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- 81. Introduction

" In this paper we consider-the followmg llnear funotlonal regulated System with
m nonlinear regulators” . i ‘ " ‘ A '

L dm(t) L(wt)—}—Rf(a (t)), | | (15"
' o‘(t) 0w (),

and o Lo Ll
da:(t) _L(wt)_g_Rf(o-(t)), - “ @
d§(t) —fe®), a(t) Ow(t)+D§(t), R

.df@ —f< <t>> o) = ox<t>+D§<t>}

where 2 is n vector, £, o are m vectors, m>1 € ([=7,::0],; “R").-is the Banach .Spacé
of continuous functions mapping the interval [ — 7, 0]into R", >0 is a constant, ;€
C([—=, 0], R"):Ls deﬁned by wt(ﬁ) w(t—l—@) - ~r<<x0," L-is a. continuous, 'linear
mappmg form C’([ -7, O] R”) into R” Dis me ma,tnx. ‘ G -is mXn. matrlx R is
n X m matrix, elements in O’ D; R “are Teal constants, f (o-) is m vector, JF(0) =0,

L(z;) = j dn () (E+8), n(s)is n X n matrix functlon on[ 7, 0] of bounded varlatlon.

For systems with L(wt) Az (t) —I—Bw (t 1,-) and any functlon f (O‘) of the from
{fi(0)}, Li Xunjin™ gives conditions Whmh assure an absolute stability by Popov’s
method. For systems (1) (2),,.(8)with m=1, Halanay™: ‘gives conditions which assurée
an absolute stablllty L :

In this paper we give some sufficient. eondltlons ‘which. assure .a generahzed H—-
absolute stability for (1), (2) (3) with m>1 i
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In § 3 of this paper we also consider

M=L(m,)+1z§<t),

.d(ftﬁﬂ =@, o) =Co) +BED +B, LDy
and o RN : '

| dzgﬂ =L<wt)+3f<a<__t—¢),);v

2’
o (t) =Cu(t),

where B, Bz are m'X m matrices. R
Definetion 1. A system is said to be-a generalized H—absolute stable system, if this
system is an absolute stable system f0fr all functwns f (o-) satisfing

O<O-Jf.’l <0-> <o~i 2 h.‘lko'k (0',-?‘-’-0, J '_'1: 2; ) m) > (4>

where H = (hy)is m X m SQWG?T@CQZ,PO.&“W@“Z_@ fintte matrie.. S
‘We generalize and simplify the methods in papers[1, 2]..:Indeed, if f;(c) =
fi(os), =1, 2, <-\m and H is mXm dlagonal matrix with positive elements, then a

generalized H-absolute stability implies a'H —absoluts stablllty
We use the following notations, AR :

(1) ”A“ —2 Iaw] A= (au) 7’ .7 1 2

(i) |« —(Z} @, | >f2: “" = (w1, wz,; wn>’ :
@ <@w=-Fess

(iv) #(-) €0([—w, 0], BY, lla(: >I||—max Hw<0> H

~) I'(\)=AE —-j dn(0)é*, E is 7 Xn unit matrlx |
-(V1) G(x) =—-0I'™* (L)R 1f I (2\,) ex1sts

§ 2. Sufflclent Condltlons for Generahzed H -—absolute
Stablhty of System @, @, 3 |

(A) Some theorems; N ‘ ,
Theorem 1. Suppose that the solutum z= 0 of lmwa/r system .

w0 o ®

isan asymptotwally stable. If there ewist m X m dwgonal matrices P Q, fw'bth the followmg
propefrtzes ’

(i) The elements of matrices P, Q are posfz,twe or zero;
(ii) For all real » : ‘
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W (w)= P'+—1—‘{ (P+i0Q) HG (iw) + [(P+iwQ) HG (iw)1*} + )
is @ positive definite matriw. Here matriz A* is the conjugate of A, if A is complex
(iii) S= hm W(w) = P——[QH C’R—I— (QH O'R) 1.

