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On a Conjecture of Sun Involving Powers of Three*

Quan-Hui YANG! Lilu ZHAO?

Abstract Given a positive integer n > 2, let D(n) denote the smallest positive integer
m such that a® + a (a =1,---,n) are pairwise distinct modulo m?. A conjecture of Sun
states that D(n) = 3%, where 3% is the least power of 3 no less than \/n. The purpose of
this paper is to confirm this conjecture.
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1 Introduction

Let N = {0,1,2,---} be the set of natural numbers and let ZT = {1,2,3,---} be the set
of positive integers. Let f(z) € Z[z] be a polynomial with all f(a)(a € ZT) pairwise distinct.
Define the discriminator Ay(n) to be the smallest positive integer m such that f(a)(a =
1,---,n) are pairwise distinct modulo m.

In 1985, Arnold, Benkoski and McCabe [1] studied Af(n) with f(z) = 22, and it was shown
in [1] that for n > 4, Af(n) is the smallest positive integer m > 2n such that m is p or 2p
with p an odd prime. Sun [8] determined Af(n) for f(z) = 2z(x — 1) and f(z) = z(x — 1),
respectively. For example, Sun [8] proved that if f(z) = 2z(x—1), then A (n) is the least prime
number greater than 2n — 2, and if f(z) = x(x — 1), then A¢(n) is the smallest m > 2n — 1
such that m is a prime number or a positive power of 2. For the study of Af(n) with higher
degree polynomials f, one may refer to [2, 6-7, 10]. Sun proposed many interesting conjectures
related to discriminators, and one may refer to [8] (see also Section 4 of Chapter 6 in [9]) for
details.

In this paper, we consider D(n), which denotes the smallest positive integer m such that
a®+a (1 < a < n) are pairwise distinct modulo m?. In 2013, Sun made the following conjecture
(see [9, Conjecture 6.76]).

Conjecture 1.1 For all n > 2, one has D(n) = 3F, where

k=min{j € Z*: 37 > /n}. (1.1)
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The main result in this paper is to confirm the above conjecture.
Theorem 1.1 Conjecture 1.1 is true.

We prove Theorem 1.1 by combining methods from elementary number theory and analytic
number theory. In particular, we make use of the explicit formulae of quadratic Gauss sums

and the well-known upper bound on Kloosterman sums.

2 Preparations

We first point out that /n < D(n) < 3%, where k is given in (1.1) throughout this paper.

In fact, we have the following lemma.
Lemma 2.1 Letn > 2. Then a® +a (1 <a < n) are pairwise distinct modulo 32k

Proof Suppose that 1 <a < b < n. Note that b3 +b— a3 —a = (b—a) (a® + ab+ b* + 1).
Since 31 (a®? +ab+b*+1)and 1 <b—a < n < 3%, one has b® + b # a® + a (mod 32¥). This

completes the proof.
By Lemma 2.1, in order to establish Theorem 1.1, it suffices to prove the following result.

Proposition 2.1 Let n > 2. Suppose that m > 0 and k > 0 are integers satisfying

Vvn <m < 3% < 3y/n. (2.1)
Then there exist 1 < a < b <n such that b> + b= a® + a (modm?).

In order to prove Proposition 2.1, we shall consider the following six cases.
i) m=0p", where 1 <§ <3, p>5isaprime, r € ZT and p" > 11.

ii) m = 2", where r € Z*.

(
(
(iii) m = 2"3%, where r,s € Z*.
(iv) m = 2735, where r, s € N = Z* U {0}.
(V) m=2"3°7T orm=2"-3%-5-7, where r,s € N.
(vi) m = dp", where § >4, p > 5is aprime, r € ZT, ptd and p” > 11.
The letter 0 always denotes a positive integer. It is clear that m in (2.1) must satisfy one of

the above six cases.
3 The Cases (ii)—(vi)

The purpose of this section is to deal with cases (ii)—(vi). From now on, we assume that
(2.1) holds.

