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1 Introduction

In the 1980s, Shen [5–7] investigated the graded modules of graded Lie algebras of Cartan

type. In that paper, the author introduced the notion of “mixed product” and proved that if

U is an admissible module of a graded Lie algebra L of Cartan type, and V is a module of the

zero-grade term L0 of L, then there exists an L-module structure on U ⊗V , which is called the

mixed product.

By using Shen’s mixed product for Witt algebras, Zhao and Xu [11] generalized a non-

homogenous representation of sl(n + 1) to a non-homogenous representation on the tensor

space of any finite-dimensional irreducible sl(n)-module with the polynomial space. For any

given finite-dimensional irreducible sl(n)-module, they obtained a new one-parameter family

of infinite-dimensional sl(n + 1)-modules, which are in general not of highest-weight type.

Moreover, they gave conditions for the infinite-dimensional sl(n+1)-modules to be irreducible.

Xu has also conducted other research on non-homogeneous representations of Lie algebras

[8–9].

After that, Xu and Zhao [10] did similar work on o(n). As they said, higher-dimensional

conformal field theory is not so well understood partly because of the lack of knowledge about

the infinite-dimensional irreducible modules of orthogonal Lie algebras that are compatible with

the natural conformal representations. In [10], they generalized the conformal representation
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of o(n + 2,C) to an inhomogeneous representation of o(n + 2,C) on the tensor space of any

finite-dimensional irreducible o(n,C)-module with the polynomial space, and found a sufficient

condition for the generalized representation to be irreducible.

Inspired by Xu and Zhao’s work, Cao, Luo and Ou [1] used Shen’s mixed product to study

some infinite-dimensional modules with respect to inhomogeneous representations for special

linear superalgebras sl(m|n).

In [1, 11], conditions that were found for the irreducibility are sufficient and necessary.

However, the conditions in [10] is not necessary. One wonders what the sufficient and necessary

condition is for the extensions of conformal representations for orthogonal Lie algebras. This is

what this paper concerns.

Here are some notations that are used in this paper:

N : The set of nonnegative integers.

C : The set of complex numbers.

IdV : The identity map on V .

Ei,j : The square matrix with 1 as its (i, j)-entry and 0 else where.

∂i : Abbreviation for ∂xi
.

hwv: A highest weight vector of an o(n,C)-module.

Imϕ: Imϕ = {ϕ(v) | v ∈ V }, where ϕ is a linear transformation on V .

m,n : m,n =

{
{m,m+ 1, · · · , n}, if m ≤ n,
∅, otherwise,

where m and n are integers.

Let us recall the extensions of the conformal representations for the orthogonal Lie algebras.

Let us start with Type D.

Let n > 1 be an integer. Let A = C[x1, · · · , x2n] and the Witt algebra Wn =
n∑

i=1

A∂i. Let ℑ

be a monomorphism from the Lie algebra Wn to the Lie algebra of semi-product Wn+ gl(n,A)

defined by

ℑ
( n∑

i=1

fi∂i

)
=

n∑

i=1

fi∂i +

n∑

i,j=1

∂i(fj)Ei,j . (1.1)

Let

Ai,j = xi∂j − xn+j∂n+i, Bi,j = xi∂n+j − xj∂n+i, Ci,j = xn+i∂j − xn+j∂i (1.2)

for i, j ∈ 1, n. Then

Gn =
n∑

i,j=1

CAi,j +
∑

1≤i<j≤n

(CBi,j + CCi,j) (1.3)

forms a Lie algebra, which is isomorphic to o(2n,C). We will omit the subscript n when there

is no ambiguity. In the rest of this section and the next, we will identify o(2n,C) with G.

Take the subspaces

H =

n∑

i=1

CAi,i (1.4)
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as Cartan subalgebra of o(2n,C). Set

o(2n,C)+ =
∑

1≤i<j≤n

(CAi,j + CBi,j), o(2n,C)− =
∑

1≤j<i≤n

(CAi,j + CCi,j). (1.5)

Define {εi | i ∈ 1, n} ⊂ H∗ by εi(Aj,j) = δi,j . The set of roots is ΦD = {±εi ± εj | 1 ≤ i <

j ≤ n} and the set of positive simple roots is

ΠD = {ε1 − ε2, · · · , εn−1 − εn, εn−1 + εn}. (1.6)

The set of dominant integral weights is

Λ+
D = {µ ∈ LQ | µ1 ≥ µ2 ≥ · · · ≥ µn−2 ≥ µn−1 ≥ |µn|,

µi ∈ Z/2 for i ∈ 1, n}. (1.7)

Note that given µ ∈ Λ+
D, there exists a unique sequence S(µ) = {n0, n1, · · · , ns} such that

0 = n0 < n1 < · · · < ns = n, (1.8)

µi = µj ⇔nr < i, j ≤ nr+1 for some r ∈ 0, s− 1. (1.9)

The Laplace operators

∆ =
n∑

i=1

∂i∂n+i, η =
n∑

i=1

xixn+i. (1.10)

Let

D =

2n∑

r=1

xr∂r, Ji = −η∂n+i + xiD, Jn+i = −η∂i + xn+iD. (1.11)

Then

C2n = CD +

2n∑

r=1

(C∂xr
+ CJr) + G (1.12)

is the Lie algebra of the 2n-dimensional split conformal group, which is isomorphic to o(2n +

2,C). Hereafter in this paper, we identify C2n with o(2n+ 2,C).

Let M be any o(2n,C)-module. Given any constant number b ∈ C, an o(2n+ 2,C)-module

structure on M̂ = A ⊗C M was constructed in [10], where the hidden central transformation

(
2n∑
i=1

Ei,i)|M̂ takes the constant value b. Note that M̂ is the extension of the conformal repre-

sentation for orthogonal Lie algebras, which is the main object in [10] and also the leading role

in this paper. What we want to do now is to find the conditions for the o(2n + 2,C)-module

M̂ to be irreducible.

Here we list the action equations:

Ai,j |M̂ = Ai,j |A ⊗ IdM + IdA ⊗Ai,j |M , (1.13)
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Bi,j |M̂ = Bi,j |A ⊗ IdM + IdA ⊗ Bi,j |M , (1.14)

Ci,j |M̂ = Ci,j |A ⊗ IdM + IdA ⊗ Ci,j |M , (1.15)

∂k|M̂ = ∂k|A ⊗ IdM , D|
M̂

= D|A ⊗ IdM + IdA ⊗D|M , (1.16)

Ji|M̂ = Ji|A ⊗ IdM +

n∑

p=1

xn+p|A ⊗Bi,p|M +

n∑

q=1

xq|A ⊗Ai,q|M + xi|A ⊗D|M , (1.17)

Jn+i|M̂ = Jn+i|A ⊗ IdM −
n∑

p=1

xn+p|A ⊗Ap,i|M +

n∑

q=1

xq|A ⊗ Ci,q|M + xn+i|A ⊗D|M , (1.18)

where i, j ∈ 1, n, k ∈ 1, 2n, xk|A(f) = xkf for f ∈ A. Here we identify D with the hidden

central transformation
2n∑
i=1

Ei,i, i.e., D|M = bIdM .

We can similarly obtain C2n+1 and the o(2n+ 3,C)-module M̂ for any o(2n+ 1,C)-module

M (see Subsection 3.1 for details).

Denote by V (µ) the finite-dimensional irreducible o(2n,C)-module or o(2n + 1,C)-module

with highest weight µ. In [10], Xu and Zhao’s main theory indicates that the o(2n + 2,C)-

module V̂ (µ) is irreducible if b ∈ C \ {n− 1−N/2, µ1 +2n− ιµ − 1−N}, and the module V̂ (µ)

of o(2n+ 3,C) is irreducible if b ∈ C \ {n−N/2, µ1 + 2n− ιµ −N}, where µ 6= 0 is a dominant

integral weight, ιµ is defined by ιµ ∈ 1, n,

µ1 = µ2 = · · · = µιµ 6= µιµ+1.

Note that in fact ιµ is n1, n2, · · · , ns (cf. (1.8)–(1.9)). In addition, they gave the necessary and

sufficient condition for V̂ (0) to be irreducible.

We want to modify their condition and obtain a necessary and sufficient one. To do this,

we define

ΘD(µ) = {|µn|+ n− 1− k, µni
+ 2n− ni − ki | k ≥ 0; i ∈ 1, s− 1,

ki ∈ 1, µni
− |µni+1

|}, (1.19)

ΘB(µ) = {µni
+ 2n− ni − ki, µn + n− ks | ks ∈ 0, [µn]− 1; i ∈ 1, s− 1,

ki ∈ 0, µni
− µni+1

− 1}

∪ {−µni+1 + ni − ki | i ∈ 1, s− 1, ki ∈ 0, µni
− µni+1 − 1}

∪
{
− µ1 − k, (µn) + n−

1

2
− k | k ∈ N

}

∪
{
n− l, n− l −

1

2
| l ∈ 0, [µn]− 1

}
, (1.20)

where µ is a dominant integral weight, whether it is nonzero or not, [µn]=max{k |k is an integer,

k ≤ µn} is the integer part of µn, (µn) = µn − [µn].

