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Optimal Control with Learning on the Fly from Finite to
Infinite-Dimensional Systems*
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Abstract The main aim of this paper is to extend the Bayesian approach to finding
quadratic optimal control to a wider range of stochastic linear systems. These systems
involve an unknown parameter in the drift term, which is observed through a noisy linear
channel. The author demonstrates the effectiveness of the Bayesian strategy by comparing
the cost it incurs with that of an optimal control that possesses complete knowledge of
the parameter. The findings reveal that the Bayesian strategy minimizes the worst-case
multiplicative regret. Furthermore, the author provides a proof that the corresponding
adaptive scheme is optimal when the unknown system parameter belongs to an infinite
space. This result further validates the effectiveness of the Bayesian strategy in handling
systems with unknown parameters. In summary, this paper contributes to the general-
ization of the Bayesian strategy for the optimal control in stochastic linear systems with
unknown parameters. It also establishes a theoretical basis for its optimality.
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1 Introduction

The study of optimal control problems for linear systems with quadratic cost functionals,
also known as LQ problems, has a long history. In these problems, the system is described by
a linear ordinary differential equation and the cost functional is quadratic, making it one of the
simplest nontrivial optimal control problems. As a result, there have been extensive studies
and excellent results on the topic of linear quadratic optimal control problems, particularly in
the case where the model parameters are known and the state is fully observed (cf. [4, 24, 27]).

This paper focuses on the case where the model parameters are unknown. In this setting,
the control actions not only affect the cost but also influence the rate at which the system
dynamics are learned. This adds a layer of complexity to the problem. The objective now is to
minimize the regret of the controller, which is defined as the difference between the cost of the
learned controller and the cost of the optimal controller. The focus is on developing strategies
that can adapt to unknown model parameters and learn the dynamics of the system over time.
By minimizing the regret, the proposed adaptive control strategies aim to achieve performance

comparable to that of the optimal controller, even in the presence of uncertainty.
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A common strategy for controlling a system with uncertainties is to initially estimate
the model parameters and then design an optimal controller based on the estimated model.
This learning-based approach was first introduced from a learning-theoretic perspective in [1].
Learning-based control has been widely applied in various fields, as evidenced by books such
as [7, 11, 19, 25] and recent papers like [2-3]. The classical papers [5, 22] and recent surveys
[8] also discuss the well-known “multi-armed bandit” problem. However, in safety-critical sce-
narios where uninterrupted control is required, there is no opportunity for a dedicated learning
phase. In such cases, there is a strong motivation to find an optimal control strategy within a
finite timescale, without distinct learning and control phases. A related approach is to divide
the available time into epochs, where the model is refined and the controller is updated within
each epoch. Papers such as [1, 9-10, 12, 15, 20] present this epoch-based methodology. All of
these results strive for optimality in the asymptotic limit of large time.

Recently, the Bayesian strategy has gained widespread popularity and demonstrated excel-
lent performance in scenarios where the unknown parameter appears in the drift term and is
independent of the state variable. Unlike traditional approaches that are divided into distinct
phases of exploration and exploitation, the Bayesian strategy takes into account the history at
every moment, making it more adaptive. Notably, these results are optimal for a fixed time
interval rather than for large time scales.

The core idea behind the Bayesian strategy is to apply Bayesian statistics to transform
the original problem into a linear quadratic Gaussian (LQG for short) control problem. In
the LQG framework, the process noise and observation noise are assumed to follow Gaussian
distributions, enabling the optimal solution to be split into a Kalman filter and a linear quadratic
regulator. For a deeper understanding, Speyer and Chung [26] provide a detailed introduction
to linear quadratic Gaussian control. This idea can be traced back to the principle of separation
of estimation and control, which has been extensively studied (cf. [6, 14, 17, 23]). Specifically,
when the system state is one-dimensional and can be measured without any sensor noise, the
Bayesian strategy, compared with the scenario with fully known parameter values, is shown to
minimize the worst-case regret with a specific fixed prior, as demonstrated in [16]. Moreover,
when the state is multi-dimensional and the measurements are noisy, the work in [16] is extended
in [18], leading to the same conclusion.

If we incorporate the influence of the state variable itself into the drift term, we obtain a well-
known stochastic differential equation called the Ornstein-Uhlenbeck process. This process is
often used to model phenomena such as the motion of particles subject to friction in physics and
stock price distributions in financial mathematics. Furthermore, in the multi-dimensional case,
considering the realistic factors, the number of control variables we apply is often expected
to be less than the number of state variables, and usually we can only observe part of the
information of the state variables. Thus, it motivates us to consider more complex models, and
the model in [18] can be considered as a special case. More details can be found in Remarks
2.2-2.3. Another interesting phenomenon worth noting is that in the numerical example, it is
found that due to the dependence of the drift term on the state, the challenge of short-time

learning and control of dynamical systems with unknown parameters no longer arises at time
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t =0, as proposed in [16, 18]. Please refer to Figure 1(a) and Figure 1(b) for more details.

Afterwards, we make an effort to extend this highly practical result to infinite-dimensional
spaces. This is because numerous real-life phenomena can be represented by partial differential
equation models, such as fluid motion, derivatives pricing theories, the Prato problem, and so on.
Fortunately, it is possible to achieve these extensions within the same evaluation framework,
namely multiplicative regret. Consequently, we are able to determine the optimal agnostic
strategy for our model. The specific results and detailed proofs are provided below.