Lemma 3.1 Suppose that m = §p", where § € Z*, p > 5 is a prime, r € ZT and pt 5. If
¥+ 52”—;1 < n, then there exist 1 < a < b <mn such that b>+ b = a® + a (modm?).
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Proof We consider 1 < a < p?" and b= a + §%c with 1 < ¢ < p—gl. Note that
2r 2P — 1
b<p+0 — < n.
It suffices to find a, ¢ such that
a® +a(a+8%c) + (a +6%c)* +1 =0 (mod p*").

This is equivalent to
(6a + 36%¢)* = —36%¢* — 12 (mod p?").

It is well known (see [3, Chapter 7]) that for any odd prime p and a, b, ¢ € Z with p { a, we have

(a,)pz_:l (axQ—l—bx—Fc) _Jp—1, if p | b? — 4dac,
p/ = p -1, otherwise,

where (—) denotes the Legendre symbol. In particular, we have

p
RN C e B

P
“1_._p-1
_pTSJSPT

Note that 3 1 p, and we conclude that there exists 1 < ¢ < % such that —36%c? — 12 is a
quadratic residue modulo p. By [4, Proposition 4.2.3], for any odd prime p, if 22 = s (mod p)
is solvable, then so is #2 = s (mod p”), where h is any positive integer. Therefore, there exists

1 < a < p* such that (6a + 36%¢)? = —36%c? — 12 (mod p?"). This completes the proof.

Lemma 3.2 (Case (vi)) Suppose that m = dp”, where § > 4, p > 5 is a prime, r € 77T,
ptd and p” > 11. Then there exist 1 < a < b < n such that b> +b = a® + a (mod m?).

: . _1 5227
Proof In view of Lemma 3.1, we need to verify p?” + 521)7 <n. By (2.1),n > =§

It suffices to prove that p*" + £6%p < 62§2T. Since 62 — 9 > 7 and p*"~! > p" > 11, we have

(62 -9) (p%_l — %) > %, which is equivalent to p?” + %5219 < @. This completes the proof.

Lemma 3.3 (Case (v)) Suppose that m = 2"3°7 or m = 2"-3%-5-7, where r,s € N. Then
there exist 1 < a < b <n such that b> +b = a® +a (modm?).

Proof We first consider the case r > 1. We write m? = 14¢. Note that 14 | . We choose
a=3,b=3+tand it is easy to verify b> + b = a® + a (modm?). For m > 14, by (2.1), we
haven>20and3+t:3+T—42 <3+%n§n.

Now we assume that » = 0. Thus m = 3°7 or m = 3°-5-7. We write m?> = 7t and
choose a = 3, b = 3 +t. Then again it is easy to verify > + b = @® + a (modm?). We
need to confirm 3 +¢ < n. If m = 3°7, then by (2.1) we have s = k — 2, n > 322 and
3+t =3+37<3%"2 4 1<n. If m=3°-5-7, then by (2.1) we have s = k — 4, n > 325+6
and 3+t = 3 + 329527 < 32516 < n. This completes the proof.

Lemma 3.4 Suppose that m = 2"t, where r € Z%, t is an odd number. If 22" + > < n,
then there exist 1 < a < b <mn such that B> +b=d%+a (mod mQ).
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Proof We consider 1 < a < 22" and b = a + t2. Note that b < 22" 4+ 2 < n. Tt suffices to
find a such that
a*>+ala+t?)+ (a+t*)2+1=0 (mod2%).

This is equivalent to
3a% + 3at? +t* +1 =0 (mod 2%").

In fact, we can prove by induction that for any j € ZT, there exists 1 < a < 27 such that
3a% +3at’> +t* + 1 =0 (mod2’). (3.1)

When j = 1, we choose a = 1. Suppose that (3.1) holds. We consider a’ = a + 27¢c. Then
3a”? +3a't> +t* + 1 =3a* + 3at® +t* + 1+ 3t* - 27¢ (mod 2711). (3.2)
We can find ¢ € {0, 1} such that 3a"?+3a’t? +t*+1 =0 (mod 2/*!). This completes the proof.