Main Theorem The o(2n+2,C)-module V̂ (µ) is irreducible if and only if b /∈ ΘD(µ); the

o(2n+ 3,C)-module V̂ (µ) is irreducible if and only if b /∈ ΘB(µ).

According to our main theorem, b is allowed to take more values. Let us take type D as an

example: b is allowed to be half integers when µn is an integer, while b is allowed to be integers
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when µn is a half integer. In addition, we allow b to be µni+1
+ 2n − ni − k, for i ∈ 1, s− 1,

k ∈ 1, ni+1 − ni, which were obsoleted by Xu and Zhao’s condition, since

µni+1
+ 2n− ni − k = µ1 + 2n− ni − 1− (k − 1 + µ1 − µni+1

) ∈ {µ1 + 2n− ιµ − 1− N}.

Sections 2 and 3 are devoted to proving the main theorem for type D and type B, respec-

tively.

2 Proof of Type D

In this section, we first introduce some notations and lemmas in Subsection 2.1. The neces-

sity and sufficiency are investigated in Subsections 2.2 and 2.3, respectively.

2.1 Some notations and lemmas

For convenience, we almost use the same notations as in [10]. Throughout this section, we

always let M be a finite-dimensional irreducible o(2n,C)-module with highest weight µ ∈ Λ+
D.

According to [2, 4], there is a bijection between the set of hwvs in M̂ = A⊗CM and the set

VD = {f ∈ A | B
µn−1+µn+1
n−1,n (f) = 0 and A

µj−µj+1+1
j,j+1 (f) = 0

for j = 1, 2, · · · , n− 1}. (2.1)

We recall some notations from [10], but with a little change:

xα =

2n∏

i=1

xαi

i , Jα =

2n∏

i=1

Jαi

i , |α| =
2n∑

i=1

αi for α = (α1, α2, · · · , α2n) ∈ N2n. (2.2)

Ak = SpanC{x
α | α ∈ N2n, |α| = k}, M〈k〉 = Ak ⊗C M for k ∈ N. (2.3)

We write |f | = k if f ∈ Ak, and |u| = k if u ∈M〈k〉.

In [10], a linear transformation ϕ on M̂ was defined by

ϕ(xα ⊗ v) = Jα(1⊗ v) for α ∈ N2n, v ∈M. (2.4)

Note that ϕ can be viewed as an o(2n,C)-module homomorphism, which is a key point to us.

According to Lemma 2.3 in [10], if M is a finite-dimensional irreducible o(2n,C)-module,

then the space Imϕ is an irreducible o(2n+2,C)-submodule of M̂ . Therefore, the o(2n+2,C)-

module M̂ is irreducible if and only if ϕ is surjective. Note that ϕ can be restricted to M〈k〉,

and each M〈k〉 is finite-dimensional. Thus ϕ is surjective if and only if it is bijective.

In sl(n) and sl(m | n) cases, the hwvs play a key role, since if the highest weights are of

multiplicity 1, then the corresponding hwvs are eigenvectors of ϕ. It still holds in so(n) case.

Therefore, let us investigate the hwvs in M̂ .

First, there is a unique hwv in V (µ) up to a scalar, denoted by vµ. According to Pieri’s

formula (cf. [3]),

V (ε1)⊗ V (µ) ∼=





s⊕

i=1

V (µ− εni
)⊕

s−1⊕

i=0

V (µ+ εni+1), if µn−1 + µn > 0,

s−2+δµn,0⊕

i=1

V (µ− εni
)⊕

s−1⊕

i=0

V (µ+ εni+1), if µn−1 + µn = 0.
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Then one obtains

xni+1 ⊗ vµ ∈
i⊕

j=0

V (µ+ εnj+1) for i ∈ 0, s− 1,

xn+ni
⊗ vµ ∈

s−1⊕

j=0

V (µ+ εnj+1)⊕
s⊕

j=i

V (µ− εni
) for i ∈ 1, s.

Thus the hwvs in V (µ+ εnj+1) and V (µ− εni
) can be written as

v〈1〉 = x1 ⊗ vµ, (2.5)

v〈ni+1〉 = xni+1 ⊗ vµ +

i−1∑

j=0

Xij · v〈nj+1〉 for i = 1, · · · , s− 1, (2.6)

v〈−ni〉 =xn+ni
⊗ vµ +

s∑

j=i+1

Yij · v〈−nj〉 +
s−1∑

j=0

Zij · v〈nj+1〉 for i = 1, · · · , s, (2.7)

where Xi,j , Yi,j , Zi,j ∈ U(o(2n,C)−). In the following discussion, we always assume there is a

u〈−n〉. If µn−1 + µn = 0, then we set u〈−n〉 = 0. We have (cf. [10, (2.81)–(2.82)])

ϕ(v〈ni+1〉) = (b+ µni+1 − ni)v〈ni+1〉 for i = 0, · · · , s− 1, (2.8)

ϕ(v〈−nj〉) = (b− µnj
− 2n+ 1 + nj)v〈−nj〉 for j = 1, · · · , s. (2.9)

Remark 2.1 If we write v〈ni+1〉 =
2n∑
p=1

xp ⊗ vp, vp ∈M , then vni+1 is a multiple of vµ and

vp = 0 when p > ni + 1. Since the weight of xp is lower than that of xni+1, which means the

weight of vp is higher than the weight of vµ, but this is impossible, since vµ is the hwv. Thus,

we have

∂kv〈ni+1〉 = 0 for k ∈ ni + 2, n, ∂n+jv〈ni+1〉 = 0 for j ∈ 1, n. (2.10)

By a similar argument, we have

∂n+lv〈−ni〉 = 0 for l ∈ 1, ni − 1. (2.11)

The structure of M〈1〉 is pretty clear. We can consider M〈k+1〉 as a quotient of 〈x1〉 ⊗M〈k〉

in the following way. Throughout in this section, the notation 〈u〉 denotes the o(2n,C)-module

generated by u. Define a linear transformation ψ : 〈x1〉 ⊗M〈k〉 →M〈k+1〉 by

ψ(xi ⊗ (xα ⊗ w)) = xix
α ⊗ w (2.12)

for i ∈ 1, 2n, |α| = k, w ∈M . It is easy to see that ψ is a surjective o(2n,C)-module homomor-

phism.

Suppose u is a hwv inM〈k〉 of weight ν, the corresponding sequence S(ν) = {h0, h1, · · · , ht}.

Replacing M by 〈u〉, we define Xi,j , Yi,j , Zi,j corresponding to u and ν, which we denote by

X
(u)
i,j , Y

(u)
i,j , Z

(u)
i,j . Then using the notations introduced above, we can get all hwvs in 〈x1〉⊗ 〈u〉,

which we denote by ũ〈hi+1〉, ũ〈−hi〉. Note that if u′ is a hwv in M〈k′〉 of weight ν, then X
(u′)
i,j ,
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Y
(u′)
i,j , Z

(u′)
i,j should be equal to X

(u)
i,j , Y

(u)
i,j , Z

(u)
i,j , respectively, since 〈u〉 and 〈u′〉 are isomorphic

o(2n,C)-modules.

Denote u〈hi+1〉 = ψ(ũ〈hi+1〉), u〈−hi〉 = ψ(ũ〈−hi〉). Then all the hwvs in M〈k+1〉 should be

equal to some u〈hk+1〉 or u〈−hi〉.

Moreover, we have another expression of the hwvs in M〈k−1〉, by using the duality between

the multiplication operators and the differential operators. Suppose

ũ〈hi+1〉 = xhi+1 ⊗ u+

i−1∑

j=0

X
(u)
i,j · ũ〈hj+1〉, (2.13)

ũ〈−hi〉 = xn+hi
⊗ u+

t∑

p=i+1

Y
(u)
i,p · ũ〈−hp〉 +

t−1∑

j=0

Z
(u)
i,j · ũ〈hj+1〉. (2.14)

Then

u〈hi+1〉 = xhi+1u+

i−1∑

j=0

X
(u)
i,j · u〈hj+1〉, (2.15)

u〈−hi〉 = xn+hi
u+

t∑

p=i+1

Y
(u)
i,p · u〈−hp〉 +

t−1∑

j=0

Z
(u)
i,j · u〈hj+1〉. (2.16)

Denote

u〈hi+1〉 = ∂n+hi+1u+

i−1∑

j=0

X
(u)
i,j · u〈hj+1〉, (2.17)

u〈−hi〉 = ∂hi
u+

t∑

p=i+1

Y
(u)
i,p · u〈−hp〉 +

t−1∑

j=0

Z
(u)
i,j · u〈hj+1〉. (2.18)

Lemma 2.1 ∆(u〈hi+1〉) = u〈hi+1〉 + (∆(u))〈hi+1〉, ∆(u〈−hi〉) = u〈−hi〉 + (∆(u))〈hi〉.

