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Abstract By using Shen’s technique of mixed product, Xu and Zhao constructed an
inhomogeneous representation on the tensor space of any finite-dimensional irreducible
o(n)-module with the polynomial space, and found a sufficient condition for this represen-
tation to be irreducible. In this paper, the author gives a sufficient and necessary condition
for the irreducibility of this representation. Note that the Laplace operator and partial
differential operators play important roles in the proof.
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1 Introduction

In the 1980s, Shen [5-7] investigated the graded modules of graded Lie algebras of Cartan
type. In that paper, the author introduced the notion of “mixed product” and proved that if
U is an admissible module of a graded Lie algebra L of Cartan type, and V is a module of the
zero-grade term Ly of L, then there exists an L-module structure on U ® V', which is called the
mixed product.

By using Shen’s mixed product for Witt algebras, Zhao and Xu [11] generalized a non-
homogenous representation of sl(n 4+ 1) to a non-homogenous representation on the tensor
space of any finite-dimensional irreducible sl(n)-module with the polynomial space. For any
given finite-dimensional irreducible sl(n)-module, they obtained a new one-parameter family
of infinite-dimensional sl(n 4+ 1)-modules, which are in general not of highest-weight type.
Moreover, they gave conditions for the infinite-dimensional sl(n + 1)-modules to be irreducible.

Xu has also conducted other research on non-homogeneous representations of Lie algebras
[8-9].

After that, Xu and Zhao [10] did similar work on o(n). As they said, higher-dimensional
conformal field theory is not so well understood partly because of the lack of knowledge about
the infinite-dimensional irreducible modules of orthogonal Lie algebras that are compatible with

the natural conformal representations. In [10], they generalized the conformal representation
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of o(n + 2,C) to an inhomogeneous representation of o(n + 2,C) on the tensor space of any
finite-dimensional irreducible o(n, C)-module with the polynomial space, and found a sufficient
condition for the generalized representation to be irreducible.

Inspired by Xu and Zhao’s work, Cao, Luo and Ou [1] used Shen’s mixed product to study
some infinite-dimensional modules with respect to inhomogeneous representations for special
linear superalgebras sl(m/|n).

In [1, 11], conditions that were found for the irreducibility are sufficient and necessary.
However, the conditions in [10] is not necessary. One wonders what the sufficient and necessary
condition is for the extensions of conformal representations for orthogonal Lie algebras. This is
what this paper concerns.

Here are some notations that are used in this paper:

N : The set of nonnegative integers.

C : The set of complex numbers.

Idy: The identity map on V.

E; ; : The square matrix with 1 as its (¢, j)-entry and 0 else where.

0; : Abbreviation for 0,.

hwv: A highest weight vector of an o(n, C)-module.

Ime: Imy = {¢(v) | v € V}, where ¢ is a linear transformation on V.

' _f{m,m+1,---,n}, ifm<n, . ‘
m,m o m,n = . where m and n are integers.
0, otherwise,

Let us recall the extensions of the conformal representations for the orthogonal Lie algebras.
Let us start with Type D.
n
Let n > 1 be an integer. Let A = Clz1, -+, 22,] and the Witt algebra W,, = > A9;. Let &

=1
be a monomorphism from the Lie algebra W, to the Lie algebra of semi-product W,, + gl(n, .A)
defined by

n

S(D o) = zn:fi&- + Xn: 0:(f;)Ex . (1.1)

i=1 i,j=1
Let
Aiﬁj = ZZ?iaj — a:n+j8n+i, Bi)j = xi8n+j — ZZ?jan_H', Oiﬁj = :z:n+1-8j — xn+j8i (12)
for 7,5 € 1,n. Then
Gn=Y_ CAij+ > (CB;;+CCi) (1.3)
i,j=1 1<i<j<n

forms a Lie algebra, which is isomorphic to o(2n,C). We will omit the subscript n when there
is no ambiguity. In the rest of this section and the next, we will identify o(2n,C) with G.

Take the subspaces

H=Y CA (1.4)
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as Cartan subalgebra of o(2n,C). Set

o(2n,C)* = Y (CAi; +CBij), o(2n,C)” = Y (CAi;+CCi). (1.5)

1<i<j<n 1<j<i<n

Define {¢; | i € I,n} C H* by £;(A; ;) = 6; ;. The set of roots is ®p = {£e; +¢; |1 <i<

Jj < n} and the set of positive simple roots is
p = {51 — €2, ,En—1 _EnaEn—l+En}~ (16)
The set of dominant integral weights is

A ={pelglm>p2> > pin—2 > -1 > |pin,

i € Z)2 for i € T,n}. (1.7)
Note that given p € A}, there exists a unique sequence S(u) = {ng,n1, -+ ,ns} such that
O=ng<ni<---<ng=n, (1.8)
pi = pj ©ny <1,7 <nppq for somer €0,s— 1. (1.9)
The Laplace operators
A= Z aian_ﬂ‘, n= Z TiTlp+i- (110)
i=1 i=1
Let
2n
D = Zl‘rar, J; = —nanﬂ» +x; D, Jppi = —’I](% + xpiD. (111)
r=1
Then
2n
Con =CD + > (Cox, +CJ.) +G (1.12)
r=1

is the Lie algebra of the 2n-dimensional split conformal group, which is isomorphic to o(2n +
2,C). Hereafter in this paper, we identify Cs,, with o(2n + 2,C).
Let M be any o(2n,C)-module. Given any constant number b € C, an o(2n + 2, C)-module

structure on M = A ®c M was constructed in [10], where the hidden central transformation

(2271: FE;i)|57 takes the constant value b. Note that M is the extension of the conformal repre-
sle;l%cation for orthogonal Lie algebras, which is the main object in [10] and also the leading role
in this paper. What we want to do now is to find the conditions for the o(2n + 2, C)-module
M to be irreducible.

Here we list the action equations:

Aijls = Aijla @y +1da ® A, ar, (1.13)
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Bi)j|ﬁ=Bi7j|A®IdM+IdA®Bi7j|M, (1.14)
Ci)jh/[\:Oi1j|A®IdM—|—IdA®Oiﬁj|M, (115)
8k|ﬁ=8k|A®IdM, D|1/\4\:D|A®IdM+ Id4 ® Dl (1.16)

Tilgr = Jila @Tdar + ) @napla @ Biplu + Y #gla ® Asglar + i @ Dln, (1.17)
p=1 q=1

Tnsilgy = il a @ Idar =D Tpipla @ Apilu + Y 2[4 ® Ciglas + Tngila @ Dlar, (1.18)

p=1 g=1
where 4,7 € 1,n, k € 1,2n, xx|a(f) = xxf for f € A. Here we identify D with the hidden

2n
central transformation > E; ;, i.e., D|p = bldpy.
i=1

We can similarly obtain Ca,41 and the o(2n + 3, C)-module M for any o(2n + 1, C)-module
M (see Subsection 3.1 for details).

