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Abstract The main aim of this paper is to extend the Bayesian approach to finding

quadratic optimal control to a wider range of stochastic linear systems. These systems

involve an unknown parameter in the drift term, which is observed through a noisy linear

channel. The author demonstrates the effectiveness of the Bayesian strategy by comparing

the cost it incurs with that of an optimal control that possesses complete knowledge of

the parameter. The findings reveal that the Bayesian strategy minimizes the worst-case

multiplicative regret. Furthermore, the author provides a proof that the corresponding

adaptive scheme is optimal when the unknown system parameter belongs to an infinite

space. This result further validates the effectiveness of the Bayesian strategy in handling

systems with unknown parameters. In summary, this paper contributes to the general-

ization of the Bayesian strategy for the optimal control in stochastic linear systems with

unknown parameters. It also establishes a theoretical basis for its optimality.

Keywords Bayesian strategy, Kalman-Bucy filter, Optimal control, Adaptive

control, Multiplicative regret
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1 Introduction

The study of optimal control problems for linear systems with quadratic cost functionals,

also known as LQ problems, has a long history. In these problems, the system is described by

a linear ordinary differential equation and the cost functional is quadratic, making it one of the

simplest nontrivial optimal control problems. As a result, there have been extensive studies

and excellent results on the topic of linear quadratic optimal control problems, particularly in

the case where the model parameters are known and the state is fully observed (cf. [4, 24, 27]).

This paper focuses on the case where the model parameters are unknown. In this setting,

the control actions not only affect the cost but also influence the rate at which the system

dynamics are learned. This adds a layer of complexity to the problem. The objective now is to

minimize the regret of the controller, which is defined as the difference between the cost of the

learned controller and the cost of the optimal controller. The focus is on developing strategies

that can adapt to unknown model parameters and learn the dynamics of the system over time.

By minimizing the regret, the proposed adaptive control strategies aim to achieve performance

comparable to that of the optimal controller, even in the presence of uncertainty.
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A common strategy for controlling a system with uncertainties is to initially estimate

the model parameters and then design an optimal controller based on the estimated model.

This learning-based approach was first introduced from a learning-theoretic perspective in [1].

Learning-based control has been widely applied in various fields, as evidenced by books such

as [7, 11, 19, 25] and recent papers like [2–3]. The classical papers [5, 22] and recent surveys

[8] also discuss the well-known “multi-armed bandit” problem. However, in safety-critical sce-

narios where uninterrupted control is required, there is no opportunity for a dedicated learning

phase. In such cases, there is a strong motivation to find an optimal control strategy within a

finite timescale, without distinct learning and control phases. A related approach is to divide

the available time into epochs, where the model is refined and the controller is updated within

each epoch. Papers such as [1, 9–10, 12, 15, 20] present this epoch-based methodology. All of

these results strive for optimality in the asymptotic limit of large time.

Recently, the Bayesian strategy has gained widespread popularity and demonstrated excel-

lent performance in scenarios where the unknown parameter appears in the drift term and is

independent of the state variable. Unlike traditional approaches that are divided into distinct

phases of exploration and exploitation, the Bayesian strategy takes into account the history at

every moment, making it more adaptive. Notably, these results are optimal for a fixed time

interval rather than for large time scales.

The core idea behind the Bayesian strategy is to apply Bayesian statistics to transform

the original problem into a linear quadratic Gaussian (LQG for short) control problem. In

the LQG framework, the process noise and observation noise are assumed to follow Gaussian

distributions, enabling the optimal solution to be split into a Kalman filter and a linear quadratic

regulator. For a deeper understanding, Speyer and Chung [26] provide a detailed introduction

to linear quadratic Gaussian control. This idea can be traced back to the principle of separation

of estimation and control, which has been extensively studied (cf. [6, 14, 17, 23]). Specifically,

when the system state is one-dimensional and can be measured without any sensor noise, the

Bayesian strategy, compared with the scenario with fully known parameter values, is shown to

minimize the worst-case regret with a specific fixed prior, as demonstrated in [16]. Moreover,

when the state is multi-dimensional and the measurements are noisy, the work in [16] is extended

in [18], leading to the same conclusion.

If we incorporate the influence of the state variable itself into the drift term, we obtain a well-

known stochastic differential equation called the Ornstein-Uhlenbeck process. This process is

often used to model phenomena such as the motion of particles subject to friction in physics and

stock price distributions in financial mathematics. Furthermore, in the multi-dimensional case,

considering the realistic factors, the number of control variables we apply is often expected

to be less than the number of state variables, and usually we can only observe part of the

information of the state variables. Thus, it motivates us to consider more complex models, and

the model in [18] can be considered as a special case. More details can be found in Remarks

2.2–2.3. Another interesting phenomenon worth noting is that in the numerical example, it is

found that due to the dependence of the drift term on the state, the challenge of short-time

learning and control of dynamical systems with unknown parameters no longer arises at time
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t = 0, as proposed in [16, 18]. Please refer to Figure 1(a) and Figure 1(b) for more details.

Afterwards, we make an effort to extend this highly practical result to infinite-dimensional

spaces. This is because numerous real-life phenomena can be represented by partial differential

equation models, such as fluid motion, derivatives pricing theories, the Prato problem, and so on.

Fortunately, it is possible to achieve these extensions within the same evaluation framework,

namely multiplicative regret. Consequently, we are able to determine the optimal agnostic

strategy for our model. The specific results and detailed proofs are provided below.

This article is divided into three parts. The first two parts discuss Bayesian optimal control

problems in both finite- and infinite-dimensions. Each part has three subsections that address

different aspects such as formulating the problem, deriving optimal costs, and computing the

optimal cost with full knowledge of the parameters. In the last part of the article, a Bayesian

strategy with a fixed prior on the drift parameter is shown to minimize the worst-case multi-

plicative regret. This result holds true for both finite- and infinite-dimensional systems.

2 Finite-Dimensional Systems

2.1 Problem formulation

Consider the following control system:




dq(t) = (Aq + b+Bu(t))dt+ dw(t), t ∈ [0, T ],

q(0) = q0,

dy(t) = Cqdt+ dv(t), t ∈ [0, T ],

y(0) = 0,

(2.1)

where q(t) ∈ R
n denotes the state of the system, observed through a noisy measurement y ∈ R

p

(p ≤ n); A ∈ R
n×n, B ∈ R

n×m, and C ∈ R
n×p are given time-invariant matrices. q0 is an R

n-

valued Gaussian random variable, independent of w(t) and v(t), with zero mean and covariance

matrix Σq0
. w(t) and v(t) are independent Wiener processes on R

n and R
p with covariance

matrices Σw and Σv, respectively.

Given some T0 ∈ [0, T ), we are allowed to observe the system for t ∈ [0, T0] without applying

any control, after which we control the system for t ∈ [T0, T ]. The objective is to find the optimal

control strategy u(t) ∈ R
m (m ≤ n), depending on the measurements {y(τ) : 0 ≤ τ < t} and

taking values in R
p, that minimizes the cost functional:

J(q,u; b) = E

∫ T

T0

(qTQq + uTRu)dt. (2.2)

The symmetric matrices Q and R are chosen as positive semi-definite and positive definite,

respectively.

