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CONTROLLABILITY AND OBSERVABILITY OF
| DISCRETE SYSTEMS |

YAO YUNLONG SUN LAIXIANG ZI-IANG HUISHENG
. (Fudan Um'verszty) -
A linear dynamic, system Wlth controls can be descnbed by the followmg state
equations and observatlon equatmns '
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Here Aisann *n matnx, Bisan nxr matmx Ois a p Xn matrlx, ‘and & (£) , u (t\ and
y(t)arenx1, rX1 and px 1 vectors respectwely Let (4, 'B) denote system @. For a
computer control we ‘mist chose!a -proper samplmg perlod T to.discrete the system
We assume that u(t) i constant in every, interval (IaT (Ic+1) T ) where k=0, 1, 2,
and by fundamental solution matnx, system (1) can be changed into the followmg
discrete system™
Xy+1 =’Q‘5_-’l«‘19\+ Guy,

- _ yk'—owk l ’

Here &= e‘“’ G 4( e“dr B and T is the samplmg perlod

®

A na.tura,lly ralsed questlon is: 1f system (1) has been Judged 0 be completely
‘controllable and observable is the dlscretlzed system (2) st1]l completely controllable
and observable? The answer is No [2] has indicated w1th examples that after d1scre-o
tization the controllability and observablhty may not be reserved. Suppose that A has
s distinct eigenvalues A1, A, e 5 N and: the highest degree of elementary divisor
‘(A= A;)! of A corresponding to A; is 6. and n; denotes the multiple of A;, For system
(2) discretized with fundamental solution matrix, [2] has given a sufficient condition
of complete controllability and observability, namely we have the following theorem:

Theorem. If system (1) is completely. .controllable. and observable, and A is real,
then the dzscretm’ed system (2) s still completely contfrollable and observable. as long as . the
sampling period T satisfies the followmg. conditions: .- - o _

TIm(uh) # 2 2’“” E-x1, | when Re(xl =0, Tk e

L
|

In this paper, under the assumptlon of complete eontrollablhty ana observablhty
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of system (1), we will discuss the controllability and observability of the discrete
system
1= (4) a3 +g (4) Buy, 3)
e Yu=Cmy, . .
here f()u) g(h) and h(}\.) are smgle valued analytwal functlons on {A, -, A},
Obviously system (2)is only a spec1a1 case of system (8).~
Theorem 1 If (A B) s a single q.nput system_(i. e. r=1) which is completely
controllabls, then the necessary and suﬁicq,ent condztwn of complete conttrollabzhty of
discretized system '
: wk+1—f (4)xy+g(4) by, C)
g(x)a&o f(?»)aéf(?»;) if 6%, /(M) %0 if 6>1(i, j=1, 2, ) s),
In order to prove Theorem 1, at first we prove two lemmas.
Suppose ny, na, +++, n, to be positive integers and let

(@, Ay, ==, A) = (u—F( A))™, - (u=f M) ™= p+ap_u* 1+ ~+aiu+a,

which is a polynomial of u, and its coefﬁments a; (A, ** A,) (@ -, n—1) are
a,pparently analytic functlons of 7»1 - A Furthermore we let , _ '
ki £n Tt pr— 4 .
A ﬁm‘ii)— ,._lﬁid;,f—” et {;;9),. G @
“here f" (w) 1 n= n1+ng+ +ns Ewdently 4L, ',,, . —0'if lc O Now we have ( f;
Lemma 1

0, zf0<lc<n.,
Ains= )

'm' (f(}\‘))m H (fv'_fa)m: "’fk _ni
Proof W1thout loss of generahty We can suppose ¢ =1 When Ic1—0 we have
a4,., f1+¢n—1fi‘ T +“1f1+¢10f1 o(f1, A, j", A) =0, )
here f: denotes f ()\,) The above equatlon is an 1dent1ty of )\.1, *=+, As. After derivation
‘with respect to Ay, We obtam ) . R

'Aﬁx.---.n.= _an lf ;' '_aofl_ - }\‘ ‘P(H', }"1: Y “}"3) lllr=_fr~ IR
'*nlfl([b—fi)"‘ i(lb_fz)"’ (,u,—-fs) lu ~h b RN )

and we have : SR -

' o ‘ {O Whenn1>lc1— :

