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ON THE UNIQUENESS OF SOLUTIONS OF . -
NONLINEAR DEGENERATE PARABOLIC
EQUATIONS
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1. Introduction .

 In this paper we shall prove a’ umqueness theorem for solutions of the boundary

.
foait

value problem

U= (@ (WU) o +0(Wtts, (2, 1) er,~ W

where R={(z, t) | —1<o<1, 0<t<T} ' L Ca
. . u(w 0) = uo(x) ,—1<a;<1 e e @
(=1, ) = LXOWEN t) —Ta(®), 0<t<T . ®

in Whlch subscnpts denote partlal d1ﬁ'erent1at10n The functlons a. and b are both
assumed t0 be defined and contmuous on[0, oo) , with
(s)>0 if >0 and a(0) =0,
- Tis a fixed positive’ number, and uo(x) Wy (t), and Wy (t) afe non negative and
continous functions satisfying uo(— —1) =74(0),and uo(1) =¥ (0‘),_\(‘_ ;i

Let C e E e o
b(w) =0(@W?), . ' @
uw=0(a(w)) )
in the nelghborhood of u=0, whefe A and u are p0s1t1ve constants. Since Gilding™
proved uniqueness when A——_—%—‘ ’apd th_e case in which 7»>—;— can be treated as the
special case of ;7\.=—:2L—, so that hereafter:we shall assume that 7\.<%—.' .
"The known results ori;’uniqﬁeﬁes's"a{re the followings.
' _ ~1 b at i
e (6)
then the solutions of (1) (2) (3)are unique, see. Glldmg o
If .; ;
or if VA ' :
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then the solutions of (1) @), (8)are unlque This is the result of Wut,
In this paper We shall prove the followmg Theorem

Theorem. T, f ' _

L €)

or if

”>1 2x+l—1>o | (10)

Then the solutions of (1) (2) (3) a/re umque o
For the standard nonlinear degenerate parabohc equatmn["’”
U= (’u )zm+ (u Das
(9) corresponds to 1<m<2, n>1 and (10) corresponds to m=2, 2n>m.
- Equation (1) is nonlinear. and degenerate At points where %>0 equation, (1) is
imrabohc but at pomts where 4=0 it is not. Hence the solution existy only in . the
Weak sence. It’s deﬁnmon is as follows. Set

A(s) Ja(fr)dfr and. B(s) J’b(/r)dr L

*! Definition. 4 fzmctwn u(w t) deﬁned on R ;—1<w<1 O<t<T s said to be @
wealk solution of (1) (2) (3) a,f O] is nonnegatwe and confmous on R (11) u( 1, t)
=W (1), u(l H=wy @' for 0<t <T. (111) A(u ‘ hds a square—mtegmble genemhzed
derivative with respect to wmn R. (1v) ° satzs ﬁes the zdentzty o

7”{%@4(@,&3@)] — puibdndi— j o(a, Quo(@)da, - (11)

for all p €C (R)whick vamsh For|z| = -1 and for = T, and fwhwh hawe sguafre mtegmble
geneml'ozed Jirst derivatives in R.

2. Proof of the .Taheorem s

Henoeforth Tet K ) K 1,K 5, --denote ‘;ﬁo’srt"i"{rd:eon”éta;nts.‘"‘ o »l

Suppose the solu’ﬁion"of D, (2); (8):is notunique, i.'e. there exist two soltitions
uy (@, 1), us(, t) of (1), (2) (3) such that U =us—u, is not identically equal to zero.
Then there exists at least one point (wo, to) ER such that |U (@0, to) | >0, Let

ou= A - Lotucr tn(1—0)as,

MU_B&Q j b (st (1-7))do,
From (4), (B)we can prove the follovvmg Lemmas seet?,

Lemma 1. If 0<A<—12—, then
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, CLoby=00aY) o e R -(12)
Proof If A=0, (12)holds obyiously. S
< —
Hoi<y

<3 st < () (oo

11 A 1 1

= {j’ |& |de:} < U (Ka*) Zdr} =K U adr} K at,
_ Lemma 2. If u is a positive number, then : '
o ]U]"—O(al) e (13
Proof When uy=>u,, we have .. L '
T T e i
|U| r<uf= (u+1) L (uy7) “dr < (u+1) L [usr+us (1 —7) ]"dw,
The symmetric expression :

o< <u+1>j L

is.‘valid for uy <.
From (5) we baye . oo et ik
v . . w<Ka(w),
comblnmg the above two expressmns we get ‘ _ L
U< DK [LaGurtuadi- )= (M+1)Kw1. i
Therefore (13)1s proved. L e Lied L
- When pEeC?, (11) 1mp11es that

ﬁU(aiq),,-blgn,,Jrgot)dxdt =0, i (14)
B B . .