If the drift parameter b is known, then the expectation in (2.2) is well-defined, and the task

reduces to a classical optimal control problem. However, when b is unknown, the objective is

to find the optimal agnostic strategy, as explored in a previous study in [18], that minimizes

the worst-case multiplicative regret. In what follows we will show that the Bayesian strategy is

indeed this optimal agnostic strategy.
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In the Bayesian version, a prior belief is assumed on b, that is, b is chosen at random

according to a probability measure µ(b). The expected cost associated with u can then be

computed as

J (q,u;µ) = Eb[J(q,u; b)] :=

∫

Rn

J(q,u; b)dµ(b). (2.3)

In this case, the objective is to find a control strategy u(t) that minimizes the expected value

in (2.3) given the prior belief µ(b).

2.2 A Bayesian strategy for unknown b

This section demonstrates the optimal strategy for the Bayesian problem given a fixed prior

belief µ(b). We restrict ourselves to Gaussian prior beliefs only, i.e., dµ(b) = ρ(b)db, where

ρ(b) = N (b;0,Σ) for some covariance matrix Σ � 0. To approach this problem in a more

traditional control-theoretic way, the system (2.1) is rewritten as follows:

{
dx(t) = (Fx+Du(t))dt+Gdw(t), t ∈ [0, T ],

dy(t) = Hxdt+ dv(t), t ∈ [0, T ],
(2.4)

where x =
[
q
b

]
∈ R

2n, F =
[

A In×n

0n×n 0n×n

]
, D =

[
B

0n×m

]
, G =

[
In×n

0n×n

]
, and H = [C 0p×n]. The

cost (2.3) can equivalently be written as

J (x,u) = E

[ ∫ T

T0

(xTQ̃x+ uTRu)dt
]

(2.5)

with Q̃ =
[

Q 0n×n

0n×n 0n×n

]
. Now the problem of minimizing (2.5) subject to the dynamics (2.4) be-

comes a standard linear-quadratic-Gaussian optimal control problem with partial information.

Let x̂(t) =
[ q̂(t)

b̂(t)

]
= E[x(t) | x(0),y(τ) : τ ∈ [0, t)] be the Bayesian estimate of q(t) and b

at time t. Then

dx̂(t) = (F x̂(t) +Du)dt+KdI(t), (2.6)

where the innovations process, a zero-mean white-noise process, is

dI(t) = dy(t)−Hx̂(t)dt, E[dI(t)d(I(t))T] = Σvdt,

and the Kalman gain is

K = P (t)HTΣ−1
v

with P (t)=
[ P11 P12

PT
12 P22

]
= E[(x(t)− x̂(t))(x(t)− x̂(t))T] given by the Riccati ODEs,





Ṗ (t) = FP + PFT − PHTΣ−1
v HP +GΣwG

T,

P (0) =

[
Σq0

0

0 Σ

]
.

(2.7)
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The cost to go at time t is

J (t, q,y;µ) = E

[ ∫ T

t

(xTQ̃x+ uTRu)dτ
]

= E

[ ∫ T

t

(x̂T
Q̃x̂+ uTRu)dτ

]
+

∫ T

t

Tr(P (τ)Q̃)dτ. (2.8)

The partial information LQG problem has been reduced to finding the control law u, which

minimizes (2.8) subject to (2.6).

Mathematically speaking, we have the same problem as when we have full information. The

only differences are additional terms involving P (τ) in the cost function and υ(t) in the dynamic

equation. However, neither of these terms is a function of the control, u, nor will they affect

the final result when we optimize the cost with respect to u. Thus, the optimal control looks

much the same as before.

Remark 2.1 Note that we have placed the unknown parameter b in the position of the

state, so in order to ensure optimality and performance of the Kalman-Bucy filter, it is necessary

to initially assume that the prior distribution of b is Gaussian.

To solve this problem, assume that the optimal value J 0(x̂, t) of the cost function has the

following form:

J 0(x̂, t) = x̂
T
S(t)x̂+ α(t),

and substitute this solution into the Hamilton-Jacobi-Bellman equation:

0 =
∂J 0

∂t
+min

u∈U

[∂J 0

∂x̂
(F x̂+Du) +

1

2
Tr(KΣvK

T)
∂2J 0

∂x̂
2 + (x̂T

Q̃x̂+ uTRu)
]

= x̂
T
Ṡx̂+ α̇+min

u∈U
[2x̂T

S(F x̂+Du) + Tr(KΣvK
TS) + (x̂T

Q̃x̂+ uTRu)],

where U is Rm. Now, carry out the minimization with respect to u, to obtain that

x̂
T
SD + uTR = 0,

which implies that

u0(x̂, t) = −R−1DTSx̂ = −R−1BT(S11q̂ + S12b̂).

Substituting this optimal u0 into the Hamilton-Jacobi-Bellman equation, we get

0 = x̂
T
Ṡx̂+ α̇+ x̂

T(SF + FTS)x̂− x̂
T
SDR−1DTSx̂+ x̂

T
Q̃x̂+Tr(KΣvK

TS)

for every x̂ ∈ R
2n. The above is identically satisfied if the matrix S =

[ S11 S12

ST
12 S22

]
and scalar-

valued function α satisfy the control Riccati equations:




−Ṡ = SF + FTS + Q̃− SDR−1DTS,

S(T ) = 0,

−α̇ = Tr(PHTΣ−1
v HPS),

α(T ) = 0.

(2.9)
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2.3 Optimal cost for a Bayesian strategy with unknown b

The total cost incurred for b by the Bayesian strategy arising from a prior µ is

J (q, b;µ) = E

[ ∫ T

T0

(qTQq + (u0)TRu0)dt
]
, (2.10)

where u0 = −R−1BT(S11q̂ + S12b̂). It is known that q̂(t) and b̂(t) satisfy the following

continuous-time Kalman filter equations:

dq̂(t) = (Aq̂(t) + b̂+Bu)dt+ P11(t)C
TΣ−1

v (dy − Cq̂dt),

db̂(t) = PT
12(t)C

TΣ−1
v (dy − Cq̂dt)

from (2.6). With control u0, the stochastic differential equations describing q, q̂, and b̂ become

dq = [Aq + b−BR−1BT(S11q̂ + S12b̂)]dt+ dw, (2.11)

dq̂ = [Aq̂ + b̂−BR−1BT(S11q̂ + S12b̂)]dt+ P11C
TΣ−1

v [C(q − q̂)dt+ dv], (2.12)

db̂ = PT
12C

TΣ−1
v [C(q − q̂)dt+ dv]. (2.13)

Let b(t) , E[b̂(t)], q(t) , E[q̂(t)], and q̃(t) , E[q(t)] with the associated covariances Σ
b̂b̂
, Σq̂q̂,

Σ
q̂b̂
, Σqq, Σqq̂, and Σ

qb̂
.