This article is divided into three parts. The first two parts discuss Bayesian optimal control
problems in both finite- and infinite-dimensions. Each part has three subsections that address
different aspects such as formulating the problem, deriving optimal costs, and computing the
optimal cost with full knowledge of the parameters. In the last part of the article, a Bayesian
strategy with a fixed prior on the drift parameter is shown to minimize the worst-case multi-

plicative regret. This result holds true for both finite- and infinite-dimensional systems.

2 Finite-Dimensional Systems
2.1 Problem formulation

Consider the following control system:

dq(t) = (Aq + b+ Bu(t))dt + dw(t), te€[0,T],

q(0) = do; (2.1)
dy(t) = Cqdt + dw(?), t e 0,1,
y(0) =0,

where g(t) € R™ denotes the state of the system, observed through a noisy measurement y € R?
(p<n); Ac R™™" B e R"™™ and C € R"*P are given time-invariant matrices. g is an R"-
valued Gaussian random variable, independent of w(t) and v(t), with zero mean and covariance
matrix ¥g . w(t) and v(t) are independent Wiener processes on R™ and R? with covariance
matrices Y., and >, respectively.

Given some T € [0,7T), we are allowed to observe the system for ¢ € [0, Tp] without applying
any control, after which we control the system for ¢ € [Ty, T']. The objective is to find the optimal
control strategy u(t) € R™ (m < n), depending on the measurements {y(7) : 0 <7 < ¢t} and
taking values in RP, that minimizes the cost functional:

T

J(q,u;b) =E /T (qTQq + uT Ru)dt. (2.2)

The symmetric matrices Q and R are chosen as positive semi-definite and positive definite,
respectively.

If the drift parameter b is known, then the expectation in (2.2) is well-defined, and the task
reduces to a classical optimal control problem. However, when b is unknown, the objective is
to find the optimal agnostic strategy, as explored in a previous study in [18], that minimizes
the worst-case multiplicative regret. In what follows we will show that the Bayesian strategy is
indeed this optimal agnostic strategy.
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In the Bayesian version, a prior belief is assumed on b, that is, b is chosen at random
according to a probability measure u(b). The expected cost associated with w can then be
computed as

T(@ w: 1) = Ey[J(qu: b)) = / J(q, u; b)du(b). (2.3)

n

In this case, the objective is to find a control strategy w(t) that minimizes the expected value

in (2.3) given the prior belief 1(b).

2.2 A Bayesian strategy for unknown b

This section demonstrates the optimal strategy for the Bayesian problem given a fixed prior
belief 1(b). We restrict ourselves to Gaussian prior beliefs only, i.e., du(b) = p(b)db, where
p(b) = N(b;0,%) for some covariance matrix ¥ = 0. To approach this problem in a more

traditional control-theoretic way, the system (2.1) is rewritten as follows:

{dm(t) = (Fx + Du(t))dt + Gdw(t), t€0,T], 2.4)

dy(t) = Hzdt + dov(t), t €10,T7,

where z = [§] e R F = [o* (] D=[o2 1,G=[i"],and H =[C Opxy]. The

nxn Onxn nXxm Onxn

cost (2.3) can equivalently be written as

J(x,u) =E [ / T(a;T@m + uTRu)dt} (2.5)

To

with @ = [Oan 822 } Now the problem of minimizing (2.5) subject to the dynamics (2.4) be-

comes a standard linear-quadratic-Gaussian optimal control problem with partial information.
B q(t . .

Let Z(t) = [%Eti] = Elz(t) | z(0),y(7) : 7 € [0,1)] be the Bayesian estimate of q(t) and b

at time ¢. Then
dz(t) = (Fz(t) + Du)dt + KdI(t), (2.6)
where the innovations process, a zero-mean white-noise process, is
dI(t) = dy(t) — Hz(t)dt, E[dI(t)d(I(t))T] = S,dt,
and the Kalman gain is
K=P@t)H'S !

with P(t)= [}}ZIT; 22} =E[(xz(t) — Z(t))(x(t) — Z(t))T] given by the Riccati ODEs,

P(t)=FP+ PFT — PHTS;'HP + G%,G7,

S0 0 (2.7)

P(0) = 0 X
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The cost to go at time ¢ is
T
J(t.q,y;p) = IE[/ (z"Qx + uTRu)dr}
t

- [ / T@T@a + uTRu)dT} + / ' Tr(P(7)Q)dr. (2.8)
t t

The partial information LQG problem has been reduced to finding the control law w, which
minimizes (2.8) subject to (2.6).

Mathematically speaking, we have the same problem as when we have full information. The
only differences are additional terms involving P(7) in the cost function and v () in the dynamic
equation. However, neither of these terms is a function of the control, u, nor will they affect
the final result when we optimize the cost with respect to w. Thus, the optimal control looks

much the same as before.

Remark 2.1 Note that we have placed the unknown parameter b in the position of the
state, so in order to ensure optimality and performance of the Kalman-Bucy filter, it is necessary

to initially assume that the prior distribution of b is Gaussian.