Proof We have

∆(u〈1〉) =

n∑

j=1

∂j∂n+j(x1u) = ∂n+1u+ x1

n∑

j=1

∂j∂n+ju = u〈1〉 + (∆(u))〈1〉,

and thus the first equation holds for i = 0. Suppose it holds for all j < i, we have

∆(u〈hi+1〉) = ∆(xhi+1u) +
i−1∑

j=0

X
(u)
i,j ∆(u〈hj+1〉)

= ∂n+hi+1u+ xhi+1∆(u) +

i−1∑

j=0

X
(u)
i,j (u

〈hj+1〉 + (∆(u))〈hj+1〉)

= u〈hi+1〉 + (∆(u))〈hi+1〉.

Thus the first equation holds for i ∈ 0, t− 1. The second equation can be proved similarly.

Therefore, if u〈a〉 6= 0 (a = hi+1,−hi), then u〈a〉 is an hwv in M〈k−1〉. In addition, we have

(ηdu)〈a〉 = ηdu〈a〉, (ηdu)〈a〉 = dηd−1u〈a〉 + ηdu〈a〉, (2.19)
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since η commutes with X for all X ∈ U(o(2n,C)) and

∂i(η
du) = dηd−1xn+iu+ ηd∂iu, ∂n+i(η

du) = dηd−1xiu+ ηd∂n+iu.

Although the hwvs in M〈k〉 need not be eigenvectors of ϕ when k > 1, there are some

connections.

ReplaceM byM〈k〉 and consider the tensor product 〈x1〉⊗M〈k〉. We still have the o(2n,C)-

module homomorphism ϕ, defined by

ϕ(xi ⊗ (xα ⊗ w))

= Ji(1⊗ (xα ⊗ w))

=
n∑

p=1

xn+p ⊗Bip(x
α ⊗ w) +

n∑

q=1

xq ⊗Aiq(x
α ⊗ w)

+ (b+ k)xi ⊗ (xα ⊗ w), (2.20)

ϕ(xn+i ⊗ (xα ⊗ w))

= Jn+i(1⊗ (xα ⊗ w))

= −
n∑

p=1

xn+p ⊗Api(x
α ⊗ w) +

n∑

q=1

xq ⊗ Ciq(x
α ⊗ w)

+ (b+ k)xn+i ⊗ (xα ⊗ w) (2.21)

for i ∈ 1, n, α ∈ N2n (|α| = k), w ∈ M . It is different from the original ϕ, so we denote it by

ϕ(k).

It is not difficult to check that

ψJi(1 ⊗ (xα ⊗ w)) = (Ji − η∂n+i)(x
α ⊗ w) + kxix

α ⊗ w, (2.22)

ψJn+i(1 ⊗ (xα ⊗ w)) = (Jn+i − η∂i)(x
α ⊗ w) + kxn+ix

α ⊗ w. (2.23)

Therefore,

ϕ(xix
α ⊗ w)

= Jiϕ(x
α ⊗ w)

= ψϕ(k)(xi ⊗ ϕ(xα ⊗ w)) + η∂n+iϕ(x
α ⊗ w)− kxiϕ(x

α ⊗ w), (2.24)

ϕ(xn+ix
α ⊗ w)

= Jn+iϕ(x
α ⊗ w)

= ψϕ(k)(xn+i ⊗ ϕ(xα ⊗ w)) + η∂iϕ(x
α ⊗ w)− kxn+iϕ(x

α ⊗ w). (2.25)

Lemma 2.2 Assume u is an hwv in M〈k〉 of weight ν with sequence S(ν) = {h0, h1, · · · , ht}.

Then

ϕ(u〈hi+1〉) = (b+ νhi+1 − hi)ϕ(u)〈hi+1〉 + ηϕ(u)〈hi+1〉, (2.26)

ϕ(u〈−hi〉) = (b− νhi
− 2n+ 1 + hi)ϕ(u)〈−hi〉 + ηϕ(u)〈−hi〉. (2.27)
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Proof First, ϕ(u) is an hwv in M〈k〉 of weight ν, since ϕ is an o(2n,C)-homomorphism.

Applying (2.8)–(2.9) to 〈x1〉 ⊗ 〈ϕ(u)〉 and ϕ(k), we get

ϕ(k)(ϕ̃(u)〈hi+1〉) = (b+ k + νhi+1 − hi)ϕ̃(u)〈hi+1〉,

ϕ(k)(ϕ̃(u)〈−hi〉
) = (b+ k − νhi

− 2n+ 1 + hi)ϕ̃(u)〈−hi〉
.

Thus

ϕ(u〈1〉) = ϕ(x1u) = J1ϕ(u)

= ψϕ(k)(x1 ⊗ ϕ(u)) + η∂n+1ϕ(u)− kx1ϕ(u)

= (b+ k + ν1)x1ϕ(u) + ηϕ(u)〈1〉 − kx1ϕ(u)

= (b+ ν1)x1ϕ(u) + ηϕ(u)〈1〉. (2.28)

Assume that (2.26) holds for i′ < i. We have

ϕ(xhi+1u) = ψϕ(k)(xhi+1 ⊗ ϕ(u)) + η∂n+hi+1ϕ(u)− kxhi+1ϕ(u)

= ψϕ(k)
(
ϕ̃(u)〈hi+1〉 −

i−1∑

j=0

X
(u)
i,j .ϕ̃(u)〈hj+1〉

)
+ η∂n+hi+1ϕ(u)− kxhi+1ϕ(u)

= ψ
(
(b+ k + νhi+1 − hi)ϕ̃(u)〈hi+1〉 −

i−1∑

j=0

(b + k + νhj+1 − hj)X
(u)
i,j .ϕ̃(u)〈hj+1〉

)

+ η∂n+hi+1ϕ(u)− kxhi+1ϕ(u)

= (b + k + νhi+1 − hi)ϕ(u)〈hi+1〉 −
i−1∑

j=0

(b+ νhj+1 − hj)X
(u)
i,j .ϕ(u)〈hj+1〉

+ η∂n+hi+1ϕ(u)− kϕ(u)〈hi+1〉, (2.29)

ϕ(u〈hi+1〉) = ϕ(xhi+1u) +

i−1∑

j=0

X
(u)
i,j .ϕ(u〈hj+1〉)

= ϕ(xhi+1u) +
i−1∑

j=0

X
(u)
i,j ((b+ νhj+1 − hj)ϕ(u)〈hj+1〉 + ηϕ(u)〈hj+1〉)

= (b + k + νhi+1 − hi)ϕ(u)〈hi+1〉 + ηϕ(u)〈hi+1〉 − kϕ(u)〈hi+1〉

= (b + νhi+1 − hi)ϕ(u)〈hi+1〉 + ηϕ(u)〈hi+1〉. (2.30)

Thus (2.26) holds for all i. (2.27) can be proved similarly.

2.2 Necessity for type D

This subsection is devoted to proving the necessity for type D. From now on, we fix

M = V (µ), where µ ∈ Λ+
D, S(µ) = {n0, n1, · · · , ns} such that (1.8)–(1.9) hold.

As mentioned above, the difficulty in our case is some highest weights are not of multiplicity

1. For example, µ is one of them, since η and
ni+1∑

j=ni+1

xjxn+j , i = 1, · · · , s − 1 are all in VD.

In fact, all highest weights that are not of multiplicity 1 have something to do with η and
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ni+1∑
j=ni+1

xjxn+j . This makes it complicated, since η ⊗ vµ is not an eigenvector of ϕ, thus we

cannot obtain the condition of irreducibility only by eigenvalues. Our approach is using some

special vector and making
ni+1∑

j=ni+1

xjxn+j “go away”.

Let

f =

n−1∏

i=1

x
µi−|µi+1|
n+i =

s−1∏

i=1

x
µni

−|µni+1
|

n+ni
, ν = µ−

n−1∑

i=1

(µi − |µi+1|)εi. (2.31)

By straightforward computation, we have f ∈ VD (cf. (2.1)). Thus there is an hwv in form of

u = f ⊗ vµ + · · · (2.32)

with weight ν. By the similar argument to Lemma 3.2.3 in [11], we have

ϕ(u) = auu, (2.33)

where

au =

s−1∏

i=1

µni
−|µni+1|∏

j=1

(b− µni
− 2n+ ni + j). (2.34)

Thus we obtain the first necessary condition for type D.

Theorem 2.1 If ϕ is bijective, then b 6= µni
+2n−ni−j for i ∈ 1, s− 1, j ∈ 1, µni

− |µni+1|.