Theorem 2.1 The optimal cost incurred by a specific Bayesian strategy can be expressed

as

J (q, b;µ) = bTX(Σ,Σv, T0, T )b+ Y (Σ,Σv , T0, T ), (2.14)

where

X(Σ,Σv, T0, T ) =

∫ T

T0

[CT
1 QC1 + (S11C2 + S12C3)

TBR−1BT(S11C2 + S12C3)]dt

and

Y (Σ,Σv, T0, T ) =

∫ T

T0

Tr(QΣqq + ST
11BR

−1BTS11Σq̂q̂

+ 2ST
11BR

−1BTS12Σq̂b̂
+ ST

12BR
−1BTS12Σb̂b̂

)dt

for time-varying functions C1(t), C2(t), and C3(t). All of the quantities appearing here can be

found by solving the following system of ODEs :

Ċ1 = AC1 + I −BR−1BT(S11C2 + S12C3),

Ċ2 = AC2 + C3 −BR−1BT(S11C2 + S12C3) + P11C
TΣ−1

v C(C1 − C2),

Ċ3 = PT
12C

TΣ−1
v C(C1 − C2),

Σ̇
b̂b̂

= (Σ
qb̂

− Σ
q̂b̂
)TCTΣ−1

v CP12 + PT
12C

TΣ−1
v C(Σ

qb̂
− Σ

q̂b̂
) + PT

12C
TΣ−1

v CP12,
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Σ̇
qb̂

= (Σqq − Σqq̂)C
TΣ−1

v CP12 −BR−1BT(S11Σq̂b̂
+ S12Σq̂q̂) +AΣ

qb̂
,

Σ̇qq = Σw − (Σqq̂S
T
11 +Σ

qb̂
ST
12)BR

−1BT

−BR−1BT(Σqq̂S
T
11 +Σ

qb̂
ST
12)

T +ΣqqA
T +AΣqq,

Σ̇qq̂ = (Σqq − Σqq̂)C
TΣ−1

v CPT
11 − Σqq̂S

T
11BR

−1BT +Σ
qb̂
(I − BR−1BTS12)

T

−BR−1BT(S11Σq̂q̂ + S12Σ
T
q̂b̂
) + Σqq̂A

T +AΣqq̂,

Σ̇q̂q̂ = P11C
TΣ−1

v CPT
11 +Σ

q̂b̂
(I −BR−1BTS12)

T + (I −BR−1BTS12)Σ
T
q̂b̂

+ (Σqq̂ − Σq̂q̂)
TCTΣ−1

v CPT
11 + P11C

TΣ−1
v C(Σqq̂ − Σq̂q̂)− Σq̂q̂S

T
11BR

−1BT

−BR−1BTS11Σq̂q̂ +Σq̂q̂A
T +AΣq̂q̂,

Σ̇
q̂b̂

= (Σqq̂ − Σq̂q̂)
TCTΣ−1

v CP12 + (I −BR−1BTS12)Σb̂b̂
−BR−1BTS12Σq̂b̂

+ P11C
TΣ−1

v C(Σ
qb̂

− Σ
q̂b̂

+ P12) +AΣ
q̂b̂
.

Proof The cost (2.10) can be written as

J (q, b;µ) = E

[ ∫ T

T0

(qTQq + (u0)TRu0)dt
]

=

∫ T

T0

[q̃T
Qq̃ + (S11q + S12b)

TBR−1BT(S11q + S12b)]dt

+

∫ T

T0

Tr(QΣqq + ST
11BR

−1BTS11Σq̂q̂ + 2ST
11BR

−1BTS12Σq̂b̂

+ ST
12BR

−1BTS12Σb̂b̂
)dt. (2.15)

To compute this cost, the ODEs for the aforementioned mean and covariances need to be

derived from the SDEs (2.11)–(2.13). This can be done by computing the expectations for the

discretized dynamics with a time step ∆t and taking the limit as ∆t→ 0. For example,

∆b = E[∆b̂] = E[PT
12C

TΣ−1
v [C(q − q̂)∆t+∆v]]

= PT
12C

TΣ−1
v [C(q̃ − q)∆t],

and therefore,

ḃ = PT
12C

TΣ−1
v C(q̃ − q).

Similarly, we get

˙̃q = Aq̃ + b−BR−1BT(S11q + S12b),

q̇ = Aq + b−BR−1BT(S11q + S12b) + P11C
TΣ−1

v C(q̃ − q).

The ODEs for q̃, q, and b yield q̃ = C1(t)b, q = C2(t)b, and b = C3(t)b for some C1, C2,

C3 : [0, T ] → R
n×n that satisfy the same set of ODEs:

Ċ1 = AC1 + I −BR−1BT(S11C2 + S12C3), (2.16)
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Ċ2 = AC2 + C3 −BR−1BT(S11C2 + S12C3) + P11C
TΣ−1

v C(C1 − C2), (2.17)

Ċ3 = PT
12C

TΣ−1
v C(C1 − C2). (2.18)

Substituting (2.16)–(2.18) into the first term of the last equation of (2.15), we get
∫ T

T0

[q̃T
Qq̃ + (S11q + S12b)

TBR−1BT(S11q + S12b)]dt = bTX(Σ,Σv, T0, T )b.

Again,

Σ
b̂b̂
(t+∆t) = E[(b̂(t+∆t)− b(t+∆t))(b̂(t+∆t)− b(t+∆t))T]

= E[ΘΘT]

= Σ
b̂b̂
(t) + [(Σ

qb̂
− Σ

q̂b̂
)TCTΣ−1

v CP12

+ PT
12C

TΣ−1
v C(Σ

qb̂
− Σ

q̂b̂
) + PT

12C
TΣ−1

v CP12]∆t,

where Θ = b̂− b+ PT
12C

TΣ−1
v C[(q − q̃)− (q̂ − q)]∆t+ PT

12C
TΣ−1

v ∆v. Therefore,

Σ̇
b̂b̂

= (Σ
qb̂

− Σ
q̂b̂
)TCTΣ−1

v CP12 + PT
12C

TΣ−1
v C(Σ

qb̂
− Σ

q̂b̂
) + PT

12C
TΣ−1

v CP12.

Similarily,

Σ̇qq = Σw − (Σqq̂S
T
11 +Σ

qb̂
ST
12)BR

−1BT

−BR−1BT(Σqq̂S
T
11 +Σ

qb̂
ST
12)

T +ΣqqA
T +AΣqq,

Σ̇qq̂ = (Σqq − Σqq̂)C
TΣ−1

v CPT
11 − Σqq̂S

T
11BR

−1BT +Σ
qb̂
(I −BR−1BTS12)

T

−BR−1BT(S11Σq̂q̂ + S12Σ
T
q̂b̂
) + Σqq̂A

T +AΣqq̂,

Σ̇
qb̂

= (Σqq − Σqq̂)C
TΣ−1

v CP12 −BR−1BT(S11Σq̂b̂
+ S12Σb̂b̂

) +AΣ
qb̂
,

Σ̇q̂q̂ = P11C
TΣ−1

v CPT
11 +Σ

q̂b̂
(I −BR−1BTS12)

T + (I −BR−1BTS12)Σ
T
q̂b̂

+ (Σqq̂ − Σq̂q̂)
TCTΣ−1

v CPT
11 + P11C

TΣ−1
v C(Σqq̂ − Σq̂q̂)− Σq̂q̂S

T
11BR

−1BT

−BR−1BTS11Σq̂q̂ +Σq̂q̂A
T +AΣq̂q̂,

Σ̇
q̂b̂

= (Σqq̂ − Σq̂q̂)
TCTΣ−1

v CP12 + (I −BR−1BTS12)Σb̂b̂
−BR−1BTS12Σq̂b̂

+ P11C
TΣ−1

v C(Σ
qb̂

− Σ
q̂b̂

+ P12) +AΣ
q̂b̂
.

