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| .'_THE MATHEMATICAL THEORY OF PENALTY F UNCTION
METHODS OF OPTIMAL PROCESSES

CHEN ZUHAO
(Shandong University)

ABSTRACT

In this paper the main contents are:

Def1n1t10n {m(t, &, w} is called a sequence, of exterior (mtemor) penalty
functmns[*J if .

(1) pk( )=0 and contmuous on I % 0 % U(I X B xU), Where I [a b] s open set _
OcR, Uisa compact convex set of R, B is the interior of close set Bc R,

(2) given any compact set. DCB for each absolutely contmuous function w(t) €
D, u(t) €U, a1<t<<bi, We have

hmsup"‘ o (t, o), u(t))dt =0, - .. .4 |

k—>+oo (w,u) L .

_ (3) exist closed sets {By}: Bk+1chC0 B=ﬂ By, Bk#B(B=Bk) , such that for
each absolutely c0nt1nuous functmn x(t) € Bk (B) a1<t<01, a:(cl) S 8Bk (8B), u(t),
a1 <t<cy, spec1ﬁed as (2), we have e v Wt

j Du(t, o), w(@))dt=J,— Jo+p(J —J+p), L (1.5)

where number p>0, and oy T Jo are defined by -(1.3). ' ‘ N

A sequence of exterior penalty functions {ps (+ )} is called the interior penalty type,

if for set B & OB the r1ght—hand number of (1 B) is replaced by Jo—J, +p, “and it i8
called a ‘sequence of strongly exterior penalty functions if for D= B the property 2,1

e. formula (1.4) is ‘satisfied. Generally, the exterior and mtenor penalty funct1ons
respectlvely contam such propertles (see 1, 2D lnn mm D (s ) +oo for every

[*]1 From now on, generally, the statement about the exterior and interior penalty functions, is suited both
the exterior and interior penalty functions, but the words or marks in the bracket are only suited to the
interior penalty functions, and-the words or marks before the'bracket correspondingly -suited. to the
exterior penalty functions.
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compact set DC O\f?,' Pr(+)—>+c0 as x(t)—>w(cy) €OB and J- * Pu(+)dt = -+oco, butin our
N 21

paper all these properties are replaced by property (8), which simplifies and generalizes
the concept of penalty functioﬁe, and together shows that the unified character of pe-
nalty functions is in the neighborhood of 9B. Thus we may take p;(+) =0 only just
in the enough small nelghborhood of 0B such that {p,(+)} may quicken the rate of
o (Ja{ 1.:) >, '

Problem .27 or o7: Find a solution (4,, ,)of systems (1.1), (1.2) such that z,(2)
€ B, a*<t<b*, J [u,] =J,. Problem ., (.,Q/k) or o/ (2%): Find a solution (uf, %)
of systems (1.1), (1.10)such that 2% (#) €0(B), T [¥] =T 4o (J3) (see formulas(1.11))
and af(¢) is called unconstrained. 4o () —>.o as k—>+oco: exist a solution (u*, o¥)
of 7 () such that the formulas (5.4)—(5.6) are satisfied. Problem o7 is said to
have a solution (¥, %) approximated from B if there is a solution set { (s, @)} of
system (1.1), (1.2) such that the fornula (5.1) is satisfied. The main theorems are:

Theorem 5.1. In order that .7 has a solution approximated from B, the necessary
and sufficient condition is: . e =d 4. v

Theorem 5.2. Let {p;(+)} be a sequence of exterior (interior) penalty functions.
In order that % (%)has an unconstrained solution appnoximating .7, the sufficient
condmons are: 1° J.=J, or 2° Jo=J 0, O 3° 7 has a solution apprommated from B.

Theorem'5.8. Let { pk( )} be a sequence of exterior penalty functions of interior
penalty type (interior penalty functions). In order that 27— as k—>+oo, the nece-
ssary and sufficient condition is: 1° J,=J,, or 2° .7 has a solution approximated
from B. v ' _

Theorem 5.5. If {p;(+)} is a sequence of strongly exterior penalty functions,
then 70 apprommates to 7.

Paper [1] only obtained the third suﬂ‘lclent condltlon of Theorem 5.2. and it is
not easy to check it up, while Thoorem 5.1 in this" paper gives a quantitative rule,
In order fo prove &/3—>7, paper [2] added an assumption for {«’} to be absolutely
convergent, but this assumption is very difficult to realize, while here Theorem 5.5.
only needs {pk( *)} to be a seqence of strongly exterior penalty functidns, and it.is
very useful in practlce We sort out the penalty functions into six types, in order that
o ()= we give some sufﬁclent and necessary conditions (see Theorem 5.8 and
5.4), which are carried out here for the first time. Thus, our paper clearly explams
under what case the exterior or interior penalty funotions may be chosen.

~We take the unified method to define the concepts and to prove the theorems for
the exterior and interior penalty functmns , and show the 1mp0rtant relations between
J e Tu» S0, Th0, Je (see Theorem 2.1. or formula (4.6)), and what is more we obtain.
the computational formulas of J x, J from Theorem 4.3. Theorem 5.5.