also is a positive definite matriz, then system (1) is a ‘genciralized Hl'{zb‘sduielstizble. e
Theorem 2. Suppose that the solution x= 0 of linear, system (5)is an asymptotically
stable and det D+0, Suppose that there ewist m X m diagonal mairices P, Q, with the
followmg properties: . . : o .‘ v
(i) The elements of matfrwes P Q are posztwe or zero. PHD as, the symmetmc and
negative definete mairiz,
(ii) For all real &» -~ . .
W (@) = P+ oA (P+ioQ) HG i) + [(P+iaQ HEG)1F (D)
is @ positive definite matriz, where ‘ ' ;
@ (ie) = 6 (i) ~2 - —orGwR-2, ®)
8= hm 7 () = P— {QH (OR +D) +[QH(CR+D)I*} \ (9)"
8 @ positive definite matria.
Then the system(2)is a genemlq,zed H—absolute stable.

. Theorem 8. Suppose fo'r the system(3) condztzons of Theorem 2 are modified by the
following:

(i) We take the symmetmc and negative definite matris ;

PH[ D+J’ OX(B)Rd,B] ST 0
in place of PHD,where X (t)is the matriz of solutions of system (5)which verifies {:ohdi—
tions X (0) = E (united maitriz), X (&) =0 for t<0;

(i) We take _ B .

' c?*( )——_(or 1<m,)R+D) oy

in place of G’(uo) | - o

. Then the system (3)'z,s a genemlmed H—absolute stable.
(B) Some Lemmas:

Lemma 1. Let

e —L<xt> e, (1)

where f (@) s n vector.
Assume that .
(i) The solution =0, of system (B)is an asymptotically stable,

(ii) f(@)4s L? integrable for all finite interval and J: | £ @) |Pde<p2,
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it Then |o@) | <M/BHM"||o(:) | for 0<i<T,where M’ , M",.B are constanis.
j:fllf(t)-llgvl;t<l3”<_«+v<,>°ﬁi

'i,nplaceﬁ‘b-f'r-[fﬁf-ét):]|9dt<,82 thenllma;(t) =0, R L L CESEE T I

Pqﬂoof To prove thls Lemma We need = ' ‘ , ' ‘ "

B P 40T S T ¢
where L=0, >0, X (® is the matrix of solutions of system (B) wh1ch ver1ﬁes-
cond1171ons X(0) = E(umted matrix), X @) =0 for t<0 Also 'We need '

() _mT<0)X(t)+j xT(s)dJ n(s—a) X (i— a)da+j fT(a)X(t a)da, | (i'z)'
where &()is the solution,of(11). : - |

Lemma 2. Let _ o . -

| a(t)=z(t)+j K (-a)f ((@)da, (18)

'where o(®), z(t) f (o- (a))are m 'uectm”s K (t ) s m, Xm matmm omd we have

o () I<Culel,

oI D <o,

"K(t)”-l—“ dK—dt(t) “<A26_7t‘ LIRS ST (14)

where C1>0, A;>0, 4,>0, >0, g b e A SR A
~ Suppose that there ewist m X m dwgomzl matmces P Q, qu,th the followmg proper-

tzes N

Gt ) The' elements of matrices P Q, are posztwe Ofr zero, 7

(ii) For all real w ' ' R

W(w) = P—-—{(P—l—'wa)PE(w)—l—[(P-I—%wQ)HE(w)]*} o (15)

isa pomtwe definite matriz, where H 8 symmetmc and posfz,twe deﬁmte matmw E (w)'
is the Fourier transformation of K (t) " -
(i) 8= hm W () 4s a positive oleﬁmte mairiz. Then for contmuous f (o‘), which

werifies the condition (L)we have

17 ®) lw<Mlgl, [o@|<Mlpl,
o] =0, . ®

Proof 1.Choose o (f) satisfing

Ar@ 1+ [ LD <perlpl >0).
Let SO Tl
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oL 05T
o(t), 0<t<T
GT() { @, t>T.
{z(t) o<t<T,"
: Zr(t)
() - K(t & r(e)de, 1>T,