Remark 2.2 Note that if we set A = 0, m = n, B = In×n, and p = n, C = In×n, then the

equations of C1, C2, C3, Σb̂b̂
, Σq̂q̂, Σq̂b̂

, Σqq, Σqq̂, and Σ
qb̂

are the same as the equations of

C1, C2, C3, Σââ , Σq̂q̂, Σq̂â, Σqq, Σqq̂, and Σqâ in [18, Theorem 3], respectively.

2.4 Optimal cost for a Bayesian strategy with known b

If b is known, then b̂(t) ≡ b(t) ≡ b, Σ
b̂b̂
(t) ≡ 0, Σ

q̂b̂
(t) ≡ 0, and Σ

qb̂
(t) ≡ 0. We use similar

notation as above, denoting all of the analogous quantities for this case with a superscript #.

Hence the Riccati equation (2.7) becomes

Ṗ
#
11 = AP

#
11 + P

#
11A

T − P
#
11C

TΣ−1
v CP

#
11 +Σw, P

#
11(0) = Σq0
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and P#
12(t) = P

#
22(t) ≡ 0. The estimation equation (2.6) becomes

dq̂#(t) = (Aq̂# + b+Bu)dt+ P
#
11(t)C

TΣ−1
v (dy − Cq̂

#dt).

This, in turn, yields the optimal control

u#(t) = −R−1BT(S11q̂
#(t) + S12b),

where S11 and S12 are elements of S defined identically to (2.9).

With this control, the stochastic differential equations describing q# and q̂
# become

dq# = [Aq# + b−BR−1BT(S11q̂
# + S12b)]dt+ dw,

dq̂#= [Aq̂# + b−BR−1BT(S11q̂
# + S12b)]dt+ P

#
11(t)C

TΣ−1
v [C(q# − q̂

#)dt+ dv].

Let q#(t) , E[q̂#(t)], and q̃
#(t) , E[q#(t)] with the associated covariances Σ#

q̂q̂
,Σ#

qq, and Σ#
qq̂
.

Theorem 2.2 The optimal cost for the Bayesian strategy with known b can be expressed as

J(q, b) = bTX#(Σv, T0, T )b+ Y #(Σv, T0, T ), (2.19)

where

X#(Σv, T0, T ) =

∫ T

T0

[C#
1 QC

#
1 + (S11C

#
2 + S12)

TBR−1BT(S11C
#
2 + S12)]dt

and

Y #(Σv, T0, T ) =

∫ T

T0

Tr(QΣ#
qq + ST

11BR
−1BTS11Σ

#
q̂q̂
)dt

with the time-varying functions C
#
1 (t), C#

2 (t),Σ#
qq, and Σ#

q̂q̂
described by the ODEs :

Ċ
#
1 = AC

#
1 + I −BR−1BT(S11C

#
2 + S12),

Ċ
#
2 = AC

#
2 + I −BR−1BT(S11C

#
2 + S12) + P

#
11C

TΣ−1
v C(C#

1 − C
#
2 ),

Σ̇#
qq = Σw − Σ#

qq̂
ST
11BR

−1BT −BR−1BT(Σ#
qq̂
ST
11)

T +Σ#
qqA

T +AΣ#
qq,

Σ̇#
q̂q̂

= P
#
11C

TΣ−1
v C(P#

11)
T + (Σ#

qq̂
− Σ#

q̂q̂
)TCTΣ−1

v C(P#
11)

T + P
#
11C

TΣ−1
v C(Σ#

qq̂
− Σ#

q̂q̂
)

− Σ#
q̂q̂
ST
11BR

−1BT −BR−1BTS11Σ
#
q̂q̂

+Σ#
q̂q̂
AT +AΣ#

q̂q̂
,

Σ̇#
qq̂

= (Σ#
qq − Σ#

qq̂
)CTΣ−1

v C(P#
11)

T − Σ#
qq̂
ST
11BR

−1BT

−BR−1BT(S11Σ
#
q̂q̂
) + Σ#

qq̂
AT +AΣ#

qq̂
.

Proof The cost (2.2) can be written as

J(q, b) = E

[ ∫ T

T0

((q#)TQq# + (u#)TRu#)dt
]

=

∫ T

T0

[(q̃#)TQq̃
# + (S11q

# + S12b)
TBR−1BT(S11q

# + S12b)]dt



842 F. F. Miao

+

∫ T

T0

Tr(QΣ#
qq + ST

11BR
−1BTS11Σ

#
q̂q̂
)dt. (2.20)

By the same calculations as in Theorem 2.1, we can get

˙̃q
#
= Aq̃

# + b−BR−1BT(S11q
# + S12b),

q̇
#
= Aq# + b−BR−1BT(S11q

# + S12b) + P
#
11C

TΣ−1
v C(q̃# − q#),

Σ̇#
qq = Σw− Σ#

qq̂
ST
11BR

−1BT −BR−1BT(Σ#
qq̂
ST
11)

T +Σ#
qqA

T +AΣ#
qq,

Σ̇#
q̂q̂

= P
#
11C

TΣ−1
v C(P#

11)
T + (Σ#

qq̂
− Σ#

q̂q̂
)TCTΣ−1

v C(P#
11)

T + P
#
11Σ

−1
v C(Σ#

qq̂
− Σ#

q̂q̂
)

− Σ#
q̂q̂
ST
11BR

−1BT −BR−1BTS11Σ
#
q̂q̂

+Σ#
q̂q̂
AT +AΣ#

q̂q̂
,

Σ̇#
qq̂

= (Σ#
qq − Σ#

qq̂
)CTΣ−1

v C(P#
11)

T − Σ#
qq̂
ST
11BR

−1BT

−BR−1BT(S11Σ
#
q̂q̂
) + Σ#

qq̂
AT +AΣ#

qq̂
.

The ODEs for q̃
# and q# yield q̃

# = C
#
1 (t)b and q# = C

#
2 (t)b for some C#

1 , C
#
2 : [0, T ] →

R
n×n that satisfy the same set of ODEs:

Ċ
#
1 = AC

#
1 + I −BR−1BT(S11C

#
2 + S12), (2.21)

Ċ
#
2 = AC

#
2 + I −BR−1BT(S11C

#
2 + S12) + P

#
11C

TΣ−1
v C(C#

1 − C
#
2 ). (2.22)

Substituting (2.21)–(2.22) into (2.20) completes the proof of Theorem 2.2.