Denote by V(u) the finite-dimensional irreducible o(2n, C)-module or o(2n 4 1, C)-module
with highest weight . In [10], Xu and Zhao’s main theory indicates that the o(2n + 2,C)-
module 17(;) is irreducible if b € C\ {n —1 —N/2, u; +2n — 1, — 1 — N}, and the module 17(;)
of o(2n + 3,C) is irreducible if b € C\ {n —N/2, y1y +2n — 1, — N}, where p # 0 is a dominant

integral weight, ¢, is defined by ¢, € 1,n,

= = =y, F 41

Note that in fact ¢, is n1, ng,- -+ ,ns (cf. (1.8)—(1.9)). In addition, they gave the necessary and
sufficient condition for V(0) to be irreducible.
We want to modify their condition and obtain a necessary and sufficient one. To do this,

we define

ki € 17/’Lni - |:um+1|}a (119)
Op(pn) ={pn;, +2n—n; — ki, pin +n—ks | ks €0, [un] — 156 € 1,5 —1,

ki € Oﬂ/””l’bi - /'I"I’Li+1 - 1}
U {—pin41+n; —kiliel,s—1,k €0, n, — fin,+1 — 1}

U{—ul—k,(un)—i—n—%—lﬂkeN}

1 -
U{n—l,n—l—§|leo,[un]—1}, (1.20)

where p is a dominant integral weight, whether it is nonzero or not, [u,] =max{k|kis an integer,

k < pn} is the integer part of py, (n) = pn — [fn]-

—

Main Theorem The o(2n+ 2,C)-module V (u) is irreducible if and only if b ¢ ©p(u); the

—

o(2n + 3,C)-module V(p) is irreducible if and only if b ¢ O p(p).

According to our main theorem, b is allowed to take more values. Let us take type D as an

example: b is allowed to be half integers when pu,, is an integer, while b is allowed to be integers
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when i, is a half integer. In addition, we allow b to be pi,,,, +2n—n; —k, fori € 1,5 — 1,
k € 1,n;41 — n;, which were obsoleted by Xu and Zhao’s condition, since

Pgr +2n—ni—k = +2n—n; — 1 — (k=14 pu1 — pn,,,) € {1 +2n — 1, — 1 — N}

Sections 2 and 3 are devoted to proving the main theorem for type D and type B, respec-

tively.

2 Proof of Type D

In this section, we first introduce some notations and lemmas in Subsection 2.1. The neces-

sity and sufficiency are investigated in Subsections 2.2 and 2.3, respectively.

2.1 Some notations and lemmas

For convenience, we almost use the same notations as in [10]. Throughout this section, we

always let M be a finite-dimensional irreducible o(2n, C)-module with highest weight u € AJB.

According to [2, 4], there is a bijection between the set of hwvs in M = A®c¢ M and the set
Vp = {f cA | Bziflj;‘ﬂn-‘rl(f) — 0 and A;‘lellt]+1+1(f) -0

for j=1,2,---,n—1}. (2.1)

We recall some notations from [10], but with a little change:

2n 2n 2n

w* =JLaf Jm =TI el =3"ai fora=(ar0z - 0) €N (22)
=1 =1 1=1
Ay, = Spanc{z® | 0 € N*", || =k}, My = A, ®c M for k € N. (2.3)

We write |f| = k if f € Ag, and |u| =k if u € My,.
In [10], a linear transformation ¢ on M was defined by

o(r* ®@v) =J*(1®v) fora € N*" ve M. (2.4)

Note that ¢ can be viewed as an o(2n, C)-module homomorphism, which is a key point to us.

According to Lemma 2.3 in [10], if M is a finite-dimensional irreducible o(2n,C)-module,
then the space Im ¢ is an irreducible o(2n + 2, C)-submodule of M. Therefore, the o(2n+2,C)-
module M is irreducible if and only if ¢ is surjective. Note that ¢ can be restricted to My,
and each M, is finite-dimensional. Thus ¢ is surjective if and only if it is bijective.

In sl(n) and sl(m | n) cases, the hwvs play a key role, since if the highest weights are of
multiplicity 1, then the corresponding hwvs are eigenvectors of ¢. It still holds in so(n) case.
Therefore, let us investigate the hwvs in M.

First, there is a unique hwv in V(u) up to a scalar, denoted by v,. According to Pieri’s
formula (cf. [3]),

s s—1
@V(U_ani)@@v(u+5ni+l)v if Hn—1 +,un > 0,
1=1 1=0
VeneVim =9 ., -

@ Vip—en,) @@V(N+5ni+l)a if prn—1+ pn =0.
i=1 =0
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Then one obtains

i
Tpi+1 @ Uy € @V(u +éen;41) forie0,s—1,

§=0
s—1 s

T, @V, € @V(u +En;41) D @ V(p—en,) foriels.
=0 =i

Thus the hwvs in V(g4 €,,41) and V(u — €,,) can be written as

vy = 21 @ Uy, (2.5)
1—1

Vin;+1) = Tn;+1 @ Uy + ZXij Ul +1) for i=1,---,5s—1, (2.6)
=0

s s—1
V(—n;) =Tp+n; VU + Z Yi; “V(—n,) T Z Zij “V(n;+1) for i=1,---,s, (2.7)
j=i+1 Jj=0

where X; ;,Y; 5, Z; ; € U(o(2n,C)™). In the following discussion, we always assume there is a
Uy If pn—1 + pin = 0, then we set u(_,, = 0. We have (cf. [10, (2.81)-(2.82)])

©(Vini4+1)) = (04 pin41 = Mi)V(n, 41y for i =0,--- s -1, (2.8)

O(V—ny) = (b= pin; =20+ 1+ nj)v_p,y for j=1,--- s (2.9)
2n

Remark 2.1 If we write v(,,, 41y = > 2p ® vp, v, € M, then vy, 11 is a multiple of v, and
p=1

vp = 0 when p > n; + 1. Since the weight of z), is lower than that of x,,,;1, which means the
weight of v, is higher than the weight of v,, but this is impossible, since v,, is the hwv. Thus,

we have
OVini41y =0 forkeni+2,n, Onyjvm41y =0 forjel n. (2.10)
By a similar argument, we have
OntiV(—nyy =0 forle T n;— 1. (2.11)

The structure of My is pretty clear. We can consider M1y as a quotient of (x1) ® My
in the following way. Throughout in this section, the notation (u) denotes the o(2n,C)-module

generated by u. Define a linear transformation ¢ : (x1) ® My — M1y by
P(z; @ (2% @w)) = ziz® @w (2.12)

fori €1,2n,|al = k,w € M. Tt is easy to see that v is a surjective o(2n, C)-module homomor-
phism.