Lemma 3.5 (Case (iv)) Suppose that m = 2"3°5, where r,s € N. Then there exist 1 < a <
b<n such that b*> + b = a® + a (modm?).

Proof We first consider the case r > 2. In view of Lemma 3.4, we only need to verify
22" 1+ ¢2 < n, where t = 3°5. This follows from 22" 4 2 < @, because n > %2 = 22;t2. The
inequality 22 442 < # holds due to 227 > 16 and t2 > 25.

Now we assume that » = 0 or » = 1. Then m = 3°5 or m = 2-3°-5. We write m = dp

with p = 5. In view of Lemma 3.1, we only need to verify 25 + 262 < n. If m = 3°5, then by
(2.1), we have s = k — 2, n > 32672 = 32542 and 25 + 202 = 25 + 2 - 3%% < 325%2 < provided
that s > 1. In the case m = 5, by (2.1), we have n > 9 and we can obtain b®> + b = a® + a
(mod m?) by choosing a = 2 and b = 10. If m = 2-3% -5, then by (2.1), we have s = k — 3,
n > 32k=2 = 325+ and 25 + 262 = 25 + 8 - 3%% < 325T* < n. This completes the proof.

Lemma 3.6 (Case (iii)) Suppose that m = 273°, where r,s € Z. Then there exist 1 < a <
b < n such that b> + b= a®+ a (modm?).

Proof It is easy to deduce from (2.1) and m > 6 that n > 10. We first consider the case
r>2and s > 2. It is easy to verify 22" + 3%¢ < n since 22" + 3% < 2275323, and the desired

conclusion follows from Lemma 3.4.

Next we consider the case r = 1 and s > 2. By (2.1), we have s = k — 1 and n > 322,
Then we have 1 4 3% = 1 + 3%=2 < n. The desired conclusion follows by choosing a = 1 and
b=1+32% since a®? +ab+b?>+1=0 (mod4).

Now we assume that s = 1. Then m = 2"3. Note that a® 4+ a(a 4+ 9) + (a +9)? + 1 is equal
to 112 = 2* . 7if a = 1. If » < 2, then the desired conclusion follows by choosing a = 1 and
b = 10. Next we assume r > 3. Similar to (3.1)—(3.2), we can prove that for any j > 4, there
exists 1 < a < 27 — 15 such that

a*+ala+9)+(a+9?+1=0 (mod?2?).
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In particular, there exists 1 < a < 2" — 15 such that a? +a(a+9)+ (a+9)>+1 =0 (mod 2?").
The desired congruence follows by choosing b = a + 9. Note that b < 22" — 6 < n. This

completes the proof.

Lemma 3.7 (Case (ii)) Suppose that m = 2", wherer € Z+. Then there exist1 <a <b<mn
such that b3 + b= a® + a (mod m?).

Proof For n <4, by (2.1), we have m = 2 and it suffices to choose a = 1 and b = 2. Next
we assume n > 5. If » < 3, the desired conclusion follows by choosing ¢ = 1 and b = 5. Now
we assume that r > 4.

Since (a+4)%+ (a+4) —a® —a = 4(3(a +2)* +5), it suffices to find 1 < a < 2?"~* — 3 such
that 3(a +2)2 +5=0 (mod 2?7 ~2).

Note that 3-124+5 =0 (mod8). We can prove by induction that for any j > 3, there exists
x such that

322 +5=0 (mod?27). (3.3)

From (3.3), for j > 3, we can deduce that 3(x +2/71¢)? + 5 = 322 + 5 + 3z - 2/¢ (mod 2711).
Thus, there exists 2’ such that 32’2 +5 =0 (mod 2/*1). In particular, there exists = such that
322 +5=0 (mod22"~2). Since x is odd, we can assume that 1 <z <2273 — 1.