Remark 2.3 Again if we set A = 0, m = n, B = In×n, and p = n, C = In×n, the equations

of C#
1 , C#

2 , Σ#
q̂q̂
,Σ#

qq, and Σ#
qq̂

are the same as the equations of C∗
1 , C

∗
2 , Σ

∗
q̂q̂
,Σ∗

qq, and Σ∗
qq̂

in

[18, Theorem 4], respectively. Therefore, combining with Remark 2.2, the model in [18] can be

seen as a specific case.

3 Infinite-Dimensional Systems

3.1 Preliminaries

Let X , Y , and U be real separable Hilbert spaces. In what follows, for simplicity of

notation, when there is no confusion, we shall use 〈·, ·〉 for inner products in possibly different

Hilbert spaces and | · | for norms of elements and operators in different Hilbert spaces. Denote

the spaces of bounded linear operators by L (·) and L (·, ·), for example, L (X ), L (X ,Y ).

3.2 Problem formulation

Consider the following infinite-dimensional linear system:




dy(t) = (Ay(t) + θ)dt+ Budt+ dw(t), t ∈ [0, T ],

y(0) = y0,

dz(t) = Cy(t)dt+ dv(t), t ∈ [0, T ),

z(0) = 0,

(3.1)
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where A is a linear closed operator on X which generates a contraction semigroup S (t),

B ∈ L (U ,X ), C ∈ L (X ,Y ), y0 is an X -valued Gaussian random variable independent of

w(t) and v(t), with zero expectation and covariance operatorRy0
. w(t) and v(t) are independent

Wiener processes on X and Y with covariance operators Rw and Rv, respectively. Then (3.1)

has the unique mild solution y(t); the definition of the mild solution and the well-posedness of

the solution can be found in [24, Definition 3.9, Theorem 3.13].

We assume that the observation space, Y = R
m, is finite-dimensional. θ ∈ X is the

unknown parameter. For admissible controls we take u(t) which are adapted to σ(w(s), 0 ≤

s ≤ t) and satisfy
∫ T

0 E|u(t)|2dt <∞.

Given a T0 ∈ [0, T ), we are allowed to observe the system for t ∈ [0, T0] without applying

any control, after which we control the system on t ∈ [T0, T ]. Our objective is to find the

optimal control strategy u(t) ∈ U , depending on the measurements {z(τ) : 0 ≤ τ < t} and

taking values in Y , that minimizes the cost function

V(y, u; θ) =

∫ T

T0

E{〈My(t), y(t)〉+ 〈Nu(t), u(t)〉}dt, (3.2)

where 0 ≤ M ∈ L (X ) and 0 < N ∈ L (U ) with N−1 ∈ L (U ). For the sake of brevity, we

let M, N be self-adjoint operators.

In the Bayesian version, a prior belief is assumed on θ, that is, θ is chosen at random

according to a probability measure µ(θ). The expected cost associated with u can then be

computed as

V (y, u;µ) = Eθ[V(y, u; θ)] =

∫

X

V(y, u; θ)dµ(θ). (3.3)

In this case, the objective is to find a control strategy u(t) that minimizes the expected value

in (3.3) given the prior belief µ(θ).

3.3 A Bayesian strategy for unknown θ

This subsection demonstrates the optimal strategy for the Bayesian problem given a fixed

prior belief µ(θ). As in the finite-dimensional case, we restrict ourselves to Gaussian prior

beliefs only, and assume the covariance operator is R � 0. We set θ as an element of states.

Then the original system (3.1) can be rewritten as





dx(t) = Fx(t)dt+Dudt+ Gdw(t), t ∈ [0, T ],

x(0) = x0,

dz(t) = Hx(t)dt+ dv(t), t ∈ [0, T ),

z(0) = 0,

(3.4)
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where x =
[
y
θ

]
∈ X × X , F =

[
A I
0 0

]
, D =

[
B
0

]
, G =

[
I
0

]
, x0 =

[
y0

θ

]
, and H = [C 0], I is

the identity map operator. Again, F is a linear closed operator on X × X which generates a

contraction semigroup E (t). Then x(t) has the unique mild solution

x(t) = E (t)x0 +

∫ t

0

E (t− s)Du(s)ds +

∫ t

0

E (t− s)Gdw(s),

also we see that z(t) is a well-defined stochastic process with differential given by (3.4).

Let x̂(t) = (ŷ(t), θ̂(t))T = E[x(t) | x(0), z(τ) : τ ∈ [0, t)] be the Bayesian estimators of y(t)

and θ at time t. Then x̂(t) is the solution to the filtering problem and is the weak solution of

the stochastic evolution equation

dx̂(t) = F(t)x̂(t)dt+Du(t)dt+K(t)(dz(t) −Hx̂(t)dt) (3.5)

given by Curtain [13–14], where

K(t) = P(t)H∗R−1
v .

For arbitrary ϕ, ψ ∈ D(F∗) the operator-valued matrix P =
[ P11 P12

P∗

12 P22

]
satisfying the following

inner product version of the infinite-dimensional Riccati equation:




〈Ψ(P)ϕ, ψ〉 = 0,

P(0) = P0 =

[
Ry0

0

0 R

]
,

(3.6)

where Ψ(P) = dP(t)
dt −FP(t)− P(t)F∗ − GRwG

∗ + P(t)H∗R−1
v HP(t).

Let M̃ =
[
M 0
0 0

]
. The cost to go at time t is

V (t, x, z;µ) = E

[ ∫ T

t

〈M̃x(τ), x(τ)〉 + 〈Nu(τ), u(τ)〉dτ
]

= E

[ ∫ T

t

〈M̃x̂(τ), x̂(τ)〉 + 〈Nu(τ), u(τ)〉dτ
]
+

∫ T

t

Tr(P(τ)M̃)dτ.

The optimal value of V solves the Hamilton-Jacobi-Bellman equation and takes the form

V (t) = 〈Q(t)x̂, x̂〉+ r(t).

Then for arbitrary ϕ ∈ D(F), we obtain an operator-valued matrix Q =
[Q11 Q12

Q∗

12 Q22

]
and a

scalar-valued function r that satisfy the control Riccati equations




d

dt
〈Q(t)ϕ, ϕ〉 + 2〈Fϕ,Q(t)ϕ〉+ 〈M̃ϕ, ϕ〉 − 〈Q(t)DN−1D∗Q(t)ϕ, ϕ〉 = 0,

Q(T ) = 0,

r(t) =

∫ T

t

Tr(K∗Q(τ)KRv)dτ,

r(T ) = 0.

(3.7)



Optimal Control with Learning on the Fly 845

Following [21, Theorem 4.1], the feedback control is

u = −N−1D∗Q(t)x̂ = −N−1B∗(Q11ŷ +Q12θ̂).