Suppose u is a hwv in My of weight v, the corresponding sequence S(v) = {ho, h1, -, h¢}.
Replacing M by (u), we define X ;, Y; j, Z; ; corresponding to w and v, which we denote by
X Z-(f;-), Yif}”, Zi(f;). Then using the notations introduced above, we can get all hwvs in (1) ® (u),

which we denote by U, 41y, U—p,). Note that if v’ is a hwv in M,y of weight v, then Xi(f;/),
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v 2% should be equal to X, ¥, 7z

2Y) 4, 6,J 0 Tig 0 Ty

0(2n, C)-modules.
Denote U(h;+1) = 1/1(’(7(;“_,_1)), U(—p;) = 1/1(’(7<_hi>). Then all the hwvs in M<k+1> should be

respectively, since (u) and (u’) are isomorphic

equal to some wp, 41y OF U(_p,)-
Moreover, we have another expression of the hwvs in M,_1y, by using the duality between

the multiplication operators and the differential operators. Suppose

i—1
Ulh41) = Th+1 QU+ ZXZ(ZL) “U(h;41)s (2.13)
§=0
U(—p;)y = Tnth, @ U+ Z Yip w4 ZZ(U Uip;41)- (2.14)
p=i+1
Then
i-1
Uhy41) = Thy+1U + Z Xi(f;') Uk, 1) (2.15)
§=0
<— i) Ln+h; U+ Z Y(“ ’ + ZZZJ h i+1)- (216)
p=i+1
Denote
i-1
ut) =8, u+ Z XZ-(Z) (Pt (2.17)
3=0
= Op,u+ Z v Zz” (hj 1) (2.18)
p=i+1

Lemma 2.1 A(ugp,41y) = ylhitl) 4 (A(W) (hy+1y, Alui—p,y) = wl=hi) 4 (A(w)) (h,y-

Proof We have

Alugy) =D 05001 j(@1u) = Opsrt+ 21 Y 001 u=u'") + (A(u)) ),
Jj=1 j=1
and thus the first equation holds for ¢ = 0. Suppose it holds for all j < i, we have
i—1
Augn;+1y) = Alzp,41u) + ZXZU)A U(h,+1))
7=0

= Onhop1t+ 2n, 1A +ZX<“ Bt (A () gy 41))

= ulP Y 4 (A ) 41y
Thus the first equation holds for ¢ € 0,¢ — 1. The second equation can be proved similarly.

Therefore, if u{® # 0 (a = h; + 1, —h;), then ©(* is an hwv in M j,—1y. In addition, we have

(") 0y = 1%y, () = dn?tugy 4+l (2.19)
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since n commutes with X for all X € U(o(2n,C)) and

d—1

8i(77du) =dn? Yz, iu+n%0u, Ong (ndu) = dn?tz;u 4 00, 4.

Although the hwvs in My need not be eigenvectors of ¢ when k > 1, there are some
connections.
Replace M by M, and consider the tensor product (z1)® M. We still have the o(2n, C)-

module homomorphism ¢, defined by

P ® (2 @w))
=Ji(1@ (2" @ w))

= an+p ® Bip(x® @ w) + qu ® Aig(z @ w)

p=1 q=1
+ 0+ k) @ (2% @ w), (2.20)
(P(xn-i-i ® (xa ® w))
= n+i(1 ® (xa ® w))
== iy @ Api(a® @w) + Y 14 ® Cig(a® @ w)
p=1 q=1

+ (b+ B)nsi ® (2% @ w) (2.21)

fori € T,n, a € N*" (|a| = k), w € M. It is different from the original ¢, so we denote it by
(k)
k),

It is not difficult to check that

PJi(1 @ (2% @ w)) = (J; — NOn+i) (2 @ w) + kz;2% @ w, (2.22)
YIp+i(1® (2% @ w)) = (Jnti — 10;) (2% @ W) + ktppiz® @ w. (2.23)
Therefore,
o(z;z% @ w)
= Jip(z® @ w)
= 9™ (25 @ p(* © W) + NOn+ip(z* © W) — kaip(z® © w), (2:24)
‘P(zn+i$a & w)
= Jutip(r® @ w)
= o™ (@ 4: @ p(a% @ W) + 1Oip(2* ® W) — kpyip(x® @ w). (2.25)
Lemma 2.2 Assume u is an hwv in My, of weight v with sequence S(v) = {ho,h1,- -, h¢}.
Then
P(Uinit1y) = (b4 Vna1 — ha)o(u) 1) + () FiFD), (2.26)

P ny) = (0= vn, =20+ 1+ hy)p(u)py + np(u) ", (2.27)
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Proof First, p(u) is an hwv in M, of weight v, since ¢ is an o(2n, C)-homomorphism.
Applying (2.8)—(2.9) to (z1) ® (p(u)) and o) we get

— e

‘P(k) (‘P(U)(hiH)) =(b+k+vn— hi)tp(u)w#l),

—_— —

B (p(u) _py) = b+ k= vn, =20+ 1+ hi)p(u) _, ;-
Thus
o(uay) = p(r1u) = Jip(u)

= Pp®) (21 @ p(u)) + NOns190(u) — kz160(u)

= (b+k+v)arp(w) + neu)V — krio(u)
= (b+ v1)z1o(u) 4+ ne(u) . (2.28)

Assume that (2.26) holds for i’ < i. We have

Pz, 41u) = P (2,41 @ p(u)) + 773n+h»+1</)( ) — kxp, 1 10(u)

= 1/}@(k)( ZX irj (p h +1>) + n3n+hi+1<,0(u) - k':l:hi.l,.l(p(u)
o i—1 o
= (b k + v = 1)) g ey = D (b kw1 = 1) XL o) 4y
j=0

+ NO0npth,+10(1) — kxp, 410(u)
i—1
= O kb vy = h)p()inn) = 20+ e = ) XI5 0 ()
j=0

+ NOn+ni+10(w) — kp(u) (41, (2.29)
1—1

P(Uni41y) = @(Th, 410 +ZX o(un;41))
=0

1—1

= (e 41u) + Y X0+ vhya1 — hy)o(u) 1) + np(u) P
7=0

= (b4 k+ vh1 — h)@(u) g1y + o) T — kp(u) 11

= (b+ a1 — ha)o(u) 1) + nip(u) M. (2.30)
Thus (2.26) holds for all i. (2.27) can be proved similarly.

2.2 Necessity for type D

This subsection is devoted to proving the necessity for type D. From now on, we fix
M =V (u), where p € AL, S(u) = {no,n1,- -+ ,ns} such that (1.8)—(1.9) hold.

As mentioned above, the difficulty in our case is some highest weights are not of multiplicity
MNit1
1. For example, p is one of them, since n and Y 2;xp4,, @ =1,---,5—1 are all in Vp.
j=n;+1
In fact, all highest weights that are not of multiplicity 1 have something to do with 1 and
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MNit1

> xjZny;. This makes it complicated, since n ® v, is not an eigenvector of ¢, thus we
Jj=n;+1
cannot obtain the condition of irreducibility only by eigenvalues. Our approach is using some

Ni41
special vector and making Y x;Zn4; “go away”.
j=n;+1
Let

s—1
il By = n o |
f H xﬂ W il = H Lptn, o ) =pH— E |/1’l+1 (231)

i=1

By straightforward computation, we have f € Vp (cf. (2.1)). Thus there is an hwv in form of
u=fQu,+--- (2.32)

with weight v. By the similar argument to Lemma 3.2.3 in [11], we have
p(u) = ayu, (2.33)

where

s—1 Hn; —|Hn;+1]
av=]] I - pn —2n+ni+j). (2.34)
Thus we obtain the first necessary condition for type D.
Theorem 2.1 If ¢ is bijective, then b # pi,,+2n—n;—j fori € 1,s — 1,5 € 1, fin;, — |fn;+1]-

Note that nu € M, Since z* has weight Z( — Qpyi)€4, we conclude that the

i=1

p1—|pn|+2) -
n
hwvs in My, |, |+2) of weight v takes the form g ® v, + -, where g = (> a;w;xpyq)f for

i=1

some a; € C,i=1,---,n, and g should be in Vp. By straightforward computation, we get g
must be a multiple of nf. That is to say, v is of multiplicity 1 in M, _|,,|+2)- Thus, nu is an

eigenvector of . Let us work out the corresponding eigenvalue.
Lemma 2.3 ¢(nu) = ay(b+ p1)(b — |un] — n+ 1)nu.
Proof The following equation will be used:
[On41,7] = Z(Jn-i-iBi,l +0i1J1 — J1 + Ji(01,:D — A1 ). (2.35)
i=1
One sees that p(nu) = Jp(u) = a,u. Assume

nu = anu.