Let y = 22773 — 2. Then we deduce that 3y?> +5 = 3(2%" 3 —2)2 +5 =322 +5 = 0
(mod 22"~2). Therefore, we can further assume that 1 < x < 22"=* — 1. Since r > 4, we have
3 <ax<2%~%_1. On choosing a = x — 2, we obtain 3(a+2)?+5 =0 (mod2?"~2). Note that

a+4<2 4 1< %n+1§n.

This completes the proof.

4 Case (i)

In this section, we deal with the case (i). The first result is the following.

Lemma 4.1 Suppose that m = dp”, where 1 <6 < 3, p=1 (mod3) is a prime, r € 7T
and p” > 11. Then there exist 1 < a < b < n such that B+b=a®+a (modmz),

Proof We consider 1 < a < pr2_1 and b = a+9%p". We claim that there exists 1 < a < pr2_1
such that
a’+ala+8%p") + (a+ 8*p")?> +1=0 (modp"),
which is equivalent to
36> +1=0 (modp").
The claim is true due to the condition p =1 (mod 3).

We need to verify pr2_1 +0%p" < n. By (2.1), it suffices to prove % +62p < 625%, which

is equivalent to

9
r>94
=9t o5
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Since p” > 11 and p =1 (mod 3), the above inequality holds except m = 13.
For m = 13, by (2.1), we have k = 3 and n > 81. By choosing ¢« = 2 and b = 2+ 13 = 15,
we have b + b = a® + a (modm?). This completes the proof.

From now on, we assume throughout this section that m = dp”, where 1 < § < 3, p = 2
(mod 3) is an odd prime, r € Z¥. Note that p =2 (mod 3) is equivalent to () = —1.
We shall deal with the remaining case by using analytic number theory method. Throughout

this section, we use the notation

We introduce

2
VD—JPQ’”_Q, if p=>5,

9
X=X, = (4.1)
2]t ifp =1,
9
where |[z| denotes the greatest integer no more than z. We write
2r —2, ifp=>5,
=, = 4.2
P=Pr {27"—1, ifp>11. (42)

We aim to find 1 < a # b < % such that 6*(a® + ab+ b*) + 1 = 0 (mod p*’). Then on
choosing a, = 6%a, b, = §2b, we obtain a? 4+ a, = b2 + b, (modm?). By (2.1), we have X < %.
Let

f(a,b) = §*(a® + ab+ b?). (4.3)
Now we introduce
1<a,b<X

f(a7b)+TEO(_modp2r)
Since p = 2 (mod 3) is an odd prime, one has f(a,a)+ 1% 0 (modp?"). In particular,

N = > 1.

1<a#b<X
f(a,b)+1=0 (mod p*")

Therefore, the main objective is to prove N > 0.

For j > 1, we define

-y 3 (M) (4.5)

1<c<p’ 1<a,b<X
(e,p)=1

Lemma 4.2 Let N and T} be given in (4.4) and (4.5), respectively. We have
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Proof We make use of the identity (¢ € Z*,t € Z),
1 ct 1, ifqlt,
—Ze(—) - ifq] (4.7)
9= \q 0, ifqgft
to obtain

Z Z (cfab—i—C)

1<C<p27 1<a,b<X

We change variables by taking ¢ = p*"~J¢/ with 0 < j < 2r, 1 < ¢ < p’/ and (¢,p) = 1 to
deduce that

b) + X2 1
Sy oy y (e %)=t g T

J=01<c'<p? 1<a,b<X

(¢",p)=1
We are done.
We define
cf(a,b) + ax 4+ by + ¢
S; = Sj(z,y) Z Z ( P ) (4.8)
1<e<p’ 1<a,b<p?
(C,p):l
Lemma 4.3 Let S; be given in (4.8). We have
=3 3cdt (=2 +axy —y?) + ¢
S-zpj(—.) e( , ), 4.9
j =) 2 o (4.9)

1<c<p’
(c,p)=1

where the notation d in (4.9) denotes the least ¥ € N with dz =1 (mod p?).