To solve this problem, assume that the optimal value J°(Z,t) of the cost function has the

following form:
Tz, t) = %TS(t)ﬁ + a(t),

and substitute this solution into the Hamilton-Jacobi-Bellman equation:

o7°  0g° 1 T, 027"
0= +umé3[%(F“"+D“)+§Tr(KE”K TS

=2 9% 4+ meig[ziTS(Fi + Du) 4+ Tr(KS, KT8) + (27 Qz + v Ru)],

+(@"Q% + u” Ru)

where U is R™. Now, carry out the minimization with respect to u, to obtain that
z2'SD+u"R=0,
which implies that
uw(Z,t) = —R DTSz = —R BT (511G + S12b).
Substituting this optimal u° into the Hamilton-Jacobi-Bellman equation, we get
0=z 8Z+a+2 (SF+F'S)z -2 "SDR'DTSE + 2 Q2 + Tr(KX,KT59)

S11 S12

and scalar-
ST, Sas ]

for every & € R?". The above is identically satisfied if the matrix S = |

valued function « satisfy the control Riccati equations:
~§=8F+F'S+Q-SDR™D"S,
S(T) =0,
—&=Tr(PHTS,'HPS),
a(T) =0.
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2.3 Optimal cost for a Bayesian strategy with unknown b

The total cost incurred for b by the Bayesian strategy arising from a prior p is

T
(@b = E[ [ (a"Qq+ (u)" Ru)at] (210)

To
where u® = —R™BT(S1,q + S12b). It is known that q(t) and b(t) satisfy the following

continuous-time Kalman filter equations:

dg(t) = (AG(t) + b+ Bu)dt + Py, (H)CT 5 (dy — Cqat),
db(t) = PL(1)CTE; (dy — Cqdt)

from (2.6). With control u°, the stochastic differential equations describing g, g, and b become

dg = [Ag +b— BR™'BT (511G + S12b)]dt + dw, (2.11)
dg = [AG + b — BR™'BT (511G + S12b)]dt + P;;CTS; [C(q — §)dt + d), (2.12)
db = PLCTS;YC(q — g)dt + dw). (2.13)

Let b(t) 2 E[b(t)],q(t) 2 E[G(t)], and q(t) 2 E[q(t)] with the associated covariances i Saa
EGE’ qu, Eqa, and qu.

Theorem 2.1 The optimal cost incurred by a specific Bayesian strategy can be expressed

as
J(q,b;pn) = bTX(E, Yo, 1o, T)b+ Y (X, 3,,T0, T), (2.14)
where
T
X (2,5, T0,T) = / [CTQCH + (81102 + S12C3) " BR™ BT (S11Cs + S12C5)]dt
To
and
T
Y (2,5, 70, T) = | Tr(Q¥qq + STiBR'BTS11%55
To

+251 BR™ BT S155 5 + S, BR™ BT S15%5)dt

for time-varying functions Ci(t), Ca(t), and Cs(t). All of the quantities appearing here can be
found by solving the following system of ODEs:

Cy = ACy + 1 — BRT'BY (51102 + S12C3),
Cy = ACy + C3 — BR™'BT(S11Cs + 812C3) + PO Y10 (0 — Cy),
C3 = PLCTES, 1C(C) — Cy),
S5 = (g — Sg8) O, CPy + PLCTS,IC(S 5 — Sg3) + PLCTE, ' CPra,
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Sgp = (Baq — qa)C L, CPiy — BRT'BT (811555 + S12%4g) + AS 5,
Yag = Tw — (Zqg Sty + X 3555)BR™ BT
— BRT'BT (35S + 3 55%)" + Sqq AT + ASgq,
2(16 = (qu - Eq&)CTEZIOPE - EanEBR_lBT + EqE(I - BR_lBTSlQ)T
— BR™'B" (81155 + S12535) + Bgg A" + AZqq,
Y45 = PuCTE 'OPY + S - BR'BTS;)T + (1 - BR_lBTSm)EgE
+ (Zqg — Zgg) TCTE,1CPE + PiiCT S, O(2 g — Sag) — SegStBR™'BT
— BR'BT511%45 + SqgA" + A%,
Sap = (Bgg — Xga) ' CT S, CPiy + (I — BR™' BT S15) %5 — BR™' BT S15% 5
+ PLuCTSIO(2 5 — Bgp + Pio) + A5
Proof The cost (2.10) can be written as

T
J(q,b;p) = IE[/ (@*Qq + (u”)TRu)dt
T
v ) )
= / [@° Q@+ (S11g + S12b) " BR™' BT (S1:q + S12b)dt
To

T

+ [ Tr(Qqq + S1iBR™'BS115g + 251, BRT' B S1,% 5
To

+ S5BR™' BT S 555 dt. (2.15)

To compute this cost, the ODEs for the aforementioned mean and covariances need to be
derived from the SDEs (2.11)—(2.13). This can be done by computing the expectations for the

discretized dynamics with a time step At and taking the limit as At — 0. For example,

Ab = E[Ab] = E[PLCTS; 1 C(q — §) At + Av]]
= PRCTEMC(g - 9)At),

and therefore,
b=PLCTS;I0@G - 7).
Similarly, we get

q=Aq+b— BR'BY (S, + Si2b),
G=Aq+b— BR'BT(S11g@ + S12b) + PuCTE;1C(G — ).

