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§ 1. Introduction
Since the pioneer work of GGKM™, Lax® , Zakharov ‘and Shé;batm énd' AKN’SE*S

extended the inverse scatteri‘n'é method to solve much more evolution equations.
In ref. [6]a class of evolution equations were deduced from the eigenvalue problem

¢’¢=M‘P1 ¢z= SZ" ¢’=( ?1) ) : (1.1)
) v P2/ ’
o~ g¢(z, 0 o L
”(r(m, 1) i ) - @2

When ¢ deforms according to some law, where two spéoial classes of evolutidn
equations associated with r=1, g=u(w, ) and r=g¢g=V (2, t), may be viewed as
generalized KDV a,_nd MKDYV equations; The author proved that the Miura transfor-
mation not only exists between the KDV equation and the MKDV equation but also
exists between the generalized KDV equation and generalized MKDV equation and got
the Bécklund transformation for the generalized KDV equation.

I‘n this paper, we exchange M as follows.

( —i¢l  Q(a, t)). . - 1.3
Rz, t) - €I
where Q, R are NXN matrix. I is an N XN unit matrix (now In (1. 1), @ is '
" 2N-dimension veotor) and introduce the matrix form of Miura transformation. We
can extend the results of ref. [5] to a class of matrix evolutioﬁ equations,

'§ 2. Evolution equations

Consider the eigenvalue problem .
> . R . @i

—e&T 5
¢2N .

Manuscipt recived Oct. 24, 1980.
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with an associated time evolution equation
A B
) (2.2)

=8p, S=
‘ P @, ( c E
where Q, R; A; B, €, E are N x N matrices. The elements of @ and R are function
of », ¢, and 4, B, C and E depend on @, ¢ and £. I ig a N X N unit matrix.
Let ' ‘ P

s

a-3u0e, @3
S=§S,-§~—f s,=(§’ ;:) @.4)

‘Without any conditions 1mposed on the matrices @, R at mﬁmty we can deduce

the following matrix evolution equations

oPy=2i 3 [ o [P, ( g"- 80 )]-m' $I*@P),  (2.5)
X k=0 k_ ) k=0 ‘
where ' ) o - .
(I o\ _ (0.Q .
"=(o —I>’ _P=<R 0)’ | (2.6)

ai; O are arbitrary N x N matrix, The elements of which only depend on variable .

Operater L is determined as follows e _
=—0([P D[P, 1] —D), , DD=DD*=1, - (2.7)
[4, B] is Poisson. braoket [4, B] AB BA P= t — P. o

Now we derive the equation (2.5).. _
From @.;=@;,, we can get S;— M;=[M, §]. If we wnte

—4¢I - 0 0
M=( :’f sz)+P’ where p <R g)

" ‘—¢§I o\ 1

then

By an easy computation, we have - : -
-0\ ] 0 -B
=2
[( 0 ¢£I> ] “§<c 0 )_’

s.-a1,-2i¢ _OB>+_[P,S]. e

hence

Substituting (2.8) and (2.4)into (2.8), it follows '
2 S;,zE" +2 €M o — Py=2i¢ Z ( ) &It Z [P S8, (2.9)
i=0 j=o0 - o §=0\0; _

Comparing with the coefficient of same powers of £ in (2.9), we have
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Bo=00=0,
0. ZBua\ o oo
S; iljo =21 P, S =0, 1, --+, n—1 :
J.s’l"lr 3T ’b(o’}l | O )+[ ) !]: J ‘l ) 0 n ‘J (2.10)
"Sﬂ'z +’l;l,,¢f=( R, 0’)_}_ [P;Sn]-
If we introduce Bps1, Cpya as follows . _
_ = — 2B, _ '
| {Q-’ 5w 2.11)
R B;=2iCy,4, -
then (2 .-10)_ can be Wﬂtﬁen as
.Bo=00=.0, ' . X -
—B; : ' 2.12
{ 0’+1>+ [P) SJ']J j=0; 1; eee, 1, ( )