Proof Write

R, = Z e(cf(a,b) —l—lax—l—by).

1<a,b<p’ P
The desired conclusion follows from
=3\ /3¢ (—2? + ay — y?)
—=md [
R =p (pj )e( > ) (4.10)

It is not hard to verify that (by transforming the quadratic form to its normal form)

c6*(a® 4 ab + b?) + ax + by
= c6*(a +2b+ 2¢6%x)? + 3¢5 (2b + 3¢di(y — 22))? + 364 (—2? + xy — y*) (modp?).

We conclude from the above that

Rj:( Z e(%))( Z 8(3;?2))6(W(—x2p_§xy_yQ))'

1<a<p’ 1<b<p’
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For the Gauss sum, it is well known that (see [3, Chapter 7])

= o(5)=rt ()
e = — pi
1<a<p’ ¥ P

where ¢, satisfies £2, = (7). This proves (4.10) and we are done.

Lemma 4.4 Let p be given in (4.2). For 1 < j < p, we have
Ty =Xp™ (_—?’)u(pj% (4.11)
pi
where u(-) is the Mobius function.
Proof If 1 < j < p, then p’ | X and we have

=X Y Y (70*’0 %)) 5) = X% 55(0,0)

1<e<p? 1<a,b<p’
(e,p)=1
By Lemma 4.3, we have
$3(0,0) =/

and this yields (4.11). We are done.

_2 J
py )u(p )
Lemma 4.5 Let p be given in (4.2). We have
XQ
N = pT(l ) e Z ;.
Jj=p+1

Proof The desired conclusion follows from Lemma 4.2 and Lemma 4.4.

Note that for p+1 < j < 2r, the summations over a and b in (4.5) are incomplete summations

(modulo p?).
Lemma 4.6 For p+ 1 < j <2r, we have
a'r+by
Z Si(z,y) Z e(—T). (4.12)
1<z,y<p’ 1<a’,b'<X
Proof This follows from (4.7) by considering the summations over z and y in (4.12).

Lemma 4.7 Let u € Z. We have

‘ 3 e(E“?LC)‘gzp%. (4.13)

1<e<p’ ¥
(c,p)=1

In particular, we have

NL

|S;] < 2p (4.14)
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Proof Write

. . Eu—|—c)
K(p';u) = Z.e( o)
1<e<p’

(c,p)=1

If p’|u, then K(p’/;u) is a Ramanujan sum and K (p’;u) = u(p’). If p { u, then K(p’;u) is a
Kloosterman sum and by [5, Corollary 4.4] we have |K (p’;u)| < 2p3 .

Now we assume that pt|lu (i.e., p* | v but p'*! { u) with 1 <t < j — 1. By changing the
variables ¢ = zp’~1 + y, we obtain

K@hiuy= > > (W—ﬂ/) 0.

1<y<pj 11<x<p
(y,p)=1
The proof of (4.13) is complete. Note that (4.14) follows from Lemma 4.3 and (4.13) immedi-
ately. We are done.

Lemma 4.8 For p+ 1 < j <2r, we have

DS ( )| v 2+ 10g 7).

1<z<p? 1<a<X

Proof On writing Y = %, we have

> |2 Gl=xe2 T X ()]

1<z<p’ 1<a<X 1<z<Y 1<a<X

1 (xX)

—e| —

J
—x+2 ) 71;}

1<z<Y 1—6(—.)

p]
<X+4 > ‘ ‘

1<e<y 1 — ( )

pJ

For 0 < 6 < %, we have |1 — e()| = 2sin(wf) > 46. Therefore,

> X ( | <x+ Y %<X—|—p(1—|—logY)<p(2+1ogp).