We have the following two cases.
Case 1 p; = pa.
In this case, we have n; > 1, so Op41f = 0, hence 0,412 = 0. On one hand,

Oni1Mu = axyu. (2.36)
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On the other hand,
Onsrmu = [Ony1,M|u + 100410

(0i1J1 — J1 4+ Ji(61:D — Ay i) (u)

I
M:

=1
(=(n — 1)+ (1 — |pn] +b) — p1)J1 - w
= (b+p2) (0 = |pn| = n + Dy, (2.37)

since A1 ;- u=0, By;-u=0fori>1.
Comparing the coeflicients in (2.36)—(2.37), we get a = (b + p1)(b — |un| — n + 1).
Case 2 1 > pa.
It is a little complicated in this case, since Op,1u # 0 and v — €1 is not of multiplicity 1 in

M, — 41 -
Let

u - xn-i—l H xn+J|‘u]+1‘ ® Uu +- (238)

be the hwv in M, _|,, |+ with highest weight v+ (pu1 — po —i)e1, i € 0, i1 — pp. Note v’ = u
when i = uy — po.

By straightforward computing, one sees that the highest weight v + (u1 — po — i)eq, @ €
0, 1 — p2 is of multiplicity 1 in M, .. |+, but of multiplicity 2 in M,,_|,, |+i+2) because
nu' and zyu't are both hwvs in M, |, |4i+2). Since Gppru'™ is an hwv in M, .. +4)
with the highest weight v + (u1 — pa —i)e; and

Onp1u ™ = (i +1) n+1Hxn+Jw”l‘®v + -

we have

Onpu'™ = (i +1)u', €0, — pa — 1. (2.39)
Assume
nut = anut + bizutt, i €0, pup — g — 1. (2.40)
We get

On11mu’ = (ag + bo)z1u’, (2.41)
O’ = azziu® +iamu™" + (i + Dbgzu’, i€ T, — po — 1, (2.42)
On1mu = azyu + alpy — po)nutr—r2=1, (2.43)

On the other hand,

Ong11u’ = [Ops1, M’ + 705 11u”
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= (b+p2 = |pn] =0+ 1 = pa) (b + p)aru’, (2.44)
and by (2.22),

Jp ot = VJ1(1® ui) + NOpru’ — |ui|x1ui
= (b4 p1 — i)zu’ + inui,
Onau’ = [Ong1, 7" + 010
= (b4 p2— |pn| +i—n+1—p +9)((0+ p1 — i)z’ +inu™t)

+i(ai_1mu' ™t + b_1xu?) (2.45)
for i € 1, 11 — pe. Comparing the coefficients in (2.41)—(2.45), we obtain

ao+bo = (b+ p2 — |pn| =1+ 1 — p1)(b+ p1),
(i +1)(a; +b;) = (b+ p2 — |pnl —n+1—p1 +20)(b+ p1) +i(ai—1 + bi-1),
(11— p2+1)a = (b=|pun| —n+ 14 p1 — p2)(b+ p) + (1 — pr2) (@ —po—1 + by —pa—1)-
Thus we get
ai+bi=(b+p2 — [pn| —n+1—p1 +4)(b+ 1)
and a = (b— |pun| —n+ 1)(b+ p1).
Next we will show n*u, k € N are eigenvectors of ¢ and work out the corresponding eigen-
values.

Lemma 2.4 For any w € My, we have n(nFw) = k(2b—n+k+ 1+ Dn* 1w + nFhw.
Proof

Ji(n*w) = Ji(n*)w + 1" Ji(w) = kn*ziw + 0" Ji(w),
Tntidi(Pw) = Jpri(kn®ziw +1° Jy(w))

= kJnri(n)ziw + kn* Josi(ziw) + Jngi (") Ji(w)
+ 1 Jngidi(w)

= 2k, ow + knkJnH(a:iw) + knka:nHJi(w)
+ 1F Tpgi Ji(w). (2.46)

Note
Ji(Tntiw) = Ji(Tnti)W + Tppi Ji(W) = TiTppiw — W + Ty Ji (W),

which implies

Tnpidi(w) = Jj(@ppiw) — 220 45w + nw.

Therefore

Jn+iJi(nkw) = kznkxianw + knkJnH(xiw)
+ En* (Ji(@npiw) — 2ixppiw + qw) + 08 Ty i Ji(w)
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= k(k — Daiwnrm™w + kn* (Joii + Jivn ) (w)
+ ke w4+ nF T Ji(w). (2.47)

Taking summation on 7, we get

n

> Jnridi(nfw)

i=1
=k(k — D)™ w 4 k(2b 4+ 2 — 2n + D" + nkn* T + Z Jnpidi(w)
i=1
=k@2b—n+Ek+ 14+ D" w + nfjw. (2.48)
Note that

n

> (ngiwi + Jitngi)lag, = (2b+2 = 2n+ Dl
=1

according to Lemma 2.5 in [10].
k=1
Lemma 2.5 o(n*u) =ay, [[(b+ p1 +t)(b— |un| —n+ 1+ t)n*u for all k € N,
=0

Proof It is the consequence of Lemma 2.3 when k = 1.

Assume the lemma holds for k. We have

n(n*u)
=k(k+2b+1—n+p — )" u+ (b+ 1) (b= |pn| =+ 1)
=(b+p1 + k)b — |pn| —n+ 1+ E)n* . (2.49)
Therefore
o0 u) = Tp(n*u)
k
=a, [0+ m + )b — |pn| —n+ 1+ )" . (2.50)
t=0

We obtain the second necessary condition for type D.
Theorem 2.2 If ¢ is bijective, then b — |pn| —n+ 14k #0 for all k € N.
In fact, we also obtain b+ uy + k # 0 for all k£ € N. But
b+pur+k=b—|pn] —n+14 (u1+ |pn| +n—1+k),
and thus b+ p1 + k # 0 can be obtained by Theorem 2.2.

2.3 Sufficiency for type D

We will first show n? ® v, € Img if b & ©p(u), and then show {n? @ v, | d € N} generate
the whole M.
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Let
Nni_‘ﬂfnprl‘ .
fs=1, fi=x,,, fir1 for0<i<s. (2.51)
There is a unique hwv in M, |, |+k) in the form of

uf — :Efz+n7;fi+1 @y - (2.52)

for 0 <i<s,0<k< iy, — |tn,,,| up to a scalar. One sees that u? , = uf"i_w"i“‘, fi1is

equal to f in (2.31) and u}™ " ltnal i equal to u in (2.32).