The ODEs for q, g, and b yield ¢ = Cy1(t)b, § = Cs(t)b, and b = C3(t)b for some Cy, O,
C3 : [0, T] — R™ ™ that satisfy the same set of ODEs:

Cl =AC; +1— BR_lBT(SMOQ + 51203), (216)
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Cy = ACy + C3 — BR™'BT(S11Ca + 81203) + P1,CTS 10 (0 — Cy), (2.17)
C3 = PLCTYS (0 — Oy). (2.18)

Substituting (2.16)—(2.18) into the first term of the last equation of (2.15), we get

T
/ [77Qq + (511G + S12b) "BR™' BT (S11q + S12b)|dt = b X (2, 5y, To, T)b.
To

Again,
Sz (t+ At) = E[(b(t + At) — b(t + AD)(b(t + At) — b(t + AL))T]
= E[06T]
=Ygt + (T — Tg5) ' CT, ' CPo
+ PLOCTSIO(E 5 — Bg5) + PLOTE, ' CPy)At,
where © =b — b + PLCTS 1C0(q — q) — (g — q)|At + PLCTY, ' Av. Therefore,
Sip = (Sgp — Lq8) C 8, 'CPiy + PLCTS,'C(S 5 — Sgg) + PLOTE,'CPa.
Similarily,
Sag = Sw — (SegSti + S5 Si2) BR™ BT
— BRT'BY (24511 + 2 3512)" + Tqq A" + A¥qq,
Sagg = (Lqq — Lqq)CTE,'CP = £ggST BRT'BT + £ (I — BR™'B"S1,)"
_ BR_lBT(SMEQQ + 8122,3:3) + EquT + Azqa,
2@ = (Xgq — Eqa)CTEgl(JPlz — BR_lBT(SnEag + S12%3) + Azqg,
Sag = PuC L CPY + S 5(I — BR™'BTS15)" + (I - BR—lBTslg)zgg
+ (Bqg — Saq) TCTELIOPY + PiiCTE 0245 — Bgq) — SgqStiBR™'BT
— BR_lBTSMEaa + EaaAT + AZ@@,
Sp = (Bqg — Yga) " CT S, CPiy + (I — BR™' BT S15) %5 — BR™' BT S15,% 5
+ PLuCTS,IO(2 5 — Bgp + Pio) + A5
Remark 2.2 Note that if weset A =0, m =n, B=I,xn, and p=n, C = I,«,, then the
equations of C1, Cq, C3, Yz, Ygg, Yop X

aqs Yqg, and qu are the same as the equations of

C1, Ca, Cs, Xaa , Ygg, Lgas Yqqs Sqg- and Ygg in [18, Theorem 3], respectively.
2.4 Optimal cost for a Bayesian strategy with known b

If b is known, then B(t) =b(t)=b, Xg(t) =0, B5(t) =0, and X _3(t) = 0. We use similar
q q
notation as above, denoting all of the analogous quantities for this case with a superscript #.

Hence the Riccati equation (2.7) becomes

Pft = AP} + PEAT — PECTS,'CP + S, P (0) = 5,
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and Pf‘é (t) = P;g(t) = 0. The estimation equation (2.6) becomes
dg” (t) = (AG" + b+ Bu)dt + P (1)CTS; ' (dy — Cg™ dt).
This, in turn, yields the optimal control
u#(t) = —R'BT(S11q7 (t) + S12b),

where S1; and S19 are elements of S defined identically to (2.9).
With this control, the stochastic differential equations describing ¢# and a# become

dg” = [Ag” +b— BR'BT(S11G" + S12b)]dt + dw,
dg” = [AG" + b— BR™'BT(S11q" + S12b)]dt + P (1)CTS, [C(q* — ¢ )dt + du].

Let g% (t) £ E[g” ()], and ¢7 (t) £ E[q# (t)] with the associated covariances E;%, ¥4, and Efa.

Theorem 2.2 The optimal cost for the Bayesian strategy with known b can be expressed as

J(q,b) = b " X# (2, Ty, T)b+ Y# (2, To, T), (2.19)
where
T
X#(E,U,T(),T) :/ [C#QC# + (5110;# —I—Su)TB]%_lBT(Sllcg#E +512)]dt
To
and

T
Y#(S0,T0,T) = | TH(QSE + sﬁBR—lBTsllzga)dt
To

with the time-varying functions Cfé (1), C;’E (1), Efq, and Eg% described by the ODEs:

C¥ = AC¥ + I — BR'BY(51,C¥ + S1),
C¥ = ACY + 1 - BR'BT(S1.C¥ + S1) + PECT s ocf - o),
SHe = S0 —SSLBRT'BT — BRT'BT(SEST)T + 5%, AT + ASE,,
SE = PROTSIO(Ph)T + (5, - =2)T s o(Ph)T + PRCTS oS - 28
—SE SEBR'BY — BRT'BTS)xE + 22 AT + AT
S = (0, - sihcTs o)t - i S BRT BT
— BR™'BT(SuxL) + AT + AST

Proof The cost (2.2) can be written as
T
Ja.b)=E[ [ ()" Qq" + (w7 Rut)ar

To

T
= / (@) Qa" + (S1ug" + S12b) T BRI BT (S11g% + S12b)]dt
To
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T
+ / Tr(QYY, + SLBR™'BT S B )dt. (2.20)
To

By the same calculations as in Theorem 2.1, we can get

q" = AG* +b— BRT'BY(Sug" + Sisb),
G = Ag"* +b— BR'BY(S1g" + Sizb) + PECTS;C(G" — qt),
Sy = Yw— SH S BRTIBT — BRT' BT (S, ST + AT + ASE
St = PROTSIO(PE)T + (55, - S TC s C(P)T + PhES oS, - 55
~ 22 SLBR'BY — BRT'BT S, 52 + SE AT + ASE
s =, -t oPh)” - 28 Sl BRT' BT
— BRT'BT(SuSL) + S AT + AST
The ODEs for ¢” and g# yield ¢ = C¥ (t)b and ¢# = CF (t)b for some C¥,CT : [0,T] —
R™*™ that satisfy the same set of ODEs:
CF = ACY +1— BR'BY(S1:1C¥ + S12), (2.21)
Cf = ACY +1— BR'BY(S1,Cf + Sio) + PECTS 'o(CF - Cf). (2:22)

Substituting (2.21)—(2.22) into (2.20) completes the proof of Theorem 2.2.

