(x0)
]
wλ0

i0
(x0)

= c̃(x0)w
λ0

i0
(x0).

Thus, we have

(−∆)Lwλ0

i0
(x0)− c̃(x0)w

λ0

i0
(x0) ≥ 0. (3.3)

On the other hand, by Lemma 2.1, it turns out that for sufficiently small ι > 0

(−∆)Lwλ0

i0
(x0)− c̃(x0)w

λ0

i0
(x0) ≤

(
CnC

′ ln
1

2ι
− CnC + ̺n − c̃(x0)

)
wλ0

i0
(x0) < 0,

which contradicts (3.3).

Step 2 Show that

λ∗ = sup
{
λ ∈ [−1, 0] | min

1≤i≤m
wµ

i (x) ≥ 0, ∀x ∈ Σµ, ∀µ ≤ λ
}
= 0.

Combining the definition of λ∗ and the continuity of ui(x), we know that wλ∗

i (x) ≥ 0 for all

x ∈ Σλ∗
. Suppose that λ∗ < 0. Then we can get the following claim.

Claim 1 If λ∗ < 0, then wλ∗

i (x) > 0 for any x ∈ Σλ∗
∩ Ω, i = 1, 2, · · · ,m.

If this claim is not true, then there must exist one i∗ ∈ {1, 2, · · · ,m} and x∗ ∈ Σλ∗
∩Ω such

that wλ∗

i∗
(x∗) = 0. Applying the similar arguments as in Step 1, we can obtain that

(−∆)Lwλ∗

i∗
(x∗) ≥

m∑

k=1

ck(x∗)w
λ∗

k (x∗) ≥ ci∗(x∗)w
λ∗

i∗
(x∗) = 0. (3.4)

On the other hand, by the definition of (−∆)L, we can compute that

(−∆)Lwλ∗

i∗
(x∗) = Cn

∫

Rn

−wλ∗

i∗
(y)

|x∗ − y|n dy

= Cn

( ∫

Σλ∗

−wλ∗

i∗
(y)

|x∗ − y|n dy +
∫

Σ̃λ∗

−wλ∗

i∗
(y)

|x∗ − y|ndy
)

= Cn

( ∫

Σλ∗

−wλ∗

i∗
(y)

|x∗ − y|n dy +
∫

Σλ∗

wλ∗

i∗
(y)

|x∗ − yλ∗ |n dy
)

= Cn

∫

Σλ∗

wλ∗

i∗
(y)

( 1

|x∗ − yλ∗ |n − 1

|x∗ − y|n
)
dy < 0,
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which contradicts (3.4). As a consequence of Claim 1, we can also get the following claim.

Claim 2 There exists a sufficiently small ǫ > 0 such that if λ∗ < 0, then

wλ
i (x) ≥ 0, ∀x ∈ Σλ, ∀λ ≤ λ∗ + ǫ, i = 1, 2, · · · ,m.

Otherwise, there exists a sequence λk ց λ∗ as k → ∞ and j∗ ∈ {1, 2, · · · ,m}, µk ∈ (λ∗, λk],

xk ∈ Σµk
∩Ω such that

wµk

j∗
(xk) = inf{wλ

i (x) | ∀x ∈ Σλ, λ ∈ [λ∗, λk], i = 1, 2, · · · ,m} < 0. (3.5)

For simplicity, we denote dk = dist(xk, Tµk
). Applying the similar arguments as in Step 1, we

can see that

(−∆)Lwµk

j∗
(xk)− c̃(xk)wµk

j∗
(xk) ≥ 0 (3.6)

and

(−∆)Lwµk

j∗
(xk)− c̃(xk)wµk

j∗
(xk)

≤
(
CnC

′ ln
1

2dk
− CnC + ̺n − c̃(xk)

)
wµk

j∗
(xk)

− ndkCn

∫

Σµk
∩Ω

(wµk

j∗
(y)− wµk

j∗
(xk))(µk − y1)

|xk − yµk |n+2
dy. (3.7)

It can be easily deduced from (3.6) and (3.7) that

CnC
′ ln

1

2dk
− CnC + ̺n − c̃(xk) ≤ 0.

Hence we have

ln
1

2dk
≤ CnC + |̺n|+ |c̃(xk)|

CnC′
≤ C,

i.e., dk ≥ 1
2eC

> 0. By the boundedness of Ω, we can choose a convergent subsequence. For

simplicity, we assume that xk → x∗ ∈ Σλ∗
∩Ω and d(x∗, Tλ∗

) ≥ 1
2eC

> 0.

On the other hand, from the definition of λ∗ and (3.5), we can easily check that lim
k→∞

wµk

j∗
(xk) =

wλ∗

j∗
(x∗) = 0. Thus, by the Lebesgue dominated convergence theorem, we obtain

0 ≤
∫

Σλ∗
∩Ω

wλ∗

j∗
(y)(λ∗ − y1)

|x∗ − yλ∗ |n+2
dy ≤ 0.

Obviously, we obtain that wλ∗

j∗
(x) ≡ 0 for x ∈ Σλ∗

∩Ω, which contradicts Claim 1. So the proof

of Claim 2 is done, i.e.,

ui(x1, x
′) ≤ ui(−x1, x′), ∀x1 < 0, (x1, x

′) ∈ Ω. (3.8)

Based upon the above proof, we see that wλ
i (x) > 0 for any x ∈ Σλ ∩ Ω, λ < 0. By taking

λ = x1+x1

2 and (x1, x
′), (x1, x

′) ∈ Ω with x1 < x1 < 0, we have ui(x1, x
′) < ui(x1, x

′) for

i = 1, 2, · · · ,m. Moreover, deducing from the assumption f(x1, x
′, u,−→p ) = f(−x1, x′, u,−→p ),
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we can get that ũi(x1, x
′) = ui(−x1, x′) (i = 1, 2, · · · ,m) can also serve as solutions of system

(1.3). Applying the above procedure to ũi once more, we obtain that

ũi(x1, x
′) ≤ ũi(−x1, x′), ∀x1 < 0, (x1, x

′) ∈ Ω, (3.9)

i.e.,

ui(x1, x
′) ≥ ui(−x1, x′), ∀x1 < 0, (x1, x

′) ∈ Ω. (3.10)

Combining (3.8) and (3.10), we see that

ui(x1, x
′) = ui(−x1, x′), ∀x1 < 0, (x1, x

′) ∈ Ω.

The proof of Theorem 1.2 is completed.
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