Note that ηu ∈ M〈µ1−|µn|+2〉. Since xα has weight
n∑

i=1

(αi − αn+i)εi, we conclude that the

hwvs in M〈µ1−|µn|+2〉 of weight ν takes the form g ⊗ vµ + · · · , where g = (
n∑

i=1

aixixn+i)f for

some ai ∈ C, i = 1, · · · , n, and g should be in VD. By straightforward computation, we get g

must be a multiple of ηf . That is to say, ν is of multiplicity 1 in M〈µ1−|µn|+2〉. Thus, ηu is an

eigenvector of ϕ. Let us work out the corresponding eigenvalue.

Lemma 2.3 ϕ(ηu) = au(b+ µ1)(b − |µn| − n+ 1)ηu.

Proof The following equation will be used:

[∂n+1, η̃] =

n∑

i=1

(Jn+iBi,1 + δi,1J1 − J1 + Ji(δ1,iD −A1,i)). (2.35)

One sees that ϕ(ηu) = η̃ϕ(u) = auη̃u. Assume

η̃u = aηu.

We have the following two cases.

Case 1 µ1 = µ2.

In this case, we have n1 > 1, so ∂n+1f = 0, hence ∂n+1u = 0. On one hand,

∂n+1η̃u = ax1u. (2.36)



On Extensions of Conformal Representations of Orthogonal Lie Algebras 881

On the other hand,

∂n+1η̃u = [∂n+1, η̃]u+ η̃∂n+1u

=

n∑

i=1

(δi,1J1 − J1 + Ji(δ1,iD −A1,i))(u)

= (−(n− 1) + (µ1 − |µn|+ b)− µ1)J1 · u

= (b + µ1)(b − |µn| − n+ 1)x1u, (2.37)

since A1,i · u = 0, B1,i · u = 0 for i > 1.

Comparing the coefficients in (2.36)–(2.37), we get a = (b+ µ1)(b− |µn| − n+ 1).

Case 2 µ1 > µ2.

It is a little complicated in this case, since ∂n+1u 6= 0 and ν − ε1 is not of multiplicity 1 in

M〈µ1−|µn|+1〉.

Let

ui = xin+1

n−1∏

j=2

x
µj−|µj+1|
n+j ⊗ vµ + · · · (2.38)

be the hwv in M〈µ2−|µn|+i〉 with highest weight ν+(µ1 −µ2 − i)ε1, i ∈ 0, µ1 − µ2. Note u
i = u

when i = µ1 − µ2.

By straightforward computing, one sees that the highest weight ν + (µ1 − µ2 − i)ε1, i ∈

0, µ1 − µ2 is of multiplicity 1 in M〈µ2−|µn|+i〉, but of multiplicity 2 in M〈µ2−|µn|+i+2〉 because

ηui and x1u
i+1 are both hwvs in M〈µ2−|µn|+i+2〉. Since ∂n+1u

i+1 is an hwv in M〈µ2−|µn|+i〉

with the highest weight ν + (µ1 − µ2 − i)ε1 and

∂n+1u
i+1 = (i+ 1)xin+1

n−1∏

j=2

x
µj−|µj+1|
n+j ⊗ vµ + · · · ,

we have

∂n+1u
i+1 = (i+ 1)ui, i ∈ 0, µ1 − µ2 − 1. (2.39)

Assume

η̃ui = aiηu
i + bix1u

i+1, i ∈ 0, µ1 − µ2 − 1. (2.40)

We get

∂n+1η̃u
0 = (a0 + b0)x1u

0, (2.41)

∂n+1η̃u
i = aix1u

i + iaiηu
i−1 + (i+ 1)bix1u

i, i ∈ 1, µ1 − µ2 − 1, (2.42)

∂n+1η̃u = ax1u+ a(µ1 − µ2)ηu
µ1−µ2−1. (2.43)

On the other hand,

∂n+1η̃u
0 = [∂n+1, η̃]u

0 + η̃∂n+1u
0
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= (b+ µ2 − |µn| − n+ 1− µ1)(b + µ1)x1u
0, (2.44)

and by (2.22),

J1 · u
i = ψJ1(1⊗ ui) + η∂n+1u

i − |ui|x1u
i

= (b + µ1 − i)x1u
i + iηui−1,

∂n+1η̃u
i = [∂n+1, η̃]u

i + η̃∂n+1u
i

= (b + µ2 − |µn|+ i− n+ 1− µ1 + i)((b+ µ1 − i)x1u
i + iηui−1)

+ i(ai−1ηu
i−1 + bi−1x1u

i) (2.45)

for i ∈ 1, µ1 − µ2. Comparing the coefficients in (2.41)–(2.45), we obtain

a0 + b0 = (b+ µ2 − |µn| − n+ 1− µ1)(b + µ1),

(i + 1)(ai + bi) = (b + µ2 − |µn| − n+ 1− µ1 + 2i)(b+ µ1) + i(ai−1 + bi−1),

(µ1 − µ2 + 1)a = (b−|µn| − n+ 1 + µ1 − µ2)(b+ µ1) + (µ1 − µ2)(aµ1−µ2−1 + bµ1−µ2−1).

Thus we get

ai + bi = (b+ µ2 − |µn| − n+ 1− µ1 + i)(b+ µ1)

and a = (b− |µn| − n+ 1)(b+ µ1).

Next we will show ηku, k ∈ N are eigenvectors of ϕ and work out the corresponding eigen-

values.

Lemma 2.4 For any w ∈M〈l〉, we have η̃(ηkw) = k(2b− n+ k + 1 + l)ηk+1w + ηkη̃w.

Proof

Ji(η
kw) = Ji(η

k)w + ηkJi(w) = kηkxiw + ηkJi(w),

Jn+iJi(η
kw) = Jn+i(kη

kxiw + ηkJi(w))

= kJn+i(η
k)xiw + kηkJn+i(xiw) + Jn+i(η

k)Ji(w)

+ ηkJn+iJi(w)

= k2ηkxixn+iw + kηkJn+i(xiw) + kηkxn+iJi(w)

+ ηkJn+iJi(w). (2.46)

Note

Ji(xn+iw) = Ji(xn+i)w + xn+iJi(w) = xixn+iw − ηw + xn+iJi(w),

which implies

xn+iJi(w) = Ji(xn+iw)− xixn+iw + ηw.

Therefore

Jn+iJi(η
kw) = k2ηkxixn+iw + kηkJn+i(xiw)

+ kηk(Ji(xn+iw) − xixn+iw + ηw) + ηkJn+iJi(w)
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= k(k − 1)xixn+iη
kw + kηk(Jn+ixi + Jixn+i)(w)

+ kηk+1w + ηkJn+iJi(w). (2.47)

Taking summation on i, we get

n∑

i=1

Jn+iJi(η
kw)

= k(k − 1)ηk+1w + k(2b+ 2− 2n+ l)ηk+1w + nkηk+1w + ηk
n∑

i=1

Jn+iJi(w)

= k(2b− n+ k + 1 + l)ηk+1w + ηkη̃w. (2.48)

Note that
n∑

i=1

(Jn+ixi + Jixn+i)|M〈l〉
= (2b+ 2− 2n+ l)η|M〈l〉

according to Lemma 2.5 in [10].

Lemma 2.5 ϕ(ηku) = au
k−1∏
t=0

(b+ µ1 + t)(b − |µn| − n+ 1 + t)ηku for all k ∈ N.

Proof It is the consequence of Lemma 2.3 when k = 1.

Assume the lemma holds for k. We have

η̃(ηku)

= k(k + 2b+ 1− n+ µ1 − |µn|)η
k+1u+ (b+ µ1)(b − |µn| − n+ 1)ηk+1u

= (b+ µ1 + k)(b− |µn| − n+ 1 + k)ηk+1u. (2.49)

Therefore

ϕ(ηk+1u) = η̃ϕ(ηku)

= au

k∏

t=0

(b+ µ1 + t)(b − |µn| − n+ 1 + t)ηk+1u. (2.50)

We obtain the second necessary condition for type D.

Theorem 2.2 If ϕ is bijective, then b− |µn| − n+ 1 + k 6= 0 for all k ∈ N.

In fact, we also obtain b+ µ1 + k 6= 0 for all k ∈ N. But

b+ µ1 + k = b− |µn| − n+ 1 + (µ1 + |µn|+ n− 1 + k),

and thus b+ µ1 + k 6= 0 can be obtained by Theorem 2.2.

2.3 Sufficiency for type D

We will first show ηd ⊗ vµ ∈ Imϕ if b /∈ ΘD(µ), and then show {ηd ⊗ vµ | d ∈ N} generate

the whole M̂ .
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Let

fs = 1, fi = x
µni

−|µni+1
|

n+ni
fi+1 for 0 < i < s. (2.51)

There is a unique hwv in M〈µni+1−|µn|+k〉 in the form of

uki = xkn+ni
fi+1 ⊗ vµ + · · · (2.52)

for 0 < i < s, 0 ≤ k ≤ µni
− |µni+1

| up to a scalar. One sees that u0i−1 = u
µni

−|µni+1
|

i , f1 is

equal to f in (2.31) and u
µn1

−|µn2
|

1 is equal to u in (2.32).

