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§1. Introdﬁction |

In this paper, we: discuss the followmg problem
Let gy, Yeas =+ Yaiy be independently and normally dlstnbuted W.Lth means and
covariance matrices given by the hnear model, and

:'lu)
s

nXk ,
Yo
We can rewrite the above assumption as follows

BE)=4 6 +B 5 <AB>(‘9,

nXp: pXk - nXq ¢Xk ‘ n
Yay— By ' _ (;D
Bl i (Wetr=Byay) "+ Yeny ‘“‘Ey(n))') =:IA®V- R
Yoy — EYfny o ' ”
On the basis of observations ¢y, ***, Yy, We are 1nterested in testmg the followmg
hypothesis, H,: there is a matrix O such that - 77 co,

axp

§2. Canomcal Form

Lemma 1. »S'u@pose i A =r, rk B ~s and .?(A) n.Sf(B) (x) whers ,sﬂ(A)

denotes the subspace generated by tlw columnh vectors o f A. Then there are matrices I" and
Q such that

I, 0 0 0,7
lo 0 0 0 \p-r
r4pa=lo o I, 0 |s
0 0 0 0 |n— (p+s)

frpa‘sqs

where T is an orthogonal mairiz and G is a nonsingular matriz with the _’foZZowing form
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Gn 0 )p
G =
(G‘m Glag q.
p q

The proof is simple, so it is omitted.
Lemma 2. For any matric ¢

and (Ia+0C) A =I,~C(I,+00)-1¢,
OC(In+0'0)"1= = (Za +00") ™0,
Lemma 8. Suppose A;=>--<>1,, are the’ ckamctemsmc roots of a symmetric matriz

A, and @y, -+, @ are muiually orrthogonal vectors. Then =~
me

k m
@l Aw,
lnf Z’“‘= M.
1,0, §=1 @} 5Py j=m—k4l

. These results can be found in [1] or [2].

Lemma 4. Supposs ( )A( " isa non-negatwe deﬁmte matriz, and 7\.1>7\2> >
p+q X(p+q

Apiq are the characterisiic roots of A. We armnge ﬁw chamctemstw fvecto'rs f,l, *e2y Tpigy
corresponding the characteristic roots }\.1, ‘ )»,,J,q resg:ectwely, in a matrie T,

Ty T
T = (b, fa, *, fprq) = <“ 1“") and |75 | 0,

T21 T22
P q
inf tr (Iq—!-BB’)*i/’(—'BIq)A(, iy )(I +BB’)‘1/’ 217“’ ®
a $5T+ .

wkere % ={B| B is a px g mairiz}, and, the minimum, is attameol whan B=—(T%)™T,.
‘ The result is obtained by Lemma 8. .
To simplify the following derivations, by, Lemma 1, we can reduce the linear
model and the hypothesw to the canonical form .
Y1 X VY
B@) = Hlv |=[ 7 |g | O ®
Ya/ \0/n—(p+q),
where the row vectors of ¥ are independently normally dlstrlbuted with the same
covariance matrix V.. H,, E] O’ such that n=-0'9

Thus, we shall study the canomcal- form only.
§ 8. Main Theorems

(BA) V=0°I
When H, is true, the h.kehhood functlon '

L(T:6,0, 6 =(2m) F (CoN exp{

=) (y1=0):
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+ (ya—08)’ (s 00§-+y's'ys]-}‘.
Then ~ o=2lI_ 1.1 2<2<y1 0)+20" (g~ ae»,

a_oInL L B
0=t e 4‘tr[(y1 9) (y1 )

+ (ya—00)’ (y2—C0) +'.’l:—3yaj.
In other words ‘ o
(I,+0'0)0=y:1+C',

az—itruy;—fé)'@;—aw<y2—be>'<y;—oe>+z/3y;1,y .

and O is chosen such that it makes tr [(y1 6) (y1 9)+(y2 —C)’ (y2 00)+y3y3]
as small as p0s51ble Usmg Lemma 4 and P(|T22| ——O) 0 we obta,m the maximum
likelihood -estimators LT Lo g :

=(Ip+6’6)-1(1 6) ( ) (Iﬂ+6/6)—l(yi+é’y2) e
C=- (Tzz)—le, e s ek ()

7+1 ) . .
where dy, -, d are the elgenvalues of ygy.o,, 7»1>7»2/ >7\.,+q aTe the elgenvalues of