Assume the sequence corresponding to u¥ is
0=h0<h1<h2<"'<hi_1<hi<hi+1 << hg=n. (253)

Note that (1) h; = n; for 0 < j <i; (2) n; —1 = h; if n;_1 < n; —1 while n; — 1 = h;_y if
ni—1 =n; — 1, anyway, n; — 1 € {ho, h1,- -+, h¢}.

Lemma 2.6 (u)) = k™Y forieT s —1, ki €1, pin, — |fhnisy]-

Proof We have (u¥")(i+1) =0, j < i, since 9, ,u’" = 0 for all p € T,n; — 1. Thus
(ufi)w) = Opn, (U?i) - kixﬁ:& fir1 ®@up+---, (2.54)

where the ellipsis part are terms unrelated to v,. Hence we get (u fl)<"7> = kiufi_l, since

= > (up = lkp+1l)ep — (ki — L)eyp, is of multiplicity 1in My, [+ki—1)-
p=n;+1

Lemma 2.7 Ifb ¢ Op(u), then nu® € Img foralld e N, i € 1,5 — 1, ki € 0, i, — |fenisy |-

Proof Take induction on i. First of all, we have nu € Im ¢ when b ¢ ©p (i) by Lemma 2.5.
That is to say néuf € Tm ¢ when k = pi,, —|pin,|. Assume that n?u¥ € Im ¢ and cp(w'li’k) = nuf
(d € N) for some k € 1, fip,, — |ptn,|- We have

(nu}) ™) = dn® =t () g,y + kput ™! (2.55)
by (2.19) and Lemma 2.6. On the other hand, we have

(Wi ) ) = 0+ (tny — k) = n1 + D0 W) oy +n(n™ b))
= (b (pn, = k) = i+ )" (uf) g,y + kntuy ™ (2.56)
by Lemma 2.2. Subtracting (2.55) from (2.56), we get
(b+ pny — k=00 (u)) (,) € Imep.

Since
b+ pn, —k—n1=b—|un| =1+ 1+ (tn, + |tn] +n —n1 +1)

and fin, + || > 0, n —ny >0, thus pin, + |pn| +n —ny +1 > 0, which implies || +n—1—
(finy + |pn| +n —n1 +1) € Op, we get

nd_l(ulf)< " T]dulf LeIme. (2.57)
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Therefore, we implies n9uf € Imp for all d € N, k € 0, fip, — |ftn,+1]-

Now assume nduf/ € Imy for all ' <i, k' €0, ptn,, — [tin, +1/-

Py = ttm 1] By = |ty )

We have nu € Im ¢ since u; =uY_,. Assume n?uf € Im ¢ (d € N) and

go(wf’k) = nul for some k € 1, pty, — |, ,|- Repeating the discussion from (2.55) to (2.57),
d, k-1

we get n(uf) .y, n%ui ™" € Imp. This completes the proof.
When i =s— 1,k =0, we get nd®v# € Im .
Lemma 2.8 The o(2n + 2, C)-module M can be generated by {n?®wv, | deN}.

Proof Denote the o(2n + 2,C)-module generated by {n? ® v, | d € N} by M’. We will

show
n'Myy C M', Vd, k€N (2.58)

by taking induction on k.
For k = 0, we have n?M ), = (n? ® v,) € M'. Assume n*Myy € M’ for all d € N and
0 <t < k. Note that

n n

My = ZiBiMUc—m + Z$n+iM(k—1>a
3 1

=1 =
and thus it is sufficient to show nz;w, n,+;w € M’ for all w € My,_yy and i € 1, n.
Note that

ai(ndﬂw) =(d+ 1)77dxn+iw + 17‘“161- (w),
Onyi(™w) = (d+ Dnziw + 0™ Oy (w).

Since n%tlw € M’ we get 9;(n?t1w), Onys(nittw) € M'. We have
N0 (w), N Opgi(w) € T Mgy € M’

by inductive assumption. Thus, we get n%,, 4w, n%z;w € M’. Thus (2.58) holds for all d, k € N.
For d = 0, we have M, C M', Vk € N, that is to say M’ = M.

By Lemma 2.7 M’ C Im¢ when b ¢ ©p(u). Therefore, we obtain the following theorem,
by which we can finish our proof for sufficiency.

Theorem 2.3 When b &€ ©p(u), the o(2n, C)-homomorphism ¢ is bijective.

3 Proof of Type B

In this section, we recall the extensions of the conformal representations for Lie algebras of
type B in Subsection 3.1. Then introduce some notations and give some lemmas in Subsection
3.2. The necessity and the sufficiency are investigated in Subsections 3.3-3.4, respectively. The

corresponding proof is omitted when a lemma is just an analogue to some lemma in Section 2.
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3.1 Extensions of the conformal representations for B,

Let n > 1 be an integer. In this section, we set A = Clxo,x1, - ,Z2,]. The corresponding

Laplace operator and dual invariant are

n 1 n
A=05+Y 0idnpi, 0= F00+ ) Tiltnyi. (3.1)
i=1 =1

We still use A; ;, Bij, Cij, Ji and J,4; as defined in (1.2) and (1.11), but redefine D as the

following

2n
i=0
Denote
Jo = 20D — 10y, K;=1x00; — Tnyi0o, Kpnii=200n1s — ;00 (3.3)
for all i € 1, n. In this section, we set
2n n
G=> CK;j+ Y CApg+ > (CByy+CCyy). (3.4)
j=1 p,q=1 1<p<qg<n

One sees that G is a Lie algebra isomorphic to o(2n 4 1, C). In addition,

2n 2n
Cont1=CD+Y CJi+) COi+g (3.5)
i=0 j=0

is the Lie algebra of (2n + 1)-dimensional conformal group over C with 7 in (3.1) as the metric,
which is isomorphic to the Lie algebra o(2n + 3,C). Hereafter in this section, we identify
0(2n+ 1,C) and o(2n + 3,C) with G and Ca,, 11, respectively.

Set

Gt= > (CAi; +CBij)+> CKuyi, G- = Y (CAi;+CCij)+ > CK,. (3.6)

1<i<j<n k=1 1<j<i<n k=1

We still use the notations defined in (1.4). The set of positive simple roots is
Iz Z{Ei—5i+1,6n | 1 §Z<TL} (37)

The set of dominant integral weights is
AL = {,u = Z/Lifi | i € N/2;u; — pip1 € Nforie I,n— 1}. (3.8)
i=1

For each p € AL, there is a unique sequence S(u) = {ng,n1,--- ,ns} such that (1.8)—(1.9) hold.
Let M be an o(2n + 1,C)-module and let b € C be a fixed constant. Then M=A®cM
becomes an o(2n + 3, C)-module with the actions (1.13)—(1.16) and

Kilg7 = Ki|a ®1d|as +1da ® K|, (3.9)
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2n
JO:J0|A®Id]\/[+ZCL‘S®K5|M+!E0®D|M, (3.10)

s=1

Ji|]\7 = Ji|A ® Idy + an+p & B@le — T ® Kn+i|M

p=1

+Z$4®Ai,q|M‘|’$i®D|Ma (3.11)

qg=1
Jnvil5p = Invila ®Ida — Z$n+p ® Apilm + qu ® Ciqlm — 20 @ Ki|m

p=1 q=1
+ Znti @ D, (3.12)

where t €1,2n, i € 1, n.