... Takea small positive number e. Let a, ,8 be posmve O’°° apprommatrons of a, 61 .
such that ‘
la—au| <5, |B—bil<sT. T @)
Let Uy (@, t) be a O= function which equals zero outside a. small neighborhood of
(@, to)and such that Uy (@, to) = U (o, to)- Hence

‘j-jUU] dw dt? 0, (16)
R
Solve the followmg approximate ad;]omt problem for w=w, in R. /
{me—ﬁwﬁw,—Ul, —1<o<1, 0<i<T, 1"
wl’""l—wiz"" wlt’T_O e S e nsibargeled L (18)
where S ' '
F=F(a, e)‘~=~-(a e ) B, (19)

Because a, B, U,€0= we have w€CO=, By applying the maximum principle -we
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know that w is bounded by a constant independent of &
By (12), (15), (19) and the inequality }u<%," wé have
B g Bt 1B—b bi (1< 21,
7 K_ @re). K Tare TEsK@te 1K,
<K3 <a1+8>2l 1<K3827L—1 . o L : v v. : (20)
Now we need the followmg Lemma

bi]

Lemma 8. .
Proof Since S
-1 1
IUI<K(I# [a (Z]_,<S :«M<8 a1<a+8,
therefore ’
1
{U!<Kaf<]’((a+3)%

]UI(F a) <K [(azﬂ* —I—82ﬂ)2+ﬂ—a](a+s)"

2+n 24+n 24w
& 2“ \/F

B @ e )T

—K (+sH0)F (146) T [ (146) 7 — 1] 3

2t
It is easy 0 see that' the rlght hand s1de of the above

=S.

where we set (—8—)
(21
expression is umformly bounded in 0<s< + b, Therefore the Lemma is proved.

Multiplying (17) by U and integrating on R we have
”UUIdwdt_”U(me—ﬁwﬁwt)dxdt @

’Takmg p=w in(14) we get
| | 0= f J'U‘(alwz;‘—‘-blw;% w)dwdt, (29
Subtracting (28) from (22) we have - S ‘
j j UU, disdt — H U[(F a1>w,,— (,B bl) wxjdwdt -
(24)

<SKez 2ﬂ .”(\/_]'wm[ + ['w,[)dwdt

By (17) - o S

Squaring, integrating on R, and using the fa,ct that
1
[Juendwdt=2 (" wzdn), o>,

-we get.
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j jpwgwdx di +H YL g di< ”_@_ﬂl— dwdi. (25)

Multiplying (17) by , 1ntegrat1ng, and combining Wlth (25) and (20), we have e

”w,,da:dt ” ( sz—i—w,—Ul)dmdt:

R

Q%ﬂl dxdt- 2;[5 [_wﬁ_‘?_ + —(Iﬁ'iﬁ—é—w—’)i] dx dt}

ol et}

R R

K{s f Ul dwdt -}-”—'%—— fw,dwdt]}

poj=

A

o=

A

1
<Kie? 1+82"_1 2dwdt]}2 (because of ——<K)

ofR

<K 8‘1 + “‘Qﬁ w2 da dt ]

R -,

<K&+ Ke* 7P+ %Hwi da; dt,

hence

. vﬂfwgdxdt<1(a e - (26)
i YR B EEEORE 3 RS
By (25), (20), and (26) we have o s E |
Hng,dx dt< K 643, @
R

From (24), (26) ,and (27) we have

[

-} 24 1
e
R R .
Therefore

j j"UUlddeKsm%—l, (28)
R

Hence when (9) or (10) holds, the right hand side of (28) tonds to zero as s—>0. This
contridicts (16)and it follows that solutions of @), (@), (3) are unique. '

This completes the proof of the theorem.
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-qmﬁ» SRR

2 3CER, E%ﬁ:a(s)>0(s>0) a(O) 0, b(s) O(G(S)*)(s>o o<x<1)

2
0@(©)) (>0, w>0) 2 F, A FE
= (W), +b W)y, (v, 1) ER= {(a; t)|—1<w<1 0<e<T},
u(z, 0) uo(a;)(>0) —1<a<l1,
u(—1, 0)= Wl(t)(>0) u(1, t) @Ifg(t)(>0) o<t<T,
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