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SOME REMARKS ON BURTON’S ASYMPTOTIC
N STABLE THEOREM |

LIN XIAOBIAO
(Fudan Umverszty) {
To simplify our illustration, we use the notation sumlar to that of Hale sm.
The theorem of asymptotlc stability for the solutions of the retarded functional
differential equations. - ) - Gh ey _
o | i, @ ) @

is usually based on the assumption that f is eompletely continuous. However, Burton,

~in [2], has successfully removed it by introducing other restrictions on the Liapunov

functional V' (¢, ¢). In this paper we will prove Burvtonv’sv result by a direct method
which is more simple than Burton’s indirect method and ‘will obtain an interesting

‘functional inequality which enables us to estimate the rate at which the solutions are

approaching zero. Let H be a set of functions defined as:.

contmuous nondecreasmg
u(O) 0 and u(s) >0 for s>0}

Set el=n(I$©@ D+ (6@ a5,

where R*>R*isa continuous strictly increasing function with 7n(0) = O Suppose
f: RBXC—R"is contmuous Let u, v, wEH and Wl(s) W (n~ 1(s)),

h() = j ,a(®)ds,  k(s)=v ®) +—w12(1)- rs,

Theorem 1. Suppose there is a continuous functional V, B x C—>R such that -

u([¢0). )<V (¢, ) <ollsla); - @

7, $)<—w(|$0)]) @®

then there ewists anothér continuous functional Q. R X C—>R such that Co
a¢, <-9@e, ), - . @

v, H<GE, @) ®)

for n(|¢|) <1, where g. R+—>R+ is deﬁned as g(s) h( lc“i(s))

Proof Obv10us1y, h(g) is contmuous convex and stnctly increasing with 2(0) =
0, ‘and R S :
h(S) <Sswy (s) <Swy (S) . - (6)
<w@®s
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for 0<s<1. Let B8(6) =_"_+l, for —r<6<0 and]

@ D=V O[] BOM$©) )8
for n(|¢|)<1 ) is obvlously satlsﬁed Dlﬂ‘erentlatlng @ with respect to # along
(1), we have
GG, ¢) = V(t ¢) +BOAM(|$(0) ) =B(=rh(I¢(=]))
S INLOCTIOIN
By (3) and (6), we have

66 H<—upOD+FIaUSO D) ~ L[ sacls@ e
R UCIOINES VCHEIOT RS G CIOTN D
: <-—k<n<|¢<o>l>>——J h(n(l¢(9)l))d9

Accordmg to Jessen’s inequality, we have -

1j° h(n(|¢(9)]))d6>h( J '%7(I¢»(9)“|‘?‘d9;)

r
and .

G<— ( "7(|¢(0) D+7£_rn(]¢(0) Dd6>=— ( "qbu") -

Now that £(s) = (s) +w—1<1l rs, 11;15 stnctly 1ncreas1ng, 80 is 1ts invers function
k‘l(s) From (2) and M), we have \
66, D<ol + 2D [ (9@ has
C<kdgly,
R od<lel,
GG, H<—h(5FH@E 8)),

for n(]gbl)<1 Since g(s) = k( ‘1(8)) the ,thedrem;.ha.s been proved. - -

for n(|¢|) <1, hence -

- Theorem 2. Suppose the conditions of Tﬁeofem" 1 are all satisfied. Let

/) .
F)- [ ok
then there is a positive number & suoh that |do| <& fampl@'es
' ot to, po) | < (FL(F (G o, $o)) +Ho—8)) )
and the solution ©=0 is uniformly asymplotic stable.
'. Proof Tt is a matter of routine to show that =0 is uniformly stable. Since 7(s)
is continuous, we can find s3>0 such that |¢o|<e implies 7(|#(%; %o, ¢o) |) <1, and
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Theorem 1 is valid. Now that . .. ..k
o o G(f' ‘vt)
e 9@, )
integrating from % to #, we have
F(G(t ;) — F (G (to, $o)) <to—

Hence : , G‘(t ) <F WF (G(to, gbo))—l—to—t) ‘

The first part of (2) immediately leads to- (9) Obviously F(y) is strlctly increas-
ing and finite for positive y. Let F'(8) =§ for >0, then F~*(2) <& for 2<£. Finally

G (to, o ) <k(|bol) <70(2n(|¢o|)),

g0 #=0 ig uniformly asymptotic stable. -

Note. If we set 1(s) =82, it is obvious that for o4, fv,,EH ‘there :is a funection
v € H such that

<-1,

Conversely, for ea.ch vE H we can ﬁnd out vy, Vo€ H such that

(el <odls@ D] lp@ 1), @9
bocause o(I¢1) <v@n(Is@ 1) +o(Z[" 2(14@) o),
and for € H we can find out 7:>n, 7. € H and 7 is concave. Thus

1 0 1 L 1 0

1° a(1s@ Dao<E[ mip@ Dds<m(Lf 16@135 ).

Using Holder’s inequality we can easﬂy deﬁne v, V3 tO satlsfy (10\ Therefore the

summingly general form of (2) i§ indeed. equaiva,lent 0 Burton’s original condition.
Although we can actually use the formula here to calculate g (s), wealways prefer

to find out g(s) in each case respectively to:-get more exach estimate of the asymptotio

-behavior of the solutions, regarding the above theorems as justification of our process.

- Ezample L. (Burton’s original. example) . Let . - L
a(f) = — (G+8)a(@) +o(t—1) .

cand. - o VG ey =22(D) /2_1_'.[:—1‘%2 (s)ds.

Then VG, o) <—22(%).

Let Q, @) =V (5, o)+ g-j Z_i-. (s=3+1)ad(s)ds, (0<E<L),
hen GG wy<=-Oa®) £ (s, .

G (t, mt) < ngt) | + \(1 +£& ) J:_l m” (s) ds.‘

Set £ = -14—1, we have

G, v)<-— */17

GG, o),
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Thus ' “’22“) <V<@G(, m;) <e’ =5 “”"’) G‘(#o ¢o)

It follows that all solutions approrch o zero exponentlally
Emample 2 (Hale). For

o) =a (t) # (t) + b (#) x® (t fr)
where @ (%) and b (%) are arbltrary contmuous funotlons Wlth a(t) <- 6<0 I b (t) | <qd
and 0<q<1 one can choose N

V(¢)— ¢ <°> + 5f ¢6(¢9)d9

We can infer that the solution #=0 ‘is umfonmly stable™. ‘So .we' only need to
consider the case-|¢|<1. ' :

a(#)¢“(0)+b(#)¢3(0)¢3( r)+—¢“(0) ——¢>"( )
<-—-¢°(O) —-¢“( ¢)+931¢( -7)|? I¢(0)13<—z>¢"’(0)

) Wherep———(l —q)%. Set .

a- V+_rpj I +1) g0 0ya0,
we have e ~_-.G<—01lll¢llle-

and o . o E@sOalglls, g
Where 01, 0’2>0 are comtants and e

Bl=140) +-—j 1$@1149, i1, 6.

‘Since‘mMI 20|/ plls;we have . -
e GG, ¢)< 04{6’(75 ¢)}”

‘where- 0'4>O is a constant. Solvmg the-above inequality, we know that there. exists
8>0 such that all the solutions with initial condltlons ]wt,[ <& must approach zero at

least as fast as C(§—1,) 7

In each example we get more inforf;na.ﬁbn about the asymptotic behavior of the
solutions than before.
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Stk g, R*>R* 52 X 3 9() =h(3 K())
£E2 WEMINFHHWE RFQ)-[ Ty BAFESOEBHNT

[do| <& F .
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