3.4 Optimal cost for a Bayesian strategy with unknown θ

The total cost incurred for θ by the Bayesian strategy arising from a prior µ is

V (y, θ;µ) =

∫ T

T0

E{〈My(t), y(t)〉+ 〈Nu(t), u(t)〉}dt, (3.8)

where u = −N−1B∗(Q11ŷ+Q12θ̂). From (3.5), ŷ(t) and θ̂(t) respectively satisfy the continuous-

time Kalman filter equations

dŷ(t) = (Aŷ(t) + θ̂ + Bu)dt+ P11(t)C
∗R−1

v (dz − Cŷdt),

dθ̂(t) = P∗
12(t)C

∗R−1
v (dz − Cŷdt).

With control u, the stochastic differential equations describing y, ŷ, and θ̂ become

dy = [Ay + θ − BN−1B∗(Q11ŷ +Q12θ̂)]dt+ dw, (3.9)

dŷ = [Aŷ + θ̂ − BN−1B∗(Q11ŷ +Q12θ̂)]dt+ P11(t)C
∗R−1

v [C(y − ŷ)dt+ dv], (3.10)

dθ̂ = P∗
12(t)C

∗R−1
v [C(y − ŷ)dt+ dv]. (3.11)

Let θ(t) , E[θ̂(t)], y(t) , E[ŷ(t)], and ỹ(t) , E[y(t)] with the associated covariances R
θ̂θ̂
,Rŷŷ,

R
ŷθ̂
,Ryy,Ryŷ, and R

yθ̂
.

Theorem 3.1 The optimal cost incurred by a specific Bayesian strategy can be expressed

as

V (y, θ;µ) = 〈X (R,Rv , T0, T )θ, θ〉+ Y(R,Rv , T0, T ), (3.12)

where

X (R,Rv , T0, T ) =

∫ T

T0

I∗
1MI1 + (I∗

2Q
∗
11 + I∗

3Q
∗
12)BN

−1B∗(Q11I2 +Q12I3)dt

and

Y(R,Rv , T0, T )

=

∫ T

T0

Tr(MRyy +Q∗
11BN

−1B∗Q11Rŷŷ + 2Q∗
11BN

−1B∗Q12Rŷθ̂
Q∗

12BN
−1B∗Q12Rθ̂θ̂

)dt

for time-varying functions I1(t), I2(t), and I3(t). All of the quantities appearing here can be

found by solving the following system of ODEs :

İ1 = AI1 + I − BN−1B∗(Q11I2 +Q12I3),
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İ2 = AI2 + I3 − BN−1B∗(Q11I2 +Q12I3) + P11C
∗R−1

v C(I1 − I2),

İ3 = P∗
12C

∗R−1
v C(I1 − I2),

Ṙ
θ̂θ̂

= (R∗

yθ̂
−R∗

ŷθ̂
)C∗R−1

v CP12 + P∗
12C

∗R−1
v C(R

yθ̂
−R

ŷθ̂
) + P∗

12C
∗R−1

v CP12,

Ṙyy = Rw − (RyŷQ
∗
11 +R

yθ̂
Q∗

12)BN
−1B∗

− BN−1B∗(Q11R
∗
yŷ +Q12R

∗

yθ̂
) +RyyA

∗ +ARyy ,

Ṙyŷ = (Ryy −Ryŷ)C
∗R−1

v CP∗
11 −RyŷQ

∗
11BN

−1B∗ +R
yθ̂
(I − Q∗

12BN
−1B)

− BN−1B∗(Q11Rŷŷ +Q12R
∗

ŷθ̂
) +RyŷA

∗ +ARyŷ ,

Ṙ
yθ̂

= (Ryy −Ryŷ)C
∗R−1

v CP12 − BN−1B∗(Q11Rŷθ̂
+Q12Rθ̂θ̂

) +AR
yθ̂
,

Ṙŷŷ = P11C
∗R−1

v CP∗
11 +R

ŷθ̂
(I − Q∗

12BN
−1B) + (I − BN−1B∗Q12)R

∗

ŷθ̂

+ (R∗
yŷ −R∗

ŷŷ)C
∗R−1

v CP∗
11 + P11C

∗R−1
v C(Ryŷ −Rŷŷ)−RŷŷQ

∗
11BN

−1B∗

− BN−1B∗Q11Rŷŷ +RŷŷA
∗ +ARŷŷ,

Ṙ
ŷθ̂

= (R∗
yŷ −R∗

ŷŷ)C
∗R−1

v CP12 + (I − BN−1B∗Q12)Rθ̂θ̂
− BN−1B∗Q12Rŷθ̂

+ P11C
∗R−1

v C(R
yθ̂

−R
ŷθ̂

+ P12) +AR
ŷθ̂
.

Proof The cost (3.8) can be written as

V (y, θ;µ) =

∫ T

T0

E[〈My(t), y(t)〉 + 〈Nu(t), u(t)〉]dt

=

∫ T

T0

[〈Mỹ, ỹ〉+ 〈Q11y +Q12θ,BN
−1B∗(Q11y +Q12θ)〉]dt

+

∫ T

T0

Tr(MRyy +Q∗
11BN

−1B∗Q11Rŷŷ + 2Q∗
11BN

−1B∗Q12Rŷθ̂

+Q∗
12BN

−1B∗Q12Rθ̂θ̂
)dt. (3.13)

To compute this cost, we need to derive the ODEs for the aforementioned mean and co-

variances from the SDEs (3.9)–(3.11). This can be done by computing the expectations for the

discretized dynamics with a time step ∆t and taking the limit as ∆t→ 0. For example,

∆θ = E[∆θ̂] = E[P∗
12(t)C

∗R−1
v [C(y − ŷ)∆t+∆v]]

= P∗
12(t)C

∗R−1
v [C(ỹ − y)∆t],

and therefore,

θ̇ = P∗
12(t)C

∗R−1
v C(ỹ − y).

Similarly, we get

˙̃y = Aỹ + θ − BN−1B∗(Q11y +Q12θ),
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ẏ = Ay + θ − BN−1B∗(Q11y +Q12θ) + P11(t)C
∗R−1

v (ỹ − y).

The ODEs for ỹ, y, and θ yield ỹ = I1(t)θ, y = I2(t)θ and θ = I3(t)θ for some I1, I2,

I3 : [0, T ] → L (X ) that satisfy the same set of ODEs:

İ1 = AI1 + I − BN−1B∗(Q11I2 +Q12I3), (3.14)

İ2 = AI2 + I3 − BN−1B∗(Q11I2 +Q12I3) + P11C
∗R−1

v C(I1 − I2), (3.15)

İ3 = P∗
12C

∗R−1
v C(I1 − I2). (3.16)

Substituting (3.14)–(3.16) into the first term of the last equation of (3.13), we can get

∫ T

T0

[〈Mỹ, ỹ〉+ 〈Q11y +Q12θ,BN
−1B∗(Q11y +Q12θ)〉]dt

=
〈[ ∫ T

T0

I∗
1MI1 + (I∗

2Q
∗
11 + I∗

3Q
∗
12)BN

−1B∗Q11I2 +Q12I3)dt
]
θ, θ

〉
.