Remark 2.3 Againifweset A=0,m=mn, B=I,xy,, and p=n, C = I,,x,, the equations

of C#, C;’&, 221#21" Efq, and EZ% are the same as the equations of C, C5, E%&’ Yha

[18, Theorem 4], respectively. Therefore, combining with Remark 2.2, the model in [18] can be

. .
and X gg 10
seen as a specific case.

3 Infinite-Dimensional Systems

3.1 Preliminaries

Let 27, %, and % be real separable Hilbert spaces. In what follows, for simplicity of
notation, when there is no confusion, we shall use (-,-) for inner products in possibly different
Hilbert spaces and | - | for norms of elements and operators in different Hilbert spaces. Denote

the spaces of bounded linear operators by Z(-) and .Z(-,-), for example, L (Z"), L(Z,¥).
3.2 Problem formulation

Consider the following infinite-dimensional linear system:
dy(t) = (Ay(t) + 0)dt + Budt + dw(t), t € [0,T],
y(0) = o,
dz(t) = Cy(t)dt + do(t), tel0,7),
2(0) =0,
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where A is a linear closed operator on 2~ which generates a contraction semigroup .(t),
Be LU, X)), Ce L(X,%), yo is an £ -valued Gaussian random variable independent of
w(t) and v(t), with zero expectation and covariance operator R,,. w(t) and v(t) are independent
Wiener processes on 2" and % with covariance operators R,, and R, respectively. Then (3.1)
has the unique mild solution y(¢); the definition of the mild solution and the well-posedness of
the solution can be found in [24, Definition 3.9, Theorem 3.13].

We assume that the observation space, % = R™, is finite-dimensional. 6 € 2 is the
unknown parameter. For admissible controls we take u(t) which are adapted to o(w(s),0 <
s < t) and satisfy fOTIE|u(t)|2dt < 0.

Given a Ty € [0,7T), we are allowed to observe the system for ¢ € [0, Tp] without applying
any control, after which we control the system on t € [Ty, T]. Our objective is to find the
optimal control strategy u(t) € %, depending on the measurements {z(7) : 0 < 7 < ¢} and
taking values in %/, that minimizes the cost function

T
V(y,u;0) = / E{{(My(t),y(t)) + (Nu(t),u(t))}dt, (3.2)

To
where 0 < M € Z(2) and 0 < N € L(%) with N~! € L(%). For the sake of brevity, we
let M, N be self-adjoint operators.
In the Bayesian version, a prior belief is assumed on 6, that is, 6 is chosen at random
according to a probability measure p(6). The expected cost associated with u can then be

computed as

P (g, us 1) = Eg[V(y, u:6)] = /% V(y, u: 0)dpu(6). (3.3)

In this case, the objective is to find a control strategy u(t) that minimizes the expected value

in (3.3) given the prior belief 1(8).
3.3 A Bayesian strategy for unknown 6

This subsection demonstrates the optimal strategy for the Bayesian problem given a fixed
prior belief p(f). As in the finite-dimensional case, we restrict ourselves to Gaussian prior
beliefs only, and assume the covariance operator is R > 0. We set 6 as an element of states.

Then the original system (3.1) can be rewritten as

dz(t) = Fa(t)dt + Dudt + Gdw(t), ¢ € (0,77,
2(0) = xo,

dz(t) = Ha(t)dt + do(t), tel0,7T),
2(0) =0,
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wherez =[] € 2 x 2, F=[4%], D=[5], 6=[%]], zo=[%],and H=[C 0], Tis
the identity map operator. Again, F is a linear closed operator on 2" x 2  which generates a

contraction semigroup &(t). Then x(t) has the unique mild solution

x(t) = &)z + /0 E(t — s)Du(s)ds + /0 &t — s)Gdw(s),

also we see that z(t) is a well-defined stochastic process with differential given by (3.4).
Let Z(t) = (ﬂ(t)ﬁ(t))T =E[z(t) | (0),2(7) : 7 € [0,¢)] be the Bayesian estimators of y(t)
and 6 at time t. Then Z(t) is the solution to the filtering problem and is the weak solution of

the stochastic evolution equation
dz(t) = F(t)z(t)dt + Du(t)dt + K(¢)(dz(t) — Hz(t)dt) (3.5)

given by Curtain [13-14], where
Kt)=PHYH* R, .

