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1. Let X be a k- dlmensmnal connected O’°°-man1fold Follovvmg (5, 6], we oonS1der

'the group Diff (X) of all O"”-b1]eet1ons @ wh1oh are 1dent1oal mappmgs outside some

oompaot sets K,. The group Diff(X) is a topologwal group 1f it 1s endowed by the
usual Sehwartz’s topology. The unitary representations of this group is closely
connected with the theory of quas1-1nvar1ant measures, statlstlcal mechanios, the

' representatmn of the local current algebra in the quantum theory of fields, eto. (cf.

[1—5]). In [6] there is some series of elementary umtary representatlons of the
group Diff (X ). The aim of the present paper is Yo nnd another series of elementary
unltary representatlons by means of the tangent bundle _ .

TIn § 1, the preliminary of the tangent bundle connected with the representatmns
is discussed. In § 2, the representations connected with finite configuations are glven
In § 8, the representations connected with the infinite eonfiguations are given. .In
§ 4, the representations connected with the Poisson measures are discussed: .

Let 0= (p) be the family of all O~-functions, defined on a neighbourhood of the
point p€ X, where the different functions in O~ (p) may have different domains of
definition; and s be a fixed. natural: mnumber. Now we consider the -following linear
functional (+) on O’“(p), which depands.on the partial derivatives of f€C0”(p) up

to- the order s only, namely, if &= (@1, s, -, ‘@) is the local eoordinate in the

neighbourhood of the point p, with coordinate « 0 at p, then there are real numbers
4% guch that ‘

» ‘ ‘ a‘tx+‘+ik ‘ | . R . ‘.
O R e i (O o
for f €C~(p). The vecter spaces of all linear funotlonals of the type (1) is denoted by
T +(p). The dnnens:on of f ( fp) is

- 3 DB/
Let 7 (p) be the tangent space of X at the pomt D, ®".9‘ (p) be the space. of all
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contravariant vectors of order k. Obviously,
T(p)= @ T (p)..
Let B® be N, -d1mens1ona1 Fuclidean space X®={(p, t) Ilp€ X 1€ETW(p)} be

projection
> @ (o, Divp, (p, t)EX‘*’
G be the group of all non-singular linear transforms in B®, and (X®, B® @ @)
be the fiber bundle like:the tangent bundle. :-We choose a basis #,, m=1, 2, , IV of
Ts(p) arbitrarily, then we choose the ooorespondlng dual basis f,,,, m=1, 2, «, N,
such that : ' = TR I e
tl (f M) 8lm _ : B o

We can choose the nelghbourhood 0( p) of the point p sufﬁmently small such that
TO(Qo) is defeomorphlc 10 a sphere in the - dlmensmnal Euclldean space Wlth the local
‘coordinate 4 z= (wl, .o, ;z;,,) and there ex1s1:s the dual bas1s t“-” 1= 1 2, N 1s T (g)
for any qEO(p) such that R
| R CICEE
YIf t€ 5‘ (q), there is a set of numbers 77,,. such that i= ant@ hence We have an ope
'set 0“)— { (q, ) ]qE O(p) tE 7, (q)} of X, in Wthh the local coordlnate is
‘ . (=, '_"', B, T, v, T}, . ’
'Where (wi, ee, m,,) is the 1003,1 coordlnate of g of course X ® is also a manlfold

It szDlﬁ‘(X), pEX, teﬂ‘ (p), then (d¢)t 1s an element 1n 9‘ (¢(p))

tlsf
stisying (@D ) =t(fo), FEC((p)),

and dy: tl—->(dv,b)t is‘a linear transformatlon on- f ( p) ‘Hénce we can deﬁne a C™-
dlffeomorphlsm i as follows & :
‘ &, t) @, (dll') t) - (py 75)’ G-'X @ -
Let (Dlﬁ'(X))"'-{!,bl!,bEDlﬁ'(X)} Sl

1€ X, D(p)={b]$(p) —p, YEDIE(X)} and dD(p) = {dsbltﬁGD(p)} then
‘dD(p) is obviously a group of linear transformations in Z5(p) . The space 7 (p) can
‘be deéomposed into multually d1s301nt invariant and transitive ‘with respect to the
group dD(p) sets W;(p), §=0,"1; «-- with W(p) = {0}. For any ¢ € X, if y € Diff(X)
and Y (p) =g, then (dyr)W;(p) is invariant and transtive with respect to dD(g). The
set (Y)W ;(p) is denote by W;(g). Hence the submanlfold

, . X‘s’~{(p, t)lpéX tEW(zo)}, j=1, 2 . :

of X® is invariant and transitive with respective to (D1ﬂ" (X N~ (actually the restrlc-
tion of (Diff (X))~ in X §2). The trivial case is Wo(p) = {0} and X=X

