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Monotonicity and Symmetry of Positive Solutions to
Logarithmic Laplacian Equations and Systems with
Gradient Terms*

Xianghui XU! Tingzhi CHENG?

Abstract This paper is concerned with logarithmic Laplacian equations and systems with
gradient terms in bounded convex domains. Under some assumptions on the nonlinearities,
the authors prove the strict monotonicity and symmetry of positive solutions. In particular,
the authors establish one new estimate of the logarithmic Laplacian operator that plays an
important role in applying the direct method of moving planes. This paper seems to be the
first one to deal with the monotonicity and symmetry of positive solutions to logarithmic
Laplacian equations and systems with gradient terms.
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1 Introduction

Due to the significant applications and profound boost in the perception of nonlocal phe-
nomena, the interest in the research of nonlinear integro-differential equations has been fueled
by the high frequency study on the qualitative analysis of solutions to integro-differential equa-
tions and systems. Among a large quantity of nonlocal operators, the fractional Laplacian has
received tremendous attention from mathematicians. The prototype of the fractional Laplacian
can be defined as follows:

—A)’u(x) = Cn,s lim 7dy,
( ) ( ) c0 R\ B. (2) |r y|n+25

n n+2s .
where 0 < s <1land ¢y s = 22577_552((1—33). To overcome the difficulty caused by the nonlocal

operator (—A)?®, there have been several methods such as the extension method, the integral
equations method, the direct method of moving planes and the sliding method (see [1, 3-5, 9]
and the references therein).

In 2019, Chen and Weth [2] first introduced the logarithmic Laplacian operator (—A)%
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which is given by

u(2)1p, @) (y) —uly)

~ANtuz) =0, dy + opu(z
(- u(e) = C, | R (@)
=C, ulz) — uly) uiy) dy — C, _uly) —dy + onu(z).
&@)|x—y| Rm&@Hx—y

Here C), = F_%F(%), on = 2log2 +w(%) —7, ¥ =T"/T is the Digamma function and T is the
Gamma function. Moreover, v = —I"(1) is the Euler Mascheroni constant and Bj(x) denotes
the unit ball with center x. They pointed out that the logarithmic Laplacian operator can be
used to describe the asymptotic behavior of principal Dirichlet eigenvalues and eigenfunctions
of (—A)* as s — 0.

Recently, the qualitative analysis of solutions to various logarithmic Laplacian equations has
attracted more and more attention (see [6-7, 10] and the references therein). For instance, Liu
[7] generalized the direct method of moving planes (see [4]) to prove the symmetry and mono-
tonicity of solutions for the following Dirichlet problem of a nonlinear logarithmic Laplacian
equation

(=AY u(z) = f(u) in £,
u(z) >0 in €, (1.1)
u(z) =0 on °,

where 2 = Br(0). In 2021, Zhang and Nie [10] also considered problem (1.1) in a unit ball and
a nonlinear Schrodinger equation with logarithmic Laplacian in R™. With the establishment of
various maximum principles under a restricted condition hq(x) 4+ 0, > 0,z € Q, they applied
the method of moving planes successfully to the monotonicity and symmetry analysis of positive
solutions, where

1

ho(z) = C,, —
mawﬂf—m

—dy - C,
B\ [T —yl"
For more details about the monotonicity and symmetry properties of solutions to nonlinear
integro-differential equations and systems, we refer to [3—4, 8-9] and the references therein.
Although there have already emerged some works related to the monotonicity and symmetry
research on nonlinear integro-differential equations and systems, we should point out that the
nonlinear terms involved in the available research lack gradient terms. That is to say, compared
to the tremendous results on nonlinear term f(u), the nonlinear term containing gradient in-
gredient such as f(z,u, Vu) has fewer occurrences in the monotonicity and symmetry research.
Inspired by the above observations, we focus on the monotonicity and symmetry analysis
of the integro-differential equations and systems with both logarithmic Laplacian and gradient
terms. To our best knowledge, our paper seems to be the first one to deal with logarithmic
Laplacian equations and systems with gradient terms. More precisely, we consider the following
Dirichlet problems of a logarithmic Laplacian equation:

(—A)Eu(z) = f(x,u, Vu) in Q,
u(z) >0 in €, (1.2)

u(x) = on Qc’
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and system

(_A)Lui(l") = fi(z,ur,ug, -+ Um, Vug) in €,
ui(z) >0 in Q, (1.3)

ui(x) =0 on Q¢ i=1,2,---,m,

where Q CR" is a bounded domain and (2 is convex in z1-direction (i.e., for any (z1, '), (T1,2’) €
Qand 0 < t < 1, (tzg + (1 — )T1,2') € Q). It is clear that (—A)Fw; is well defined if
u; € Cot(R™) N Lo for i = 1,2,--- ,m. Here

|ui(@)]|

LQ:{’U@ZR”%R| oy
re 1+ 2]

dz < oo}.
For the sake of narrative convenience, we introduce some notations which will be frequently
used in the following parts. Set

z=(z,2)eR”, 2)=02\—z1,2), Th={(z1,2') e R" |z =)},
Sy ={(z1,2) €R" |21 <A}, Zx={(x1,2") €R" |21 > A},
R, (A) = {;v’\ eER™ |z € A}, u)‘(x) = ui(;v’\), wf\(x) = u;\(x) — u;(x).

K2 K2

We let 7 = (p1,p2, -+ ,pn) denote Vu and Vu; in the following Theorem 1.1 and Theorem
1.2, respectively.

With the aid of the direct method of moving planes for the logarithmic Laplacian, we will
show the strict monotonicity and symmetry of solutions to (1.2) and (1.3), which can generalize
the results in [7, 10]. In particular, this paper has two major advantages of innovation. Firstly,
the bounded domain € in [7, 10] is a ball which is a strictly convex domain. The reflection point
of the boundary R, (X, N 9Q) lies in the interior part of Q entirely (see Figure 1(a) below),
which means that w)}(z) > 0 for z € X\ N Q. However, this fact cannot hold for a general
domain which is not strictly convex (see Figure 1(b) below). Due to the different geometry
between the strictly and non-strictly convex domains, the arguments used in [7, 10] fail here.
Thus, we will establish a new estimate of the logarithmic Laplacian operator to overcome this
setback (see Lemma 2.1 in Section 2 for details). Secondly, comparing with various maximum
principles in [10], we will not need the condition hq(z)+ 0, > 0,2 € Q any longer. In addition,
we also need some new ideas to deal with the appearance of gradient terms.

Rey (54 009) R (53000)

$inon
¥2NoQ

@ (b)

Figure 1 Reflection part of ¥ N OS2 in strictly and non-strictly convex domains.

Our main results can be exactly illustrated as follows.
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Theorem 1.1 Let € be a bounded domain in R™ which is convex in x1-direction and
symmetric about 1 = 0. Suppose that u € C2'(Q) N C(R™) solves (1.2) and f(x,u, P) is

loc

Lipschitz continuous with respect to u. If f(x,u, 7) satisfies
(F) f(xlaxlau7p17p27 o 7pn) S f(f]_,il'/,u, —P1,P2," - 7pn) for any xri, —pi S O; Tl S 31 S
—x7.

Then u(xy1,x’) is strictly increasing in the left half of Q in x1-direction and
w(zy,2') <u(—x1,2"), Vo <0, (x1,7') € Q.
In particular, if f(a:l,x’,u,?) = f(—a:l,a:’,u,?), then
u(zy, ') = u(—x1,2").

Theorem 1.2 Let Q be a bounded domain in R™ which is convex in x1-direction and
symmetric about x1 = 0. Suppose that u; € C’llocl(Q) NCIR™) (i =1,2,---,m) solve (1.3) and
filz,u, 7) (i =1,2,---,m) are Lipschitz continuous with respect to u = (uy,us, -+ ,Um). If
fi(x, u, ?) (i=1,2,---,m) satisfy

(F1) 881{'; >0 fork#i4,1<i,k<m;

(F2) fi(z1, 2", 0,p1,p2, ) < fil@1, 2,0, —p1,p2, -+ ,pn) for any z1,—p1 < 0, 21 <
fl S —x.

Then u;(x1,2') (i =1,2,---,m) are strictly increasing in the left half of Q in x1-direction and
wi(wy,2’) <wug(—z1,2"), V<0, (x1,2') €.
In particular, if fi(z1, 2,0, 7) = fi(—x1, 2,0, ), then
wi(z1,2') = ui(—z1,2").