§(t) dz(t) ‘0<t<T
Er(t) = {

| £ (t) 0, t>T
Consider

1 [*¢PLH (02®) ~22 (1) ~fr(D)] +QH[d"gﬁ) CAORRPRON L)

We prove that the integrand of (17) is:a negatlve définite, quadratlc form for
f(o(®)). From conditions of Lemma follows that there exist Fourler transforms of
or(t), fr(t), 2r(t). Let GT, fT, zT be respectlvely the Fourier transforms of or (t),
Jr (@), 20 (t). : N ' i ’

ST c o oop(0)y—27(0)=0, - i e (18)
.Fv<f1'(t) 'fs(t)>dt='i}"# Re<Fa (@), fﬂ(“’»d“', R )
where f1 (w) Fa (w) are Founer transforms of f,_ (t) fz (t) fOHOWS o -
- o I_LE Re<P[H(arT——zT) f:p] +’LCOQH[O'T—ZT] fr>d60
=2iwji Re¢[PHE — P+ioQHR1 s, fT>dco o
=_.§1;y <{P Re[(P—l-'LwQ)HK]}fT, fz')dw

- __2};[_‘»<W (w) F 7 f do,

Here we have noted.the fact that. = = e i e e e g g
O'T(t) —ZT(t) =J K(t—a)fqv(a)da O‘T"2T=E]T,

. By the conditions of Lemma we obtain that W (co) and S are positive definite matrices.
Hence there exists >0 such that

I<—a| la®Pa .
‘2. First we develop. (17) to.obtain the estlmate of “‘7 (t) “ Develop <17) to obtam |
- .ﬂjo (P[HO‘z(t) —fr@®7 +QH dO‘T(t), Sr(@)ydt

<[ (PH20) +@H BL. 1) )dt—eo [ 12 [
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Take into account that f(co)satisfies(14), hence

{PHo, f(0)>><Pf(<T) f(G))
Therefore

[I~<PtHo () 12 @1, fo@di= <P'<H¢‘<t>' 4f<a<t>>, Fle®)>dr>0,
We also obtain B

| (qm 222, 5, (t)}dt { '<Q15{o_la;f<a.>'>'—‘j:‘°’ QHdo, §(@))
| o son|
and r o

J <PHzT(t) +QH dzr(t) : Fo (t)>dt |
<t ([ revar)” m@t NFCONRDES

Where L2>O Therefore i o . o
; T TV ey e S " R SRS
ool frlbuorwr< || @0, 1) |+ Tallgl+ el 0 4m
i. 0. fol3i0 s <Lallplt+2Th e (Er>0, Tp>0). T
We have (|fzls—Thlol) *<Zulpl*Zi?lgl?, that is | foln<Mllpl, where M is a

constant independent -of -T'. From: (13) we obtam ||a(t) || <M ’||]¢ll| We can prove
11m lo@®@) | =0 as Lemma 1. :

Lemma 3. Let XT (co) be Foumefr tmnsfo'rmatzon matmw of solutwn matmw X 7 (t)
for (8). Then X™ (w) I~ 1(9@) for all real o, ' ;

Proof of Lemma 3 is obvious. -

Lemma 4. Consider the system

o) =2ty + |, K G- a)f(a(w))daJer(t),
LD Loy L (20)
where D is m X m matriz, z(£)and K (t) satisfy the following conditions '
RO+ | <,

ol + [ 22 <adpte, @D
lo (D II<Cullel, '
where B>0, A1>0 Ay>0, O’1>O : o
Suppose that there ewist m X m matrices dmgomzl P, Q with the followmg pfropefrmes
(i) The elemenis of matrices P, Q are positivé or zero. PHD iis a symmetric and
negative definite matriz; .
(i) For all real
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W (w) =P— QHD——{(P—I—M»Q) HEK (o) + [(P—i—fwa) HK(w)]*} = (22)
is a positive definite mairia, where K (w)is the Foufrwr t'ransfo'rm 0 f K (t) . )
(iii) 8= llm W(w) s a posq,twe deﬁmte matmm. - E
" Then for continuous f (O‘)whwh vers ﬁes the condq,twn (4) ,wehave . .