Assume the sequence corresponding to uki is

0 = h0 < h1 < h2 < · · · < hi−1 < hi < hi+1 < · · · < ht = n. (2.53)

Note that (1) hj = nj for 0 < j < i; (2) ni − 1 = hi if ni−1 < ni − 1 while ni − 1 = hi−1 if

ni−1 = ni − 1, anyway, ni − 1 ∈ {h0, h1, · · · , ht}.

Lemma 2.6 (uki

i )〈ni〉 = kiu
ki−1
i for i ∈ 1, s− 1, ki ∈ 1, µni

− |µni+1
|.

Proof We have (uki

i )〈nj+1〉 = 0, j < i, since ∂n+pu
ki

i = 0 for all p ∈ 1, ni − 1. Thus

(uki

i )〈ni〉 = ∂n+ni
(uki

i ) = kix
ki−1
n+ni

fi+1 ⊗ vµ + · · · , (2.54)

where the ellipsis part are terms unrelated to vµ. Hence we get (uki

i )〈ni〉 = kiu
ki−1
i , since

µ−
n∑

p=ni+1
(µp − |µp+1|)εp − (ki − 1)εni

is of multiplicity 1 in M〈µni+1−|µn|+ki−1〉.

Lemma 2.7 If b /∈ ΘD(µ), then ηduki

i ∈ Imϕ for all d ∈ N, i ∈ 1, s− 1, ki ∈ 0, µni
− |µni+1

|.

Proof Take induction on i. First of all, we have ηdu ∈ Imϕ when b /∈ ΘD(µ) by Lemma 2.5.

That is to say ηduk1 ∈ Imϕ when k = µn1
−|µn2

|. Assume that ηduk1 ∈ Imϕ and ϕ(wd,k
1 ) = ηduk1

(d ∈ N) for some k ∈ 1, µn1
− |µn2

|. We have

(ηduk1)
〈n1〉 = dηd−1(uk1)〈n1〉 + kηduk−1

1 (2.55)

by (2.19) and Lemma 2.6. On the other hand, we have

ϕ((wd−1,k
1 )〈n1〉) = (b + (µn1

− k)− n1 + 1)ηd−1(uk1)〈n1〉 + η(ηd−1uk1)
〈n1〉

= (b + (µn1
− k)− n1 + d)ηd−1(uk1)〈n1〉 + kηduk−1

1 (2.56)

by Lemma 2.2. Subtracting (2.55) from (2.56), we get

(b+ µn1
− k − n1)η

d−1(uk1)〈n1〉 ∈ Imϕ.

Since

b+ µn1
− k − n1 = b− |µn| − n+ 1 + (µn1

+ |µn|+ n− n1 + 1)

and µn1
+ |µn| ≥ 0, n− n1 ≥ 0, thus µn1

+ |µn|+ n− n1 + 1 > 0, which implies |µn|+ n− 1−

(µn1
+ |µn|+ n− n1 + 1) ∈ ΘD, we get

ηd−1(uk1)〈n1〉, η
duk−1

1 ∈ Imϕ. (2.57)
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Therefore, we implies ηduk1 ∈ Imϕ for all d ∈ N, k ∈ 0, µn1
− |µn1+1|.

Now assume ηduk
′

i′ ∈ Imϕ for all i′ < i, k′ ∈ 0, µni′
− |µni′+1|.

We have ηdu
µni

−|µni+1|

i ∈ Imϕ since u
µni

−|µni+1|

i = u0i−1. Assume ηduki ∈ Imϕ (d ∈ N) and

ϕ(wd,k
i ) = ηduki for some k ∈ 1, µni

− |µni+1|. Repeating the discussion from (2.55) to (2.57),

we get ηd(uki )〈ni〉, η
duk−1

i ∈ Imϕ. This completes the proof.

When i = s− 1, k = 0, we get ηd ⊗ vµ ∈ Imϕ.

Lemma 2.8 The o(2n+ 2,C)-module M̂ can be generated by {ηd ⊗ vµ | d ∈ N}.

Proof Denote the o(2n + 2,C)-module generated by {ηd ⊗ vµ | d ∈ N} by M ′. We will

show

ηdM〈k〉 ⊂M ′, ∀d, k ∈ N (2.58)

by taking induction on k.

For k = 0, we have ηdM〈0〉 = 〈ηd ⊗ vµ〉 ⊂ M ′. Assume ηdM〈t〉 ⊂ M ′ for all d ∈ N and

0 ≤ t < k. Note that

M〈k〉 =

n∑

i=1

xiM〈k−1〉 +

n∑

i=1

xn+iM〈k−1〉,

and thus it is sufficient to show ηdxiw, η
dxn+iw ∈M ′ for all w ∈M〈k−1〉 and i ∈ 1, n.

Note that

∂i(η
d+1w) = (d+ 1)ηdxn+iw + ηd+1∂i(w),

∂n+i(η
d+1w) = (d+ 1)ηdxiw + ηd+1∂n+i(w).

Since ηd+1w ∈M ′, we get ∂i(η
d+1w), ∂n+i(η

d+1w) ∈M ′. We have

ηd+1∂i(w), η
d+1∂n+i(w) ∈ ηd+1M〈k−2〉 ⊂M ′

by inductive assumption. Thus, we get ηdxn+iw, η
dxiw ∈M ′. Thus (2.58) holds for all d, k ∈ N.

For d = 0, we have M〈k〉 ⊂M ′, ∀k ∈ N, that is to say M ′ = M̂ .

By Lemma 2.7 M ′ ⊂ Imϕ when b /∈ ΘD(µ). Therefore, we obtain the following theorem,

by which we can finish our proof for sufficiency.

Theorem 2.3 When b 6∈ ΘD(µ), the o(2n,C)-homomorphism ϕ is bijective.

3 Proof of Type B

In this section, we recall the extensions of the conformal representations for Lie algebras of

type B in Subsection 3.1. Then introduce some notations and give some lemmas in Subsection

3.2. The necessity and the sufficiency are investigated in Subsections 3.3–3.4, respectively. The

corresponding proof is omitted when a lemma is just an analogue to some lemma in Section 2.
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3.1 Extensions of the conformal representations for Bn+1

Let n ≥ 1 be an integer. In this section, we set A = C[x0, x1, · · · , x2n]. The corresponding

Laplace operator and dual invariant are

∆ = ∂20 +

n∑

i=1

∂i∂n+i, η =
1

2
x20 +

n∑

i=1

xixn+i. (3.1)

We still use Ai,j , Bi,j , Ci,j , Ji and Jn+i as defined in (1.2) and (1.11), but redefine D as the

following

D =
2n∑

i=0

xi∂i. (3.2)

Denote

J0 = x0D − η∂0, Ki = x0∂i − xn+i∂0, Kn+i = x0∂n+i − xi∂0 (3.3)

for all i ∈ 1, n. In this section, we set

G =

2n∑

j=1

CKj +

n∑

p,q=1

CAp,q +
∑

1≤p<q≤n

(CBp,q + CCp,q). (3.4)

One sees that G is a Lie algebra isomorphic to o(2n+ 1,C). In addition,

C2n+1 = CD +

2n∑

i=0

CJi +

2n∑

j=0

C∂j + G (3.5)

is the Lie algebra of (2n+1)-dimensional conformal group over C with η in (3.1) as the metric,

which is isomorphic to the Lie algebra o(2n + 3,C). Hereafter in this section, we identify

o(2n+ 1,C) and o(2n+ 3,C) with G and C2n+1, respectively.

Set

G+ =
∑

1≤i<j≤n

(CAi,j + CBi,j) +
n∑

k=1

CKn+i, G− =
∑

1≤j<i≤n

(CAi,j + CCi,j) +
n∑

k=1

CKi. (3.6)

We still use the notations defined in (1.4). The set of positive simple roots is

ΠB = {εi − εi+1, εn | 1 ≤ i < n}. (3.7)

The set of dominant integral weights is

Λ+
B =

{
µ =

n∑

i=1

µiεi | µi ∈ N/2;µi − µi+1 ∈ N for i ∈ 1, n− 1
}
. (3.8)

For each µ ∈ Λ+
B, there is a unique sequence S(µ) = {n0, n1, · · · , ns} such that (1.8)–(1.9) hold.

Let M be an o(2n + 1,C)-module and let b ∈ C be a fixed constant. Then M̂ = A ⊗C M

becomes an o(2n+ 3,C)-module with the actions (1.13)–(1.16) and

Kt|M̂ = Kt|A ⊗ Id|M + IdA ⊗Kt|M , (3.9)
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J0 = J0|A ⊗ IdM +

2n∑

s=1

xs ⊗Ks|M + x0 ⊗D|M , (3.10)

Ji|M̂ = Ji|A ⊗ IdM +

n∑

p=1

xn+p ⊗Bi,p|M − x0 ⊗Kn+i|M

+

n∑

q=1

xq ⊗Ai,q|M + xi ⊗D|M , (3.11)

Jn+i|M̂ = Jn+i|A ⊗ IdM −
n∑

p=1

xn+p ⊗Ap,i|M +
n∑

q=1

xq ⊗ Ci,q|M − x0 ⊗Ki|M

+ xn+i ⊗D|M , (3.12)

where t ∈ 1, 2n, i ∈ 1, n.