. (0
S, o+ ilioc=2¢

. Writing

S=‘<,_4, B,g_=(A, 0\ (0 B?-)_.)
“\c; B;) \o B) \o; of

from (2. 12) it follows

4, B, (0 -B (4,0 0 B
( e "‘)+vil,-a=2i . +[P, {27 ]+ P, ’)]
Cis . Hj,s Cinn . 0O \0 E; C; 0 ‘
But a Poisson bracket of a non-diagonal block matrix with a diagonal block
matrix results a non-diagonal block matrix, while that of a non-diq‘gbhal‘wi\‘th a non-
diagonal results a diagonal. . - _ R '
Thus, we have L e P
0 B, 0 —Bui\ [, (4 O
< E =27‘, ‘ j+1 + _P’ 3 ,
! 01,, 0 0,'+1 0 ) ) 0. ‘Ei

A, 0 "Z+Pb0 B, 01
. - = — . =0,-1, ¢, n. )
0 Hu) we. \e;m0)) ’_‘ Ty B

~ From the second equation of (2 ..13),' we have

4 Ai 0 » . 0 Bj A @ 0\ RS
=—ql DY P —2¢ - (2.14
(0 Ef) T [’(0;_ 0)] - ’(0 .6;)’ - e

where a;, ; are integral constant matrices, the elements of which only depend on .

,(2.13}

We rewrite the first equation of (2.13) as ’

0 Bui\ 1 4 0\ 1 (0 B
= — P, ———.—G'.D . T
Cja - 0 2 " |["7\o Ey ] 2 " \cC; 0)° .

: Substituting (2.14) into above equation, we have

B 0 B)\T 0 B
(0 Bm)_ 1L P,zrﬂ{P,< , B’] -1raD< )
0 i+l 0 27' S '05 -0 24 Oj 0

a; 0 1
—O'[P, <0 8;)]*50[13' lwo], ‘
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Since
-—-_—— o[P, l,a:o-] =l; :vP

and we note the deﬁnltmn of operator Lin 2.7, we have

0 By 0 B,-) [ (a,; 0)] L o
I —o [P, [ D)+, P, 0,1, ., n, (2.15
.(0:'+1 0 ) ‘<O'i 0)"° 0 9 +_,¢ = m ‘ %

From (2.15) and by induection it follows
0 Bij+1 i1 ( 0 Bo> [ @&
- = : LH’ P, L *(haP
(0,+1 0 ) Co © ,,2 : 0o 5)|F 2 (2P,
In particuler, takmg g =n, and using the equation (2. 11) a.nd By=0Cy=0, we can. ‘
get equamon @.5). : Co

§ 3. Alternative form of the evolution equation
Let o1=1, 03, 03, *-+, o be the orthogonal ba51s in the linear spaoe, construoted
by all N X N matrices (When N =2, this just is Pauli matrices).
Let : o aw=a"om, =00,
In above equatlon super and below index m means summation’for all m
 om=1,2, N 2
where a("”’ 6 ™ are funotions of f. o
. We introduce the ant1p01sson bracket {A ‘B}=AB +BA Wr1te

% 0 m, 0 {Q _o'm} m "0 [Q O-m] .
a[P,<o Sh-)]—v,‘,)({R’ o} 0 >+m‘c?([% R 0 ) (3.1)

where . .
_ S _ m (m) _{ y(m)
pim = Ok A #'(m)= o +ay, L . (32)

Sinoce ay, -0y are arbltrary, »{™ and p{™ (m=1, 2, e, N2, k= 1, - -+, m)are arbitrary
also. Substituting (8.1)into (2.5) we obtain the alternatlve form of evolution equation

as follows . " -
(0 @ . T (R . 0 [Q onl
(—R,,_o) 2B )(L)({R, o 0 )+2 Pé)‘”([am, R o )
' 0
—2'1,P3,,,(L) ( 2 “(;) (3.3)
where ' ‘

™) = > YNSRI =3 BN, Py () =S, (3.4)
) T k=0 k=0 .

§ 4. Two special cases

(1) R-1,Q-U, -
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In this case e : . : ; . ' |
(_ Y [Q, qu> <0 0, am] > ( 0 {Q' am}>_~< o {U, 0'm}>
[ow, B] 0 0 B, nt - “\ow 0/

‘We can prove

0 {U, o} —Go -
L - ‘ : 4.1
(2am ) % < ) @D
0 (- ‘ T
L ' o (4.2
(0 0> (0 0 > v ' *.2)
where E is a,rbit?rarj‘N XN matﬂi. T =—}1— L, and operators G and L, are given as
follows : : :
LF =Fy— 2{U F}—GDF, . (4.3)
={U,, F}—1U, b, F11. (4.4)

These two operators conform with ref. [6].
Furthermore, we have ’