R fﬂﬁ—ﬁﬁz(ﬁ—ﬂVzwmnh—m~"

i: e. the conclusion is valid in the case ky=1.In case lcl— ifmy>2 e

4, —<f1> Fan s (FY e f1) =0,
which is also an identity of A, *ee, A, After. derivation with respect to A, ‘we obtain

4 -*(f")”+a,._1(fi“1)”+ +ao(f°)"—-an—1(fi“1)'—' -—ao(fi’)’

But from (6), we have
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Gyon fi oo s fi=
Similarly, after derivation with-respect “to' Ay, We obtain

—dy (Fi) ==y (f) = ahoa fi o+ a0 fl.. .
Therefore when 'n1>2 we have

e it b= 9, Ty B e
='f!:1(71f1—~1) (fl) (f1ffi)"*_%(f1—f2)"2"' (fl"‘fs)"" "

{ 0, if ny>2=ks ‘ e

21 (fD2(fr—f ™ (fi=Ff)™, 1fn1—2 kl Syt
in the case ky=2 the Lemma has been proven..By induction we may prove the Lemma
for general k1, . ‘ EU '
Lemma 2. Define : LRI T L SO T N
. ' b O Cieser i Qe e - .
D,= e (Fle et (F)®™D oo

LY e (e
and - determinant’ D, u, . uy=3d6t| Dy, D5+, Dy| of degree m, then the necessary-and
sufficient condition of Dy,,..,n,#0 is ' :
f()»)aéf(?u,)q,fz#j, f’(?»)%O q,fn,>1('1, _7 1, 2, -, 8),
Proof To polynomial i

H(lb fa)""(fb—f(?»s))”"“l* pr Oy zlw" 2+ +0'11w+0’o,
we apply Lemma 1(change n into n— J.) 5 We have . ‘
(i) when i+#s, and ki<r;—1, we have 4%,.. ,,8_1—0 namely
(Fir) ®+0ua (fi78) 0+ +0'1(fu)"“’+0 (f")"‘"_o,' o (©)
(i) when i=s, we have ’ SRR - R
1€ @y 0y (Fr2) 0 e CEOL(f)®+06( ]m)acs)_ s
{ 0 if O</’c$<ns 1,

(ns—j-) (f!)n.,—-l]:[ (fs fa)nj 1fks—ns

Mu1t1p1y the first row, the second Tow, - , the (n—1) th Tow of Dn, v with Oo, O,
09" -+, Cna reS]?Bcthely, and add all these to the nth row, notmmg equatlon (7) and
(8), we obtain e

(8)

0
'fgne—n :
Dyiimiimet b g
C ( f:—VZ') én;—i) :
00 T Y
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where =
a1= (n.,—l) I (f’ )""IH (f ?»;) i

By induction we can prove

Dapen = L) 1020 (fpoe- sy (n Gt )"

From this, we can see that the necessary and sufﬁclent condition of D,,,...,,#0 is
F ) #f(\)if 454, f/ (M) #0'if ni>1, and Lemma 2. is proven ' '

The proof of Theorem 1: '

By assumption ‘of Theorem 1, (4] B)‘is- completely controlable, therefore the
rank of matrix (B, AB, +-+; A"™*B)is n. Since the system of n—dimensional vectors B;
AB
and 6;++--+e,=n, But since ¢;<n; and n1+---'+ns=n, we have 6;=n; (=1, 2; ., s).

, ==+, A" B are linearly independent, the minimal zero-polynomial is' of degree.n
According to the finite expression:theorem of miatrix function, for any single
valued analytic function #(A)defined on set{Ay, -+, A}, we have

L S gl S

FW =N FO)197i(4),

. S E=1 j= T ER
where Z{(A)is & polynomial whose degree. igless than n, It satisfies the following
relation T T v L
L S [ ifl=4and k=3,
A A (k)={- i o »

(@) 0, otherwise,

and the representatlon is unique. e e -
Specially putting F(?\.) A (b= 0 1 n 1) we have

A'B= 2 2] (?»") %”MZ‘ (A)B

Since vectors B, -YAB' ‘e A" lB are 11nea1:ly mdependent the n vectors
{Z’(A)Bz 12 , 84=0, 1, e, =1}

are also 11near1y mdepndent namely 1t constructs A base of n—dlmensmnal linear

space. ‘ ; .