The rest of this paper is organized as follows. In Section 2, one new crucial estimate for the
logarithmic Laplacian operator is derived. Then we present the detailed proofs of main results
in Section 3.

2 Preliminaries

In this section, we establish a new estimate lemma that will play a vital role in the application
of the method of moving planes.

Lemma 2.1 Let w € Lo satisfy w(x1, 22, -+ ,&n) = —w(2\ — x1, 22, ,2p), T € Xy and
w(z) >0, x € X\\Q. Assume that there exists one point x € Xy N Q such that

w(z) = inf w(y) <O0.

2ANQ
If wis CY1 at z, then we have
1 (w(y) —w(x))(A —w1)
_A L < n /1 ac “Yn n - n )
(—A)Yrw(x) < (C’ C n o> C,C+o )w(x) ndC, - PRI dy

where § = d(x,Tx) = |z1 — Al € (0,3), C" and C both denote some positive constants.
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Proof It follows from the definition of logarithmic Laplacian operator that

n( )d _c, w(y)n
Bi(zx) |z — vy R7\ By (z) |z — v
=Cn(I+7J) + opw(z).

w(z) —

(—A)Lw(x) =Cy dy + an(x)

Set A = By () Ny, B = By (z)N(S\\A). Then Ry, (A) = Bi(2)\Z», Bi(z) = AUBUR,, (A)

and
[ wz) —w(y) w(z) —w(y) w(z) — w(y)
= [ d“/mlm) PR

[ @) - () w(z) — w(y) w(x) + wly)
‘/A g d“/B P +/A e Y
1 1
< —/A<w(y> — @) (= ~ )
2u(x) w(z) — w(y)
+/Ai|x—y)‘|"dy+/37|x—y|" dy. (2.1)

Let C = X\\Bi(x), Ry, (B), Rz, (C) denote the reflection of B, C' with respect to T. Then we

have
1=/ |xw—(yy)|ndy - /R”(B) |xw—(yy)|"dy - /le@ %dy
= [t [ [
= [ (= *I”) = l|n
<= [0 () [ 22)
Combining (2.1) and (2.2), we see
tras-f m(w(y) ) (o ) [
wf e [ (2 )
< foa) = (=~ )
A [ 23)

Applying the mean value theorem, we can compute that

/y,m(‘”(y) o) (G )

n

N /Emﬂ(w(y) - w(x))on-u (lz =y — & — y|)dy

A—z)A—w)
e
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w(y) —w(z))(A —y1
Cns w0,

(2.4)
2ANN

where 0 € (|z — y|,|z — y*|). While, let D = {y |21+ <y1 < a1+ 3,|y — 2| < 1}, and
we can claim that D C Ry, (AU B) C . In fact, from the information dlsplayed in Figure 2,
we can rewrite the coordinate of M, Ry, M as M = (1 — 1,2’) and R, M = 2\ —z1 + 1,2').
Moreover, we can also set the coordinate of Q as Q = (\,Q’), where (A —z1)? + |2’ — Q'|*> = 1.
Hence, for y = (y1,y’) € Ry, (AU B), we can deduce from Figure 2 that A < y3 <2A— 27 + 1
and |y — 2'|> <|Q" — 2'|> =1 — (A — x1)?. Furthermore, from the definition of §, we can also
know that 6 = A —z; <y; —x1 <2A—2x1+1=26+1 and |y —2/|> <1 —§2. In a word, for
y = (y1,9') € Ra, (AU B), we can achieve that y; € (71 48,21 +1+26] and |y — 2| < V1 — 62
Thanks to the fact that 0 < § < %, we can obtain the conclusion that

1
D= {y|x1+5<y1<x1+ |y—x’|<4}

CE={y|lm+d<yi <z +1+26|y —2'| <vV1-452}
C R;,(AUB,).