According to [2, 4], there is a bijection between the set of hwvs in M and the set

Ve ={f € A| K3t (f) =0and AT (f)=0for j=1,2,- ,n—1}.  (3.13)

The notations 2%, J, A and My can be similarly defined as in (2.2)-(2.3), but all the
summations and products should be taken from 0 to 2n in the type B case.
In [10], a linear transformation ¢ on M is defined by

p(r* @v)=JY(1®v) forae N1 ve M. (3.14)

Moreover, ¢ can also be viewed as an o(2n+1, C)-module homomorphism. According to Lemma
3.3 in [10], Im ¢ is an irreducible o(2n + 3, C)-module if M is a finite-dimensional irreducible
o(2n+1,C)-module. Therefore, like the case of type D, the o(2n+3, C)-module M is irreducible
if and only if ¢ is bijective.

3.2 Some notations and lemmas

Throughout in this section, we always let M be a finite-dimensional irreducible o(2n+1, C)-
module with highest weight p € AE. Like in the case of type D, we investigate the hwvs in M
first.

By Pieri’s formula (cf. [3]), given p € A% with S(u) = {ng,n1,- -+ ,ns}, we have
_6an% s—1
Ve @ Vin-en) @@ Vn+enta), if pn >0,
Vie1) @ V(p) = =t =0 (3.15)
s—1 s—1
@V(u—sm)@@V(u—ksnrﬂ), if w, = 0.
i=1 r=0

Denote by v, the hwv in V' (x). Using arguments similar to those in Subsection 2.2, we can
write the hwvs in V(i + €, 11) as v, 41y (cf. (2.5)—(2.6)) and write the hwv in V(u) as

s—1

V(o) = To @ vy + ZXj “V(n;+1) (3.16)
=0
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when 1, > 0. We set vy = 0 when p,, = 0 for convenience. We write the hwvs in V(u —ep,)

as
V(—n;) = Tn+n; vy + Z }/ij *V(—n, + ZZzg (nj+1) + Z; - “ V() (317)
j=it1
where X; ;, X;,Y; 5, Z; 5, Z; € G—. We have (cf. [10, (3.67)])
(p(v<ni+1>) = (b+un7+1 - ni)v<ni+1> for i = 07 e, 8 — 1. (318)
¢(v)) = (b —n)v, (3.19)
gD(’U<_ni>) =(b— pn, —2n+ ni)v<_m>. (3.20)

Suppose that v is an hwv in M, of weight v, and the sequence
S(V) = {h07 h17 Ty ht—17 ht}

We denote the hwvs in (z1) ® My by @, 41y, U(—n,), Uy (throughout in this section, the
notation (w) always stands for the 0(2n + 1, C)-module generated by w), and define ¢ : (x1) ®

M<k> — M<k+1> as in (2.12). Denote u<hi+1> = w(:ﬁ<hi+l>)7 u<0> = ¢(17<0>), u<_hi> = @/J(u<_hi>).
Then all the hwvs in M ;. 1y should be equal to some w, 41y, wy Or U(_p,)-
We can also define "+ 4 and u{~" in the same way as in (2.17)-(2.18). Analogous

to Lemma 2.1, we have the following lemma.

Lemma 3.1 A(us,y1)) = ul™ 0 4+ (A(u) (n, 41y, Alugoy) = w® + (Aw)) 0y, Alug—n,)) =
ulh 4 (Aw) (.

Therefore, as in the case of type D, if u{® # 0(a = h; + 1,0, —h;), then ©(¥ is an hwv in

M j—1y. We also have (2.19).
Moreover, (2.22)—(2.25) still hold. In addition, we have

PJo(1® (2% @ w)) = (Jo — 1) (z* @ w) + kror™ ® w, (3.21)
p(ror® @ w) = Jop(z® @ w)
= 1" (20 @ (2”@ w)) + 1dop(” ® w) — kop(a” © w), (3.22)

where o € N*"*l(|a| = k), w € M.
The following lemma is analogous of Lemma 2.2.

Lemma 3.2 Assume u is an hwv in My, of weight v with sequence S(v) = {ho, h1,- -, h¢}.
Then

(ugnr1y) = (04 Vhir1 — ha)o(u) 41y + neo(u) D), (3.23)

p(ug)) = (b—n)p(u) ) +ne(u) (3.24)

P ny) = (b= v, = 20+ hi)p(w) (—p,y +mp(u) =", (3.25)
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3.3 Necessity for type B

In this subsection, we discuss the necessity for type B. There is some difference from
Subsection 2.4, since we have x( in this case.
The following discussion is just like Subsection 2.4, but with a little change. Let

= gli] H PR g Z — ftis1)Ei — [pn)en, (3.26)

where [u,] stands for the integer part of p,. It is straightforward to check f € Vi (cf. (3.13)),

so there is an hwv in form of
u=fRu,+---. (3.27)

We can conclude that u is an eigenvector of , since v is of multiplicity 1 in M, _(,,)), Where

(tn) = pin — [tn]. We have

p(u) = ayu, (3.28)
where
[Hn]—1 s—1 Hn;—Hn;+1—1
av= [ O—m—n+k)[] TI & pa —2n+ni+k). (3.29)
kS:O =1 ki:O

Theorem 3.1 If ¢ is bijective, then
(1) b pin, +2n—n; —k; for ki €0, pn, — pin,+1 — 1;
(2) b# pn+n—ks for ks €0, [uy] — 1.

Denote
i JiTnsi + JO (3.30)
Then we have
[Ont1,7] = [@wui Jidnti + %J(ﬂ
i=1

- (— n+ )J1 F JoKns1 + Z JnsiBiy + Ji(81:D — A1) (3.31)
=1

Using arguments analogous to those in Lemmas 2.4-2.5, we have the following two lemmas.

Lemma 3.3 Assume w € My. Then ij(n*w) = k(2b —n+k + L+ $)n 1w + n*i(w).

k=1
Lemma 3.4 o(nfu) =ay [] (b+ p1+t)(b— (1n) —n+ 2 + t)n*u for all k € N.
=0

Therefore, we obtain the second necessary condition for type B.

Theorem 3.2 If ¢ is bijective, then b # —p1 — k, () +n — k — % for all k € N.
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One sees that unlike the case of type D, we cannot include b+ p3 + k # 0 from b — (u,,) —
n—+ % + k # 0, since p; and (py,) — % cannot be integers or half integers at the same time. In
addition, the following condition can be obtained by b — |u,| —n + 1+ k # 0 in type D case,

but cannot be obtained by Theorem 3.2 in type B case. Let

n s—1
g= a7 =T ahmy (3.32)
i=2 i=1
Then g € Vp. Let
V= gD Ut (3.33)
be an hwv. Then we have
o(v) = ayv, (3.34)

where (cf. [11])

s—1Hn;=Hn;q—1

a=[] TI @+uns1—ni+k). (3.35)
i=1 k=0

Therefore, we have a, # 0 when ¢ is bijective.

Theorem 3.3 If ¢ is bijective, then b # —pin,+1 + n; — k; for all

1€l,s—1, ki €0,pun, — pn,+1 — L.