According to [2, 4], there is a bijection between the set of hwvs in M̂ and the set

VB = {f ∈ A | K2µn+1
2n (f) = 0 and A

µj−µj+1+1
j,j+1 (f) = 0 for j = 1, 2, · · · , n− 1}. (3.13)

The notations xα, Jα, Ak and M〈k〉 can be similarly defined as in (2.2)–(2.3), but all the

summations and products should be taken from 0 to 2n in the type B case.

In [10], a linear transformation ϕ on M̂ is defined by

ϕ(xα ⊗ v) = Jα(1⊗ v) for α ∈ N2n+1, v ∈M. (3.14)

Moreover, ϕ can also be viewed as an o(2n+1,C)-module homomorphism. According to Lemma

3.3 in [10], Imϕ is an irreducible o(2n + 3,C)-module if M is a finite-dimensional irreducible

o(2n+1,C)-module. Therefore, like the case of type D, the o(2n+3,C)-module M̂ is irreducible

if and only if ϕ is bijective.

3.2 Some notations and lemmas

Throughout in this section, we always letM be a finite-dimensional irreducible o(2n+1,C)-

module with highest weight µ ∈ Λ+
B. Like in the case of type D, we investigate the hwvs in M̂

first.

By Pieri’s formula (cf. [3]), given µ ∈ Λ+
B with S(µ) = {n0, n1, · · · , ns}, we have

V (ε1)⊗ V (µ) ∼=





V (µ)⊕

s−δ
µn, 1

2⊕

i=1

V (µ− εni
)⊕

s−1⊕

r=0

V (µ+ εnr+1), if µn > 0,

s−1⊕

i=1

V (µ− εni
)⊕

s−1⊕

r=0

V (µ+ εnr+1), if µn = 0.

(3.15)

Denote by vµ the hwv in V (µ). Using arguments similar to those in Subsection 2.2, we can

write the hwvs in V (µ+ εni+1) as v〈ni+1〉 (cf. (2.5)–(2.6)) and write the hwv in V (µ) as

v〈0〉 = x0 ⊗ vµ +

s−1∑

j=0

Xj · v〈nj+1〉, (3.16)
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when µn > 0. We set v〈0〉 = 0 when µn = 0 for convenience. We write the hwvs in V (µ− εni
)

as

v〈−ni〉 = xn+ni
⊗ vµ +

s∑

j=i+1

Yij · v〈−nj〉 +

s−1∑

j=0

Zij · v〈nj+1〉 + Zi · v〈0〉, (3.17)

where Xi,j , Xj, Yi,j , Zi,j, Zi ∈ G−. We have (cf. [10, (3.67)])

ϕ(v〈ni+1〉) = (b+µni+1 − ni)v〈ni+1〉 for i = 0, · · · , s− 1. (3.18)

ϕ(v〈0〉) = (b − n)v〈0〉, (3.19)

ϕ(v〈−ni〉) = (b − µni
− 2n+ ni)v〈−ni〉. (3.20)

Suppose that u is an hwv in M〈k〉 of weight ν, and the sequence

S(ν) = {h0, h1, · · · , ht−1, ht}.

We denote the hwvs in 〈x1〉 ⊗M〈k〉 by ũ〈hi+1〉, ũ〈−hi〉, ũ〈0〉 (throughout in this section, the

notation 〈w〉 always stands for the o(2n+1,C)-module generated by w), and define ψ : 〈x1〉 ⊗

M〈k〉 → M〈k+1〉 as in (2.12). Denote u〈hi+1〉 = ψ(ũ〈hi+1〉), u〈0〉 = ψ(ũ〈0〉), u〈−hi〉 = ψ(ũ〈−hi〉).

Then all the hwvs in M〈k+1〉 should be equal to some u〈hk+1〉, u〈0〉 or u〈−hi〉.

We can also define u〈hi+1〉, u〈0〉 and u〈−hi〉 in the same way as in (2.17)–(2.18). Analogous

to Lemma 2.1, we have the following lemma.

Lemma 3.1 ∆(u〈hi+1〉) = u〈hi+1〉 +(∆(u))〈hi+1〉, ∆(u〈0〉) = u〈0〉 +(∆(u))〈0〉, ∆(u〈−hi〉) =

u〈−hi〉 + (∆(u))〈−hi〉.

Therefore, as in the case of type D, if u〈a〉 6= 0 (a = hi + 1, 0,−hi), then u〈a〉 is an hwv in

M〈k−1〉. We also have (2.19).

Moreover, (2.22)–(2.25) still hold. In addition, we have

ψJ0(1⊗ (xα ⊗ w)) = (J0 − η∂0)(x
α ⊗ w) + kx0x

α ⊗ w, (3.21)

ϕ(x0x
α ⊗ w) = J0ϕ(x

α ⊗ w)

= ψϕ(k)(x0 ⊗ ϕ(xα ⊗ w)) + η∂0ϕ(x
α ⊗ w)− kx0ϕ(x

α ⊗ w), (3.22)

where α ∈ N2n+1(|α| = k), w ∈M .

The following lemma is analogous of Lemma 2.2.

Lemma 3.2 Assume u is an hwv in M〈k〉 of weight ν with sequence S(ν) = {h0, h1, · · · , ht}.

Then

ϕ(u〈hi+1〉) = (b+ νhi+1 − hi)ϕ(u)〈hi+1〉 + ηϕ(u)〈hi+1〉, (3.23)

ϕ(u〈0〉) = (b− n)ϕ(u)〈0〉 + ηϕ(u)〈0〉, (3.24)

ϕ(u〈−hi〉) = (b− νhi
− 2n+ hi)ϕ(u)〈−hi〉 + ηϕ(u)〈−hi〉. (3.25)
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3.3 Necessity for type B

In this subsection, we discuss the necessity for type B. There is some difference from

Subsection 2.4, since we have x0 in this case.

The following discussion is just like Subsection 2.4, but with a little change. Let

f = x
[µn]
2n

n−1∏

i=1

x
µi−µi+1

n+i , ν = µ−
n−1∑

i=1

(µi − µi+1)εi − [µn]εn, (3.26)

where [µn] stands for the integer part of µn. It is straightforward to check f ∈ VB (cf. (3.13)),

so there is an hwv in form of

u = f ⊗ vµ + · · · . (3.27)

We can conclude that u is an eigenvector of ϕ, since ν is of multiplicity 1 in M〈µ1−(µn)〉, where

(µn) = µn − [µn]. We have

ϕ(u) = auu, (3.28)

where

au =

[µn]−1∏

ks=0

(b − µn − n+ ks)

s−1∏

i=1

µni
−µni+1−1∏

ki=0

(b − µni
− 2n+ ni + ki). (3.29)

Theorem 3.1 If ϕ is bijective, then

(1) b 6= µni
+ 2n− ni − ki for ki ∈ 0, µni

− µni+1 − 1;

(2) b 6= µn + n− ks for ks ∈ 0, [µn]− 1.

Denote

η̃ =

n∑

i=1

JiJn+i +
1

2
J2
0 . (3.30)

Then we have

[∂n+1, η̃] =
[
∂n+1,

n∑

i=1

JiJn+i +
1

2
J2
0

]

=
(
− n+

1

2

)
J1 + J0Kn+1 +

n∑

i=1

(Jn+iBi,1 + Ji(δ1,iD −A1,i)). (3.31)

Using arguments analogous to those in Lemmas 2.4–2.5, we have the following two lemmas.

Lemma 3.3 Assume w ∈M〈l〉. Then η̃(ηkw) = k(2b− n+ k + l+ 1
2 )η

k+1w + ηkη̃(w).

Lemma 3.4 ϕ(ηku) = au
k−1∏
t=0

(b+ µ1 + t)(b − (µn)− n+ 1
2 + t)ηku for all k ∈ N.

Therefore, we obtain the second necessary condition for type B.

Theorem 3.2 If ϕ is bijective, then b 6= −µ1 − k, (µn) + n− k − 1
2 for all k ∈ N.
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One sees that unlike the case of type D, we cannot include b+ µ1 + k 6= 0 from b− (µn)−

n+ 1
2 + k 6= 0, since µ1 and (µn) −

1
2 cannot be integers or half integers at the same time. In

addition, the following condition can be obtained by b − |µn| − n + 1 + k 6= 0 in type D case,

but cannot be obtained by Theorem 3.2 in type B case. Let

g =

n∏

i=2

x
µi−1−µi

i =

s−1∏

i=1

x
µni

−µni+1

ni+1 . (3.32)

Then g ∈ VB . Let

v = g ⊗ vµ + · · · (3.33)

be an hwv. Then we have

ϕ(v) = avv, (3.34)

where (cf. [11])

av =

s−1∏

i=1

µni
−µni+1

−1∏

ki=0

(b+ µni+1 − ni + ki). (3.35)

Therefore, we have av 6= 0 when ϕ is bijective.