(717 e @ iae<lipl, 1@ <Ml |
o () | <Mslll, lim |£@) [ =0, lim [o @) =0, e

where M=>0, M,=>0, M,>0,
Proof For all 0<T < +o0 let

20 = O X O¥+[[ T @, j n(s—o) X (t— a>da]
[ xXe-0Re@, AT e g
: o-(t) C’[xT(O)X(t)]T-i—OU wf(s)dj n(’s~&)k‘('t.—';£)'ézaf U
joxm O Rf (@ (@))da, (@)
o a()= 0[mf(0)X(t)]T+oU S nEDX = a)da] ,
K () =CX*()R. i(26)
By usmg XT(w) =I" 1('1,a.>) and K (w) =, fG(zw), we. obtain that conditions of Lemma

5 aro satisfied. Therefore (e () [u,sm<Mllpl; |o(®) | <M"lgl, lim |a(®)| -0,

where [lo]l =llz(-) |l
Theorem 1 is proved.. .

. (2) Proof of Theorem 2. o,
If a;(t), z(t) K (t) are deﬁned as in the proof of Theorem 1 Let

Aa<t>=awz<o>x<t>1f+o[j_. SO e ) X o) da]'

+ [} OXT(—0) Bf (o @) dat DED: @
-Then . o , . .
o (3) =z<t)+j K (t— a)f(a(a))da—l—D§(t)
From the condition (ii) of Theorem 2 follows that TV aweyty
. . W(@) =P+Re{(P+ioQ) HG (i)}
is a positive definite matrix, where
G(zw)=——01""1(zw)R———Z—’ o

From QHD=Re {(P +'1,coQ) H } follows that P QH D Re{ (P +iwQ) HO I'* (iw)

R} isa pos1t1ve definite matrlx Therefore conditions of Lemma 4 are satisfied. Then
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Theorem 2.ig established.
(8) Proof of Theorem 3.
If X (), a(t) are defined as in the proof of Theorem 2 Let e
Ko —GXT<t>R<t>0> @
Then we can prove that SRR o EASRERA SRR
K@ [ <toe™ 10>>0, 20>0),.
and then IR T
R +°° [ - R
[ Ko@) dp<oo,
Also put T s
CE®=[E.Bap
Then we obtam "K @) |<Ve ™ @>0), We deduced

f CX* (4~ a)Rf(a>da j—Ko(t a)f(a)da—. J‘M§< Ydet
- ’ —-x <0>§<t>+K<t>£<0> +j K (= @) f@@)da,  (29)
i’utﬁng o
2(t) = GW )X (t)]T+GH o '(S)d;ﬁn (s—a) X(~a) da]".v+'K ®E0), (80)

we obtain

B e IO T
D=D-K(0), K(0)= —r”OXT(,B) RdB;. .

Then we obtain that cond1t1ons of Lemma. 4 are sat1sﬁed and our proof ig complete

§ 3. Sufflclent condltlons for generahzed H —absolute
stablllty of systems o, (2)’

Theorem 4. Assume that fo'r the system(2)’ we only ta]ce G’(zw) 67t inp place 0 f
G (iw) in conditions of Theorems 1. .
Then the system (2)’ is a generalized H—absolute stabls. 5
We can prove Theorém 4 using the same deduction as in[2 , P- 389] and in Theorem

Lemma 5. Consider the system, . .. v‘
a<t>-—z<t>+j K (- Y)f(cr(v))dv 015@ “on®
LAONS <t) d”@ —fe® @



ABSOL'UTE STABILITY OF LINEAR FUNCTIONAL REGULATED SYSTEM WITH M
NO. 3., NONLINEAR REGULATORS 269

where K 01, 02 are.m X m matrices, o, 2, f, &, marem. @ectors put

K, <t>-,—d¥“—t?,"r KO -0, .G

Suppose that the followmg conditions are satisfied.
(i) O4 is a symmetric cmd posztwe deﬁmte matmw