Again,

R
θ̂θ̂
(t+∆t) = E[{θ̂(t+∆t)− θ(t+∆t)} ◦ {θ̂(t+∆t)− θ(t+∆t)}]

= E[γ ◦ γ]

= R
θ̂θ̂
(t) + [(R∗

yθ̂
−R∗

ŷθ̂
)C∗R−1

v CP12 + P∗
12C

∗R−1
v C(R

yθ̂
−R

ŷθ̂
)

+ P∗
12C

∗R−1
v CP12]∆t,

where “◦” denotes the Cartesian product, γ = θ̂ − θ + P∗
12C

∗R−1
v C[(y − ỹ) − (ŷ − y)]∆t +

P∗
12C

∗R−1
v ∆v. Therefore,

Ṙ
θ̂θ̂

= (R∗

yθ̂
−R∗

ŷθ̂
)C∗R−1

v CP12 + P∗
12C

∗R−1
v C(R

yθ̂
−R

ŷθ̂
) + P∗

12C
∗R−1

v CP12.

Similarly, we have

Ṙyy = Rw − (RyŷQ
∗
11 +R

yθ̂
Q∗

12)BN
−1B∗

− BN−1B∗(Q11R
∗
yŷ +Q12R

∗

yθ̂
) +RyyA

∗ +ARyy ,

Ṙyŷ = (Ryy −Ryŷ)C
∗R−1

v CP∗
11 −RyŷQ

∗
11BN

−1B∗ +R
yθ̂
(I − Q∗

12BN
−1B)

− BN−1B∗(Q11Rŷŷ +Q12R
∗

ŷθ̂
) +RyŷA

∗ +ARyŷ ,

Ṙ
yθ̂

= (Ryy −Ryŷ)C
∗R−1

v CP12 − BN−1B∗(Q11Rŷθ̂
+Q12Rŷŷ) +AR

yθ̂
,

Ṙ
ŷθ̂

= (R∗
yŷ −R∗

ŷŷ)C
∗R−1

v CP12 + (I − BN−1B∗Q12)Rθ̂θ̂
− BN−1B∗Q12Rŷθ̂

+ P11C
∗R−1

v C(R
yθ̂

−R
ŷθ̂

+ P12) +AR
ŷθ̂
,

Ṙŷŷ = P11C
∗R−1

v CP∗
11 +R

ŷθ̂
(I − Q∗

12BN
−1B) + (I − BN−1B∗Q12)R

∗

ŷθ̂

+ (R∗
yŷ −R∗

ŷŷ)C
∗R−1

v CP∗
11 + P11C

∗R−1
v C(Ryŷ −Rŷŷ)−RŷŷQ

∗
11BN

−1B∗

− BN−1B∗Q11Rŷŷ +RŷŷA
∗ +ARŷŷ.
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3.5 Optimal cost for a Bayesian strategy with known θ

If θ is known, then θ̂(t) ≡ θ(t) ≡ θ,R
θ̂θ̂
(t) ≡ 0,R

ŷθ̂
(t) ≡ 0, and R

yθ̂
(t) ≡ 0. We use similar

notation as above, denoting all of the analogous quantities for this case with a superscript #.

Hence for arbitrary ϕ, ψ ∈ D(A∗) the Riccati equation (3.6) becomes




〈Φ(P#

11(t))ϕ, ψ〉 = 0,

P#
11(0) = Ry0

,

where Φ(P#
11(t)) =

dP#
11(t)
dt − AP#

11(t) − P#
11(t)A

∗ − Rw + P#
11(t)C

∗R−1
v CP#

11(t), and P#
12(t) =

P#
22(t) ≡ 0. The estimation equation (3.5) becomes

dŷ#(t) = (Aŷ# + θ + Bu)dt+ P#
11(t)C

∗R−1
v (dz − Cŷ#dt).

This, in turn, yields the optimal control

u#(t) = −N−1B∗(Q11ŷ
#(t) +Q12θ),

where Q11 and Q12 are the elements of the operator-valued matrix Q =
[Q11 Q12

Q
∗

12 Q22

]
defined

identically to (3.7). With this control, the stochastic differential equations describing y# and

ŷ# become

dy# = [Ay# + θ − BN−1B∗(Q11ŷ
# +Q12θ)]dt+ dw,

dŷ# = [Aŷ# + θ − BN−1B∗(Q11ŷ
# +Q12θ)]dt+ P#

11(t)C
∗R−1

v [C(y# − ŷ#dt) + dv].

Let y#(t) , E[ŷ#(t)] and ỹ#(t) , E[y#(t)] with the associated covariances R#
ŷŷ
,R#

yy, and R#
yŷ
.

Theorem 3.2 The optimal cost for the Bayesian strategy with known θ can be expressed as

V(y, θ) = 〈X#(Rv, T0, T )θ, θ〉+ Y#(Rv, T0, T ), (3.17)

where

X#(Rv, T0, T ) =

∫ T

T0

[I#
1 QI#

1 + (Q11I
#
2 +Q12)

∗BN−1B∗(Q11I
#
2 +Q12)]dt

and

Y#(Rv, T0, T ) =

∫ T

T0

Tr(MR#
yy +Q∗

11BN
−1B∗Q11R

#
ŷŷ
)dt

with the time-varying functions I#
1 (t), I#

2 (t),R#
yy and R#

ŷŷ
described by the ODEs

İ#
1 = AI#

1 + I − BN−1B∗(Q11I
#
2 +Q12),

İ#
2 = AI#

2 + I − BN−1B∗(Q11I
#
2 +Q12) + P#

11C
∗R−1

v C(I#
1 − I#

2 ),
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Ṙ#
yy = Rw − (R#

yŷQ
∗
11)BN

−1B∗ − BN−1B∗Q11(R
#
yŷ)

∗ +R#
yyA

∗ +AR#
yy ,

Ṙ#
ŷŷ = P#

11C
∗R−1

v C(P#
11)

∗ + (R#
yŷ −R#

ŷŷ)
∗C∗R−1

v C(P#
11)

∗ + P#
11C

∗R−1
v C(R#

yŷ −R#
ŷŷ)

−R#
ŷŷ
Q∗

11BN
−1B∗ − BN−1B∗Q11R

#
ŷŷ

+R#
ŷŷ
A∗ +AR#

ŷŷ
,

Ṙ#
yŷ

= (R#
yy −R#

yŷ
)C∗R−1

v C(P#
11)

∗ −R#
yŷ
Q∗

11BN
−1B∗

− BN−1B∗(Q11R
#
ŷŷ
) +R#

yŷ
A∗ +AR#

yŷ
.