: 0’ —(@Q+Q o
L(zP) = —oD(aP) = 4.5
2¢L(aP) o (wP) <asR,+.R 0 )’ (4.5)
hence . v
o 0 a;U—=_;_[._ 0ovU +—1—.¥ 0 ;—mU,——?U)‘
- \aeI 0) 2e\I O 26\0. 0 *-/
1({0 {U,o4d)\, 1 (0 —wU,—ZU)
= ~ = 4.
4 (201 o )JT2\o o . ¢ lG)

Note that, left hand side of (3.3) becames -

0 U,).
0 0/
on account of the compatibility and propermes of Lin .(4.1), (4.2), and (4.6), and

we take Ps,, t0 be odd polynomial, P§™ even polynomml P{m odd polynomlal exoept ‘
P, Whlch was taken to be a special form (see (4. 10)) Suppose - : - '

| Pon(D) = RlapalP M, | @
PRD) = J P Ires, me1,2,0, 00 4.8)
PR - S AaLir 7, mmd, 8, e, W (4.9)
PE(D) =§) ‘}11132‘“?’”%-}5%@@“5 '. o (4.10).

| 'From (4.6), we got.-
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zI O

"‘20'1 o 0 24 ) 0 0
R N PY LR U AT (-,T)(—a;U,—zU))
4% \2y - 0 25! Q : 0 .

Lg,-+1< 0 U\ 1 L2,< 0 (U, o) el 0 (=T)!(~al,~ 2U>)
‘ oI 0 44 20y, -0 2'& 0 0 :
Thus ‘ : v o

4 n S 0
P 3.n(L)<O wU) 2 lojs1 Lz(",_i)+1< 'wU>
ol j=0 s el 0. ‘

1.3 2A(n—9) 0 {U, 01} 0 (_T)""(—mU"-:ZU)“

T4 E oy L7 204 0 2¢, %l’”*’ o 0 .
Since ' ‘

i@ <231 T{Uo%}) S, AL9<"—!)+1( ° "1})

§=0 = . 20‘1 0
1 gy (0 Wood)
BT %Z"’“L( (201 o )
hence ST :
- 0 {U, 1] (0 mU
(1) _—
Pl.n<L>(201 ; ) Pa,,.u:)( f 0)
1 & 0 (- ™ i(— Gol) 0 (=T)*(2U +aU,)
%0 A <o 0 - o ?:‘:)lz’“ o - 0 ’
’ L (4.11)
for m=>2 . . ' :
U, om\ 1 2 . (0 (=T)*"!(—Gowm) '
(m) —_—— (m - .
PR (20‘,,, 0 ) 5 &2 0 TS 12),
- for m>1 : . _
0 - n —~T)"[U, ou]\ - _
P<'"><L>( [U‘”) 2@;@(0 (=1 [U"]). 4.13)
0 . =0 0 : 0 ‘ - 5

Substituting (4.11), (4.12), (4. 13) into (3.8), we have -

(0 U,) . <0< Ty~ Ga,,.)) (0( T)~-f<2U+wUs))
= 1/2.“.1 EZ2J+1
0 0 =0 0 0 0

n 0 (=7, o-,,.]
; m) (- . .
+2""§()1“’2! ( 0 : 0" >;

2< i) (~ Ty ‘Gow 23] 17 (1), ol

+ g% lagsa (= TY" QU +aU.). (.19
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(2 B=Q=V,

In this case

( 0 [Q,an.]).:(v 0 [V,cr,,;j)y

[o'm; 'R] 0 - [V; o'm] 0
( o @ a,,.})_( 0, am}) -,
{'R: O-m} O B {V) O-M} O ’ ’

P_(o ANA'S xQ)“_-" 0 aV
\V 0)’ s(wa 0 “(mV_ 0)’

We can prove

0 {Vl dm} u 1 '"Qﬂm
L ({V, o} 0 )f‘z‘(Gm o ) | (4.15)
vL’(—E 0) (SE’ ) o (4.16)

where F is an arbitrary &N X N matrix, § =%— L® and operators G4 and L are given

as follows :
: LOF=F,.— [V DV, F,11=4V, {V s By = GlD‘l{V F}, (4.17)
GF={V., F}=[V, DAV, F]], o 4.18)
where F is an arbitrary N X N matrix. ‘ R v s b