It is time to let xo show its colour. For each k € 1, [uy], the weight p+ > (pi—1 — pi)e; has
i=2

multiplicity k+1in M, .. +2x), because z3'n*~ig € Vi, Vi € 0,k. Let v = p+ 3 (ni—1—pi)ei.
i=2

Let w be any hwv in M, _,, ory (k € 0,[u,]) with highest weight ». Then w must be in form
of

k
> aaint g @v, - (3.36)
i=0
where a; € C. Suppose the sequence corresponding to w and v is S(v) = {hg,-- -, h+}. In fact,
hi=n;+1,1€1,5s—1,
{5—1, ng_1=n—1,
t =
s, ng_1 <n—1.

Consider the G-module (1) ® (w). We have hwvs w, 11y, Wiy and wi_y,y. But (W, +1y) has
to be 0 for all ¢ € 1,¢ — 1, since we do not have corresponding hwvs in M, _,, 12r41)- Thus

we can assume
w) = zow + X - (wiyy) = zow + X - (z1w) (3.37)

for some X € U(G7).
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On one hand, we have

o(woy)
p(w) + X.p(r1w)

[
S

I

s
Il
-

2iKip(w) + Y xnpiKnip(w) + bzop(w) + ndop(w)
1=1

+ X - (b4 p1)z1o(w) + ndpt1o(w))

|

@
Il
=

Ki(zip(w)) + (b — n)zop(w) + ne(w)? + (b4 1) X - z10(w)

I

-
Il
-

Ki(zip(w)) + (b —n)p(w) o) + np(w)” + (n + p) X - z1o(w) (3.38)

by (3.22). Note that K, ;- @(w) = 0, because p(w) is an hwv. Also note that o(w)) =
zop(w) + X - z19(w), because (w) and (p(w)) are isomorphic G-modules.
On the other hand, by Lemma 3.2 we have
p(wio)) = (b= n)p(w)) + np(w)'. (3.39)

Comparing the two equations above, we obtain

n

(n+ p1)X - 210(w) + Z Ki(zip(w)) =0, (3.40)
hence
(n+u1)X-x1w+Zn:Ki(xiw) =0, (3.41)

since (w) = (p(w)). Therefore, we have

1 n
Wipy = ToW — K;(x;w),
(0) = To n+u1; (ziw)

(n =+ p1)wgy = przow — Z x; K;w. (3.42)
i—1

Denote (wg) )y by wo,0). By the similar argument, we have
(n =+ p1)w,0y = przow) — Z zi Kjw gy - (3.43)
i=1

Since w0y is @ hwv in My, . tortoy, (0 + p1)?wo,0) takes the form of

k+1
Z cixgin" iy v, 4 (3.44)
i=0

Let us work out the relations between a; and c;.
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We have
(n + p1)wio)

=m0 Y axyn* g @ v, +

n

k k
- Z (xp (Kp Z aizgiﬁk_ig> Qvp + Tp Z aizy'n" g ® Kp“u) +
p=1 1=0

1=0
=1 ®uu+ e, (3.45)

where
k n k
k— 2 k—
g1 = H1xo E azxo 77 ‘g — E zpKp E a;zgn "
i=0 p=1 i=0

By straightforward computing, we get

E
k— k—
g1 =m0 Yy aimgnt g E ain E 2y Ky (2 g)
i=0
E
2 k— k- 2i41
=M1$OE a; xg'n tg — E a;n 15 " xp0pg
i=0
E
k—i . 2i—1
—|—E a;n 15 20T Trypxy G
i=0 p=1

= Zb 2y (3.46)

where b; = (i, — )a; +2(i + 1)a; 41, for all i = 0, k. Here we set apy1 = 0 for convenience.

(n+ p1)wio0) = (0 + ) pzowey — (0 + 1) Z x K w )
=1

= H1T0g1 ® v, +

— Z(ZEiKigl) ® Uy +
1=1
g @t (3.47)

where

g2 = H1Tog1 — Z$i(Kigl)
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n

—M1$02b$21+1 k—i _Z pzb 2i+1 k z

:#Zb 21+2klg be21+2kzzxp g
=0

+ Z (20 +1)b Z7] Z a:pxn+px0 '

p=1
k k
_Mlsz21+2 k—i _Zbl(ul un)xgz-i-an zg
=0
k _ ! _
+ 2(22 + )b~ (77 - 5963)96319
1=0
k+1
— ch nkti=ig (3.48)

- (un —it %)bi_l + (20 + )b,

o1 )
= (Mn -1+ 5) ((n — i+ 1)aj—1
+ 2ia;) + (20 + 1) ((n, — 0)a; +2(¢ + 1)ajy1)
o1 .
= (,Un —i+ 5)(% —i+1)a; 1
+ (o 4 digry, — 4i%)a; + 2(i + 1)(2i + Dag1 (3.49)

foralli € 0,k + 1. We set b_1 = a_1 = agy2 = 0 for convenience.
When w = v, we have k =0, ag = 1 and

2 Iy o
(n+ p1) v0,0) = (unn + fin (un - 5)%)9 ®Vut
Therefore, vy 0y and nv are linearly independent.
Lemma 3.5 v = ((b+ p1)(b — i —n + %) — %un)nv + %(n + u1)2v<0)0>.

Proof Assume
v = A + B(n + p1)*v(0,0), (3.50)
where A, B € C. On one hand, we have

Ont170 = (A + By, )10, (3.51)
donjv = (A + 2Bu2)x0g @ v, + -+ . (3.52)

On the other hand, we have

On110 = ([Op+1, 1] + N0n+1)(v)
— (( —n+ )Jl + J1(D— Ay 1))
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=+ Ml)(b — fp — N+ %)xw. (3.53)

In addition, we have

n

1
[90,7] = JoD + 5Jo — D UntiFongi + KiJy), (3.54)
i=1

Jo(v) = "D (29 @ v) +1dov — (111 — pn)zov

I

2 K (v) + brov
1

—~ =
Sl

= (b4 1 — fn)Tog Duy + - . (3.55)
We have
K1 Ji(v) = (b4 p1) K1 (z1v)
= (b4 p1)xog @ vy, + - (3.56)
and

(ZZ?i Z$q8q(g) +(b+ ,Ui—l)afig) ® vy, + - )

= Ki((b+ p1)rig @ vy + )
= (b+ p1)(ppic1 — i + D)zog @ vy + - - - (3.57)

for all i € 2,n. Thus, we obtain

donv
= ((b+u1—un)(b+m —un+%) —(b+u1)(n+u1—un))xog®vu+"'
= ((b+u1)(b—un—n+%) +un(,un— %))xog®v#+--- ) (3.58)

Comparing the coefficients of z;v in (3.51), (3.53) and the coefficients of zog ® v, in (3.52),
(3.58), we get

1 1 1
A:(b+u1)(b—un—n+§)—§un, B:§.

Lemma 3.6 When ¢ is bijective, we assume o(w*) = n*v for all k € 0, [u,] — 1. Then

nwk and w’fo 0y are linearly independent.