Then, for w,_» = [0B1(0)| in R"~1, we can also get

1
/AUB |z —yAn
1 n i n n— Qtn 2
2/ //w2T dep//wzp £ pdtdp
Ix—yl" (p* +72)% (02 + p?t2)>

Wn— ztn 2 , 1
————dt- d >C'"In— 2.5
/ / 1+2)F p =" Moy (2:3)
T\
B D
R, (M)
T
Figure 2 Location of domain D.
Moreover, since |z — y| > 1 for all y € C, we have
1
/ 1 ay<icna<io<c (2.6)
cna lz —yl"
Thus, by (2.3)—(2.6), we see that
1 (w(y) —w(@))(A —y1)
~A)Yw(z) < (C’nC” In— —-C,C+ gn)w z) —noC, dy.

The proof of Lemma 2.1 is completed.
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3 Proofs of Main Results

In this section, we mainly present the detailed proof of Theorem 1.2. The proof of Theorem
1.1 can be done by the similar arguments to those of Theorem 1.2. For simplicity, we leave it

to the readers.

Proof of Theorem 1.2 For the sake of discussion, we can suppose that Q C {|z1| < 1}
and 9Q N {x; = —1} # 0. We will apply the direct method of moving planes to complete the
proof of this theorem. Exactly, two steps can be presented as follows.

Step 1 Show that there exists ¢ > 0 small enough such that

wMz) >0, VreXy, YAe[-1,-1+4,i=1,2,---,m

K2

Otherwise, by the conditions of u;, there exist ig € {1,2,--- ,m}, A\ > —1 and 29 € X, NN
such that
on(ilio) inf{w}(z) |Vz € Ty, VA€ [-1,-1+4], i=1,2,--- ,m} <0
and o (z0)
M‘ <0 \V/ Ao -0
o\ A=Xo ~ Yio (@)le=ao )
Thus in fact
A S — __ v/ <0, V Ao = Vu; . 31
o\ ’)\:)\0 8:1;1 r=x0 ulo (‘TO) u 0(1'0) ( )

Inspired by (3.1) and condition (F2), we can compute that as follows:

(=) w (x0)

o o 2o
iy (xé 129 (20), 10 (20), <+ 1 (z0), _8ugx(1xo)7 augx(jo)j_._ ’ augx(nxo))
— fio (0, w1 (w0, (@), -+ wm(0), 8“;5;’”0), 8“5);:0),.. . 8@(:0))
> fio(20,u3° (20),u3° (z0), -, up? (w0), Vup® (z0))
— fio (o, ur(x0), u2(xo), -+, um (o), Vi, (20))
= fio (w0, u3° (x0), up° (x0), - -, up? (w0), Vtiy (o))
— fio (o, ur (w0), 15" (), - -+, up? (w0), Vi (w0)) + -
+ fio (o, ur (o), ua(w0), -+, up® (o), updy (o), -+, up? (w0), Vg, (20))
— fio(@o,ur (o), ua (o), -+ s ur(wo), upy (o), - -+, up? (x0), Vi (w0)) + - - -
+ fio (zo, w1 (o), uz(x0), -, ud(20), Vi, (20))
= fio(@o, w1 (20), u2(z0), " -+ um(2o), Vi, (20))
> ¢1(2z0)w® (o) + calao)wy® (zo) + - - + ck(xo)w,i‘“ (z0) + -+ - + em (o)W (0), (3.2)
where
(o) = folro, ,ugo(jO)’uml(zO), o Vit (o)

up® (o) — uk(wo)
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~ fio(wo, (o), uS,y (20), -, Vi (x0))

up® (o) — k(o)

It can be easily deduced from the conditions of u; and f;, that ¢x(xg) are uniformly bounded.
Furthermore, by (F1), we see that c;(z) > 0 for k # iy and

Z Cr (xo)w,i‘o (x0)

k=1
= ¢1(z0)w® (o) + cazo)wy® (z0) + - - + iy (arg)w;\oo (20) + -+ cm(20) W (20)
> (xo)wi)g’ (x0) + cz(xo)w;\o‘) (o) + -+ + ¢y (arg)w;\oo (o) + -+ em( )w)go (7o)
= [ enlwo) | (o)

Thus, we have
(— A)Lw)‘o (o) — E(xo)wi);o (zg) > 0. (3.3)
On the other hand, by Lemma 2.1, it turns out that for sufficiently small + > 0
A)Fw wo)u (20) < (CuC'ln = — CuC & o 0
(=) w)? (20) = &ao)uwd (w0) < (CuC'ln o = CuC + 0 = &lao) Jw) (a0) < 0,

which contradicts (3.3).
Step 2 Show that

)\*:sup{/\e[—l,OH min w!'(z) >0, Vo € X, Vug)\}:O

1<i<m

Combining the definition of A, and the continuity of u;(z), we know that w;** () > 0 for all
x € Xy, . Suppose that A, < 0. Then we can get the following claim.