* Furthermore, we have (from (4. 5)) j “‘ v - ‘ N

0 aV\ .1( O —(aV), S
L(wV 0) 2%((mV), 0 ) | o _(4_’19)

Note that left hand 31de of (3 3) becames DA
o 7
( Ve "0)’,'

on acoount of the compatibility and properties of L in: (4 15), (4.16), and (4.19),

and it is sufﬁ(nent 10 take P§™, Pj,, 0 be odd polynomiai, P§™ t9-be even polynomial;

Ps,,, PSm, P{™ is just as (4.7), (4.8), (4.9) but in (4.9) index m is. from 1 to N,
Similar to case (1) we ha,ve the followmg evolution equations

(5 V')=gp;7zl( 0 e Gl""'))

—Vt 0 (—S)”—’Qlo'm S | =
0 ( S)”_][V o'm]
+2f1, 2#2! ( (- S)""[V a,,.] - )
: 0 EHTED:
+§ 2:+1( ( S)”_’(QJV)gl ‘ o_‘ ).

. From thiswe have two equations, but it is only oneand the same equation; practically
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t=§o< m) (— S>"-’Glom+2z2u<m>< SYIV, ou]

+§js,-+1ﬂ\(\—;S)"“’(mV),. Lo ‘ - (4,2(5)‘

§5. Miura trgﬁsforimatioh and Biklund transformation

Matrix Miura transformation is defined by .
U=V.+V2, 5.1)

Derivate with respect o @, it yeilds :
L =D+, Ve, (5.2)
We oan prove that \ _ R '
| D+, DI, onl =1, oul, (3.3
¢ v D+{V, 1) (@V)e=2U +aU,, (6.9
In the appendlx we have proved = ' :
SN (DY, N Giom=Gom 6D
and S ' o
(Y (D+{V })S(V) T(U) D+, H. ; (5 6)

ete <t

- [The equatwn (5 6) is 1mportant for ﬁndmg Miura transformatlon From (5.6)
and by induction, we can prove that for any positive integer n,

D+, W) =T"OYD+V, }. .. @D
Derlvatmg Wlth respect $o ¢ on both s1des of equation (5 1) , 1t yellds '
o L =@, DT 5.8)

The both sides of (5.7) are operated on [V 0',,,] Glo',,, and (a;V), respeotlvely, :
we have

@+, DS} ol =TI T, 0al, .9
D+4V, N8V G103 =T"U) G0, » (5.10)
BT T C(DEW DS (@V)o=T*T) (U+aU,), - - (5.11)

operatmg (D-l—{V +}) ‘on both sides of (4 20), and substltutmg (5 8) 5.9, 6. 10),
£8. 11) into. (4- 20); we have . v

Z( vigo) (= T)""Gcrm-mEMé’"’( ~T)m ’[U onl
—Slapa(— T>"-f<2U+wU,> | |
=@+, D {7 (o) (-9 o2 Buip (-8, o

'—212”1( — 8y f(wm} o (5.12)

Thus, 1f V 'is a solukion of (4.20), then U, glven by (5 1), isa solution of (4.14).
But. then - V is also a solution (4.20), so that.(4.14) has a new solution given by
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U=V, +V2, o (5 13)
This passage from V to U is called a Mmra transformahon and that from Uto T
a Baklund transformation. ,
T0passfromUtoﬁwese_t I T S
I U=W,, O0=W., .. . . (514
Then o
U—0=W-T)e=2V,,

and we can suppose’ ~

V=W T, BN - R )
From (5 14), (56.1),(5.18), we have ... - . _
U+ﬁ (W+IT7) _zVﬂ_ f o (5.16)

'  From (5.15) and (5 16), it follws BT
(W+W),=——(W W)’ S e (5:17)

Exchanging V for -l(W—W) in (4.20),it‘f0110v'zs¢.‘ . AN

(TFE), =35 (o) (—) Guom+ 26 3 i (- S>H[W2W_, ]
+3) g (—5)™ (—””—Q’Y-Q—W—))_z, o e

with W given, such that U=W, i¢ a'solution of (4.14), and solving the-equation
(5.17), (5.18), we get W, and it gives a iew solution U =W, of (4.14), =

§ 6. It is clear that when N~1
U, V, are considered, not two matrices but two functions u, -2.2,' thgn_d-‘.ferl (4 :3)
(4.4) and (4.17), (4.18) we get

Temeegw 6
_1 Dséw —v, D% : _.'\: _ . (6.2)

when N=1, among O, O, *5%, O there is only oi=1, summation of mdex m in
(4 14) (4.20) only contams one term. Note that second terms in both equatlons
ought to be vamsh (since [U o=0, [V, 0-1] 0), whlle
{ G = Zu,, ©6.3)
G1(1) 2’04:, N :
therefore 4. 14) Becomes no .