For arbitrary ¢, v € Z(F*) the operator-valued matrix P = [21*1 z;z] satisfying the following
12
inner product version of the infinite-dimensional Riccati equation:
(U (P),v) =0,
(3.6)
R 0
P0)="Py = vo ,
O=Po=| " 2 ]
where U(P) = 92O _ Fp(t) - P(t)F* — GRLG* + P(YH R, "HP(1).
Let M = [419]. The cost to go at time ¢ is
T —
Ht,z,zip) = B[ [ (Ma(r),a(r)) + Wulr),u(r)dr]
t
T T .
= 5[ [ (Ma(r).50) + Wulr)u(rr] + [ Te(P(r) M)dr.
t t
The optimal value of ¥ solves the Hamilton-Jacobi-Bellman equation and takes the form
7(t) = (Q)x,Z) + r(t).
Then for arbitrary ¢ € 2(F), we obtain an operator-valued matrix Q = [3“ 3:} and a
12
scalar-valued function r that satisfy the control Riccati equations
d N
7200, ) +2(Fp, Q1)p) + (Mo, ) = (QU)DNTID*Q(t)p, ) = 0,
Q(T) =0,
(3.7)

T
r(t) = /t Te(K* Q(r)K Ry )dr,

r(T) = 0.
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Following [21, Theorem 4.1], the feedback control is
T=-N"'"D*Q(t)z = —N"'B*(Q117 + Q1.0).
3.4 Optimal cost for a Bayesian strategy with unknown 6

The total cost incurred for 6 by the Bayesian strategy arising from a prior p is

T
V(y, 0 1) = / E{{(My(t),y(t)) + (Nu(t),u(t))}dt, (3-8)

To

where @ = —N~1B*(Q117+ leé). From (3.5), y(t) and a(t) respectively satisfy the continuous-

time Kalman filter equations

dj(t) = (AG(t) + 0 + Bu)dt + P11 (£)C* R, (dz — Cdt),
d(t) = P, (H)C* R M (dz — CFdt).

With control @, the stochastic differential equations describing y, ¥, and 9 become

dy = [Ay + 6 — BN 71B*(Q117 + Qi120)]dt + dw, (3.9)
47 = [AJ + 6 — BN71B*(Qu17 + Qi120)]dt + P11 (H)C* R, [C(y — §)dt + du], (3.10)
df = P,(H)C*R;C(y — )dt + du]. (3.11)

o~

Let 6(t) = E[0(t)],y(t) = E[y(t)], and gy(t) = E[y(t)] with the associated covariances Rz, Ry,
R Ryy> Ryg, and R

Theorem 3.1 The optimal cost incurred by a specific Bayesian strategy can be expressed

as
V(y,0; ) = (X(R, Ry, To, T)0,0) + Y(R, Ry, T, T'), (3.12)

where

T
X(R, Ry, Ty, T) = / TEMT, + (TQ5 + T Q5) BN B*(Qu Ty + QuaTs)dt

To

and

y(Ra R’U7T07T)

T
= / TI‘(MRyy + QIlBN_lB*QMRgg + 2QI13N_1B* Q12Rg§QT2BN_1B* ngRé‘g)dt

To
for time-varying functions I (t), Za(t), and Zs(t). All of the quantities appearing here can be
found by solving the following system of ODEs:

T, = AT, + T — BN7'B*(Q11Zs + Qi1213),
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Ty = ATy +Ts — BN 1B*(Q11Ts + Q1o7s) + P11C*R;1C(T, — 1),
T3 = Pi,C* R, C(T) — T),
Rig = (Ri5 = RgIC R, 1CPi2 + PHC R IC(R 5 — Ryp) + PiaC R, CPu,
Ryy = Ru — (Ry5Qi1 + R 5Q0,) BN ™' B”
— BN7'B*(QuR;; + Q1aR5) + RyyA™ + ARy,
Ryg = (Ryy — Ryg)C R, 'CPY — Ry Qi BN T'B* + R 5(T — Q1,BN ' 5B)
- BN_IB*(Qlley + Q12R2§) + Ry A" + AR5,
Ry = (Ryy — Ryg)C* Ry 'CPra — BN 7B (QuR 5 + QuRgg) + AR 5,
Rgg = PuC Ry 'CPY + Ryg(T — QioBN™'B) + (I — BN ' B*Q12)RY;
+(Ryz = Ryg)C Ry 1CPH + PuC* R, ' C(Ryg — Ryg) — Rgg Qi BN ™'B*
— BN™'B*Q11Rg5 + RygA* + ARy,
R = (Rip — Rig)C Ry \CPus + (T — BN~B* Qua)Rg5 — BN ™' B* Q1R 5
+ ’P11C*’R;16(Ry§ —Rgg+ Pr2) + AR 5.
Proof The cost (3.8) can be written as

T

Yy, 0;pn) = / E[(My(t),y(t)) + Na(t), u(t))]dt

To

T
= / (MF,5) + (QuiT + Q120, BN ™'B*(Qu1¥ + Q120))]dt
To

T

+ ; Te(MRy, + Q11BN 1B*QuiRgy + 291, BN B* Q2R 5
+ QBN ' B*Q1aRg5)dt. (3.13)

To compute this cost, we need to derive the ODEs for the aforementioned mean and co-
variances from the SDEs (3.9)—(3.11). This can be done by computing the expectations for the

discretized dynamics with a time step At and taking the limit as At — 0. For example,

AD = E[A0] = B[P (H)C* R, C(y — §) At + Av]]
=P (t)C* R, C(y — y)AL,

and therefore,
0 ="Pi{t)C"R,C(T~7).
Similarly, we get

J=Ay+0— BN 'B(Q117 + 0120),
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Y=Ay+0 - BN"'B*(Quy+ Q120) + Puu(t)C*R, (¥ — 7).

The ODEs for 4, 7, and 0 yield § = Z;(t)0, 7 = Z»(t)0 and 0 = Z3(t)0 for some I, I,
I3 : [0, T] = Z(Z) that satisfy the same set of ODEs:

:2—1 =AT, +T — BN_IB*(QHIQ + QmIg,), (314)
Iy = ALy + I3 — BN 7'B*(QuIs + Q12T3) + P11C* R, 'C(T1 — I), (3.15)
T3 = Pr,C*RIC(T — T). (3.16)

Substituting (3.14)—(3.16) into the first term of the last equation of (3.13), we can get

T
/ (M7, 9) + (QuuT + Q120, BN ™' B*(Q117 + Qi120))]dt

To

T
~(] / T MTy + (T3, + T Q1)BN 1B On T, + QuTs)de]0,0).