Theorem 3.3 If ϕ is bijective, then b 6= −µni+1 + ni − ki for all

i ∈ 1, s− 1, ki ∈ 0, µni
− µni+1 − 1.

It is time to let x0 show its colour. For each k ∈ 1, [µn], the weight µ+
n∑

i=2

(µi−1 −µi)εi has

multiplicity k+1 inM〈µ1−µn+2k〉, because x
2i
0 η

k−ig ∈ VB, ∀i ∈ 0, k. Let ν = µ+
n∑

i=2

(µi−1−µi)εi.

Let w be any hwv in M〈µ1−µn+2k〉 (k ∈ 0, [µn]) with highest weight ν. Then w must be in form

of

k∑

i=0

aix
2i
0 η

k−ig ⊗ vµ + · · · , (3.36)

where ai ∈ C. Suppose the sequence corresponding to w and ν is S(ν) = {h0, · · · , ht}. In fact,

hi = ni + 1, i ∈ 1, s− 1,

t =

{
s− 1, ns−1 = n− 1,
s, ns−1 < n− 1.

Consider the G-module 〈x1〉⊗〈w〉. We have hwvs w̃〈hi+1〉, w̃〈0〉 and w̃〈−hi〉. But ψ(w̃〈hi+1〉) has

to be 0 for all i ∈ 1, t− 1, since we do not have corresponding hwvs in M〈µ1−µn+2k+1〉. Thus

we can assume

w〈0〉 = x0w +X · (w〈1〉) = x0w +X · (x1w) (3.37)

for some X ∈ U(G−).
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On one hand, we have

ϕ(w〈0〉)

= J0ϕ(w) +X.ϕ(x1w)

=

n∑

i=1

xiKiϕ(w) +

n∑

i=1

xn+iKn+iϕ(w) + bx0ϕ(w) + η∂0ϕ(w)

+X · ((b + µ1)x1ϕ(w) + η∂n+1ϕ(w))

=

n∑

i=1

Ki(xiϕ(w)) + (b− n)x0ϕ(w) + ηϕ(w)〈0〉 + (b+ µ1)X · x1ϕ(w)

=

n∑

i=1

Ki(xiϕ(w)) + (b− n)ϕ(w)〈0〉 + ηϕ(w)〈0〉 + (n+ µ1)X · x1ϕ(w) (3.38)

by (3.22). Note that Kn+i · ϕ(w) = 0, because ϕ(w) is an hwv. Also note that ϕ(w)〈0〉 =

x0ϕ(w) +X · x1ϕ(w), because 〈w〉 and 〈ϕ(w)〉 are isomorphic G-modules.

On the other hand, by Lemma 3.2 we have

ϕ(w〈0〉) = (b− n)ϕ(w)〈0〉 + ηϕ(w)〈0〉. (3.39)

Comparing the two equations above, we obtain

(n+ µ1)X · x1ϕ(w) +
n∑

i=1

Ki(xiϕ(w)) = 0, (3.40)

hence

(n+ µ1)X · x1w +

n∑

i=1

Ki(xiw) = 0, (3.41)

since 〈w〉 ∼= 〈ϕ(w)〉. Therefore, we have

w〈0〉 = x0w −
1

n+ µ1

n∑

i=1

Ki(xiw),

(n+ µ1)w〈0〉 = µ1x0w −
n∑

i=1

xiKiw. (3.42)

Denote (w〈0〉)〈0〉 by w〈0,0〉. By the similar argument, we have

(n+ µ1)w〈0,0〉 = µ1x0w〈0〉 −
n∑

i=1

xiKiw〈0〉. (3.43)

Since w〈0,0〉 is a hwv in M〈µ1−µn+2k+2〉, (n+ µ1)
2w〈0,0〉 takes the form of

k+1∑

i=0

cix
2i
0 η

k+1−ig ⊗ vµ + · · · . (3.44)

Let us work out the relations between ai and ci.
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We have

(n+ µ1)w〈0〉

= µ1x0

k∑

i=0

aix
2i
0 η

k−ig ⊗ vµ + · · ·

−
n∑

p=1

(
xp

(
Kp

k∑

i=0

aix
2i
0 η

k−ig
)
⊗ vµ + xp

k∑

i=0

aix
2i
0 η

k−ig ⊗Kpvµ

)
+ · · ·

= g1 ⊗ vµ + · · · , (3.45)

where

g1 = µ1x0

k∑

i=0

aix
2i
0 η

k−ig −
n∑

p=1

xpKp

k∑

i=0

aix
2i
0 η

k−ig.

By straightforward computing, we get

g1 = µ1x0

k∑

i=0

aix
2i
0 η

k−ig −
k∑

i=0

aiη
k−i

n∑

p=1

xpKp(x
2i
0 g)

= µ1x0

k∑

i=0

aix
2i
0 η

k−ig −
k∑

i=0

aiη
k−i

n∑

p=1

x2i+1
0 xp∂pg

+

k∑

i=0

aiη
k−i

n∑

p=1

2ixpxn+px
2i−1
0 g

= µ1

k∑

i=0

aix
2i+1
0 ηk−ig −

k∑

i=0

ai(µ1 − µn)η
k−ix2i+1

0 g

+

k∑

i=0

2iaiη
k−i

(
η −

1

2
x20

)
x2i−1
0 g

=

k∑

i=0

bix
2i+1
0 ηk−ig, (3.46)

where bi = (µn − i)ai + 2(i+ 1)ai+1, for all i = 0, k. Here we set ak+1 = 0 for convenience.

(n+ µ1)
2w〈0,0〉 = (n+ µ1)µ1x0w〈0〉 − (n+ µ1)

n∑

i=1

xiKiw〈0〉

= µ1x0g1 ⊗ vµ + · · ·

−
n∑

i=1

(xiKig1)⊗ vµ + · · ·

= g2 ⊗ vµ + · · · , (3.47)

where

g2 = µ1x0g1 −
n∑

i=1

xi(Kig1)
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= µ1x0

k∑

i=0

bix
2i+1
0 ηk−ig −

n∑

p=1

xpKp

k∑

i=0

bix
2i+1
0 ηk−ig

= µ1

k∑

i=0

bix
2i+2
0 ηk−ig −

k∑

i=0

bix
2i+2
0 ηk−i

n∑

p=1

xp∂pg

+
k∑

i=0

(2i+ 1)biη
k−i

n∑

p=1

xpxn+px
2i
0 g

= µ1

k∑

i=0

bix
2i+2
0 ηk−ig −

k∑

i=0

bi(µ1 − µn)x
2i+2
0 ηk−ig

+

k∑

i=0

(2i+ 1)biη
k−i

(
η −

1

2
x20

)
x2i0 g

=
k+1∑

i=0

cix
2i
0 η

k+1−ig, (3.48)

ci =
(
µn − i+

1

2

)
bi−1 + (2i+ 1)bi

=
(
µn − i+

1

2

)
((µn − i+ 1)ai−1

+ 2iai) + (2i+ 1)((µn − i)ai + 2(i+ 1)ai+1)

=
(
µn − i+

1

2

)
(µn − i+ 1)ai−1

+ (µn + 4iµn − 4i2)ai + 2(i+ 1)(2i+ 1)ai+1 (3.49)

for all i ∈ 0, k + 1. We set b−1 = a−1 = ak+2 = 0 for convenience.

When w = v, we have k = 0, a0 = 1 and

(n+ µ1)
2v〈0,0〉 =

(
µnη + µn

(
µn −

1

2

)
x20

)
g ⊗ vµ + · · · .

Therefore, v〈0,0〉 and ηv are linearly independent.

Lemma 3.5 η̃v = ((b + µ1)(b − µn − n+ 1
2 )−

1
2µn)ηv +

1
2 (n+ µ1)

2v〈0,0〉.