(yﬂh Y1y
YsYs Yoo
(from left to right) are arranged in the orthogonal matrix

(Tu Tm)P
T21 T22

)m descending order and theu: correspond.mg elgenvectors as columns

et yivy” yiyz ' ‘
Because the non-zero e1genva1ues of are the same as Juhosle of the matnx
R f’ls% ?/21/2 .
y1y1+y2y2, we can rewnte & =—7—I< 21 }»,+2 d,) Where M})yg? cor Shppa= o0 =g
p+ . “ R ChETER G

are elgenvalues of ?/1'!/1+y2y2 in descendmg order
Thus, it is easy to verify the following thorem.
Theorem 1. The generalized Likelihood ratio test of Hods
d v
:"'A*— 2 : “,‘v (5)
2 7~1+2 d;

or equivalently, the siatistic of the test s

4= zx,/zd,, S ®)
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where, éd, and ﬁ A are @ndépendently distributed.
The distribution ond 1s—— 2(k(n —p— q)), and the Jomt density of 7»1, cee,

Ay is known in [4] and [5] ,

If V' =0%Q and Q-is known, it can be traﬁsformed 0 the case V' =02I. Then the
problem may be treated in a similar Way

(8B) The general case. '

When H, is true, the least square estimator of 0 is

9:.— (L, +0’C’) 1(y1+0’y2)
The residual matrix is - T :
SRR ¥ 'Y (ya—Cyy)’ (Zg+00C") ™ (ya—Cyy) +y3y3

smée o min 4r PP =tr y’3y3+m1n br (42— Cys)’ (Zg+00") ™ (ga— —oy),

if O is chosen such that tr (y,—C’yi) (Iq+0'0") ~1(ya—Cy,) reaches the minimum, we
obtain the genera,llzed least square estlmator Cofo
C=—(Ty) —1T12,
where T'; is the same as in (4).
Solving the likelihood equation, we obtain ) CTe
=——[(y1 —0)'(421—0) + (42— 06)’ (ya —C0) +yhysl,

Thus the estlmators of 9 o, V are
=T+ 00) (g0 Sllz): :
a——(Tzz)—le SRETERRR SR o R ()
V= Yy (y'zT 22T'22y2 i*"yéya) .

Comparing (4) with (7), it is trivial that the least square estimators of § and ¢
are the same ag the maximum likekihood estimators when H, is true.

Let z-| Im—< )(I +0'o>-1<z oo]( ).
. yz R )
Then the hypothesis Ho: =00, where O is a g1ven oonsta.nt ma.tnx, is equlvalent
Z AEREA .
to Hyy: EZ =0 for random matrix ( y )
3

It is eagy to prove that the hypothes1s Hj, is invariant under the group of full
rank linear transforms ’
(z'z_) | D;;6‘< D’Z’ZD,)
Ysys D'yyysD
and the partitioned orthogonal transform group .

() =l )
Ys Ys ! -0 Fn—.p_g ’
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the I'p.q and I',_,_q are orthogonal matrices with order p+¢q and n—p— g respectively.
The maximal 1nvar1ant statistio under the above two groups are the eigenvalues
of |Z'Z—Mhys| =
If the La,wley s trace test ® ig used, then the critical region is
tr(Z2'Z (ysys) H=a, ®
It is known that the Lawley’s trace test. is invariant under the above two groups.
Notice that

tr (Z'Z (yags) ™) =tr[ (ya—Cy)’ (Iq+00’) ~(ya—Oys) (Wows) ™11,
we can rewrite (8) as

tr[(ya—Cy1)’ (Iq+00') . (?In Oyl) (ysys) 1>a @
Next, we consider the problem about testmg H,: o: El O such that n=0C0.
The critical region is

mln‘br[(y;, 01/1) (Iq—l—O'G')_’t(yﬁ 0?11) (y3y3)]>ar, ‘ (10)

because it can be tested about H 00t 7= C0 for every C. By Lemma 4
mln tr[(Ya—Cy1)’ (La+CC") (ya— G?h) ((‘I's!’la)] 2 Bss,

where B,1=>B,a=+*=PBip+e aTe the ei'genvalues of matrix ( ) (vhys) ™ (¥} vh), since
: Ya

the nonzero eigenvalues of matrix( )(ysya) “1(yy yz) are the same as those of the
. y2

i _ Y _
matrix (¥4ys) 1(@/’1 y5) (yl) , (Wws) ‘(y1y1+y2ya)
2

If B1=>PBa=>-:->py are the elgenvalues of |y’1y1+y2y, —M/sys| =0 arranged 1n_
descending order we can rewrite (10) as

prg ; :
E Bi=ay, ' ' @11t)

The joint distribution can be found in [4, 5]. we shall disouss the limiting distribu-

. ]
tions of 4 and 21 B; in other papers.
F 22
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