Claim 1 If A\, <0, then w;\(x) >0foranyz e Xy, NQ, i=1,2,---,m.

If this claim is not true, then there must exist one i, € {1,2,--- ,m} and z, € Xy, NQ such
that w? (z+) = 0. Applying the similar arguments as in Step 1, we can obtain that

(—A) > er(@a)wy (2.) > o, () w) (z.) = 0. (3.4)

k=1

On the other hand, by the definition of (—A)¥, we can compute that

™

re [T — Y[
A

As
—’U} — W
Cn( / () dy+ / () dy)
SINES —?J|" Sa, e —yl™
—w}* (y) w (y)
G [ D [ )
s, T =y s, |Te =y |m

1 1
Co [ - Jay <0,
S |zo =y " ze —y”
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which contradicts (3.4). As a consequence of Claim 1, we can also get the following claim.
Claim 2 There exists a sufficiently small € > 0 such that if A\, < 0, then

wMz) >0, VzeXy, VA< 46 i=1,2--,m.

2

Otherwise, there exists a sequence A\, \, A\x as k — oo and j. € {1,2,--- ,m}, ur € (A, Ai,
2% € %, NQ such that

wh* (z%) = inf{w}(x) | Vo € Tx, X € My, M), 1 =1,2,--- ,m} <0. (3.5)

Jx
For simplicity, we denote dj, = dist(z*, Ty, ). Applying the similar arguments as in Step 1, we

can see that

(—A)Lwi’“ (z*) — E(xk)w;-‘j (%) >0 (3.6)

and

(=A)Fwf* (2*) — e(a®)wy* (")

1
< TR k) gk (R
< (CnC In 2d CnC + 0, — ¢(x ))wj (z")

(i () — wik @) (e — 1)
|xk — yHk |n+2

—ndiCp, dy. (3.7)

Ty, N0

It can be easily deduced from (3.6) and (3.7) that

1
C,C"In 5.~ OnC +on = &z*) <o.
k

Hence we have o
In 1 < CnC + [on| + |c(2")]
2dy, c,¢’

ie., di > 2%5 > 0. By the boundedness of €2, we can choose a convergent subsequence. For

<C,

simplicity, we assume that 2% — z* € ¥y, N Q and d(z*,Ty,) > 26% > 0.
On the other hand, from the definition of A, and (3.5), we can easily check that klim wi () =

Soo It
wj-‘: (*) = 0. Thus, by the Lebesgue dominated convergence theorem, we obtain

s

w; A —
o< [ EWOw,
sane 1T =y

Obviously, we obtain that wj’\ (z) =0 for z € ¥y, N, which contradicts Claim 1. So the proof
of Claim 2 is done, i.e.,

wi(z1,2') <wi(—z,2"), VYo <0, (z1,2") € Q. (3.8)

Based upon the above proof, we see that w?(x) > 0 for any z € £y N Q, A < 0. By taking
A= @ and (z1,2'), (T1,2") € Q with T; < 21 < 0, we have u;(T1,2") < w;(xq1,2") for

i =1,2,---,m. Moreover, deducing from the assumption f(z1,2’, u, ?) = f(—z1,2, u, ?),
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we can get that u;(x1,2") = u;(—x1,2") (i = 1,2,--- ,m) can also serve as solutions of system

(1.3). Applying the above procedure to u; once more, we obtain that

i.e.,

wi(z1,2") < ui(—mz,2"), Vo <0, (z1,2) € Q, (3.9)

wi(zy, o) > wi(—z1,2"), Vo1 <0, (z1,2") € Q. (3.10)

Combining (3.8) and (3.10), we see that

wi(z1,2') = wi(—z1,2"), Vai <0, (x1,7") € Q.

The proof of Theorem 1.2 is completed.
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