1<z<p? 1<a<X 1<z<Y
We are done.

Lemma 4.9 For p+1 < j <2r, we have
|7} <2p (2—|—logp 2,

Proof By Lemmas 4.6-4.8, we deduce that

|Tj|§1% Z/Vlsj(x,y)l" > e(_w)‘
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= XX (-

) p’
1<z,y<p’ 1<a/ b'<X

¥ (X | X ()

1<z<p? 1<a<X

ml&’

IN
)
hS]

< 2p% 2+ logpj)Q.
We are done.

Lemma 4.10 We have

1
X2(1+1)‘< 2pr(2+1ogp2r)2(1—|——), ifp=5,
o))<

X w5
2p" (2 + log p*")?, if p>11.

(4.15)

Proof The desired conclusion follows from Lemma 4.5 and Lemma 4.9.

Lemma 4.11 Suppose that m = 0p", where 1 < § < 3, p > 5 is a prime, p = 2 (mod 3),
r € Zt. Suppose further more that p" > 675%. Then we have

N > 0.

Proof For p =5, by (4.15), we need to prove

v+

1
> 8p"(1+ logp” 2(1 + —),
p2r ( ) p\/ﬁ
and this follows from
p">2-5%1 +1logp")?. (4.16)
For p > 23, we have
p,_Pp 1
L8 Y 1>
lgl>5 1= 3P
and thus
2
VgJ p2>1772 (4.17)

One can check that (4.17) holds for 11 < p < 19 as well.
For p > 11, by (4.15), we need to prove

P 4
\\§J p4 ’ T 7\2
T>8p (1+1logp")?,

and by (4.17), this follows from

p">8-17%(1 +logp")% (4.18)
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On writing ¢ = /p”, our task is to prove
q > 34V2(1 + 2logq).

Let g(z) = x — 34v/2(1 + 2logz). Then ¢'(z) = 1 — 68v2- 2 and g is increasing when
x > 68+/2. Note that g(675) > 0. This establishes both (4.16) and (4.18) since p” > 6752. The

proof is complete.

Suppose that
31 < 5pr < 3k,

and we define

N* = > 1. (4.19)
1<a<b<3?k—2
a®+a=b>+b (mod 62;0%)

We verify N* > 0 for 11 < p" < 6752 with the help of a computer.

Lemma 4.12 Let N* be given in (4.19). Suppose that m = 6p”, where 1 < § <3, p>5 is
a prime, p =2 (mod3), r € Z*. Suppose further more that 11 < p" < 675%. Then we have

N*>0.

Proof This is checked by C++ taking about one and a half hours. We give some remarks
here. For 5 < p < 97, the computer needs only a moment to complete the calculation (in no
more than two seconds, say).

For p > 97, the inequality (4.17) can be improved to LgJQp_2 > 1072 and the proof in
Lemma 4.11 implies N > 0 for p” > 3622. To complete the calculation subject to the conditions
p> 97, p=2 (mod3) and p" < 3622, it takes the computer about six minutes. The inequality
in Lemma 4.8 can also be improved due to the loss in the inequality |1 — e(”;—)f)} < 2, and it
is possible to prove N' > 0 for p” > 250% (and p > 97). Then the computer can complete the

calculation in two minutes.

Lemma 4.13 (Case (i)) Suppose that m = dp", where 1 < § <3, p > 5 is a prime, r € T
and p” > 11. Then there exist 1 < a < b < n such that B+b=a®+a (modm2),

Proof The desired conclusion follows from Lemmas 4.1 and 4.11-4.12.

Proof of Proposition 2.1 Proposition 2.1 follows from Lemmas 3.2-3.3, 3.5-3.7 and
4.13. According to the remark between Lemma 2.1 and Proposition 2.1, we thus complete the

proof of Theorem 1.1.
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