For any ¢, € W;(p), the 1sotrop10 group at t, is dD( , %) ={d¢|YE€D(p), (@)t
= to} The submanifold is diffeomorphic to the manifold d.D (p) / dD (p, to) , Whlch is a
left coset. Thus every W;(p) is a C=-manifold, for §%0. '



ON THE REPRESENTATIONS OF THE LOCAL CURRENT ALGEBRA AND
NO. 4 THE GROUP OF DIFFEOMORPHISMS (II) - 447

Suppose that m is a smooth measure in X, Diff (X, m) is the - subgmup of all
dlﬁ’eomorphlsms lﬁ in Diff(X) Satlsfymg ; 0
Aocordmg to the measure m, we, can choose the nelghbourhood of p and the local

coordinate there.such thatb: -
| dm(p(w)) T da. e

Let D( P, m) be the group of all d1ffeomorph1sms lp in a certam D1ﬂ‘ (O(p), m) and
dD ( D, "m) {dz,b [¢E D( p, m)}. In the followmg we only oon51der the case thet W;(p)
is also tranmtlve Wlth respect to dD(p, m) and there isa smooth measure in if, which
is aslo mvarlant with respeotlve 1o dD( p, m). In this non-trival oase .the manlfold

_ is called su1tab1e We shall then fixed a su1tab1e Wi(p) and denote it by T(p).-. Th1s

does ex1st for example ifT (p) 7 ( p) {O} and the smooth measure v in it ig. -
dv () = H dt’
Where t= 2 #- . If T(p) is sultable and ¢v G Dlﬁ' (X ) 8 then T (z[: (p)) (d¢r) T (p)

1s also su1tab1e The mamfold

L (X, T) {(p, t)I@EX ieT(p)} _ -
is also denoted by X. If v is any smooth meagure in T, then there 1s a measure f in X

which is equivalent to the produot measure m X ». The measure § is denote by i when
v is.». In the following sections we shall oonstruct the umtary representatmns by
means of X and, (Dlﬁ'(X))“’ _ ' , :
2. By the method srmrlar to that in § 1 1n [6] , We oonstruot the un1tary representa-
tions of D1ﬁ’X For the conv1enenoe of the reader we shall give the details.

Tet X" bo the topologlcal product of n—copies of X, §,,— £x- xf Where § is.a
smooth measure in X. Let L (X", W) be the Hilbert space of all W -valued, measur-
able and square mtegrable funotlons F on X" w1th norm.

A= j uF<q1, 0,y @ 5 dE @)~ df<q,,><+oo

where W is a Hilbert space. " - : : .
Now wo construct a umtary represtation U of Diff(X) in I2 (X" W) as follows

DD @y = 1) - @F T, - 0,
where J, (q) = d¢ (1/;‘1q) / df (q) In partloular when §£=m X v, we have.

_dm@~'p)  dv((d- 1)t) HET (D).
B AAe t);_ T O TR tGT(p).
Iff e andz];EDlﬁ’(X m), then

(TAF) (@, =, @) =F G, =, T7).

Let p be an irredueible unitary representatlon of the symmetrlo group of order n
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in W. Let H,,, be the subspace of all functions 7 in L} (X" W) satisfying

P F(qocty, ***5 Qomy) =p(0) ' F (g1, *+, qu); OGES,,
The restriction of U in H,,, is denoted by V#™¢ or simplely by V*. This is also a
unitatry representation of Diff(X). In partioular, 7 coincides with that in [6],
when 7= {0}. Bui in general these two representations are. different. . '

Theorem 1. Ifdim X >1, then the frestmctwn of Voo i Diff (X)) is srreducible.
~* Proof By the smular method in the proof of the Theorem 2 of §1 in [6], we
replace the ‘Lemma 1 there by the followmg lemma ,

Lemma 1 If py, -, ps wre n different po'mts t,ET(rp,) j= 1 2, --,‘ m then
there exist the nezghbourhoads 0; of the points (p;, t,) in X, j=1, 2, , m, such that

@) the closure 0; of 05 'is 0°°-d'1,ﬁ'eomo'rphw toa closed sphere 0, n 0 gb fo'r zaé y,
and 7 (0y) = —m(On) ‘

(2) for any pefrmutatwn ks, kg, cer ‘Ic,. of 1, 2, -+, n, there ewists a |y € Diff (X , m)
such that 1(0;) =0y, i=1, 2, - :

. Proof 'Without lose,of generahty, we may suppose that X is an open sphere in
the Euclidean space, and m is the Lebesgue measure. From [6], there exists Ys; € Diff
(X, m) for any two points z;, (% ;), such that (1) v,b;,D =D:,; ;D5 =D, for a
cerfain suﬁiclent small posn;lve number &, where D, is an open sphere with center @
and radlus g, (2) ¢,, is an 1dent10a1 mappmg in a certain nelghbourhood of every
a:,, for k1, kg J