To
Again,
Rgg(t + At) = E[{0(t + At) — 0t + At)} o {8(t + At) — Bt + At)}]
=E[yor]
= Rgg(t) + [(R)5 = REG)CRICPr2 + PICRYIC(R 5 — Ryp)
+ PiC R, 'CPio] At,

where “o” denotes the Cartesian product, v = 6 — 0 + Pj,C*R;Cl(y — §) — (T — §)]At +
Pi,C*R, 1 Av. Therefore,

Rgg = (Ri5 = RE)C R, 'CPi2 + PHC R, IC(R 5 — Ryg) + PioC R, CPra.
Similarly, we have
Ryy = Ru — (Ryg Qi1 + R,5Q12) BN 1B
— BN7'B*(QuR;; + Q2R 5) + RyyA” + ARy,
Ryﬁ = (Ruu - Ryﬂ)C*qulctpfl - RyﬂgslﬁlBN_lB* + Ryé(I - QTQBN_IB)
— BN'B*(Q11Rg5 + Q1aR%;) + RygA” + ARy,
Ry§ = (Ryy = Ryg)C* R, 'CP12 — BN_lB*(QllRﬂg'i‘ QueRyy) + AR 5,
Ri5 = (Ryg = Rsg)C* Ry CPra+ (T — BNT'B*Qi2)Rgy — BN ' B* Q2R 5
+PuC* Ry IC(R, 5 — Rog + Pra) + AR5,
Ry = PuuC*R,1CP;, + Rop(T — Qi BN IB) + (T — BN‘lB*Qu)R%g
+ Ry — R5)C* R, 'CPYy 4+ PuuC R, 'C(Ryy — Ryy) — Ryy Qi1 BN ™' B*
— BN 'B*Q11Rg;5 + RygA* + ARg5.
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3.5 Optimal cost for a Bayesian strategy with known 6
If 0 is known, then a(t) =0(t) =0, Ry;(t) =0, R5(t) =0, and ’Ryg(t) = 0. We use similar

notation as above, denoting all of the analogous quantities for this case with a superscript #.

Hence for arbitrary ¢, € Z(A*) the Riccati equation (3.6) becomes

(@(Pf(1)p, ) =0,
,Pﬁ (0) = Rym

#
where ®(P: (1)) = Ll _ APH (1) — PE (1) A — Ry, + P()CR,1CPE (1), and Ph(t) =
772#2(t) = 0. The estimation equation (3.5) becomes
dg#(t) = (AG* + 0 + Bu)dt + PE (1)C* R, ' (dz — Cy#de).
This, in turn, yields the optimal control
u(t) = —N"'B*(Quy” (t) + Qi120),
Q11 Qi2

Qf, Qa2
identically to (3.7). With this control, the stochastic differential equations describing y# and

where Qi1 and Qiy are the elements of the operator-valued matrix Q = | | defined

7* become

dy™ = [Ay” + 60 — BN 'B*(Q1177 + Q120)]dt + dw,

dg? = [AG" + 60 — BN 'B*(Q1177 + Q120)]dt + P:ﬁ )R C(y* — y*dt) + dv].
Let y#(t) 2 E[g#(t)] and y7(t) = E[y#(t)] with the associated covariances RZ%, R# and ’R;j%

vy’

Theorem 3.2 The optimal cost for the Bayesian strategy with known 6 can be expressed as

V(y,0) = (X* (R, T, T)0,0) + V*(R,, Tp, T), (3.17)
where
T
X (R, Ty, T) = / [TFQTF + (QuTf + Quo) BN B (Qu T + Qua))dt
To
and

T
V#(Ry, To, T) = / Te(MRE, + Q1 BN 1B Qi RE )t
To

with, the time-varying functions ¥ (t), IZ (t), R¥, and Rgz described by the ODFEs

¥ = AT + 1 — BN“'B*(QuI¥ + Q1a),
IF = ATF + 1 — BN'B*(QuI¥ + Quo) + PHC*R;'c(zf — 1),
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Rfu =Ruw = (RZ&@QE)BNAB* - BN_lB*Qu(RZ%)* + R A+ ARY,

vy’

RE = PRCRIIC(PH)" + (RE, — RE) CRIIC(PH)* + PHC R IC(RE, — RE)

# * —1 2% —1 2% #* # q* #
— REQ1BNTIB* — BN QuRE + RE A* + ARE,

# _ # * - # * # * — *
R = (Rf, — RIC*R,'C(P)* — RI-Q1 BN 'B
— BNT'B (QuRE) + RICA™ + ART.
Proof The cost (3.2) can be written as
T
V(.0) = | ELMy0).5(0) + VT 0. 7 (1) yar
0

T
= | {(MF*,5#) + (Qui® + Qi20, BN B (QuuT* + Q120)) }dt
To

T
+ [ Te(MRE, + Q5 BN B Qi RE)dt.
T() o

By the same calculations as in Theorem 3.1, we can get

:'g# = A" + 0 — BN71B*(Q117" + Q120),
T = Agt 4+ 0 — BNTIBY Q1T + Q1a0) + PECTR, L — 7),
Rf, = Ru — (REQ1)BN 1B — BN 'B"Qui(Rf)" + Ri, A" + AR,

vy’