LW R ») <"—T>'*'*’d=f;§;,lzf-f1<~£1;’>?".§2‘?Wf>ﬁ 6w
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and (4. 20) becomes . : :

=23 (~rfh) (~)™ 0, + ,2012;+1'<—S>‘"f’<¢?z>4 6

These results conform with ref. [5]. : AR el
T and 8, given by (6.1) and (6.2) respectively, conform with ref. [7]

§7. Appendlx Proof of (5. 5) and (5.6)

(1) Some identical relations

w, W, n=07%n T a
W, -0t WL, @)
(4, B O -4 B OP=1, L 0. @y

. (2) Proofof (5.5)
~ From definition -
D+AV, })G1omn= DG':LO',,,-I—{V G0}
—{sz, o"m} [(Ve,-D* [V2 0',,,]] -V, [V2 O’,,.]] +{V {Vz; o'm}}
, —{V, IV, D[V*, onll}.
. “-'Usmg (7.1), (7.2), (7.3), weget
D+, D G10m={V e, Um} Ve, D™ 1[V2 o]l — [V” V, omll
+{{V, Vit om}—WVe, [V, oml]1—[V3, D~ V2, oml] B T
={Vaut{V, V}, ont— [V.+V?, D[V?, a,,.]]—[V,—i—V” v, a,,,]]
- ={U., on}—[U, D[V, 0u]1—[U, D[V,, Gm]]
={U,, on}—1U, D- U, o'm]] G’o‘,,. i ' e
(3) Proof of (6.6)
- By deﬁnltlon e . CUe o C
4(D+{V, -HSHF L e
=D+, D) Fe—V, DV, FI1={V, {V, F}}-Q.D{V, F})
| =Pt {V, F}—V, 7, F]1~ V. +V?, D[V, F1-D{V, {V, F}}
=LV, Y, B} Ve, DY, PV} —{V., {V, F}}
- FVe+V2, DVE, DY, FYI1+[V, [V’ ‘1{V F}]] ‘
= LD, P, SR ()
‘we can prove the following equationr . L | . -
‘Ve+V?2 D[V, F.ll= [Vz,- [V F]]+[V2 v, F1]
— [V +V2 D[V, F11, ' (7.5)
VW, 0, B0 7, Y-, 7, ), SRR ()
w, v, FJ1+D{V, {V, F}}={V,, v, F}}+{{V Vs, F}
—We, 7, FlI4+2(7%, B}, -~ v (7.7)
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v, V2, DV, FY11—{V, {V., D{V, F}}}
——{{V, V3, DUV, F}}+ [V +V?, DV, DY, F}1]
+ [Vo+V3, D2V, F1lo - (7.8)

: Substltutmg (7.5), (7.8), (1.7), (7.8) into (7.4), addmg and subtraotmg the
term 2{V s, Fe}+{V s, F}, we get

(11
£21

[31

[4]

(5]
[63

L7l

4D+, DSWV)F=Feat{V, Fzz}+(2{V=; F}+{Ve, F}
—2{V,+V?, Fo} —{V, Y4272, FY) —{Va, {V, F}}—{{V, Vs, F}
+[Va, [V, F11-2{V%, F}+(—V,, [V, F1l- w2, v, Fil
4 Vet V3, DAV, F11)+(—2{V?, ¥, F}}+ V% IV, F1)

— Vi, DV, F}}—{Ve, 1V, FY}+[V.+V?, D[V3, D, F}]]
+ (= {{V, Va, DYV, F}}+V.+V?, D[V, DV, F}]]
+[V.4+V? D[V?, F11) .

—D*(F,+{V, F}) —2{Vo+V?, Foat {V, F}} {Vaat+{V, Va}, F+D-1{V F}}
+[Vs+V3, DV+V?3, F+D Yy, F}1]
=D*(F,+{V, F})—2{U, F4+AV, F}}— {U,, D 1(F,+{V F})}
+[U, DU, D} (F.+{V, 11 _

—4T(U)(Fe+{V F}) =4TU) (D+{V, ‘HF,
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