‘Now we construct a mapping <p;,€ Diff (X m) satlsfymg the followmg condltlon
J(;here ex1sts a small posmve number ¢ such that g;D5, D;,, q).,D =D;, and

. (dgsy) (difi) 8= t, (d@;) (difi) ti=t..
In fact, by the tranmtwlty of T there is a mappmg <pED(a;;, m) such that (dqp)
(d-,b,)t,—t, Let B
¢ Hbu °¢ .
Obviously, ¢ € D(x;, m) and (d@) (dl,b,,)t —t We can modlfy the mappmgs ;v and P
in the neighbourhood of 2; and extend: them suitablely so that @; satisties the above
conditions. From § 1, we know that the mapping g;;oy; preserves the measure . -

‘We take a suitable neighbourhood O; of (z;, #,)such that %0,= D,. Let @ot,05=

O;. Hence . N
5u°$14 _$°$UO - <§D°¢'i:) 0 0,

Theorem 2. I f dim X>1, and & s an arbitrary smooth measure in X, then
Vet is an irreducible unitary represention of Diff(X).

Proof We construct a uﬁitary operator & from "L?n(f”,' W) onto L% (X*, W)
as follows ' : PR o

o p 7o ()"
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Then V& ‘——"""1VP'T'5’F' However, V#™# is an irreducible unitary representation
of Diff(X) by Theorem 1. Thus V* T,¢ ig irreducible unitary representation also.
8. Let By be the set of all finite configurations in X, I'z be the set of all infinite
and locally finite configurations in X, w be a measure in I'y which is quasi-invariant
with respect to (diff(X))", andI2(I'y) be the Hilbert space of all measurable and
wsquare integrable functions on I's. We. construct the unl’ﬁary representation Uy,
defined by '

 UWF) (=T E@), vElR, FELiTw),
where J,(y) =dp(Fy) /dp(v).

Theorem 8. - If wisa ‘quasi-invariant and ergodic measure in I's with- respect to
(Diff (X))~, p isan wreduczble unitary representwtwn of the symmectmc group S, then
U@ T,¢ js also an irreducible frepo“esentamon of Diff(X).

Let p be an irreducible representatlon of S, in W, n= 0 1 2, .- We use the
similar notation I'z,, as in. [6]. Suppose that @ is the Campbell measure of win I'g,,.
Let L2 (FX « W) be the Hilbert space of all the W—valued measurable and square
integrable functions F on I'z,, with

IPP={,, PO di@ <+

We construct the unitary representatmn —
WP (v, a1, = W= F (!11‘17, l/l“qu, wee, U,
Let H,,,,, be the subspace of all functions F in Lz(I'%,s, W) which satisfies the
condition : - . : :
F(% docry, *** 9a<n>;P(0) 2F (7541, gn, OES.
and '[7" be the restriction of the representation of U (yf) in the space H .

Theorem 4. If u is an ergodic and quasi-invariant measure im I'y with respact
to (Diff(X))~ and p is an irreducible unitary represenibiion of Sn, then the unitairy
representation of U is drreducible. .

The proof of these two theorems is S1m11ar to that in § 3 of [e]. A
4. In this section we consider the unitatry represntation constructed by the Poisson
measure. , :
Let dz=BzUI'z. We add the peiut O to the set T (p) and define »({0}) =0. Let
A% be the set of all those configurations in 4z of which there are only finit points
(p, t) with have non-vanishing ¢. Let £ be a smooth measure on X,, A>0 be a
parameter and y,,_ be the Po1sson measure Wﬂ;h the parame’ﬁer A coorespondmg ’co
the smooth measure & ' : ’

Theorem 5. If E=mXv s equinalenth to a smooth measure and > ~v, v(T)< + o0,
then the Poisson measure Wi, 48 concentrated i Az and quasi-invariant with respect to
(Diff (X))~ with the Radon-Nikodym’'s derivative
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dm((/,_i,,) C dm (@) (@dHe), el @

_ : dui(v)  aver  dm(p) Ldp(g)
for ¢'€ lef (X). - 4 :

Proof We have to consuder the case of m (X ) + oo only, since in the: opposite
case the measure 1} is concentrated in the set Bz. We constuct a sub-mamfold YcXx
with m(¥) < oo, Let ¥ = {(p, t) lpEX t€T(p), ¢%0}. By the definition of the.

Poisson measure, we have
€ dg) |p NP | =n) = (Am (Y)V(T)) rAmET)

Hence
MMQ/EMH%M%WHYI@)(Wm”’brmmm

When ' the submanifold ¥ s vanes and m(Y )——>oo we have ,u, (A X) 1 The other part
of Theorem 5 can be proved by thls equahty

Theorem 6. I f m(X ) +oo v(T) <-+oo anol § -m Xv, then the coorespondmg
Poisson measure ,u,,L is concentrated in I' Sy %N T %, guasz-mwmant and efrgodw 'wzth
respect to'the group (lef (X) )“’ :
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