Proof We have already shown that it holds for £ = 0. Assume the lemma holds for some

k. Then ¢(nw*) and cp(u/(’“O 0y) are linearly independent. We have

p(nw*) = e(w*) = 7(n*v)
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1 k+1 k-~
:k(2b—n+k+u1— n+§>n v+ n

= ((b+u1 +k)(b Hn—n+ 3 +k) — §un>nk+lv

(n + Nl)znkvw,o),
p(why) = (b —n)p(w*) o) + ne(w*)®
= (b—n)n*vy + n(n*v)®

(

(note that (nkv)<0> = ky’]kv<0> 4 nkv(()) and v(© = 0),

elwhy0)) = (b= m)p(wy) o) + me(uly)
= (b= n)(b—n+ k) v + (b= n+k)nn o)
=(

b—n+k)*n" V(0,0) + (b—”+k)77k+l(v<o>)<0>-

We have
(v10) " = Ons1v(0) =0
1 n
© = dyvigy = v — Ao K (i
(U(O>) 0U(0) v n+ ; 0 z(xzv)
LS (0. Ko + Kidh) o)
=v- , K iOo)(ziv
n—+ [ P 0 0
1 < — Y
— Z@‘(!Eiv) Sl L2 S L9
n+ g n+
= 'LLTL v
n+pur
Thus
k 2 k (b—n+kun ki
=(b-n+k St/ o) .
P(wio,ey) = (b—n+k)"n v, + T ntt
Set
1
(b+u1+k)(b—un—n+§+k)—§un Lin+ )2
D= bntk
b=ntkun (b—n+ k)
’n+M1

:(b—n+k)(b nt k4o )(b+u1+k)(b—n+k—un).
We get Dy # 0 and

1 1
whtl — - ((b —n+k) nwk — §(n + M1)2w’<’“0,0>).
Assume that

k+1

wh = Z ak,ixgink_ig LUy +---, wlfo,()) = Z ck,i:z:%ink“_ig Uy A+ -

i=0

895

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)
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Then ag o = =. Note that p(w®) = v, and thus w’ = %U. So

ay "

1 1
Okt1,k+1 = ~3D, (,Un —k— 5) (i, — k)ag k (3.67)

by (3.49) and (3.65). For k + 1 < [u,], we have ajy1 x+1 # 0.

Moreover, we have

Ck+1,i

o1 . ) . . .
= (un —i+ 5) (tn =i+ Dagi1,i—1 + (o + dip — 46%) a1, + 200+ 1) (20 + Dagr,i41

by (3.49). Here we set ap+1,—1 = Qjt1,k+2 = Gk+1,6+3 = 0. In particular,

3
Chk1,k+2 = (,Um, —k— 5)(,un —k—1)agst1k+1 # 0.
Assume that Anw®+! + Bw?(jbl) = 0. Then
k+1 E+2
(A'r] Z ak—!—l,i%glnk—,—l_l + B Z Ck+1,i$gl77k+2_l)g ® vy + ... =0.
=0 i=0
Thus we obtain
k+1 k+2
An Z ak_i_l)ixgznk-i-l—z +B Z Ck+17i$3177k+2_1
1=0 i=0
k+2
=Y _(Aarsri + Bergr i)agn* 270 =0,
i=0

which implies Aagy1;+ Begy1,s = 0 for all i € 0,k + 2. In particular, Aar41 kv2 + BCrt1 k42 =
0, which means A = B = 0 since ax11 k42 = 0, cpy1,k+2 7 0. The lemma is proved.

From the proof of Lemma 3.6, we obtain the following theorem.

Theorem 3.4 If ¢ is bijective, then b#n —k,n—k— 3 for all k € 0, [u,] — 1.

3.4 Sufficiency for type B
This subsection is almost a copy of Subsection 2.4. So we omit the proofs.

Let

fo=alll g =gt g for0<i<s. (3.68)

n+n;
There is a unique hwv in M,y in the form of

k

ub =2k @u, 4+ (3.69)

for 0 < k < [un] up to a scalar, and there is a unique hwv in M, (1n)+k) in the form of

My +1—

uf — :Efz+n7;fi+1 @y e (3.70)
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Hng =Hn
note f) is equal to f defined in (3.26) and u})™* "> is equal to u in (3.27).
The following lemma can be obtained almost by the same argument as Lemma 2.7. The

for 0 <i<s,0<k< iy, — pn,,, up to a scalar. Note u)_; = u . One should also

only difference is that we need the condition given by Theorem 3.4 when i = s.

Lemma 3.7 Ifb ¢ ©p(u), then ndufi €lmyp forallde N, i€1,s—1,k €0, pn, — fin,,,

ks €0, [pn).

For n; =n,k =0, we get nd®v# € Imo.
By the similar argument as in Lemma 2.8, we have the following lemma.

Lemma 3.8 The o(2n + 3,C)-module M can be generated by {n?®wv, | deN}.
The investigation about the sufficiency can be finished by the following theorem.
Theorem 3.5 Ifb ¢ Op(u), then the o(2n + 1, C)-homomorphism ¢ is bijective.

Remark 3.1 One who has read [1, 11] may have noted that the Jordan-Holder series have
been given in those cases. However, the Jordan-Holder series for orthogonal Lie algebras are
not given in [10] or this paper. Here is why. In their cases, condition for the irreducibility is
given by the eigenvalues of ¢. They know exactly what the kernel and image of ¢ are when ¢

is not bijective.

Acknowledgements I would like to thank Professor Yufeng Zhao for being supportive. I

would also like to thank the referees for their time and comments.
Declarations

Conflicts of interest The authors declare no conflicts of interest.

References

(1] Cao, B., Luo, L. and Ou, K., Extensions of inhomogeneous polynomial representations for si(m + 1 | n),
J. Math. Phys., 55, 2014, 081705.

[2] Edwards, S. A. and Gould, M. D., A projection based approach to the clebsch-gordan multiplicity problem
for compact semisimple lie groups: i. general formalism, J. Phys. A: Gen. Phys., 19(9), 1986, 1523-1529.

(3] Fulton, W. and Harris, J., Representation Theory: A First Course, Graduate Texts in Mathematics,
Readings in Mathematics, 129, Springer-Verlag, New York, Berlin, Heidelberg, London, Paris, Tokyo,
Hong Kong, Barcelona, Budapest, 1991.

[4] Gould, M. D. and Edwards, S. A., Enveloping algebra annihilators and projection techniques for finite-
dimensional cyclic modules of a semisimple Lie algebra. J. Math. Phys., 25(10), 1984, 2848-2855.

[5] Shen, G., Graded modules of graded Lie algebras of Cartan type (I)—mixed product of modules, Sci.
China Ser. A, 29(6), 1986, 570-581.

[6] Shen, G., Graded modules of graded Lie algebras of Cartan type (II)-—positive and negative graded
modules, Sci. China Ser. A, 29(10), 1986, 1009-1019.

[7] Shen, G., Graded modules of graded Lie algebras of Cartan type (III)—irreducible modules, Chin. Ann.
Math. Ser. B, 9(4), 1988, 404-417.

[8] Xu, X., Projective oscillator representations of sl(n + 1) and sp(2m + 2), J. Lie Theory, 26(1), 2016,
97-115.



898 C. L. Luo

[9] Xu X., Conformal oscillator representations of orthogonal Lie algebras, Sci. China Math., 59(1), 2016,
37-48.

[10] Xu, X. and Zhao, Y., Extensions of the conformal representations for orthogonal Lie algebras, J. Algebra,
377, 2013, 97-124.

[11] Zhao, Y. and Xu, X., Generalized projective representations for si(n+ 1), J. Algebra, 328, 2010, 132-154.