. Setting F(A) =f*(A) (k=0, 1, » n— 1), by expressmn theorem, we have

- o f"(A)B 2 2 [f’“(&)]"’Zf(A)B
From thls we can see that B f (A)B - f"_1 (A)B are hnearly 1ndependent 1f and
only if its coefﬁment "determinant D , ot ey 0 (as for the definition of Del 003 ‘seo
Lemma 2), namely f(\) # Fif i+ 4, and f'(A) #0 if ;>1, ' o
On the other hand, the necessary and sufficient condition of complete controllability -
of discrete system (38) is that the rank of matrix (g (A)B JAg(A)B, -, (4
9(4)B)is n, Because of g(A) I (A) =f%(4)g(4), the rank of ¢(4) (B, f(4)B, -,
f74) B) is m, and this is equlvalent to that g (4). is. full rank and the rank of (B,
f(4)B, -, f**(4)B)is n.' g(4)is full rank if and only if g(A) #0(e=1, 2, -+, s).
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From above we know that the rank of (B; f(4)B, f"‘1 (A) B)is n 1f and only if

CF ) E () (fz,# ) and () =0 When e>1. So Theorem 1is proven.

Theorem 2. If (4, B)is completely controllable and f and g satq,sfy the same condi-
tions as in Theorem 1, then the discretized . system

Lyi1=f (A) xk-h ‘gw(A) Buy,

s also completely controllable. - s i R :

£ Proof 'The degree of the 1ovvest anmhllator polynomml of 4 is 6= el+ +es So
(A, B) is completely controllable if and only if the rank of (B, AB;: -, Ae‘lB) i N
Block B into the form B= (b1, ba, *-+, b,), then by the finite expression theorem, we
have

ot

€x—.

Il

P(4) [ ek)wz’ (4)

1,5=1. o
j [P (W)10ZP () b,;
Setting F(A) =AM (=0, 1, e e=1), wé have’ A
s ep=l-c T i
Abi= 3 3 A28 (A)bi.

Since the rank of (B, AB, ---, A*™*B) is- <M, from above equatlon we know that
the rank of the set of vectors {Z i (A) b,,k 1 2 , 8 9 1 2, 1 i= 1 2,
FRasm s T L e e : : : ; :
; Settmg F(?u) f"’ (7») the determmant of coeﬂiclent matrix with which f" (4) b
(lc O 1, 1 i=1,2, -, r)ls represented by Z}, (A) by, is De‘ e Usmg Lemma
2 we have de’ﬁ Pe1 eﬁéO 1f the condltlons in Theorem 2 are sa,tlsﬁed _

"' Bu the linear subspace spanned by b., f(A) bi, . fa‘1 (A) b; is Just the same as
that spanned by Z9b;, ++,°Z% (=1 «e, 1), " i : &

 Because the latter is an n—dlmensmnal space the former is also an n—dimensional

space, i. e., the rank of matrix {B;: f(A)B feii'(’zl)B}f is n. Th'erefore‘ ”system

“ il

H

or T Fy, g

(8) is completely controlable. ; TR il

Using the dual principle, the problem of observablhty can easrly be solved. For
system (1), the complete observability of (4, C) is equivalent to the complete control-
lability of (47, OT). If f(A), g (W) and k(A)are single valued analytic functions defined
in D, which includes all the eigenvalues of A4, noticing f(4") =f(4)”, then by
Theorem 1 and Theorem 2, we have

Theorem 8. If system (4, B, O) is completely controllable and obsemable, det
g(A) %0, det A (A;) 0, f(?&) #f(A) (6% 7)), and f'(A;) 40 when e,>1, then

X1 =f (A) %+ g (4) Buy,
Y =Ch(A)xy

is also comypletely controllable and observable. If (A; B, O) is a single input and mulii-
output system, then the above condition is also necessary.
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¢ Betting f(A) —e“', g = j "dr, and usmg Theorem 2, we' may obtam the

results of [3] So Theorem 3 1s an extensmn of [3]
R’éferénce :
[11 2912, Rk =it ok (5B KERERHEY), 1980,

2] BHBEREHEGESHAE, K A% 0k f g, ﬂ—:r”tﬂﬁﬁ%_ﬁ 1975.°
3] Kalman R. E -Ho, Y, C.rand N arendra, K. 8., Contribution to: Differential Equation;. 1 (1963).
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