Proof The cost (3.2) can be written as

V(y, θ) =

∫ T

T0

E{〈My(t), y(t)〉+ 〈Nu#(t), u#(t)〉}dt

=

∫ T

T0

{〈Mỹ#, ỹ#〉+ 〈Q11y
# +Q12θ,BN

−1B∗(Q11y
# +Q12θ)〉}dt

+

∫ T

T0

Tr(MR#
yy +Q∗

11BN
−1B∗Q11R

#
ŷŷ)dt. (3.18)

By the same calculations as in Theorem 3.1, we can get

˙̃y
#
= Aỹ# + θ − BN−1B∗(Q11y

# +Q12θ),

ẏ
#
= Ay# + θ − BN−1B∗(Q11y

# +Q12θ) + P#
11C

∗R−1
v (ỹ# − y#),

Ṙ#
yy = Rw − (R#

yŷQ
∗
11)BN

−1B∗ − BN−1B∗Q11(R
#
yŷ)

∗ +R#
yyA

∗ +AR#
yy,

Ṙ#
ŷŷ

= P#
11C

∗R−1
v C(P#

11)
∗+(R#

yŷ
−R#

ŷŷ
)∗R−1

v C(P#
11)

∗ + P#
11C

∗R−1
v (R#

yŷ
−R#

ŷŷ
)

−R#
ŷŷ
Q∗

11BN
−1B∗ − BN−1B∗Q11R

#
ŷŷ

+R#
ŷŷ
A∗ +AR#

ŷŷ
,

Ṙ#
yŷ

= (R#
yy −R#

yŷ
)R−1

v C(P#
11)

∗ −R#
yŷ
Q∗

11BN
−1B∗

− BN−1B∗(Q11R
#
ŷŷ
) +R#

yŷ
A∗ +AR#

yŷ
.

The ODEs for ỹ# and y# yield ỹ# = I#
1 (t)θ and y# = I#

2 (t)θ for some I#
1 , I

#
2 : [0, T ] → L (X )

that satisfy the same set of ODEs

İ#
1 = AI#

1 + I − BN−1B∗(Q11I
#
2 +Q12), (3.19)

İ#
2 = AI#

2 + I − BN−1B∗(Q11I
#
2 +Q12) + P#

11C
∗R−1

v (I#
1 − I#

2 ). (3.20)

Substituting (3.19)–(3.20) into (3.18) completes the proof of Theorem 3.2.

4 Performance of the Bayesian Strategy

The performance of a general Bayesian strategy needs to be quantified for each fixed true

value of the parameter b and θ. In this paper, the following definition of regret is used to

quantify the performance of the strategy.
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Definition 4.1 (Multiplicative regret) (cf. [18]) The multiplicative regret or competitive

ratio, as it is more commonly called in the literature, is the ratio :

MRS(a) ,
JS(a)

Jo(a)
≥ 1,

where J0(a) is the optimal cost with full knowledge of a. A strategy that minimizes the worst-

case multiplicative regret

MR⋆
S = sup

a

MRS(a)

is deemed optimal.

Lemma 4.1 (cf. [18]) Suppose the Bayesian strategy S is optimal under the prior µ, achieves

constant regret R for all a in the support of µ, and achieves regret not exceeding R for all a not

in the support of µ. Then S is an optimal agnostic strategy which achieves a worst-case regret

of R.

In the finite-dimensional systems, the optimal cost (2.19) with known b is

J(q, b) = b
TX#(Σv, T0, T )b+ Y #(Σv, T0, T ).

Hence, the multiplicative regret for a Bayesian strategy with prior covariance Σ is

MR(b) =
bTX(Σ,Σv, T0, T )b+ Y (Σ,Σv, T0, T )

bTX#(Σv, T0, T )b+ Y #(T, T0,Σv)
. (4.1)

We want to find the optimal agnostic strategy which achieves a worst-case regret, which is

equivalent to find the Σ such that (4.1) becomes independent of b from Lemma 4.1. This

occurs precisely when

X(Σ,Σv, T0, T ) =
Y (Σ,Σv, T0, T )

Y #(Σv, T0, T )
X#(Σv, T0, T ). (4.2)

Similarly, in the infinite-dimensional systems, the optimal cost (3.17) with known θ is

V(y, θ) = 〈X#(Rv, T0, T )θ, θ〉+ Y#(Rv, T0, T ).

Hence, the multiplicative regret for a Bayesian strategy with prior covariance R is

MR(θ) =
〈X (R,Rv , T0, T )θ, θ〉+ Y(R,Rv, T0, T )

〈X#(Rv, T0, T )θ, θ〉+ Y#(Rv, T0, T )
. (4.3)

We want to find the optimal agnostic strategy which achieves a worst-case regret, which is

equivalent to find the R such that (4.3) becomes independent of θ from Lemma 4.1. This

occurs precisely when

X (R,Rv , T0, T ) =
Y(R,Rv, T0, T )

Y#(Rv, T0, T )
X#(Rv, T0, T ).
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At optimality, the worst-case multiplicative regret is equal to both the multiplicative regret

when

b = 0

and

θ = 0

(given by Y
Y # or Y

Y# ), and the multiplicative regret in the limit as ‖b‖ → ∞ or |θ| → ∞ (given

by the constant ratio of matrices X and X#, or operators X and X#). That is, the optimal

agnostic strategy perfectly balances the regret for no drift and very large drift. Moreover, the

equality of these multiplicative regrets is a sufficient condition for optimality.

5 Numerical Example

For illustration, we apply the multiplicative regret-minimizing Bayesian strategy to a scalar

system described by dynamics (2.1). Our assumptions included

Σw = 1,

A = B = C = Q = R = 1,

and

T0 = 0.

We computed the optimal prior variance Σ by numerically solving (4.2) using a gradient descent

method.

Figures 1 and 2 display the relationships between the optimal prior variance Σ, sensor noise

variance Σv, and the worst-case multiplicative regret MR. Due to the dependence of the drift

term on the state, the phenomenon described in [18], where for small time horizons, there is

very little time to learn the dynamics of the system, and thus the prior needs to be flexible for

the controller to adapt quickly, no longer occurs. Instead, the optimal prior variance Σ peaks

near

T = 1.

This effect becomes particularly pronounced in scenarios characterized by high sensor noise Σv

(see Figure 1(a) and Figure 1(b)). No reasonable explanation can be given yet. In contrast,

with longer time horizons, the controller can afford a more conservative approach, given the

ample time available for system stabilization and the impact of poor performance at small times

is only weakly penalized. Notably, as the time horizon T approaches infinity, the optimal prior

variance Σ converges towards zero, see Figure 1(c).
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Σ
Σ
Σ
Σ
Σ

Σ

Σ
Σ
Σ
Σ
Σ

Σ

Figure 1 Bayesian strategies minimizing the worst-case multiplicative regret with varying stan-

dard deviation Σv of the sensor noise: Optimal variance Σ of the prior.

As anticipated, the worst-case regret increases with higher sensor noise, see Figure 2(a) and

Figure 2(b). It peaks at T ≈ 3 and tends to unity as T tends to either 0 or infinity (see Figure

2(a) and Figure 2(c)).

Σ
Σ
Σ
Σ
Σ

Σ
Σ
Σ
Σ
Σ
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Σ
Σ
Σ
Σ
Σ

Figure 2 Bayesian strategies minimizing the worst-case multiplicative regret with varying stan-

dard deviation Σv of the sensor noise: Worst-case multiplicative regret MR.
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