RE = PHC R, 'C(PI)+(RIL — RE) R IC(PH)” + PHC R, (RY — RE)

# * —1 2% —1 2% # #og* #
SH # -1 #\* # * —1 4%
Ryg_(Rfy—Ryg)Rv C(Ph)" = RI-Q1BN™'B
—1p2% # # px #
— BN B*(QuRY,) + RIZA™ + ART.
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(3.18)

The ODEs for j# and 5# yield j# = Z7 (t)0 and 7# = T (t)0 for some I, TF : [0,T] — £(2)

that satisfy the same set of ODEs

I = ATF + 7 — BN7'B*(QuIF + Q12),
1} = AT + T - BN 7B (QuIf + Qi) + PRCR; (T} — 7).

Substituting (3.19)—(3.20) into (3.18) completes the proof of Theorem 3.2.

4 Performance of the Bayesian Strategy

(3.19)
(3.20)

The performance of a general Bayesian strategy needs to be quantified for each fixed true

value of the parameter b and 6. In this paper, the following definition of regret is used to

quantify the performance of the strategy.
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Definition 4.1 (Multiplicative regret) (cf. [18]) The multiplicative regret or competitive

ratio, as it is more commonly called in the literature, is the ratio:

MRs(a) e >1,

where Jo(a) is the optimal cost with full knowledge of a. A strategy that minimizes the worst-
case multiplicative regret

MR = sup MRs(a)
a
1s deemed optimal.

Lemma 4.1 (cf. [18]) Suppose the Bayesian strategy S is optimal under the prior u, achieves
constant regret R for all a in the support of i, and achieves regret not exceeding R for all a not
in the support of p. Then S is an optimal agnostic strategy which achieves a worst-case regret

of R.
In the finite-dimensional systems, the optimal cost (2.19) with known b is
J(q,b) = b" X#(S,, Ty, T)b+ Y#(5,, Tp, T).

Hence, the multiplicative regret for a Bayesian strategy with prior covariance ¥ is

MR(p) = B X Z0 To, )b+ Y (%, 20, T, T)
bY X# (S, To, T)b + Y#(T, Ty, )

(4.1)

We want to find the optimal agnostic strategy which achieves a worst-case regret, which is
equivalent to find the ¥ such that (4.1) becomes independent of b from Lemma 4.1. This
occurs precisely when

Y(Ev E’Ua T07 T)

X(%,%,,T,T) = Y#(3y,To,T)

X# (8, To, T). (4.2)
Similarly, in the infinite-dimensional systems, the optimal cost (3.17) with known 6 is

V(y,@) = <X#(RU7T05T)979> + y#(vaT()aT)'

Hence, the multiplicative regret for a Bayesian strategy with prior covariance R is

(X(R, Ry, T0,T)0,0) + V(R, Ry, To, T)
(X#(Ry,To, T)0,0) + Y#(Ry, T, T)

MR(0) = (4.3)

We want to find the optimal agnostic strategy which achieves a worst-case regret, which is
equivalent to find the R such that (4.3) becomes independent of 6 from Lemma 4.1. This

occurs precisely when

y RaR'UvT aT
X(R,Ry,To,T) = WX#(RTMT()’T)'
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At optimality, the worst-case multiplicative regret is equal to both the multiplicative regret

when

and

(given by & or yl#), and the multiplicative regret in the limit as ||b|| — oo or |§] — oo (given
by the constant ratio of matrices X and X%, or operators X and X#). That is, the optimal
agnostic strategy perfectly balances the regret for no drift and very large drift. Moreover, the

equality of these multiplicative regrets is a sufficient condition for optimality.

5 Numerical Example

For illustration, we apply the multiplicative regret-minimizing Bayesian strategy to a scalar

system described by dynamics (2.1). Our assumptions included

and

We computed the optimal prior variance ¥ by numerically solving (4.2) using a gradient descent
method.

Figures 1 and 2 display the relationships between the optimal prior variance ¥, sensor noise
variance ¥, and the worst-case multiplicative regret MR. Due to the dependence of the drift
term on the state, the phenomenon described in [18], where for small time horizons, there is
very little time to learn the dynamics of the system, and thus the prior needs to be flexible for
the controller to adapt quickly, no longer occurs. Instead, the optimal prior variance 3 peaks
near

T=1.

This effect becomes particularly pronounced in scenarios characterized by high sensor noise 3,
(see Figure 1(a) and Figure 1(b)). No reasonable explanation can be given yet. In contrast,
with longer time horizons, the controller can afford a more conservative approach, given the
ample time available for system stabilization and the impact of poor performance at small times
is only weakly penalized. Notably, as the time horizon 7" approaches infinity, the optimal prior

variance 3 converges towards zero, see Figure 1(c).
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Figure 1  Bayesian strategies minimizing the worst-case multiplicative regret with varying stan-

dard deviation ¥, of the sensor noise: Optimal variance ¥ of the prior.

As anticipated, the worst-case regret increases with higher sensor noise, see Figure 2(a) and

Figure 2(b). It peaks at T~ 3 and tends to unity as 7" tends to either 0 or infinity (see Figure

2(a) and Figure 2(c)).
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Figure 2  Bayesian strategies minimizing the worst-case multiplicative regret with varying stan-

dard deviation ¥, of the sensor noise: Worst-case multiplicative regret MR.
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