Proof Assume

η̃v = Aηv +B(n+ µ1)
2v〈0,0〉, (3.50)

where A,B ∈ C. On one hand, we have

∂n+1η̃v = (A+Bµn)x1v, (3.51)

∂0η̃v = (A+ 2Bµ2
n)x0g ⊗ vµ + · · · . (3.52)

On the other hand, we have

∂n+1η̃v = ([∂n+1, η̃] + η̃∂n+1)(v)

=
((

− n+
1

2

)
J1 + J1(D −A1,1)

)
v
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= (b + µ1)
(
b− µn − n+

1

2

)
x1v. (3.53)

In addition, we have

[∂0, η̃] = J0D +
1

2
J0 −

n∑

i=1

(Jn+iKn+i +KiJi), (3.54)

J0(v) = ψϕ(|v|)(x0 ⊗ v) + η∂0v − (µ1 − µn)x0v

=

n∑

i=1

xiKi(v) + bx0v

= (b+ µ1 − µn)x0g ⊗ vµ + · · · . (3.55)

We have

K1J1(v) = (b+ µ1)K1(x1v)

= (b+ µ1)x0g ⊗ vµ + · · · (3.56)

and

KiJi(v) = Ki(ψϕ
(|v|)(xi ⊗ v) + η∂n+iv − (µ1 − µn)xiv)

= Ki

( i−1∑

q=1

xqAi,q(v) + (b+ µi−1)xiv
)

= Ki

((
xi

i−1∑

q=1

xq∂q(g) + (b + µi−1)xig
)
⊗ vµ + · · ·

)

= Ki((b + µ1)xig ⊗ vµ + · · · )

= (b+ µ1)(µi−1 − µi + 1)x0g ⊗ vµ + · · · (3.57)

for all i ∈ 2, n. Thus, we obtain

∂0η̃v

=
(
(b+ µ1 − µn)

(
b+ µ1 − µn +

1

2

)
− (b + µ1)(n+ µ1 − µn)

)
x0g ⊗ vµ + · · ·

=
(
(b+ µ1)

(
b− µn − n+

1

2

)
+ µn

(
µn −

1

2

))
x0g ⊗ vµ + · · · . (3.58)

Comparing the coefficients of x1v in (3.51), (3.53) and the coefficients of x0g ⊗ vµ in (3.52),

(3.58), we get

A = (b + µ1)
(
b− µn − n+

1

2

)
−

1

2
µn, B =

1

2
.

Lemma 3.6 When ϕ is bijective, we assume ϕ(wk) = ηkv for all k ∈ 0, [µn]− 1. Then

ηwk and wk
〈0,0〉 are linearly independent.

Proof We have already shown that it holds for k = 0. Assume the lemma holds for some

k. Then ϕ(ηwk) and ϕ(wk
〈0,0〉) are linearly independent. We have

ϕ(ηwk) = η̃ϕ(wk) = η̃(ηkv)
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= k
(
2b− n+ k + µ1 − µn +

1

2

)
ηk+1v + ηkη̃v

=
(
(b + µ1 + k)

(
b− µn − n+

1

2
+ k

)
−

1

2
µn

)
ηk+1v

+
1

2
(n+ µ1)

2ηkv〈0,0〉, (3.59)

ϕ(wk
〈0〉) = (b− n)ϕ(wk)〈0〉 + ηϕ(wk)〈0〉

= (b− n)ηkv〈0〉 + η(ηkv)〈0〉

= (b− n+ k)ηkv〈0〉 (3.60)

(note that (ηkv)〈0〉 = kηkv〈0〉 + ηkv〈0〉 and v〈0〉 = 0),

ϕ(wk
〈0,0〉) = (b− n)ϕ(wk

〈0〉)〈0〉 + ηϕ(wk
〈0〉)

〈0〉

= (b− n)(b − n+ k)ηkv〈0,0〉 + (b− n+ k)η(ηkv〈0〉)
〈0〉

= (b− n+ k)2ηkv〈0,0〉 + (b − n+ k)ηk+1(v〈0〉)
〈0〉. (3.61)

We have

(v〈0〉)
〈1〉 = ∂n+1v〈0〉 = 0,

(v〈0〉)
〈0〉 = ∂0v〈0〉 = v −

1

n+ µ1

n∑

i=1

∂0Ki(xiv)

= v −
1

n+ µ1

n∑

i=1

([∂0,Ki] +Ki∂0)(xiv)

= v −
1

n+ µ1

n∑

i=1

∂i(xiv) = v −
n+ µ1 − µn

n+ µ1
v

=
µn

n+ µ1
v. (3.62)

Thus

ϕ(wk
〈0,0〉) = (b− n+ k)2ηkv〈0,0〉 +

(b − n+ k)µn

n+ µ1
ηk+1v. (3.63)

Set

Dk =

∣∣∣∣∣∣∣∣∣

(b+ µ1 + k)
(
b− µn − n+

1

2
+ k

)
−

1

2
µn

1
2 (n+ µ1)

2

(b− n+ k)µn

n+ µ1
(b− n+ k)2

∣∣∣∣∣∣∣∣∣

= (b− n+ k)
(
b− n+ k +

1

2

)
(b+ µ1 + k)(b − n+ k − µn). (3.64)

We get Dk 6= 0 and

wk+1 =
1

Dk

(
(b − n+ k)2ηwk −

1

2
(n+ µ1)

2wk
〈0,0〉

)
. (3.65)

Assume that

wk =

k∑

i=0

ak,ix
2i
0 η

k−ig ⊗ vµ + · · · , wk
〈0,0〉 =

k+1∑

i=0

ck,ix
2i
0 η

k+1−ig ⊗ vµ + · · · . (3.66)
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Then a0,0 = 1
av
. Note that ϕ(w0) = v, and thus w0 = 1

av
v. So

ak+1,k+1 = −
1

2Dk

(
µn − k −

1

2

)
(µn − k)ak,k (3.67)

by (3.49) and (3.65). For k + 1 < [µn], we have ak+1,k+1 6= 0.

Moreover, we have

ck+1,i

=
(
µn − i+

1

2

)
(µn − i+ 1)ak+1,i−1 + (µn + 4iµn − 4i2)ak+1,i + 2(i+ 1)(2i+ 1)ak+1,i+1

by (3.49). Here we set ak+1,−1 = ak+1,k+2 = ak+1,k+3 = 0. In particular,

ck+1,k+2 =
(
µn − k −

3

2

)
(µn − k − 1)ak+1,k+1 6= 0.

Assume that Aηwk+1 +Bwk+1
〈0,0〉 = 0. Then

(
Aη

k+1∑

i=0

ak+1,ix
2i
0 η

k+1−i +B

k+2∑

i=0

ck+1,ix
2i
0 η

k+2−i
)
g ⊗ vµ + · · · = 0.

Thus we obtain

Aη

k+1∑

i=0

ak+1,ix
2i
0 η

k+1−i +B

k+2∑

i=0

ck+1,ix
2i
0 η

k+2−i

=

k+2∑

i=0

(Aak+1,i +Bck+1,i)x
2i
0 η

k+2−i = 0,

which implies Aak+1,i+Bck+1,i = 0 for all i ∈ 0, k + 2. In particular, Aak+1,k+2+Bck+1,k+2 =

0, which means A = B = 0 since ak+1,k+2 = 0, ck+1,k+2 6= 0. The lemma is proved.

From the proof of Lemma 3.6, we obtain the following theorem.

Theorem 3.4 If ϕ is bijective, then b 6= n− k, n− k − 1
2 for all k ∈ 0, [µn]− 1.

3.4 Sufficiency for type B

This subsection is almost a copy of Subsection 2.4. So we omit the proofs.

Let

fs = x
[µn]
2n , fi = x

µni
−µni+1

n+ni
fi+1 for 0 < i < s. (3.68)

There is a unique hwv in M〈k〉 in the form of

uks = xk2n ⊗ vµ + · · · (3.69)

for 0 ≤ k ≤ [µn] up to a scalar, and there is a unique hwv in M〈µni+1−(µn)+k〉 in the form of

uki = xkn+ni
fi+1 ⊗ vµ + · · · (3.70)
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for 0 < i < s, 0 ≤ k ≤ µni
− µni+1

up to a scalar. Note u0i−1 = u
µni

−µni+1

i . One should also

note f1 is equal to f defined in (3.26) and u
µn1

−µn2

1 is equal to u in (3.27).

The following lemma can be obtained almost by the same argument as Lemma 2.7. The

only difference is that we need the condition given by Theorem 3.4 when i = s.

Lemma 3.7 If b /∈ ΘB(µ), then η
duki

i ∈ Imϕ for all d ∈ N, i ∈ 1, s− 1, ki ∈ 0, µni
− µni+1

,

ks ∈ 0, [µn].

For ni = n, k = 0, we get ηd ⊗ vµ ∈ Imϕ.

By the similar argument as in Lemma 2.8, we have the following lemma.

Lemma 3.8 The o(2n+ 3,C)-module M̂ can be generated by {ηd ⊗ vµ | d ∈ N}.

The investigation about the sufficiency can be finished by the following theorem.

Theorem 3.5 If b /∈ ΘB(µ), then the o(2n+ 1,C)-homomorphism ϕ is bijective.

Remark 3.1 One who has read [1, 11] may have noted that the Jordan-Hölder series have

been given in those cases. However, the Jordan-Hölder series for orthogonal Lie algebras are

not given in [10] or this paper. Here is why. In their cases, condition for the irreducibility is

given by the eigenvalues of ϕ. They know exactly what the kernel and image of ϕ are when ϕ

is not bijective.
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