@) 0<0if5(0) (6540, §=1, 2, -, m), o O
@) [ h@demeo (=1, 2, ms

[[Z(t) ” + H de(®) “ <Ailplle, 1K@ + | “ <A2| ¢IH, by

lllf( Y+l () I<balol, o (- )lll<bslllqvl|| L (a4

where As, Aa, b1, ba, a all are positive constants;

dK (t)

(i) W (w) =1 ———[K' 1 +ff 11 s - negative de ﬁmte matmw Ky is)the Fourier

TN,

transformation of Ky (8); . _
(v) 8= lim W (o) is a negative deﬁmitei: B a A R ERV R I B
Then G il RO e
||f(0(t))llmo +~>§M(Ill<plll), 1£@® ||<M1(lll¢lll) H"?ZZ@ |<Ma(lel),
lo &) | <Ms(lgll),
1im o ()| =Jim [£6)] =lim ] =0
where M, My, M,, M s are mom- negatwe functwns fwhfwh tend o zero when their

arguments tend to 2er0.
Proof Let us put

I(T)= J- <do‘(t) +0yr (t) dz(t),f( (t))>dt 3B
fla®), O0si<T,. _
F2® ={0‘ +>T,

(220 By om0, 0,

j Ky (- 6’)f(<f(9))d0

| VT (t>

From

de® 0 (', og;.%}o_)f © <e>>d;é++f @(®)=0n®,.

we can deduce .
| Vo) =—j Kl(t 9) fT(G)dQ
that is Vo= —K:fr, Where VT, R, are Fourier transformations of Ve, Ks

respectively.
. Therefore ... '
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I = [TV +rfsy, fT(t»dt_-_j « r——(KﬂLK )] e, >dw
- From(iv), (v)we deduce that there exists go>0 such that
I <=eof 712 ) at.

‘We can prove the remamder of Lemma 5 by using the same deductmn as in[2,
p. 182], [2, p. 187]and in Lemma 2, Lemma 4.
Theorem 5. Oonsider system (1)’. Suppose that the solutfwn z=0 of system (5) 8
asymptotzcally stable I f the followmg conditions are sat'bs ﬁed

(i) B1+J. CX T(t)Rdt] isa symmeiry and negatwe deﬁmte matriz. By is a
negatwe defiinite matris, REE AR IR : _
J— . +oo . . : Lo
oo () W(w) =B, +Re{—1~U OXT(t)Rdi— Ko (w) ]}?is a negative definite mairiz,

where Ko (t) =0X" (t) R, Ko(w)is the Fourier transform of K, (t) i
(i) 8= hm W (w)is a negative definite mat'r'm

(iv) Uaf: (0') >0 (O'ﬁéo)
J fi(o')do"i—t ' (j=1, 2, we, my,
Then the solution &= 0 of. system (1)’ és a generalized H-absolute: stabls.
Proof Let us put:
&= Ko(8)d, K () ["x, B,
LD ).
Denote the Fourier traﬁSforﬂi' of Ky (t) by Ki(w), thus .
Ri(w) =L f OX7(¢) Rt — 1?., (co)]
We can deduce as previous :
a(t):{o[wo;x»(t)]?ﬁ}d U xT(s)df n(s— a)X(t—a)da]
~EK 0O +E D KO [' £ 1—0) (0 (o)) da
+ [Bi+K}<O)]§(t) + [?Q—K(O)]”I(t); by
2) =0 O X )17 +0[["_ xf(s)dsj-:‘n(s—;a)X\(tL'a)'ézoé]T |
~Ka£0) +K Q)LL) -
Cy=—B,— 1{1(0)_—[31 +r C’XT(B)Rd,B]

C2=K (0)—Bs, R
From conditions of this theorem we obtain that conditions of Lemma 5 are gatisfied.
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The proof of our theorem is completed.
Remark. If any solution «(#) of our system satisfies |2(?) | <M (Jlgll) in the
- existed inteval. [0, T'o], then we can prove that @ (t)exists in [0, +-00),
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